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Abstract

The Casimir force between graphene sheets and metamaterials is studied. Theoretical results

based on the Lifshitz theory for layered, planar, two dimensional systems in media are presented.

We consider graphene/graphene, graphene/metamaterial, and metal/graphene/metamaterial con-

figurations. We find that quantum effects of the temperature dependent force are not apparent

until the sub-micron range. In contrast to results with bulk dielectric and bulk metallic ma-

terials, no Casimir repulsion is found when graphene is placed on top of a magnetically active

metamaterial substrate, regardless of the strength of the low frequency magnetic response. In

the case of the metal/graphene/metamaterial setting, repulsion between the metamaterial and the

metal/graphene system is possible only when the dielectric response from the metal contributes

significantly.

PACS numbers: 42.50.LC,78.67.Wj,78.67.Pt
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I. INTRODUCTION

As the length scale of electronic devices decreases, electromagnetic fluctuation forces,

such as Casimir forces, become increasingly important. To a large extent this is due to

unwanted effects from stiction, friction, or adhesion in various nanostructured systems[1, 2].

Finding ways of reducing these fluctuation forces, therefore, has important applications to

the manufacturing of miniaturized devices.

The Casimir force is a fundamental interaction present at all length scales. Such a force

is strongly dependent on the distance separating the interacting objects, their geometry,

and the type of materials[3, 4]. In most situations the Casimir force is attractive. However,

recently the possibility of reducing the magnitude of the attraction or even obtaining a

Casimir repulsion has gained much interest. One possibility of obtaining repulsion, described

theoretically[5] and demonstrated experimentally[6], involves ordering planar structures with

dielectric functions in a specific way - given three stacked dielectric materials with ε1 > ε2 >

ε3 or ε1 < ε2 < ε3, where εi is the dielectric permittivity for each medium.

A repulsive Casimir force can also be obtained when a mostly dielectric material inter-

acts with a mostly magnetic one[7–9]. This effect is strongest in the micron range if the

materials can sustain relatively strong magnetic response in the optical or infrared regimes.

Since no naturally occurring materials have significant permeabilities for optical frequencies,

metamaterials (MMs) have become a candidate for obtaining Casimir repulsion[7, 9, 10].

Usually, MMs are fabricated by making a composite with building blocks smaller than the

wavelength of the incoming radiation within some medium, which allows for obtaining a

significant magnetic response in the infrared and optical frequency regime[11].

Unfortunately, stability due to Casimir forces cannot be obtained from metamaterials

which arise from a combination of regular dielectrics and metals alone[3]. Instead Casimir

repulsive forces have been investigated with metamaterials containing magnetically active

components, such as superparamagnetic nanoparticles embedded in a dielectric medium

[13, 14]. It has been found that Casimir repulsion between these superparamagnetic meta-

materials and other materials is possible.

The recent isolation of graphene[15, 16] from graphite has led to a spurt of research aimed

to understand its fundamental properties. In addition, graphene has become a promis-

ing material for the development of high frequency transistors[17], biological sensors[18]
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and ultra-capacitors[19]. The Casimir force between graphene layers was recently studied

theoretically[20, 37, 39], and it was demonstrated that due to its two dimensional nature and

dielectric transparency the force can be significantly reduced compared to perfect metallic

systems. It is interesting to pursue further interactions between graphene sheets as well as

graphene and other materials, especially MMs, to uncover new functionalities. In this work,

we investigate the Casimir force in graphene/graphene, graphene and metallic/dielectric

based MMs, and graphene and superparamagnetic MMs (SP-MMs) systems, including its

dielectric and magnetic properties, as well as its temperature effects.

The paper is organized as follows. In Sec.II, the generalized Lifshitz expression for the

Casimir interaction in a planar system is reviewed. In Sec.III, models for the electrical

and magnetic properties of graphene and MMs are given. In Sec.IV the force between

graphene sheets is studied. In particular, the work on graphene is extended to include the

effects of the higher frequency interband transition modes and the relative importance of

temperature to the force. In Sec.V, the Casimir forces between graphene and magnetically

active metamaterials are studied. Conclusions follow in Sec.VI.

