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A new effective interaction for the trapped fermi gas: the BEC-BCS crossover

C. N. Gilbreth and Y. Alhassid
Center for Theoretical Physics, Sloane Physics Laboratory, Yale University, New Haven, CT 06520

We extend a recently introduced separable interaction for the unitary trapped Fermi gas to all
values of the scattering length. We derive closed expressions for the interaction matrix elements and
the two-particle eigenvectors and analytically demonstrate the convergence of this interaction to the
zero-range two-body pseudopotential for s-wave scattering. We apply this effective interaction to the
three- and four-particle systems along the BEC-BCS crossover, and find that their low-lying energies
exhibit convergence in the regularization parameter that is much faster than for the conventional
renormalized contact interaction. We find similar convergence properties of the three-particle free
energy at unitarity.

PACS numbers: 03.75.Ss, 05.30.Fk, 21.60.Cs, 31.15.-p

I. INTRODUCTION

Atomic Fermi gas systems have generated much in-
terest in the last several years [1–3]. While these sys-
tems can be well-described by a relatively simple model
Hamiltonian, at low temperatures they exhibit a rich phe-
nomenology whose theoretical description has proven to
be challenging. At low momenta, or when the range of
the interaction is sufficiently short, the dominant scat-
tering process occurs in the s-wave channel, so that a
single parameter, the s-wave scattering length a, suffices
to characterize the inter-particle interaction. Depend-
ing on the value of kF a (where kF is the Fermi momen-
tum), widely different behavior is observed. This ranges
from the formation of tightly bound dimers in the Bose-
Einstein condensate (BEC) regime when kF a is small
and positive, to Cooper pairing in the Bardeen-Cooper-
Schrieffer (BCS) regime when kFa is small and negative.
These behaviors are connected by a strongly interacting,
nonperturbative regime, known as the unitary regime,
where |a| is much larger than any other length scale in
the system. Remarkably, each of these regimes is acces-
sible experimentally, and all exhibit superfluid behavior
below a certain a-dependent critical temperature.

While accurate mean-field theories exist for the BEC
and BCS regimes, there is no simple approximation
that can accurately describe the transition between these
regimes through the unitary limit. As a result much in-
terest has been taken in applying numerical methods,
such as quantum Monte Carlo and numerical diagonal-
ization. For systems varying from ∼ 10 to hundreds of
particles, quantum Monte Carlo calculations have been
carried out to calculate ground state [4–13] and ther-
modynamic properties [14–18]. For smaller numbers of
trapped atoms, energy spectra have been calculated using
a basis set expansion method with correlated Gaussians
in coordinate space (for up to six atoms) [8, 9] and a
stochastic variational approach (for four atoms) [19].

The three-body problem has been solved analytically
in the unitary regime [20, 21] and numerically to high
accuracy along the BEC-BCS crossover [22, 23]. In fact
the few-body trapped cold atom problem has become

more interesting recently, since it was pointed out that
the virial expansion for the partition function in a har-
monic trap works well at unexpectedly low temperatures
into the quantum degenerate regime [23]. Moreover, the
scaling relations which exist for the dilute gas can allow
larger systems to be addressed from the study of smaller
ones [24, 25].
Here we discuss the cold atom problem in the con-

text of the configuration-interaction (CI) approach to in-
teracting many-particle fermionic systems. In this ap-
proach, widely used in atomic, molecular and nuclear
physics, a single-particle basis in the laboratory frame
is used to construct a many-particle basis of Slater de-
terminants for a fixed number of fermions. The Hamilto-
nian matrix is then calculated in this many-particle basis
and diagonalized. For a harmonically trapped system, a
natural choice for the single-particle basis is that of the
three-dimensional harmonic oscillator.
The short-range interaction of the cold atom problem

is often approximated by a zero-range interaction. How-
ever, the obvious form of such a potential, a contact inter-
action V0δ(r), is ill-defined in three dimensions and must
be regularized. This is usually accomplished by intro-
ducing a momentum or energy cutoff in relative motion
and renormalizing the strength V0 of the interaction so it
reproduces the physical scattering length for the uniform
gas, or the lowest bound state energy in relative motion
for the trapped system. The many-particle energies are
then calculated as a function of the regularization cutoff
parameter.
A contact interaction is non-vanishing only for relative

angular momenta l = 0 of the two particles. For a basis
of harmonic oscillator wave functions, a natural regular-
ization parameter is the number of oscillator s waves in
relative motion. However, the convergence of the many-
particle energies as a function of this regularization pa-
rameter for the renormalized contact interaction is slow
(as a low negative power) [26, 27].
In Ref. 27 a new effective interaction was introduced in

the unitary limit for which the low-lying energies of the
three- and four-particle systems converge substantially
faster than for the conventional renormalized contact in-
teraction as a function of the regularization parameter.
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While this effective interaction is no longer a contact in-
teraction, it reproduces the same many-particle energies
in the limit when the regularization parameter is sent to
infinity. The faster convergence of the many-particle en-
ergies enables their calculation to higher accuracy when
using this new effective interaction. Another approach
to improve the convergence relative to the renormalized
contact interaction was investigated within the frame-
work of effective field theory by including perturbatively
next-to-leading order and next-to-next-to-leading order
interactions [28].
Here we generalize the construction of such an effec-

