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We prove the universality of the generalized QRR, (quadratic dynamical decoupling) pulse sequence
for near-optimal suppression of general single-qubit decence. Earlier work showed numerically that this
dynamical decoupling sequence, which consists of an infeiglDD (UDD) and outer UDD sequence using
N; and N pulses respectively, can eliminate decoherena®@”) using ©(N?) unequally spaced “ideal”
(zero-width) pulses, wherE is the total evolution time andy = N; = N-. A proof of the universality of QDD
has been given for eveN;. Here we give a general universality proof of QDD for arbigrdV; and N»>. As
in earlier proofs, our result holds for arbitrary boundegiemments. Furthermore, we explore the single-axis
(polarization) error suppression abilities of the inned anter UDD sequences. We analyze both the single-axis
QDD performance and how the overall performance of QDD deépem the single-axis errors. We identify
various performance effects related to the parities arativel magnitudes oV, and N». We prove that using

QDD v, decoherence can always be eliminatedi@ ™™ {V1-V21}),
PACS numbers: 03.67.Pp, 03.65.Yz, 82.56.Jn, 76.60.Lz
I. INTRODUCTION or Dyson expansions [17]). Namely, the effective systeni-ba

interaction following a DD pulse sequence lasting for altota
time 7" only contains terms of ord&¥ +! and higher, where

The inevitable coupling between a quantum system and itﬁ/pically N was1 for the early DD schemes. For generdl

ﬁsn\e/gggr:r:iz?tihorubgzjr:]yipr:?grl%;ﬁiﬁltsrglgse;ﬂhe(g%f tgll‘in his is calledV'"-order decoupling. Concatenated DD (CDD)

rotection a ai(?13t decoherence asrit leads tg compugtion l, where a given pulse sequence is recursively embedded
P | ag X e P into itself, was the first explicit scheme capable of achigvi
errors which can quickly eliminate any quantum advantag

eclrbitrary order decoupling, i.e., CDD allow$ to be tuned at
[2,[3]. A powerful technique that can be used to this end, . o . .
adapted from nuclear magnetic resonance (NMR) refocusinWIII [L]. CDD has been amply tested in recent experimental

techniques developed since the discovery of the spin echo egludles [20-24), and demonstrated to be fairly robust again

fect [4,15], is dynamical decoupling (DD)|[6]. It mitigatetset u!se imperfections. Ho_wever_, the number of pglses CDD re-
. . . quires grows exponentially wittv. In order to implement
:nsﬁazt:gczyzgeg—gr?tgr:gti';?(;:rglons tlhrough tt_he applltlraﬂo thscalable QIP it is desirable to design efficient DD schemes
q . g pulses, acting purely on MG.;-p have as few pulses as possible.
system. DD is an open-loop technique which works when the ) ] ]
bath is non-Markovian [1], and bypasses the need for mea- In this work we consider the so—call_ed qu_adratlc DD (QDD)
surement or feedback, in contrast to closed-loop quantum ePUlse sequence [25], and prove that it achieVés order de-
ror correction (QEC)[7]. However, while QEC can be madecoupling for universal single-qubit noise using or@y(N?)
fault tolerant [/ 0], it is unlikely that this holds for DD as Pulses, an exponentialimprovement over CDD. Our proof im-
a stand-alone method, or that it holds for any other purelyroves upon several earlier results, filling in gaps andidens
open-loop method, for that mattér [10]. This notwithstawggi  €ring effects pertaining to the parities of the various faya
DD can significantly improve the performance of fault toler- the sequence. Before explaining this in detail and in order

ant QEC when the two methods are combined [11]. to provide a proper context for our work, we first survey the

N . . relevant literature.
DD was first introduced into QIP in order tcEpreserve

single-qubit coherence within the spin-boson model[1p-14 For the single-qubit pure dephasing spin-boson model,
It was soon generalized via a dynamical group symmetrizalhrig discovered a DD sequence (UDD) which is optimal in
tion framework to preserving the states of open quantum sydhe sense that it achievé&h order decoupling with the small-
tems interacting with arbitrary (but bounded) environrsent €St possible number of pulsed, or N + 1, depending on
[15,[16]. These early DD schemes work to a given low or-whetherN is even or odd [26]. The key difference compared