II. LIFSHITZ CASIMIR FORMULA

FIG. 1. N infinitely thin sheets sandwiched in N + 1 media layers and separated by distances

dj = zj − zj−1. The sheets extend in the x− y plane. Their conductivities and positions along the

z-axis are shown. The dielectric and magnetic functions of the media between the graphene sheets

are denoted as εj and µj , respectively.

3



We consider the Casimir interaction between two adjacent, parallel, infinitely thin sheets

in a composite of N such sheets immersed in media - Fig.(1). Each sheet is characterized

by an isotropic two dimensional conductivity σj,j+1 and the layers of thickness dj are filled

with media with dielectric εj(ω) and magnetic µj(ω) functions. The Casimir force per unit

area in layer j at finite temperature[29] is given by

Fj = −ikBT
2π

∞∑
n=−∞

∫ ∞
0

hj(i|ωn|)k⊥dk⊥


[

e−2ihj(i|ωn|)dj

ρ+Ej(i|ωn|)ρ
−
Ej(i|ωn|)

− 1

]−1
+

[
e−2ihj(i|ωn|)dj

ρ+Bj(i|ωn|)ρ
−
Bj(i|ωn|)

− 1

]−1 ,

(1)

where hj(i|ωn|) = i
√
εj(i|ωn|)µj(i|ωn|)(ωn/c)2 + k2⊥ with ωn = 2πnkBT/~ and k⊥ - the two-

dimensional wave vector in the xy-plane. Also, T is the temperature, dj is the separation

between the two adjacent sheets, kB is Boltzmann constant, and ρ±Ej,Bj are the generalized

reflection coefficients due to the transverse electric (E) and magnetic (B) field modes from

the top (+) and the bottom (−) of layer j.

We calculate the interaction between two graphene sheets, graphene and half-space sub-

strate, and graphene sandwiched between two half-space materials. All configurations are

in vacuo. The reflection coefficients in each case can be found via an iterative procedure

described in[30]. In the case of two graphene sheets in a vacuum, we obtain

ρ+E = ρ−E = − 2πωσ/(hc2)

1 + 2πωσ/(hc2)
,

ρ+B = ρ−B =
2πσh/ω

1 + 2πσh/ω
, (2)

where (+) defines the top and (−) the bottom sheet. Also, h = i
√
ω2
n/c

2 + k2⊥ and σ is the

conductivity of graphene.

In the case of graphene above a substrate, the coefficients are given by

ρ−E =
µ1h− h1
µ1h+ h1

, ρ−B =
ε1h− h1
ε1h+ h1

, (3)

where µ1 (magnetic permeability), ε1 (dielectric function) and h1 = i
√
ε1(i|ωn|)µ1(i|ωn|)(ωn/c)2 + k2⊥

refer to the substrate. ρ+E,B are the same as in Eq.(2)

Finally, for graphene between two semi-infinite substrates, the reflection coefficients in
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the layer between graphene and the bottom substrate (layer 2 - Fig.(1)) are

ρ+E2 =
(h+ h4)ρ

+
E + (1 + 2ρ+E)(h− h4)e2ih3d3

(h+ h4)− ρ+E(h− h4)e2ih3d3
,

ρ+B2 =
(h4 + ε4h)ρ+B + (1− 2ρ+B)(ε4h− h4)e2ih3d3

(h4 + ε4h)− ρB(ε4h− h4)e2ih3d3
(4)

where h4 = i
√
ε4(i|ωn|)µ4(i|ωn|)ω2

n/c
2 + k2⊥ and ρ−E2,B2 are given by Eq.(3).

III. RESPONSE PROPERTIES OF GRAPHENE AND METAMATERIALS

The substrates of interest here are comprised of metamaterials and metals. We describe

the relevant models for the response properties of each type of material, since the dielectric

and magnetic functions, and the sheet conductivities are necessary to calculate the Casimir

force - Eq.(1).