tive interaction away from unitarity. We study the low-
energy spectra of the three- and four-particle systems and
find convergence properties versus the regularization pa-
rameter along the complete BEC-BCS crossover that are
similar to the unitary regime. We also use this effective
interaction to study the thermodynamics of the three-
particle system at unitarity. In particular, we demon-
strate the exponential convergence of the free energy at
finite temperature as a function of the regularization pa-
rameter. The converged free energy is compared with the
exact free energy constructed from the known analytical
spectrum of the three-particle system [20, 21].
This paper is organized as follows. In Sec. II, we briefly

review the two-particle cold atom problem in a harmonic
trap. In Sec. III, we derive closed expressions for the ma-
trix elements of the new effective interaction for any scat-
tering length and demonstrate convergence (as a func-
tion of the regularization parameter) of its two-particle
eigentates to the exact eigenstates in the unitary limit.
In Sec. IV, we use this interaction to study the conver-
gence (vs. the regularization parameter) of the spectra
of the three- and four-body systems along the BEC-BCS
crossover and the three-particle free energy at unitarity.
The latter is compared with exact results. Finally, in
Sec. V we present our conclusion.

II. TWO-PARTICLE PROBLEM

The trapped two species cold atom system is modeled
by the Hamiltonian

H = −
N
∑

i=1

~
2

2m
∇2

i +
N
∑

i=1

1

2
mω2r2i +

∑

i<j

V (rij), (1)

where N = N1+N2, N1 and N2 are the number of atoms
for each species (spin-up and spin-down), ω is the trap
frequency, and V (r) is a short-range interaction. A nat-
ural length scale for this Hamiltonian is the oscillator
length aosc =

√

~/mω.
The interaction V (r) is modeled by a zero-range, pure

s-wave interaction, which due to Pauli exclusion acts only
between particles of differing species. This can be ex-
pressed by a regularized δ-function,

V (r) = gδ3(r)(∂/∂r)r , (2)

where g = 2π~2a/µ relates the scattering length a to
the strength of the interaction [2]. Equivalently, one can
impose the Bethe-Peierls contact conditions on the wave-
functions; see, e.g., in Ref. 20. Several interesting con-
sequences of the form (2) of the interaction potential for
the many-body system have been explored in Ref. 29.
For a two-particle system, the Hamiltonian is separable

in the center-of-mass and relative coordinates R = (r1 +
r2)/2 and r = r2 − r1, so that H = HCM +Hrel, with

Hrel = − ~
2

2µ
∇2

r
+

1

2
µω2r2 + V (r) ≡ H0 + V (r) , (3)

where H0 is the harmonic oscillator Hamiltonian in rela-
tive motion with reduced mass µ = m/2.
The eigenstates of the non-interacting two-particle sys-

tem in a harmonic trap may be labeled as |NLMnlm〉,
where N ,L,M are the radial, angular momentum, and
magnetic quantum numbers for the center of mass mo-
tion, and n, l,m are the corresponding quantum num-
bers for the relative motion. The associated energies are
E = (2N +L+3/2+ 2n+ l+3/2)~ω. A pure s-wave in-
teraction leaves the l 6= 0 states and energies unchanged
while mixing the l = 0 states into eigenstates we denote
by |NLMu(i)〉, with E = 2N+L+3/2+εi. The energies
εi in relative motion for scattering length a are given by
the solutions to the transcendental equation [30, 31]

Γ(−ε/(2~ω) + 3/4)

Γ(−ε/(2~ω) + 1/4)
=

1√
2a/aosc

. (4)

The exact wave functions in relative motion are also
known. They are given by [31]

|u(i)〉 =
∞
∑

n=0

u(i)n |n00〉 ,

where

u(i)n = Ai
ϕ∗
n(0)

αn − εi
.

Here αn = (2n + 3/2)~ω are the non-interacting rela-
tive energies, Ai is a normalization factor, and ϕn(r) ≡
ϕn00(r) is a harmonic oscillator wave function, with

ϕn(0) = π−3/4

[

(2n+ 1)!!

(2n)!!

]1/2

.

In the unitary limit, where εi = (2i + 1/2)~ω, the
normalization factor Ai has the simple form

A−2
i = π−3/2

∞
∑

n=0

(2n+ 1)!!

(2n)!!

1

[2(n− i) + 1]2

=
π−1/2

2

(2i)!!

(2i− 1)!!
.
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III. EFFECTIVE INTERACTION

We first discuss the conventional contact interaction.
It can be regularized by introducing an energy cutoff in
relative motion. This defines a sequence of interactions

V̂
(q)
c , q = 0, 1, 2, ..., with

〈nlm|V̂ (q)
c |n′lm〉 = χqψn(0)ψn′(0)δl,0δm,0 , (5)

for n, n′ = 0, 1, . . . , q, and where ψn(0) ≡ [(2n +

1)!!/(2n)!!]1/2. All other matrix elements of V
(q)
c are

taken to be zero. The coefficient χq is determined for
each q so as to reproduce the lowest relative-motion en-
ergy ε0. We refer to this interaction as a renormalized
contact interaction.
The contact interaction in Eq. (5) is separable in the

relative oscillator basis. A general separable interaction
for l = 0 has the form

〈nlm|V̂ (q)
eff |n′lm〉 = f∗

nfn′δl,0δm,0 (n, n′
6 q) . (6)

An effective interaction for the trapped cold atom sys-
tem can be determined by choosing the coefficients fn to
reproduce the lowest q + 1 relative energies ε0, . . . , εq of
the two-particle system. This idea was used in Ref. 27 to
construct a new effective interaction in the unitary limit
of infinite scattering length. Here we consider the more
general problem for any value of the scattering length a.