non-uniform intervals. This optimal pulse sequence had als

been noticed in [27] foNN < 5. A scheme to protect a known

two-qubit entangled state using UDD was given in Refl [28].
*Electronic address: wanjungk@usc.edu UDD was conjectured to be model-independent (“universal”)
TElectronic address: lidar@usc.edu with an analytical verification up t& = 9 [29] and N = 14
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[30]. A general proof of universality of the UDD sequence teractions, using a nested UDD (NUDD) scheme, a gener-
was first given in[[31] (see also Ref. [32] for an alternativealization of QDD to multiple nested UDD sequences. This
proof). The performance of the UDD sequence was the sulproblem was also studied, for two qubits, by Mukhtr
ject of awide range of recent experimental studies[21, 24, 3 al., whose numerical resulshowed, for their specific choice
136]. An interesting application was to the enhancement obf pulse operators, that the ordering of the nested UDD se-
magnetic resonance imaging of structured materials such agiences impacts performancel[44]. Wang & Liu’s proof is
tissue([37]. However, one conclusion from some of these stuchased on the idea of using mutually orthogonal operation
ies is that the superior convergence of UDD compared to CDOMOOS) sets—mutually commuting or anti-commuting uni-
comes at the expense of lack of robustness to pulse imperfetary Hermitian system operators—as control pulses [43] (th
tions. It is possible that recent theoretical pulse shagi®g ordering effect observed in Ref. [44] disappears when using
velopments|[3€, 39], designed to replace ideal, instastasie MOOS sets). As in QDD, the decoupling orders of the nested
pulses with realistic pulses of finite duration and ampktud UDD sequences in NUDD can be different, so that different
while maintaining the suppression properties of UDD, will error types can be removed to different orders. Wang & Liu
lead to improved experimental robustness. Itis also ingmart proved the validity of the general QDD/NUDD scheme when
to point out that for classical phase noise it has been experthe order of all inner UDD sequenceseigen(the order of the
mentally demonstrated, using trapped ions, that UDD is moreutermost sequence can be even or odd) [43]. Their proof is
robust against systematic over- or under-rotation andndetu based on MOOS set preservation, and does not appio,
ing errors than is Carr-Purcell-Meiboom-Gill-style mpliise ~ or more generally NUDD, when the order of at least one of
spin echo, despite the precise prescription for pulse ginmin  the inner UDD sequences is add¢h addition, Wang & Liu
UDD [34]. pointed out that there are QDRy, examples showing that
The UDD sequence is effective not only against pure dethe outer level UDD sequence does not work “as expected”
phasing but also against longitudinal relaxation of a qeit- ~ (i-€., does not suppress errors to its order)if is odd and
pled to an arbitrary bounded environmént [31]. Thatis, UDDN1 < N2. Thus their proof left the actual suppression order
efficiently suppresses pairs of single-axis errors. Howeave ©0f QDD/NUDD with odd order UDD at the inner levels as an
cannot overcome general, three-axis qubit decoherence. TIPPeN question.
reason is that UDD uses a single pulse type (e.g., pulseg alon This problem was addressed numerically in Refl [41],
the z-axis of the qubit Bloch sphere), and system-bath interwhich studied the performance of QRDy, for all three
actions which commute with this pulse type are unaffected byingle-axis errors. The numerical results show that the sup
the sequence. pression ability of the outer UDD sequence is indeed hirdiere
Combining orthogonal single-axis CDD and UDD se- by the inner UDD sequence i¥, is odd and, surprisingly,
guences (CUDD) reduces the number of control pulses resma”er thanhalf of the order of the outer level UDD -Se'
quired for the suppression of general single-qubit decoherduence. Moreover, Ref. [41] reported that the suppression o
ence compared to two-axis CDD_[40]. However, CUDD der of the system-bath interaction which anti-commute wit
still requires an exponential number of pulses. This sgalin the pulses of both the inner and outer sequences depends on
problem was overcome with the introduction of the quadratidhe parities of bothV, and N,
DD (QDD) sequence by Westt al, which nests two UDD In this work we provide a complete proof of the validity of
sequences with different pulse types and different number@DDy, n,. In particular, we also prove the case of oig
of pulsesN; and N, [@]_ We denote this sequence by left openin Ref.[[4B]. Moreover, we analyze the single-axis
QDDy, v,, Where N; and N, are the numbers of pulses of error suppression abilities of both the inner and outer UDD
the inner and outer UDD sequences, respectively. QD  sequences, and thus provide analytical bounds in support of
(where the inner and outer UDD sequences have the same dée numerical results of Ref. [41].
coupling order) was conjectured to suppress arbitrarytqubi  We show that the single-axis error which anti-commutes
bath coupling to ordeN by usingOQ(N?) pulses, an expo- with the pulses of the inner sequence but commutes with those
nential improvement over aj!ﬁreviously known DD schemesof the outer sequence is always suppressed to the expeeted or
for general qubit decoherence[25]. This conjecture wasdbas der (V;). The suppression of the two other single-axis errors
on numerical studies faV < 6 [25], and these were recently (the one which commutes with the inner sequence pulses but
extended taV < 24 [41)], in support of the conjecture. An anti-commutes with the outer sequence pulses, and the one
early argument for the universality and performance of QDDwhich anti-commutes with both), is more subtle, and depends
(which below we refer to as “validity of QDD”), based on an on the relative size and parity 8f; andN,.
extension of UDD to analytically time-dependent Hamiltoni  specifically, we show that whel; is even, QDDy, v, al-
ans [42], fell short of a proof since the effective Hamil@mi  ways achieves at least the expected decoupling ordepéces
resulting from the inner UDD sequences in QDD is not anative of the relative size olN, and N,. However, whenV; is
lytic. odd andN; < Ny — 1, we show that the decoupling order
The problem of finding a proof of the validity of QDD was of the error which commutes with the inner sequence pulses
first successfully addressed by Wang & Liul[43], though notbut anti-commutes with those of the outer sequence, is stt lea
in complete generality, as we explain below. In fact Ref] [43 N, + 1, smaller than the expected suppression ordés).(
considered the more general problem of protecting a set dflevertheless, for odd/; and N; > N, — 1, the outer UDD
qubits or multilevel systems against arbitrary systenitfiat ~ sequence always suppresses the error which commutes with



the inner sequence pulses but anti-commutes with those of th inner orderN; | outer orderV,

outer sequence to the expected ordéy)( even | odd | even| odd
One might expect that the error which anti-commutes with no.ofpulses | Ny |[Ni+1] Ny |[Np+1

the pulses of both the inner and outer sequences can be sup- |no. of interval$N; + 1| N3 + 1[Ny + 1[Ny + 1

pressed by both sequences. In other words, one might expect

this error to be removed at least up to oraesx[Ny, Ns]. TABLE I: Inner and quter squencelordév's and N> vsthe number
However, we show that this expectation is fulfilled only when©f Pulses and pulse intervals in the inner and outer seqsence
Nj is even. WhenV; is odd, it determines the suppression

order. However, interestingly, the parity of; also plays a

role, namely, when it is odd the suppression order is onerorde
Y PP inner sequence anil-type UDDy, to be the outer sequence.