The response properties of the metallic materials are given via the usual Drude model,

εM(ω) = 1− Ω2
M

ω2 + iγMω
, µM(ω) = 1, (5)

where ΩM is the plasma frequency strength and γM is the dissipation frequency.

The low frequency optical conductivity of graphene is calculated using a two-band Dirac

model for the energy bandstructure[23, 38],

σ(ω) = σintra(ω) + σinter(ω)

σintra(ω) = − 2ie2

~2π(ω + iΓ)

∫ ∞
0

dEE
df0(E)

dE
=

2ie2kBT ln(2)

π~2(ω + iΓ)

σinter(ω) =
ie2(ω + iΓ)

π

∫
dE

f(−E)− f(E)

~2(ω + iΓ)2 + 4E2
, (6)

where σintra is the conductivity due the intraband and σinter is the conductivity due to the

interband transitions. Γ is the scattering rate and f0(E) = 1/[exp(E/kBT ) + 1] with E

being the energy.

In the infrared and low optical frequency regime (< 3 eV ) and low T, when kBT < ~ω and

Γ ≈ 0[38], the graphene conductivity is constant with a universal value σ0 = e2/4~. This has

also been shown experimentally[22]. For higher frequencies, ab initio calculations reveal that

the optical response properties of in-plane graphite and graphene are very similar[24, 25].

The in-plane graphite dielectric response has also been mapped into a sum of Lorentz-type

harmonic oscillators[26]. To account for these findings, here the conductivity of a single
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graphene layer, σ(ω), is described by Eq.(6) for ~ω ≤ 3 eV and by the Lorentz sum model

for the higher energies. The dispersion, which becomes important at shorter distances will

not be taken into account.

Metamaterials are artificially fabricated structures made out of dielectric and/or metallic

components, in which one can achieve a negative index of refraction over a certain range of

frequencies[40]. Exotic properties, such as substantial magnetic response in the infrared and

low optical regime, negative permittivity and negative permeability have been observed[41–

48]. Partially metallic MMs have been fabricated to demonstrate these phenomena. In

particular, split ring resonators are found to operate in the GHz-THz range, and fishnet

structures are suitable for the near-infrared-optical range[44]. The dielectric response of

such a MM can be modeled using a one oscillator Lorentz-like isotropic model with the con-

tribution from the metallic connected environment taken into account via a Drude term[10]

ε(ω) = 1− (1− f)Ω2
e

ω2 − ω2
e + iωγe

− fΩ2
D

ω2 + iωγD
, (7)

where Ωe is the electric response plasma frequency for the dielectric component of the meta-

material, ωe is the resonance frequency, and γe is the dissipation frequency term. The

metallic component plasma frequency is given by ΩD, and the dissipation term - by γD. The

filling factor f accounts for the fraction of metallic structures present in the MM. By varying

f , one can use different quantities of metallic structures and tune the dielectric response of

the MM.

The modeling of the MM magnetic response is an important issue for the calculation of

the Casimir interaction. Since most of the magnetic activity is in the low frequency regime,

using the effective medium approach for larger distances, Pendry[12] derived

µP (ω) = 1− p ω2

ω2 − ω2
m + iγmω

, (8)

where p is a filling factor (p is always between 0 and 1), ωm is the magnetic resonance

location, and γm is the dissipation frequency. A peculiar feature here is the presence of ω2

in the numerator of Eq.(8).

MMs made from superparamagnetic nanospheres immersed in some weak dielectric

medium have also become of interest due to their substantial magnetic response in the low

optical regime. Such composites can be constructed from ferromagnetic metallic nanos-

tructures with large saturation magnetization, such as Ni or Fe, immersed in a matrix of
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Al2O3[13] or polystyrene[14]. Here we consider superparamagnetic MMs composed of Ni

or Fe nanoparticles in polystyrene for the graphene/SP-MM interaction. The dielectric

properties of such a porous composite is given by the Maxwell-Garnett equation derived

from an effective medium approach[28],

εSP − ε0
εSP + 2ε0

=
n∑
i=1

fi
εi − ε0
εi + 2ε0

, (9)

where εSP is the effective permittivity of the material, ε0 is the dielectric constant of the

medium, and εi is the permittivity of the components embedded in the medium, while fi is

the volume fraction of each component. For the composite here, we have two components