A. General problem and solution

The matrix elements of the relative-coordinate Hamil-
tonian take the form

〈n00|Ĥ(q)
rel |n′00〉 = δn,n′αn − f∗

nfn′ , (7)

where αn are the non-interacting eigenvalues of H0. To
determine the coefficients fn we derive the following re-
sult.
Theorem. Let ε0, ε1, . . . , εq and α0, α1, . . . αq be real

numbers such that ε0 < . . . < εq, α0 < . . . < αq and
εi 6= αj for all i, j, and let f0, f1, . . . , fq be complex. Then
the (q + 1)-dimensional matrix Hn,n′ = αnδn,n′ − f∗

nfn′

has the εi as its eigenvalues if and only if

|fn| =
√

∏

k(αn − εk)
∏

k 6=n(αn − αk)
, (8)

in which case the ith eigenvector b(i) has components

b(i)n = Ci
f∗
n

αn − εi
, Ci =

√

∏

k(αk − εi)
∏

k 6=i(εk − εi)
. (9)

A solution satisfying (8) exists if and only if ε0 < α0 <
ε1 < . . . < αq.

Proof. An eigenvector b(i) with eigenvalue εi must sat-
isfy

q
∑

n=0

(δmnαn − f∗
mfn)b

(i)
n = εib

(i)
m (10)

which implies

b(i)n = Ci
f∗
n

αn − εi
(11)

where Ci =
∑

m fmb
(i)
m is a normalization constant. In-

serting (11) into (10), we obtain

q
∑

n=0

Min|fn|2 = 1 ,

where the matrix M is defined by

Min =
1

αn − εi
. (12)

Thus the f2
n are determined from the eigenvalues by the

matrix equation Mv = 1, where 1 = (1, 1, . . . , 1)T and
v = (|f0|2, |f1|2, . . . , |fq|2)T .
The MatrixM is of a well-known form, called a Cauchy

matrix, whose inverse is given by [32]

(M−1)ni =

∏

k(αn − εk)(αk − εi)

(αn − εi)
∏

k 6=i(εk − εi)
∏

k 6=n(αn − αk)
.

We therefore have

|fn|2 = (M−1
1)n

=
∑

i

∏

k(αn − εk)(αk − εi)

(αn − εi)
∏

k 6=i(εk − εi)
∏

k 6=n(αn − αk)

=

∏

k(αn − εk)
∏

k 6=n(αn − αk)

∑

i

∏

k 6=n(εi − αk)
∏

k 6=i(εi − εk)
. (13)

The sum in the last expression can be evaluated using
the identity [32]

N
∑

i=1

xri
∏

k 6=i(xi − xk)
=







0, 0 6 r < N − 1
1, r = N − 1
∑N

i=1 xi, r = N
(14)

where x1, . . . , xN are all distinct. This is done by ob-
serving that

∏

k 6=n(εi − αk) = εqi + P (εi), where P is a
polynomial of degree smaller than q. There are q + 1 of
the εi, which we take to be x1, x2, ..., xq+1 in Eqs. (14).
According to the first case in Eqs. (14), the contribution
to the last sum in Eq. (13) from P (εi) vanishes, while ac-
cording to the second case of (14), the contribution of εqi
to the sum is exactly 1. Thus, the components fn satisfy
(8). On the other hand, it is easy to verify that if the fn
satisfy (8) then b(i) given by (11) is an eigenvector with
eigenvalue εi.
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If ε0 < α0 < ε1 < . . . < αq then it can easily be
seen that the argument to the square root in Eq. (8) is
positive, and therefore a solution for the fn exists. Con-
versely, we can show that if the argument to the square
root is positive for all n, the eigenvalues must have this
ordering. For each n = 0, . . . , q let kn be the number of
eigenvalues εi for which εi < αn. Then

sign

∏q
k=0(αn − εk)

∏

k 6=n(αn − αk)
=

(−1)q+1−kn

(−1)q−n
.

In order for the sign to be positive for all n, we therefore
require that n + 1 − kn is always even. But since 0 ≤
k0 ≤ . . . ≤ kq ≤ q + 1, the only possibility is kn = n+ 1,
i.e., ε0 < α0 < ε1 < . . . < αq.
The eigenvectors are given by Eq. (11). To determine

the normalization constant Ci, we require
∑q

n=0 |b
(i)
n |2 =

1 and use Eq. (8) for |fn| to find

C−2
i =

q
∑

n=0

∏

06k6q(αn − εk)
∏

k 6=n,06k6q(αn − αk)

1

(αn − εi)2
.

This sum can also evaluated using the identity (14). To
do this, we define αq+1 ≡ εi and rewrite

C−2
i =

q
∑

n=0

∏

k 6=i,06k6q(αn − εk)
∏

k 6=n,06k6q+1(αn − αk)
.