higher than whem is even. t/Ve use the notatioX andZ to denote control pulses, to dis-

Despite this complicated interplay between the orders o inguish the same operators from the unwanted errors dénote
the inner and outer UDD sequences, resulting in the outekli g P

O . y the Pauli matrices. We also sometimes use the notatjon
sequence not always achieving its expected decoupling ord?or the? x 2 identity matrix/
whenN; is odd, we show that, overall, QDR y, always sup- y )
presses all single-qubit errors at least to ondéet[ Ny, No|. The X -type UDDy, pulses comprising the outer layer of
A complete summary of our results for the different single-the QDDy, n, Sequence are applied at the original URD
axis suppression orders under QRLR;, is given in Table timing with total evolution timel’, ¢; = T'n; wheren; is the
[Vl Our analytical results are in complete agreement witthormalized UDD timing (or the normalized QDBy, outer
the numerical findings of Refl [41], but our proof method sequence timing),
underestimates the suppression of of the error which com- ,
mutes with the inner sequence pulses but anti-commutes with n; = sin2 —2° 2)
those of the outer sequence: for o8 we find a decou- ! 2(N2 + 1)
pling order ofmin[N; + 1, N3], while the numerical result . - - )
is min[2Ny + 1, No] for Ny, No < 24. Explaining this dis- With j = 1,2,..., N, where N, = N; if N, even and
crepancy is thus still an open problem. Ny = Np + 1if Ny odd. The additional pulse applied at
The structure of the paper is as follows. The model ofthe end of the sequence whép is odd, is required in order
general decoherence of one qubit in the presence of instafe Make the total number oY’ pulses-type even, so that the
taneous QDD pulses is defined in SBEThe QDD theorem  overall effect of theX-type pulses at the final tim€ will be
is stated there as well. We prove the QDD theorem in[BEc. 0 leave the qubit state unchanged. Note that it is the velati
and SedIVl A comparison between the numerical results ofsize of the pulse intervals that matters for error candelat
Ref. [41] and our theoretical bounds is presented in@e¢e  In UDD, not the precise pulse application times. Hence, the

conclude in SedVIl The appendix provide additional techni- Most relevant quantities for the outer level UpDare the
cal details. N + 1 normalized UDDy, pulse intervals (or the normalized

QDDu, n, outer pulse intervals),

T
II. SYSTEM-BATH MODEL AND THE QDD SEQUENCE S5 = % =M —Nj-1 (3a)
) T . (25— Dr (3b)
= Ssin Sin
A. General QDDy, n, SCheme 2(Na + 1) 2(Na + 1)

We model general decoherence on a single qubit via thwherer; = t; —¢;_ is the actual pulse interval.

following Hamiltonian: The Z-type pulses of the inner level UDR, applied from

H = Jol ® Bo+Jxox @ Bx +Jyoy ® By +Jz07® By, -1 tot;, are executed at times

1)
whereB), A € {0, XY, Z}, are arbitrary bath-operators with ljk =tj—1+7; sin? 2]\7]‘37”1 (4)
| BA|| = 1 (the norm is the largest singular value), the Pauli (Nu+1)
matricesox, A € {X,Y, Z}, are the unwanted errors acting ith N, + 1 pulse intervals
on the system qubit, and\, A € {0, X,Y, Z}, are bounded
coupling coefficients between the qubit and the bath. Tik =tik —tjh—1. (5)

The QDDy, n, pulse sequence is constructed by nesting a

Z-type UDDy, sequence, designed to eliminate the longi-Even though adding an addition&ltype pulse to the end of
tudinal relaxation errorsx ® Bx andoy ® By up to or-  each inner sequence with odd is not required (since instead
der TMi+1 py using N; or Ny + 1 pulses, with anX-type  one can add just one additionZtype pulse at the end of
UDDy, sequence, designed to eliminate the pure dephasinipe QDDy, n, Sequence to ensure that the total numbeZ of
erroroz @ Bz up to orderTN2+1 by using N, or Ny + 1 pulses at the final tim&’ is even), for simplicity of our later
pulses. The nesting order does not matter for our analysis, sanalysis, we let = 1,2,... N; whereN; = N, if N; even
without loss of generality we choogetype UDDy, to bethe  andN; = N; + 1if N; odd. The corresponding normalized
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QDDp;, v, inner pulse timings are Accordingly, the normalized Hamiltonian in the toggling
) frame for the single-qubit general decoherence model,
t;, 9 T
=27 = _ 6 ~
k= STy O A - vwirvm) (142)
= foJol ® Bo + fz(n)Jeox ® Bx (14b)

with the normalized QDR n, inner pulse interval%’“ =
5,5k, whereg,, is the normalized UDR, pulse interval and +fy(n)Jyoy ® By + fz(n)J.0z © Bz,
is the same function as but with different decoupling order