- polystyrene with fp, εp and metallic spheres with fM , εM . εp is modeled as a sum of four

harmonic oscillators[29], while εM is described via a plasma model(γM = 0) with plasma

frequencies for Ni and Fe - ΩNi = 3.94 eV and ΩFe = 15 eV [31]. The medium is taken to

be air(vacuum).

FIG. 2. µ(iω) as a function of ω for Ni nanospheres in polystyrene at (a) T=300 K with K =

5 × 104 erg/cm3 (b) T=200 K with K = 3 × 105 erg/cm3. Other parameters are a = 5 nm,

m0 = 480 Gauss, and f1 = 0.2. µ(iω) as a function of ω for Fe nanospheres in polystyrene at (c)

T=300 K; (d) T=200 K with parameters K = 8.8× 106 erg/cm3, a = 1.9 nm, m0 = 1800 Gauss,

and f1 = 0.29.

The permeability of the composite on the other hand is modeled by an extended Onsager
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formula[32]. In the limit of small particle size[14] one obtains

µSP (ω) =
1

4

1 +
4πRf1
1− iωτ

+

√
8 +

(
1 +

4πRf1
1− iωτ

)2
 , (10)

where f1 is the fraction of the nanoparticles, R =
4πa3m2

0

3kBT
with a being the nanoparticle radius

and m0 - the saturation magnetization. For dilute samples, the magnetization relaxation

time τ has been shown to follow the Arrhenius law[33] given by

τ = τ0e
KV/(kBT ), (11)

where K is the magnetic anisotropic energy, V = 4πa3/3 is the particle volume and τ0 ≈

10−13 s[34]. If the concentration of metallic nanoparticles increases, other interactions such

as dipolar couplings[35] affect τ and Eq.(11) has to be modified. Here we assume that the

Arrhenius law is valid and no modifications are necessary.

The permeability of the superparamagnetic material depends strongly on practically all

characteristics entering Eq.(10). Here we calculate it at two different temperatures as a

function of frequency. Results from Fig.(2) show that significant magnetic response lies in

the infrared regime for both types of SP-MMs.

IV. CASIMIR FORCES BETWEEN GRAPHENE SHEETS

The magnitude of the Casimir force per unit area between two graphene sheets (F ) sep-

arated by a distance d is calculated using Eq.(1). At zero temperature, it has been found

that the stress F between graphene sheets is attractive, and it is inversely proportional

to d4[36, 37], as in the case of two perfect metallic plates, but with a much smaller coef-

ficient. Interestingly it does not depend on Plank’s constant ~ or the speed of light c -

F = 3e2/(32πd4)[20].

For finite temperatures, the Casimir interaction is determined by a characteristic length,

which in regular 3-D bulk materials is λT = ~c/(kBT ). However, due to the two dimensional

nature of graphene and its unique linear k⊥ dependence in its low energy dispersion, the

characteristic length is found to be ξT ∼ 2.5~σ/(kBT ) ≈ λT/200. At room temperature,

for example, ξT ≈ 25 nm, which is greatly reduced from λT ≈ 5µm for systems made of

bulk materials. At distances d > ξT , the force per unit area is dominated[37] by the first
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FIG. 3. (Color Online) Casimir force normalized to the force between two perfect metallic plates

between two graphene sheets as a function of their separation d calculated using the full Matsubara

sum, the 0th term (FT ) and the zero temperature limit integral expression at a) T=300 K; b) T=200

K; c) T=100 K; d) T=30 K.

term(n=0) of Eq.(1),

FT =
kBTζ(3)

8πd3
, (12)

where ζ(3) = 1.202. On the other hand, the dielectric properties beyond the two-band

model[24, 25] imply that graphene would have a strong dielectric response at higher fre-

quencies, resulting in ξT becoming larger. Therefore more terms from the Matsubara sum

in Eq.(1) would be needed at larger distances. We point out that when d � ξT , terms

with larger n are dominant and the ωn sum in Eq.(1) can be turned into an integral over

ω. Such integral representation is exact at T = 0 K. Using the graphene response given as

a sum of Lorentz oscillators [26], the Casimir force per area between two graphene sheets

normalized to the force per area between two perfect metallic plates(F0) is given in Fig.(3).