We now add and subtract the n = q + 1 term to obtain

C−2
i =

q+1
∑

n=0

∏

k 6=i,06k6q(αn − εk)
∏

k 6=n,06k6q+1(αn − αk)

−
∏

k 6=i,06k6q(αq+1 − εk)
∏

06k6q(αq+1 − αk)
.

Taking x1 = α0, x2 = α1, ..., xN = αq+1, the first case of
(14) may be applied to find that the sum vanishes and
thus

C−2
i =

∏

k 6=i(εk − εi)
∏

k(αk − εi)
.

This completes the proof.
Since the eigenvalues εi, αn for the cold atom problem

are indeed ordered as the theorem requires, we choose
fn = |fn| to be positive real numbers according to
Eq. (8).
The complete set of the two-particle eigenvectors of the

effective interaction V
(q)
eff is therefore given by (i) the non-

interacting states |NLMnlm〉 for l > 0 or (n > q and l =
0) with eigenvalues (2N + L+ 3/2 + 2n+ l + 3/2)~ω,
and (ii) the l = 0 interacting states

|NLMb(i)〉 =
[

∏

k(αk − εi)
∏

k 6=i(εk − εi)

]1/2

×
q
∑

n=0

fn
αn − εi

|NLMn00〉 (15)

with eigenvalues (2N + L+ 3/2 + εi) ~ω and where the
εi are given by the solutions of Eq. (4).
We also derive closed expressions for the trace and

norm of the (q + 1)-dimensional matrix V
(q)
eff defined by

(V
(q)
eff )nn′ ≡ 〈n00|V̂ (q)

eff |n′00〉. Its trace has a simple form
which can be obtained via Eqs. (8) and (14). Taking
x1 = α0, x2 = α1, ..., xN = αq and applying the second
and third cases of Eq. (14), we find

tr V
(q)
eff =

q
∑

n=0

∏

k(αn − εk)
∏

k 6=n(αn − αk)

=

q
∑

n=0

(αn − εn).

This result implies that the Frobenius norm of V
(q)
eff is

∑

n,n′

|(V (q)
eff )nn′ |2 =

(

q
∑

n=0

(αn − εn)

)2

.

B. Properties in the unitary limit

In this section we consider the properties of the separa-
ble effective interaction in the unitary limit. The simple
form of the relative-motion unitary eigenvalues εi allows
us to verify Eq. (9) in Ref. 27 for the interaction pa-

rameters fn at unitarity and prove analytically that V
(q)
eff

converges to the pseudopotential (2) in the limit q → ∞.

1. Interaction parameters fn

In the unitary limit εi = 2i+1/2 are the harmonic os-
cillator energies shifted down by one oscillator quantum.
In this case the expression for fn reduces to

f2
n =

∏q
k=0(2(n− k) + 1)
∏

k 6=n 2(n− k)

=

∏n
k=0(2k + 1)
∏n

k=1 2k

∏q−n
k=1 (−2k + 1)
∏q−n

k=1(−2k)

=
(2n+ 1)!!

(2n)!!

(2(q − n)− 1)!!

(2(q − n))!!
, (16)

which is exactly Eq. (9) of Ref. 27.

2. Convergence of two-particle eigenvectors

To prove the convergence of the effective interaction
to the pseudopotential V (r) in Eq. (2), we study the

convergence of the two-particle eigenstates |b(i)〉 of Ĥ0 +

V̂
(q)
eff to the corresponding eigenstates |u(i)〉 of Ĥ0 +V (r)
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as q → ∞. For any scattering length, the square of the
n-th component of |b(i)〉 is given by

(b(i)n )2 =

∏

k(αk − εi)
∏

k 6=i(εk − εi)

∏

k(αn − εk)
∏

k 6=n(αn − αk)

1

(αn − εi)
2 .

In the unitary case

(b(i)n )2 =

∏

k(2(k − i) + 1)
∏

k 6=i 2(k − i)

∏

k(2(n− k) + 1)
∏

k 6=n 2(n− k)

1

(αn − εi)
2

=
1

(αn − εi)2
(2i− 1)!!

(2i)!!

(2(q − i) + 1)!!

(2(q − i))!!

× (2n+ 1)!!

(2n)!!

(2(q − n)− 1)!!

(2(q − n))!!
.

The asymptotic behavior for large q is

b(i)n (q) ∼
√

2/π

(αn − εi)

[

(2i− 1)!!

(2i)!!

]1/2 [
(2n+ 1)!!

(2n)!!

]1/2

×
[

q − i+ 3/4

q − n+ 1/2

]1/4

.

We compare to the exact wave function |u(i)〉 by comput-
ing the relative difference for each component,

|b(i)n − u
(i)
n |

u
(i)
n

∼
∣

∣

∣

∣

∣

(

1 +
n− i+ 1/4

q − n+ 1/2

)1/4

− 1

∣

∣

∣

∣

∣

∼ n− i+ 1/4

4(q − n+ 1/2)
.

This diminishes like 1/q for large q, proving convergence
to the exact two-body eigenstates in relative motion. Im-
portantly, this is faster than the 1/

√
q convergence of the

renormalized contact interaction [27].