. The first subindex stands for the outer interval while the
second subindex stands for the inner interval. Moreover, b))

has four different normalized QDR n, modulation func-

definition, we have fo =1 | 0,1,), (15a)
Nj = Ni.Ni+1 = 1j+1,0- 7 foln) = (=1)7 [7j-1,7m;),  (15h)
T e th uti tor at the final it fa(n) = (=) (Mjk—1,M5.%), (15€)
0 summarize, the evolution operator at the final tihe k=1, qyi-1 _ _
the completion of the QDR, v, sequence, is fy(m) = (1) (1) [1j.k—1,M5.k), (15d)
= fz(n)f-(n) (15¢e)
U(T) = XUz (n,41)X - - XUz(12)XUz(11),  (8) . . . . .
unlike the single-qubit pure dephasing case, which has only
with two UDD modulation functions. Because tletype pulses

on the inner levels anti-commute with the errergs andoy
Uz(1j) = ZN U (i 5 41)Z - ZUp(152) ZUs(151) (9)  and commute withr, the modulation functiong,, () and
fy(n) switch sign with the inner interval indexwhile £ (n)
being the inner UDLY, sequence evolution, and with; be- s constant inside each outer interval. On the other hamd, th
ing the pulse-free evolution generated By{Eq. (I)]. Tablell  outer.X-type pulses anti-commute with the errors andoy
summarizehow the number of pulses and pulse intervals ingnd commute with the errary, so both f.(n) and f,(n)
the inner and outer sequences depend on the inner and outgtitch sign with the outer interval indexwhile f.(n) doesn’t
sequence orders; andN,. depend on the outer indgx

Each QDDy, n, modulation functionf,(n) can be sepa-
rated naturally as

) = fa(n)f5(n) (16)

there fa(n) describes the behaviour gf\(n) inside each
Buter interval andf;(n) describes the behaviour of\(n)
when the outer interval index changes. In factf;(n) is
identified as the normalized UDR modulation functlon and
b fa(n) coversNs + 1 cycles of UDDy, modulation functions
Y with different durations. However, up to a scale factg(n)
N is the same function in each of these cycles. Thereforesaast
AR of f4(n), we use one cycle of the normalized URPmodu-
XZ5 (=m)+Z 3 > 5m=niw)l (10) it inction denoted ak. () to denote the effective inner
function of fx(n). Likewise, sincef;(n) is constant inside
any jth outer intervak;, it can be V|ewed as a function of the
outer intervalj, and we replacgfﬂ( ) by the notationfs(j).
-~ 7 "o In particular, fs—.(j) = (—1)7~!. Tablellllists the effective
Uc(n) = TeXp[—Z/O H.(n'") dn'l, AL inner functionﬁsfa(aLd o(utez functiong’s for all QDDy;, v,
modulation functiong’, and will be used in SedIIl

B. Toggling frame

Our QDD proof will be done in the toggling frame. Since
our analysis is based on an expansion of powers of the tot
time T', most quantities we will deal with are functions of the
normalized total timd.

The normalized control Hamiltonian with = % is given

j=1 k=1

The normalized control evolution operator,

whereT denotes time-ordering, is eithéror Z in the odd;
outer intervals,

Uen) = 1, (1,205 Mj,2041) (12a) R T
= Z, [773',2z+1,77j,2£+2), (12b) U(T) = Texp[—i/o H(t) dt] (17a)

In the toggling frame, the unitary evolution operator which
contains a whole QDR, n, sequence at the final tinféreads

while in the every outer intervals,

Uecn) = X, (15,205 Mj.2041) (13a) B
=Y, [Mj,2041, Mj,2042)- (13b)  We expand the evolution operaidfT") into the Dyson series

~ 1 ~
= Texp[—z’T/O H(n) dn). (17b)



I ( Otafﬁ)
ﬁ(fmfo)
Jy )
L(f()vfz)
fo| (fo, fo)

TABLE II: The effective inner functiong, and outer functiong; of
the normalized QDI n, modulation functiong. Functions in the
first column are the normalized QDR x~, modulation function and
those in the second column are the normalized WBand UDDy,
modulation functions respectively.

of standard time dependent perturbation theory,

U1 =33 ()" I ® BV ax,..n,,  (18)
n=0 X
where we use the shorthand notation
.= X ) >, .19
X, An€{0,X,Y,Z} An_1€{0,X,Y,Z} A €{0,X,Y,Z}
and
J/(\n)EHJ)\l, O'E\n)EHO')\“ l?ﬁ\n)El_[lg)\z (20)
=1 =1 =1
Finally,
1 77(2) n
aren = [l [T ] 660 @)
0 0 =1

is a dimensionless constant we call thi&y order normalized
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In the UDD case Eqlli§ would include just one type of
single-axis errof [31].

Due to the Pauli matrix identities;o; = ie;j,0, and
o? = I, which of the three possible errors a given product
o&") becomes is uniquely determined by the parity of the total
number of times each Pauli matrix appears in the product. In
this sense there are only two possible ways in which each type
of error can be generated. Take the exr@ras an example.
One way to generatey is to have an odd number efy op-
erators which generates, itself, along with an even number
of oy, an even number af 7, and arbitrary number aof. The
other possibility is an odd number 6f- with an odd number
of oz to generaterx, along with an even number ofy and
arbitrary number of.

Note that for a given erraory, the parity of the total num-
ber of times each modulation function appearsgjin...n, =»’s
integrandsfy, - - - fi, is also determined accordingly. For ex-
ample, considek,, - - - \; = Z. This can be the result of there
being an even number ofz [and f.(n)] along with an odd
number of bottrx [and f, ()] andoy [and f,(n)], a situa-
tion summarized in the last column of the block numbered (1)
in Tablellll In this case, given Tab[B] the total number of
effective inner integrand function contributed byf,.(n) is
odd, as is the contribution of effective inner integrandcfun
tions f, from f,(n), so the total number of effective inner in-
tegrand functiong, is even. This situation is summarized by
the last “even” entry in row (2) of Tablgll This table gives all
possible parities of Pauli matrices (or modulation funasip
for each type of error (or its associateth order QDDy, v,
coefficient). The parity of the total number of identity niatr
cesl (modulation functionfy) is irrelevant for the proof, so
is omitted from TabldI[l With a given number combination
of Pauli matrices (or modulation functions) and Tdlleone
can determine the parity of the total number of effectivesinn

QDDy;, v, coefficient. These coefficients play a key role in and outer integrands as presented in rows (2) and (3) of Table

the theory as itis their vanishing which dictates the detingp
properties of the QDD sequence.