The interaction(F ) calculated using Eq.(1) and Eq.(12) is shown at different temperatures.

The stress at T = 0 K is obtained via the integral representation of Eq.(1).

Fig.(3) shows that for larger temperatures and smaller distances (d < 100 nm for T =

9



FIG. 4. (Color Online) (a) Casimir stress between graphene and a MM substrate as a function of

distance d at T = 200K, T = 300K. (b) Casimir stress between a metallic and a MM substrates

as a function of distance d at T = 200 and T = 300K. F0 is the stress between two ideal metals,

while the plasma frequency of the metal is ΩM = 10 eV and γM = 0.

100 K and d < 40 nm for T = 300 K, for example), the force per unit area is described

by its full expression Eq.(1). For larger distances, the interaction is essentially given by the

FT expression, which corresponds to the force due to classical thermal fluctuations, i.e., the

n = 0 term in the Matsubara sum of Eq.(1)[27]. At smaller temperatures, Fig.(3(d)), FT is

a poor approximation for increasingly larger distances, and there is little difference between

the stress obtained via Eq.(1) and the integral representation at the T = 0 K limit.

V. CASIMIR FORCES IN GRAPHENE/METAMATERIAL SYSTEMS

Here we consider the interaction between graphene and a MM substrate in a vacuum.

Using Eqs.(1,2,3), the calculated stress is presented in Fig.(4(a)) for metallic based MMs

with response properties described in Eqs.(7,8) and for superparamagnetic MMs(SP-MM)

with response properties from Eqs.(9,10). In all cases, the force is always attractive. The

characteristic behavior for the magnetically active MM and the Pendry model type MM is

similar. It is seen that the temperature affects the Casimir interaction significantly. We find

that at relatively high temperatures the dominant contribution comes from the n = 0 term

of Eq.(1). It also appears that the filling factor has little effect on the interaction, since

different values of p gave very similar results for F . For the SP-MM, in addition to the T

dependence in the expression for the stress, the T dependence of R and τ in the permeability

have significant contributions, as this changes the form of the attraction, clearly noted at
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shorter distances.

FIG. 5. (Color Online) Casimir force normalized to the one for ideal metallic plates between pure

graphene and SP-MM (Ni nanoparticles) as a function of their separation d at T = 200K and

T = 300K.

We also compare the graphene/MM interaction with the one in a metal/MM system -

Fig.(4(b)). The force per unit area between the metallic half space and the Pendry model

MM half space (µP ) is again always attractive. However, when there is a superparamagnetic

MM, F changes sign at a certain distance and the interaction becomes repulsive. This is

similar to previously obtained results, where Casimir repulsion has been found in systems

with materials exhibiting superparamagnetism[13, 14]. The repulsion is due to the large

magnetic response of the metamaterial at low frequencies.

The reason for the lack of repulsion in the graphene/SP-MM lies in the form of the re-

flection coefficients, Eq.(2). Using σ from Eq.(6), one finds that ρ−Eρ
+
E = 0 and ρ−Bρ

+
B = ρ−B

for n = 0, the zero frequency limit. This implies that the transverse magnetic component

of the reflection coefficients determines the force, and the magnetic response from the su-

perparamagnet does not contribute significantly. Consequently, no repulsion is possible at

larger temperatures in the graphene/SP-MM system. In order to obtain a repulsion, a sig-

nificant contribution from the transverse electric component - ρ+E - from the two dimensional

material is necessary. This can be achieved if the two dimensional material has a response

at low frequencies going as σ(ω) ∼ 1/ω. In the case of graphene, this is possible if one sets