IV. APPLICATIONS

To demonstrate the advantage of the new effective in-
teraction as compared with the renormalized contact in-
teraction, we study the convergence versus q of low-lying
energies of the three and four-particles systems at var-
ious values of the scattering length. We also study the
convergence versus q of the three-particle free energy at
unitarity (for which an exact solution exists). The latter
is important for thermodynamical studies of the trapped
gas. The three-particle system we study consists of two
spin-up particles and one spin-down particle (↑↑↓), while
the four-particle system is unpolarized (↑↑↓↓).

A. Spectroscopy

The CI method works in the laboratory frame and re-
quires a certain truncation scheme. As in Ref. 27, we use
as our many-particle basis the set of all Slater determi-
nants which can be constructed from the single-particle

states in the harmonic oscillator shells N = 0, . . . , Nmax.
For a given regularization parameter q, the two-body in-
teraction matrix elements in the laboratory frame are
calculated by transforming to the relative and center of
mass coordinates via the Talmi-Moshinsky brackets [33]
and using the interaction (6) in relative motion. We carry
out direct diagonalization of the CI Hamiltonian using a
new code for three and four particles which works in a
two-species formalism with a basis of good total orbital
angular momentum L and parity π. In order to deter-
mine the many-particle energies, we take the following
limits. For fixed q we calculate the energies as a func-
tion of Nmax and extrapolate to Nmax → ∞ following
the method of Ref. 27. The resulting energies are then
studied as a function of q to obtain an estimate of the
q → ∞ limit.

In the CI calculations we used PARPACK for paral-
lel diagonalization on a Linux cluster using between 1
and 320 CPU cores. The largest system studied, the
four-particle system with Nmax = 12 and total L = 1
(involving ∼ 4.6 million configurations), required a to-
tal of about 2300 GB to store the matrix elements of the
Hamiltonian and 24 hours to run on 320 cores, while more
typical calculations, e.g., four particles at Nmax = 9 and
L = 1 (520, 000 configurations) required about 64 GB of
storage and four hours of computation time on 32 cores.
Computational resources could be significantly reduced
by using Jacobi coordinates and excluding the center of
mass, e.g., as in Refs. 19, 28.

1. Three particles

We study a selected set of the low-lying energies of the
three-particle system as a function of the inverse scatter-
ing length. Here the main topic of interest is the con-
vergence of the eigenvalues (i) as the size of the model
space (i.e., the maximal number of oscillator shells Nmax)
increases, and (ii) as the regularization parameter q in-
creases.
(i) Overall, convergence in Nmax is fast for both the

renormalized contact interaction and the new effective
interaction, and similar to what was already discussed in
Ref. 27 in the unitary limit. Convergence slows some-
what as we follow the crossover from the BCS to the
BEC regime and tends to require more shells as q in-
creases. At q = 4, Nmax = 13, we find that the lowest
four eigenvalues for each of Lπ = 0+, 1+, 1−, 2+, and
2− are converged in Nmax to about 0.0003% in the BCS
regime (aosc/a = −0.8), 0.002% in the unitary limit and
0.01% in the BEC regime (aosc/a) = 0.8), on average.1

(ii) As a function of q (for 1 6 q 6 6), we iden-

1 We label energy levels as Lπ

n
, where L is the angular momentum,

π is the parity, and n = 0, 1, 2, .. indexes the levels in order of

increasing energy.
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FIG. 1: Convergence of the lowest 1− state for the three par-
ticle system on either side of the crossover. The energy E(q)

is plotted as a function of the regularization parameter q.
Solid circles are for the effective interaction and open circles
are for the renormalized contact interaction. (a) The BCS
side, aosc/a = −0.8. (b) The BEC side, aosc/a = +0.8. The
energy for the effective interaction decreases slightly above
q = 4, and we take as our final results the q = 6 values of
4.7392 ~ω and 3.2664 ~ω in cases (a) and (b), respectively.

Insets: the differences ∆E(q) ≡ E(q) − E(q−1) on a logarith-
mic scale. The results for the new effective interaction are
well fitted for 1 ≤ q ≤ 4 by a quadratic polynomial (solid
line), demonstrating the exponential convergence for small q.
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FIG. 2: (Color online) Selected low-lying energies of the three-
particle system vs. inverse scattering length. Symbols are
the estimates for q → ∞ as described in the text. Lines are
linear interpolations. Error bars (estimated from the rate of
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tify two overall convergence patterns for low-lying three-
body eigenvalues. The first occurs for most eigenvalues,
and is characterized by fast, monotonic convergence for
1 6 q 6 4 or 1 6 q 6 5 at an exponential or faster-
than-exponential rate. The values at larger q then give
small, often nonmonotonic corrections. As an example,
the lowest Lπ = 0+ state at unitarity has the exact value
E = 4.6662 . . .~ω. With the effective interaction, we
find the energy of this state decreases monotonically to
E = 4.6602 ~ω at q = 4 (slightly overshooting), and
E = 4.6597 ~ω at q = 5. The convergence then switches
direction at q = 6. Calculations for 6 < q ≤ 12 using a
code which removes the center-of-mass [34] show that the
energy then approaches the exact value with a power-law
behavior. However, the q > 6 values provide only a small
correction (0.13%) to the q = 4 value. For such eigen-
values we report the energy at the highest q calculated,
usually q = 6.