The subscript ofi,...x, represents a product of Pauli ma-
trices, and we shall write,,, - - - Ay = A\ with \ representing
the result of the multiplication up te&-1, +i. From Eqs.[8)-

[ Tablelwill be referred to often during the proof.

If all of the first Nth order QDDy, v, o coefficients vanish
for a given\, namelyay,..n,—x» = 0 forn < N, we say
that the QDDy, n, scheme eliminates the errex to order
N, i.e., the errow, is O(TN*1). Naively, one might expect

@D, this subscript indicates not only its associated operatothe innerZ-type UDDy, sequence to eliminate both and

termoy, ...0ox, ® By, --- By, but also itsn ordered inte-
grands,fx, --- fx,- Moreover, from Tabldl, one can also

oy errors to ordeV,, and the outeX -type UDDy, sequence
to eliminateo errors and any remainingy errors to order

deduce the ordered set of effective inner and outer inteigran V2. The situation is in fact more subtle, and is summarized in

for a given subscript ody,,...», -

C. Errorterms

Every product of system operatoné,") =0y, -0y, Can
be eitherl, ox, oy or oz. The summands in the expansion

the following QDD Theorem whose proof is provided in Sec.

[Mand SedIVl

QDD Theorem 1. Assume that a single qubit is subject to
the general decoherence model El). Then, under the
QDDy, n, Sequence Eq(8), all three types of single-axis
errors of ordern are guaranteed to be eliminated sif <
min[Ny, No]. Higher order single axis errors are also elim-

(18 of U can accordingly all be classified as belonging to ongnated depending on the parities and relative magnitudes of

of four groups . Ifo&") € {ox,o0y,0z} thenthe correspond- N,

ing summand in Eq[I[® decoheres the system qubit.

Definition 1. A single-axis error of ordem and typel is

the sum of all terms in EqI8 with fixed o&") and \ €
{X.Y,Z}.

and N,, as detailed in Tabl@V] the results of which re-
main valid under any permutation of the labéisY, Z along
with a corresponding label permutation in E).

An immediate corollary of this Theorem is that the overall
error suppression order of QDPy, is min[Ny, Na]. This



Component§nth order QDDy, n, coefficientsfay, ..x,=x |ax,..x, =y [ax, .. A =2
Total # ofox and f,(n) odd| even|even odd |even odd
Q) Total # ofoy and f, (1) even odd | odd| even|even odd
Total # ofoz andf.(n) even odd |even odd | odd|even
(2) Total # of effective inner integrang, odd| odd | odd| odd |ever even
(3) Total # of effective outer integrangl ever even| odd| odd | odd| odd

TABLE Ill: Number combinations of Pauli matrices (or modiiten functions) for each error type (or QDR x~, coefficients). For example,
when\,, --- A1 = X, there are two possibilities, represented in the two cpmeding columns in the rows numbered (1): either there is an
odd number ob x (andf.(n)) along with an even number of batiy (andf,(n)) andoz (andf.(n)), or there is an even number @k (and
f=(n)) along with an odd number of bothy (and £, (n)) andoz (andf.(n)) . Consulting Tablg]l, in the first case there is an odd nunatber
inner integrandf, functions fromyf,(n) and an even number g, from f,(n), so that the total number g%, is odd, as indicated in the first
entry in row (2). Likewise, in the second case there is an addber of outer integrang. functions fromf, () and an odd number of.
from f.(n), so that the total number gf. is even, as indicated in the second entry in row (3).

Single-axis|Inner order|Outer order| Decoupling order suppression abilities of the inner sequewith the DD pulses
error type Ny N chosen as a MOOS sft3]. In this section, we give an alter-
ox arbitrary | arbitrary [N native non-interference proof which shows explicitly thas
even even |max[Ny, No] the innerZ-type UDDy, sequence that makes all longitudi-
even odd  |max[N; + 1, Ny] nal relaxation related QDR n, coefficientsay, ..., oy oy

gy odd even |V, with n < Nj vanish, regardless of the details of the outer
odd odd Ny +1 X-type UDDy, sequence. Moreover, we also show that the
even arbitrary | N, outer X -type UDDy, sequence, when the outer ordes is

72 odd arbitrary |min[N; + 1, Ny] odd, eliminates they error to one additional order, i.e., to

orderN; + 1. For precise details refer to Talilél
TABLE IV: Summary of single-axis error suppression. Forleac
error type o, the nth order QDDy, n, coefficients [Eq. [(21)]

ax,--x=x = 0Vn < N, whereN is the decoupling order given

. A. The outer interval decomposition ofay,,...x,
in the last column.

We expect the innerZ-type UDDy, sequences of
will be reflected in distance or fidelity measures for QDD, QDDn, v, to suppress the erroesy andoy . Therefore, our
such as computed for UDD in Ref. |32]. strategy for evaluating,,,...x, [Eq. D] is to split each of

We shall prove Theoreffilin two steps. First, in Sefflll ~ its integrals into a sum of sub-integrals over the normallize
we shall prove that for arbitrary values of; and N, the ~ Outer intervalss; in Eq. 83. In this way, each resulting seg-
QDDy, v, Sequence eliminates the fitsh orders ofrx and ~ Ment ofay, ..y, can be decomposed naturally into an inner
oy errors. Secondly, we shall prove thatV is odd, an ad- ~ Part (which contains the action of the inngrtype UDDy,)
ditional order of thery error is eliminated, i.eN; + 1. We  times an outer part (which contains the action of the outer
will not show any suppression of the; error in SedIll X-type UDDy, sequence). The manner by which the inner