Γ = 0 in Eq.(6), which corresponds to a very pure system with no defects. In this case, at

low frequencies and high temperatures, ~ω � kBT , the conductivity (Eq.(6)) is found to be

[38]
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FIG. 6. (Color Online) Casimir force per unit area between the metal/graphene system and the

MM as a function of the separation d2 for several metal/graphene distances d3 at (a) T = 200 K;

(b) T = 300 K. F0 is the force per unit area between two ideal metallic plates. The insert depicts

the system under consideration composed of metallic substrate/graphene/MM substrate.

σ(iω) = 2 ln 2
e2kBT

π~2ω
+

σ0~ω
2πkBT

ln

(
kBT

~ω

)
. (13)

Therefore ρ−Eρ
+
E 6= 0, which can allow for a repulsive force at some finite distance due to the

low frequency magnetic response of the SP-MM. Fig.(5) shows the stress between graphene,

described via Eq.(13), and a superparamagnetic composite. There is indeed a distance in

which the force becomes repulsive, but this distance is extremely large (close to 1 mm) in

the context of Casimir forces.

Further we study the interaction of a system composed of graphene sandwiched between a

MM and a metallic substrate, as shown in the insert of Fig.(6). The presence of the metal on

top of the graphene reduces the distance at which repulsion may be exhibited. For different

metal/graphene separations d3, F/F0 is given as a function of the distance, d2, between

the graphene and the MM. The stress is essentially calculated as an effective interaction

between the materials below (MM) and above (graphene and metal system) the layer using

Eqs.(3,4). Results are shown for the Ni nanoparticles in polystyrene at two temperatures -

Figs.(6(a),6(b)). It is seen that for larger graphene/metal separations, the stress is attractive

in the shown d2 range. For smaller d3 separations, however, F/F0 is characterized with a

maximum, and for a certain distance d2, the force changes sign and becomes repulsive.

These results can be understood by realizing that when the graphene and metal are far

apart from each other, the MM will ’see’ the materials above it as mostly graphene-like,

and the contribution from the metal is relatively small. The Casimir interaction is always
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attractive in this case, since the force per area between the two-component SP-MM/graphene

is always attractive. When the graphene and metal are relatively close, the most significant

contribution of the response comes from the metal. Thus the stress exhibits a repulsive

region as obtained for the metal/SP-MM system - Fig.(6).

VI. CONCLUSION

The Casimir force between graphene sheets and between graphene and metamaterials

were studied. It was shown that, at higher temperatures, the stress between graphene sheets

is essentially classical in the micron scale, yet at scales smaller than 0.05 µm, quantum effects

become important from the larger oscillator frequency modes in graphene. These quantum

effects become more pronounced and with a longer range as the temperature is lowered such

that by T = 30K quantum mechanical effects are substantial close to the micron range.

Two types of metamaterials were considered. One is a composite made out of regular

dielectrics and metals; the other is a magnetically active metamaterial constructed from

superparamagnetic nanostructures. We find that the Casimir interaction is always attractive

in the micrometer range for the graphene/MM system for both MM types. This is unlike

the case of a metal/superparamagnetic MM system. The magnetic properties of the SP-MM

do not strongly interact with two dimensional graphitic systems, because of the particular

form of the reflection coefficients and the graphene response properties. Only at very large

distances it could be possible to obtain repulsion, given a Drude response of graphene at

very low frequencies and very large transport scattering time. Metal/graphene/MM systems

were also considered and explained in terms of the relative contribution from the response

properties of the metal and graphene components to the effective interaction.

Casimir forces in graphene systems highlight the differences between two dimensional

structures and three dimensional bulk ones, as well as particularities in the response prop-

erties of graphene as compared to regular materials. The reduced range of the quantum me-

chanical effects on the fluctuations forces is particularly interesting. As a next step it would

be important to consider further the effects from a change in the chemical potential[49] on

the graphitic layers as well as the inclusion of the full dispersion in their dielectric response.
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