The second convergence pattern we encounter is com-
pletely monotonic for 2 ≤ q ≤ 6, but with a no-
ticeably slower (albeit still exponential or faster) rate
of convergence. We estimate the q → ∞ value by
fitting the logarithm of successive energy differences
∆E(q) = E(q) − E(q−1) to a quadratic polynomial f(q),
i.e., log∆E(q) = f(q) ≡ A + Bq + Cq2 (with C < 0).
This provides an interpolating function which we then
use to numerically sum the residual terms in the ex-
pansion E(∞) = E(q) + ∆E(q+1) + ∆E(q+2) + . . . ≈
E(q) + 10f(q+1) + 10f(q+2) + . . .. An example of such
a state is the 0+3 state at unitarity. In this case, the
q = 4 value is 6.716 ~ω and the extrapolated value (from
q = 6) is 6.657 ~ω, a 0.14% error from the exact energy
of 6.6662 . . .~ω.

Comparing with the renormalized contact interaction,
we find significantly faster convergence with the new ef-
fective interaction for both convergence patterns. For ex-
ample, the afformentioned 0+3 state at unitarity attains
the value 6.984 ~ω at q = 4 with the contact interac-
tion, a difference of 5% from the exact value, compared
to 0.7% at q = 4 for the new interaction. The differ-
ence for faster-converging eigenvalues is not as dramatic,
but the new interaction is still clearly preferred. This
is shown in Fig. 1 for the 1−0 state on either side of the
crossover, at aosc/a = −0.8 and aosc/a = 0.8. The in-
set shows the logarithm of successive energy differences
log∆E(q) in the monotonic region 1 ≤ q ≤ 5. For the
new effective interaction, an empirically good fit is pro-
vided by a quadratic polynomial (solid line), indicating
a faster than exponential rate of convergence for small q.
In contrast, the rate of convergence for the renormalized
interaction is well described by a low power law (dashed
line). Our results demonstrate that the advantage of the
new interaction is maintained away from unitarity. This
holds true for all the eigenvalues we studied, and for the
four-particle system as well (see below).

Using the new effective interaction, we present in Fig. 2
results for a selected set of the low-lying energies of the
three-particle system as a function of the inverse scat-
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tering length. Although the three-particle system is now
well-studied, this provides a clear verification of the ca-
pability of the method. Our results agree with those
published previously [22, 26]. As in the earlier studies,
we find crossings between levels with different quantum
numbers, for instance the 2+1 state and the 1−1 state at
approximately aosc/a = 0.14, and the 1−0 state and the
0+0 state at approximately aosc/a = 0.93, which changes
the parity and angular momentum of the ground state.
At unitarity we can determine the accuracy of the

three-particle energies obtained with the new effective
interaction by comparing with the known analytic solu-
tion (see Sec. IVB). All of the energies we studied were
found to be accurate to within at least 0.2%.

2. Four particles

The four-particle system is less well-studied and pro-
vides a more interesting test of the new effective interac-
tion. As with the three-particle system, we examined a
selected set of the low-lying energies as a function of the
inverse scattering length.
(i) Overall we find fast convergence in Nmax, very sim-

ilar to the three-particle case. More precisely, at q = 4,
Nmax = 11, the level of convergence ranges from an
average of about 0.05% at aosc/a = −0.8 to 0.2% at
aosc/a = 0.8 for the lowest four states of each of the
0−, 0+, 1− and 1+ configurations.
(ii) As a function of q, the two convergence patterns ob-

served for the three particle case – the more common fast,
slightly non-monotonic convergence and the less common
slower, monotonic (in the range of q studied) convergence
– are still prevalent, but with the addition of a few eigen-
values which are non-monotonic for smaller q. An ex-
ample is the 0+1 state at unitarity, which becomes non-
monotonic at q = 3. For eigenvalues with the first two
convergence patterns, we estimate the q → ∞ values in
the same manner as the three-particle case. For the new
non-monotonic eigenvalues, we report the result of the
calculation at largest q, usually q = 5. For instance, for
the 0+1 state at unitarity, the q = 5 value is E = 7.036 ~ω,
and appears to be an upper bound based on the direc-
tion of convergence. This compares favorably with the
result E = 7.010 ~ω (a 0.4% difference) of Ref. 19, in
which the center of mass coordinate is separated out and
a stochastic variational approach is employed. Note we
add a center of mass excitation of 1.5 ~ω to the results of
Ref. 19 to allow comparison.
An example of a fast, slightly non-monotonic energy is

the 1+0 state, which was calculated in Ref. 19 to have a
value E = 6.588(20) ~ω. Our q = 5 estimate of the new
interaction is 6.582 ~ω, well within error.
Compared with the renormalized contact interaction,

the new interaction provides much improved convergence
for four particles, as it did for the three particle system.
For example, Fig. 3 demonstrates the convergence of the
1+0 state using the new and the renormalized contact in-
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FIG. 3: Convergence of the lowest 1+ state for the four-
particle system. Solid circles are the results calculated with
the effective interaction, and open circles are the results from
the renormalized contact interaction. (a) Convergence of the

energy E(q) vs q on the BCS side of the crossover at aosc/a =
−0.8. (b) The BEC side of the crossover at aosc/a = +0.8. In
both cases, the convergence becomes slightly non-monotonic
at q = 5. We take as our final results the q = 5 values
of 7.079 ~ω and 5.573 ~ω, in cases (a) and (b), respectively.