Then, in SedlVlwe shall complete the analysis of the effect Z-tyPe UDDy, sequences suppress longitudinal relaxations
of the outer sequence, and show thattheerror is suppressed ¢an then be easily extracted. _ N
to orderN; if N is even. IfN; is odd,o is suppressedto ~ AS we show in AppendiXA] after this decomposition
order N, if Ny > Ny — 1, and to orderN; + 1 if N; <  @x,--x, Can be expressed as
N> — 1. Additionally, we show that ifV; is even, thery error

is suppressed to ordak,, which may be higherthan the result ~ @x,.-x, = Z O™ (1 fa "1 - - - faaT1far) X
of Sec[llTl alone. Combining the results of the two sections, {re=0,x}7=}

we find that the errory is suppressed to orderax|[N, No] Jout 22
if N, is even, and to ordemax[N; + 1, N,] if N, is odd. (rnfg,rn1- fp7118,)- (22)

These results are all summarized in Tdle with 7, = . This is just a compact way of writing multiple

nested integrals and multiple summations, with a notatien w
explain next.
lll.  SUPPRESSION OF LONGITUDINAL RELAXATION First, f,, andfs, are the effective inner and outer functions
ox AND oy respectively ofiy, ...»,’s /th integrandf,,. From TabldI] the
effective inner (outer) function of the normalized QRDy,

A general proof of the error suppression properties of UDDmodulation functions will be eithef, (f.) or fo = 1, the
was first given by Yang & Liu, including for the suppression normalized UDLy, (UDDy,) modulations functions in the
of longitudinal relaxation errorsx andoy [31]. Wang & Liu  genericox (o) pure bit flip (dephasing) model.
first proved that the outer sequence does not interfere iditht ~ Second, the “inner output functiorB'™™ generates all the



segments’ inner parts via the following mapping, integrals. More specifically, if the sub-integrals over &g
adjacent variables) andn‘*1) are already located in time-
5 oin ji)l Fop (9)) dn®) if rp = 23) ordered, different outer intervals, then the sub-integredr
TeJay, (e+1) . (ON insi - 1) i
¢ On +1 o 0O dg® i vy = 0. n®) is not nested inside the sub-integral oyéf!), and its

integration domain is the entire outer interval. In corttras

if the sub-integrals over any two adjacent variab}€s and

n“+1 are in the same outer interval, it follows that their sub-
@) integrals are nested due to time-ordering.

1
B (5 oy for) = /0 Fondn® /0 Jordn®,  (24)

For example,

a term which appears in the expansiomgfy, . B. Theinner parts ™ and the outer parts ®°"* of ax, ...,
From Eg. 23, one can see that determines how the in-

tegral of n'¥) relates to the integral of its adjacent variable  consider the argument, f

n®*1 . For the inner part, the relationship between the in- o

tegrals of two adjacent variablg§’t!) and#,®) is either in-

dependent(, = x; they appear in separate integrals) or neste

(re |: (; they appear together in a time-ordered pair of inte—(fus) 5 (fus0F ) % (fus0f,, ), where the parentheses indicate
gra S_)' ) clusters. In this manner, each integration or summation con
Third, the outer output functio®* generates all the seg- figuration{#r,,_17,, 5 ...r1} corresponds to a way in which

ments’ outer parts via the following mapping, a set ofn functions is separated into clusters.
ey 0 . Suppos.e that for a given conf_iguratiwn,.lrn,z ST ) _
oot Y [ (3Y) s i e =% the mth inner cluster, counting from right to left, is
refp, —— gt =m : _ (25) . L=
fa. D) se0) if 7o =10 fa,0fa, ,0...0fa, which hagp— g+ 1 elements. Likewise,
' we have thenth outer clusterfs 0 fs, ,0...0fs,. Applying

wheres ¢, is thej(th normalized outer interval for variable the rule of Eq.[23 to themth inner cluster, or the rule of
1, andm indicates that, is themth  in {rnry_1...71}, Eq. 29 to themth outer cluster, we then have, respectively

counting fromr;. Forr, fg, with r, = %, the upper limit

’I’nflf‘unilTn,Q . fﬂ2r1f,u1

of ® or ®°ut, wherey can bea or 3 in Eq. 22). Define
cluster of f’s as a contiguous set of's connected only
y (). Different clusters are separated ky For example,

q>in
§O = ¢+ _ 1 in Eq. 29 should be replaced bj™ = * fa, 0. Ofa, (%) — (282)
N5 + 1. For example, 1 e platD p
/ @) / =D / dn® T far (1©)
Na+1 0 0 0 =g
out -(3

@ (*fﬁ% * fﬁ2®f51) = (32); fﬁs (.]( ))Sj(?’) X = Uy, 1, (28b)
' * J5,0...0f5,(x) = fo.Gim) 8%, (28c)

Y 150500 f,G)s 5000, (26) e "

i@ =1
where ifp = n, namely thenth group is the last group (count-
a term which appears in the expansiomgfj, x, - ing from right to left), the upper limitj,,..; — 1 should be
From Eq. 29, r, indicates the relationship between the replaced byj,, = N, + 1. Also note that in Eq.Z8d we
outer intervals of two adjacent variablgét?) andn(®). They  have replaced®) [according to the notation of EqZB)] by
can either be time-ordered, namely, in different outerirgtls ~ the cluster inde,,, .