Insets: The absolute values of the differences |∆E(q)| on a
logarithmic scale. The good fit to a quadratic polynomial for
1 ≤ q ≤ 4 in the case of the new effective interaction (solid
line) illustrates the exponential convergence for small q.

teractions on both sides of the crossover. The logarithm
of the absolute values of the energy differences ∆E is
plotted in the insets of Fig. 3 (for 1 ≤ q ≤ 4, ∆E > 0).
The solid line is a quadratic polynomial fit to log |∆E|,
indicating a faster than exponential rate of convergence
for small q. As with all the energies we have studied,
this is a marked improvement in convergence compared
the renormalized contact interaction. On the BEC side,
in particular, we find a 7% difference between the two
interactions at q = 4.

In Fig. 4 we present results for a selected set of low-
lying energies of the four-particle system as a function of
inverse scattering length. As for the three-particle case,
we find crossings between levels with different quantum
numbers, for instance, the 1+1 state and the 0−0 state at
approximately aosc/a = 0.36. In contrast to the three-
particle system, the angular momentum and parity of
the ground state (here 0+0 ) remain fixed through the full
range of scattering lengths.

B. Thermodynamics

As thermodynamics is one of the central topics of in-
terest for cold atoms, we test the usefulness of the new
separable effective interaction for thermodynamical stud-
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ies by studying the convergence of the free energy (at a
given temperature) versus the regularization parameter q
for the three-particle system. Our calculations were done
for each q (1 ≤ q ≤ 4) at temperatures between T = 0 ~ω
and T = 2.0 ~ω as a function of Nmax (the number of har-
monic oscillator shells included in the laboratory frame)
via a direct diagonalization of the Hamiltonian through
Nmax = 10. We compare our calculations with exact
results for the three-particle system.

An example of the convergence in Nmax for q = 4 and
T = 0.4 ~ω is shown in Fig. 5, where we observe smooth
behavior for both interactions. For higher temperatures,
the smooth character of the ∆F vs. Nmax is preserved,
while the curvature flattens out to a straight line (on a
logarithmic scale), allowing for accurate extrapolations
in Nmax.

The convergence as a function of q is demonstrated in
the inset to Fig. 6 for T = 0.4 ~ω. The convergence
using the new effective interaction is significantly faster
than for the renormalized contact interaction. In gen-
eral, we found that the convergence in q for the new in-
teraction was quite uniform and fast for temperatures up
to approximately T = 1.0 ~ω. In fact, at higher tem-
peratures, the abundance of interactionless states (see
below) diminishes the error for even small q values so
that at T = 2.0 ~ω, the difference between q = 1 and
the exact value is only about 0.8%, compared to 2.1% at
T = 0.1 ~ω. By comparison, the difference in the free en-
ergy between the non-interacting and interacting systems
is 2% at T = 2.0 ~ω and 30% at T = 0.1 ~ω.

Our thermodynamics studies are summarized in Figs. 6
and 7, where we compare our calculations of the free
energy and entropy as a function of temperature with
exact calculations for the interacting and non-interacting
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used to extrapolate to the limit Nmax → ∞.
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FIG. 6: Free energy versus temperature for the three-particle
system. Solid circles: new effective interaction at q = 4. Solid
line: exact result. Dashed line: non-interacting system. The
inset demonstrates the convergence of F vs. q at T = 0.4 ~ω.
The solid circles were calculated using the separable effective
interaction, while the open circles are from the renormalized
contact interaction. The horizontal line indicates the exact
result of 3.6537 . . . ~ω.

systems (described below). We find excellent agreement.
One can see that our results are well-converged from T =
0 through T = 2.0~ω, the latter being close to the high-
temperature, non-interacting limit.

Since the three-body problem has been solved exactly
at unitarity [20, 21], we can compare the thermodynamic
functions calculated using the new effective interaction
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with exact results.
We summarize the exact calculation as follows. There

are two classes of eigenstates for the trapped Fermi gas,
interacting states and interactionless states. The in-
teracting states satisfy the Bethe-Peierls contact condi-
tion [20]

ϕ(r1, r2, r3) =

(

1

rij
− 1

a

)

A(Rij , rk) + O(rij)

(as rij → 0) via a function A which is non-zero. The
interactionless states satisfy a similar condition but with
A identically zero. They are also eigenstates of the non-
interacting Hamiltonian and are identical for all values
of the scattering length.
To calculate the energy levels of the interacting states

we follow the procedure of Ref. 20. However, as noted
there, at large temperatures the number of interaction-
less states grows much larger than that of the interacting
states, so that energies for both are necessary to calcu-
late thermodynamic quantities for the system. The wave
functions and energies of the interactionless states for the
three-particle system have been characterized completely
in Ref. 21. Below we summarize the main results.
The energy of any state of the system (interacting or

interactionless) is given by

E = (γ + nc + 2ν + 9/2)~ω

where nc is the number of oscillator quanta in the
center-of-mass excitation, γ is a scaling exponent, and
ν = 0, 1, 2, ... is the hyperradial quantum number. The
corresponding intrinsic wave functions are of the form

ψ ∝ φ̃ L
(γ+2)
ν (R2/a2osc)e

(−R2/2a2

osc
), where R is the hy-

perradius. The function φ̃ (∝ Rγ) satisfies the Bethe-
Peierls contact conditions as well as additional equations.
States with total internal angular momentum l = 0, 1, . . .

T (~ω) E (~ω) F (~ω) S Efree Ffree Sfree

0.1 4.275 4.162 1.132 5.500 5.390 1.102
0.5 5.077 3.351 3.451 6.563 4.484 4.159
1.0 8.511 0.4759 8.035 10.02 1.169 8.848
2.0 17.79 -11.11 14.45 18.46 -10.87 14.67

TABLE I: A few values of the exact thermodynamic functions
of the unitary and non-interacting three-particle systems. E,
F , and S are the energy, free energy and entropy of the unitary
system; Efree, Ffree, and Sfree are the same quantities for the
non-interacting system. All numbers have been rounded in
the last digit but are otherwise exact.

have exponents γl,n where n = 0, 1, . . .. For the interact-
ing states γl,n = sl,n − 7/2 where sl,n are an infinite
sequence of solutions to an l-dependent transcendental
equation obtained from the three-particle Schrodinger
equation [20]. For the interactionless states, γl,n are in-
tegers ≥ 2 and have degeneracies; these degeneracies are
non-trivial and must be determined in order to calculate
thermodynamic quantities for the system. We followed
the method of Ref. 21 to determine these degeneracies
(see, e.g., Table II of Ref. 21).
Using the above classification of interacting and in-

teractionless states, we computed the entire three-body
spectrum to the extent needed to ensure convergence of
the free energy at any temperature of interest (see Figs. 6
and 7). Table I provides a few values of the free energy
F and entropy S at various temperatures for reference.
For the non-interacting calculations we use simple closed
formulas that are derived in the Appendix.

V. CONCLUSION

We have extended a new separable effective interac-
tion for the unitary trapped gas in the configuration-
interaction framework to regions away from unitarity,
i.e., the BEC-BCS crossover. The main advantage of
this interaction, when compared with the conventional
renormalized contact interaction, is its much improved
convergence of the many-particle energies in the regu-
larization parameter. This allows accurate calculations
in the configuration interaction approach. In particular,
we calculated the low-lying energies for three and four
particles as a function of the inverse scattering length.
We also studied the three-particle system at finite tem-

perature in the unitary limit and found similar conver-
gence properties of the free energy as a function of the
regularization parameter. This separable effective inter-
action may therefore facilitate accurate studies of the
thermodynamics of the trapped cold atom system.
We note that the method described here can also be

used to investigate the properties of fermi gases for which
the two species have unequal masses m1 and m2. The
relative two-body Hamiltonian keeps the form (3) with a
reduced mass of µ = m1m2/(m1 +m2), and Eq. (4) still
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determines the relative energies with aosc =
√

~/2µω.
The two-body matrix elements of the interaction in the
laboratory frame can then be determined by using Talmi-
Moshinsky brackets for unequal-mass particles [35].

Acknowledgments

We acknowledge S. Tan for providing us with Ref. 21
and G.F. Bertsch for useful discussions. We also thank I.
Stetcu for sharing with us certain three-body calculations
using the new interaction. This work was supported in
part by the U.S. DOE grant No. DE-FG02-91ER40608,
by facilities and staff of the Yale University Faculty of
Arts and Sciences High Performance Computing Center,
and by the NSF grant No. CNS 08-21132 that partially
funded acquisition of the facilities. Computational cy-
cles were also provided by the NERSC high performance
computing facility at LBL.

Appendix A: Non-interacting thermodynamics

In Figs. 6 and 7 we compared our calculations with
the non-interacting three-body trapped systems (dashed
lines). For this purpose we derived simple formulas
for the canonical partition functions of small systems
of trapped non-interacting spin-1/2 particles. For three
particles (↑↑↓), we proceed as follows. Label the state
of each particle as s = (nx, ny, nz, σ), where nx, ny, nz

are the 3-D harmonic oscillator quantum numbers and
σ = ±1/2 is the z-component of the spin. Then the
canonical partition function is

Z =
1

3!

∑

s1,s2,s3

σ1+σ2+σ3=1/2

e−β(Es1
+Es2

+Es3)S(s1, s2, s3)

where Es = (nx + ny + nz + 3/2)~ω and S(s1, s2, s3) is
the selection function

S(s1, s2, s3) =

{

0 if any two si are equal
1 otherwise

(A1)

=
∏

i<j

(1− δsi,sj
). (A2)

To perform the sum, one expands the selection function
to obtain eight terms involving sums over the Maxwell-

Boltzmann factor e−β(Es1
+Es2

+Es3) times a product (say
D) of zero to three Kronecker δ’s. By collapsing the sum
over the δ’s one obtains a geometric series which then
easily yields a closed-form expression. As an example, for
D = δs1,s2

, and with the notation |ni| ≡ ni,x+ni,y+ni,z,
the corresponding sum is

∑

s1,s2,s3

σ1+σ2+σ3=1/2

e−β(Es1
+Es2

+Es3)δs1,s2

=

(

1

1− e−2β

)3(
1

1− e−β

)3

.

Note that in this case, the sum over σ2 and σ3 is ex-
actly 1 (and is zero for the two and three-δ terms for this
system).

The final result is

Z =
1

2
e−9β/2

[

(

1

1− e−β

)9

−

(

1

1− e−β

)3 (
1

1− e−2β

)3
]

.
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