(r¢ = %), or in the same intervak({ = (). Now recall that the outer effective functigfa, (j) is either
Finally, fo = 1orf.(j) = (=1)77'. Therefore, if[[}_, fs,(jm)
contains an odd number ¢f(j,,), we havel'[@’:q f3,(Gm) =

> o= > > X @D (—yint otherwisel L, f5,(jm) = 1.
{re=0x}y  tno1€{0x}rn2€{0,x}  r1€{0,x} Note that the nested integral,,a,_, ..., in EQ. 289 is

_ _ _ _ _ _ . just the(p — ¢ + 1)th order normalized UDR, coefficient
includes all possible integration configurations fdér™  for the generiary pure bit flip model, because the effective

and all possible summation configurations fapout. integrandsf,,, either f, or fy, are the normalized UDR,
Each such configuration is determined by a given semodulations functions.
{ern—1,mn—2,..., 11} We have now assembled the tools to perform the summation

Note that the integration pattern of the inner part deteemin implied in Eq. £2), which is the result of the outer interval
the summation pattern of the outer part and vice versa. Fhe relecomposition. Different clusters, each of which is given i
lation between the inner part and its corresponding outdr paEgs. P83 or (289, are simply multiplied. To illustrate this,
comes from the time-ordering condition(™ > »(»~1) > the second order normalized QRDy, coefficientsuy, », are
...n® >y pecauser,,...,, comprisesn time-ordered listed in TabléV]



Error Type 2nd order normalized QDR, v, coefficients

Oz0 = Uz Ug ZN2+1 ; g<{ Sp + Uzo ZN2+1 2

o 0w = U Uy ZN2+1 s g<]1 5, + Uog ZN2+1 2

Azy = Uo Uz ZNTH( )J 's S5 Zp<]( np- 151) + Uoe ZNTH 2
Ayz = Ug Uo ENTH( )J 15] p<]( )P~ 151) + Ugo ENTH 2‘

p=1
quOZNzﬂ( )7ty 05 s+ w0 Yoy (— 1) 2

S
<
=}

|

@

(=
B I SR {1 s MAREG  ZSC:
Azg = U Uy ZNTH( 1)/~ 15] Zp<] Sp + Uog ZNTH( 1)j_1‘93
amz—uzu02N2+1 P (=) 15p+umOZN2+l( 1)/~ 1s?
a0 = Uo Uo ZMH( 1)7=1s; 3050 s, + uo ZMH( 1)/ 1s3
oz oz _UOUOZ 2+1 8j gii( 1P 15p+UOOZN2+1( 1)j_1‘9?
awy—uwuwZN2+l Sj gii( 1P~ 15p+umzN2+( 1)~ 18?
e = s S (1) sy ST sy e S (1)1

TABLE V: The outer decomposition form afy, »,. Forn = 2 we haverary = {**} orrar; = {x0}. The first summand in each line is the
result of the{x} expansion, the second is the result of {k@} expansion.

The following lemmas relate the normalized QDD andand ay,..n,—y contain one or more UDR, coefficients
UDD coefficients. They are easily concluded from EZ84). Uy, . x=x, Wherem < n.

Consider a configuratiofi«r,, 17,2 ...71} With m «'s.
Correspondingly there are clusters. Each cluster has associ-
ated with it a normalized UDR, coefficient of order’ equal
to the number of elementg’§) in the cluster, and < n’ < n.
The sum of all the orders is. Thus: Lemma 4. (Yang & Liu [31]) The UDDy, coefficients
Uy, .n=x = 0whenm < Nj.

Now recall:

Lemma 1. Consider a configuratio{wn,lrn,g ...71} with
m *'s. The corresponding inner pagt™ ofa ..., [EQ. (Z2)]

is composed ofr normalized UDDy, coefficients whose in- It follows from the last two lemmas that all QDR y, co-
tegrands are the effective inner onesugf ...»,, and the sum efficients associated with longitudinal relaxatiog, ..., = x
of whose orders is equal to. oray, ...\, =y Withn < Nj vanish. Physically, it is clearly the

inner Z-type UDDy, sequence that is responsible for elimi-
nating the single-axis errorsy ® Bx andoy ® By up to
orderT™+*1. The effect of the outeX-type UDDy, Se-
guence is entirely contained in the outer output funcen®
Lemma 2. The only UDDy, coefficients which can appearin in Eq. (22), and consequently does not interfere with the elim-
all the inner partsdi™ of thenth order QDDy;, v, coefficient ination ability of the inner level contraZ-type UDDy,, in
ax,...n, are those whose orders are betwdeandn. agreement with [43].

From row 2 of Tabl@ll], unlikeay,,..x,=x.y,allax,..x,=z
contain an even number of effective inner functighs Ac-
cordingly, Lemmd3 does not apply ta,,...n,~» and there-
fore, the argument that all the inner output functidris of
ax,...x, are removed by th&-type UDDy, sequences cannot

From the second row of Tabli] one can see that the to- pe applied to the pure dephasing terms. This is, of course, du
tal_n_umber off,’s in the effective in_ner integrands_of the co- tg the fact that the innez -type sequence commutes with the
efficientsay,...x,—x anda,, ...x,—y is odd. Accordingly, N0 the pure dephasing erret; ® B. Instead, this error will be
matter how one divides the inner integrands into clusthesgt suppressed by the outéi-type UDDy, sequence.
will always be at least one cluster which has an odd number of
f=. Then, from Lemmf] it follows that all the inner part$™
of ay,..n,=x anday,..n,—y contain one or more UDR,
coefficients with an odd number g¢f. in the integrands. Re-
call that UDDy, coefficientsuy,,. x,—x, i.€., those associ-
ated with the errotx, contain an odd number gf, in their
integrands. Therefore, we have

In addition, all of the firstath order UDDy, coefficients,
but not ordem + 1 and above, appear in any giveth order
QDDy;, v, coefficient, i.e.,

C. Thefirst N; vanishing orders of the single-axisrx and oy
error due to the inner Z-type UDDy, sequences

Note that the outer output function®°"® of ay,...x,

[Eq. 2], which contain the effect of the outeK-type
UDDy, sequence, are expressed in terms of multiple time-
ordered summations [EqZ28d)], which are not easily ana-
lyzed using the current method. Therefore, in order to demon
strate the suppression of the pure dephasing erzop Bz,

in SecllVlwe shall deal directly withu, , . ,—z, rather than
Lemma 3. After outer interval decomposition, all the in- a separation into inner and outer parts as we have done in this
ner parts of thexth order QDDy, n, coefficientsiy,, . x,=x section.
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D. One more order of suppression for the single-axisy error thatoy can be additionally suppressed by the outer sequence
due to the outer X -type UDDy, sequence whernV; is odd to orderNy, when/N; is even.
To do so, we shall show that iV; is even the inneZ-

In the previous subsection we proved thaf...,—.y = 0  type UDDy, sequence does not hinder the suppression abil-
whenn < N;. Now we shall show that als@y ,,..x,=v ity of the Y and Z-type errors by the outek -type UDDy,
vanishes, due to the outer levEHype UDDy, sequence, for sequence. For odd¥; we cannot conclude that the inner se-
oddN,. Essentially, as we now explain in detail, this sequencejuence does not hinder the outer sequence. Howevgy, i
is responsible for eliminating one remaining term in the ex-odd, our method does show that the outer sequence suppresses
pansion oy ,, . x,=v- oz atleast to ordemin[Ny + 1, Na].

According to Lemmd2, as applied Uy, 12 =Y the
only UDDy, coefficients which can appear are those with or-
der at mostN; + 1. According to Lemm&] the first N, of A
these UDD coefficients vanish. The only UDD coefficient (in
a)\N1+1___)\1:y) regarding which at this point we have no infor-
mation is theN; + 1th, and indeed, it may be nonvanishing.
Using the mapping Eq28d), we therefore have

Linear change of variables

To avoid having to analytically integrate a multiple nested
integral with step functions as integrands such as..,, we
adapt the approach of Refs. [81] 43], which avoids integgati

Na+1 Ni+1 step functions directly but still managesto show....,—z =
AN 41 200=Y = UAN 41 00=X Z H fﬁe (.7) S§V1+1- 0 uptoa certain order.
j=1 =1 First, we make an appropriate variable transformation from
(29) 75 €[0,1)to 0 € [0,7), with the result that the outer pulse
We now show that this vanishes due to the outer part. intervals are all equal. Thisis required to make the modhrat
According to the third row of Tabl@ll all ax,..,—y  functionsf,, f,, f-, andf, (possible integrands that can occur
contain an odd number of effective outer functiofi$;j) = in ay,...n,) become periodic functions so that each of their
(—1)3~1. Consequently, we havid,"';" fs,(j) = (—~1)~'  Fourier expansions is either a Fourier sine or Fourier sin
which simplifies the outer part in EQR9) to series.
The variable transformation introduced by [[43] to tackle
N1 N4l the QDDy, v, Sequence is to apply the corresponding linear
Do (=1 (30)  transformation to each outer pulse interrgl 1, ;) with du-
g=1 rations;,

Note that the UDD pulse intervals are time-symmetric (fer th
proof see AppendiB). Therefore, the UDR, outer intervals

x (n—njl) ECEE VL,

s, satisfy Ny +1 85 Ny +1
85 = SNyiai (31) The timing of the outeX -type pulses becomes
If the decoupling order of the outer UDD sequenégis odd 0; = Njw 1 (34)
thenj and N, + 2 — j have opposite parities. Accordingly, 2t
(—1)-7"15.;.“*1 — 1yt (5N2+27j)N1 +1 32) so thatf. (¢) becomes a periodic function with period-gf-,
_ _(_1)N2+2—j—1(SN2+2_j)N1 +1_ fz(e) _ (_Ujfl [9]_71’ 9]_)
Thus, whenNV, is odd the outer part Eq3(Q) vanishes due - Zdi sin[(2k + 1)(Ns + 1)), (35)

to the mutual cancellation of terms with equal magnitude but
opposite sign.

This concludes our proof of the error suppressiongfand ~ where the second equality is the Fourier sine-series eiqans
oy errors to orderV;, and ofoy to orderN; + 1 when Ny andd; = ﬁ.
is odd. This confirms row one of Talil€]and row two of the When we app|y the piecewise linear transformat ¢o
same Table, disregarding for na¥s in the last column. In  the inner pulse timings; » [Eq. @] the UDDy;, structure is
the next Section we set out to complete the proof and confirpreserved
all claims made in Tabl&/1

k=0

i km
0; ) = ——sin® [ ——— 0;_1. 36
TNy (2(N1+1>)+ e 9
IV. SUPPRESSION OF THE PURE DEPHASING ERROR
oz In fact all the inner pulse sequences become identical gs the

have the same total duratiog~. It follows that f,(0) =

In this section we focus on the suppression of the pure de(—1)*~1 within [0, x—1,6; ) is a periodic function with pe-
phasing errov; by the outerX -type sequence, and also show riod of x5~
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The parity of the decoupling ordé¥; of the inner UDDy, When the inner decoupling ordéf; is even,
sequence determines whettfg(d) is even or odd inside each

outer interval (Appendik). Inside each outer interval the par- . > .

ity of f,(#) equals that ofV;. Hence, we have fo = kZ Z; 1 dig,q Sin[2k(N2 + 1)6 + 6], (44)
=0 q=—
de cos[2k(Ny +1)8]  N; even fy = Z > dy cos[(2k + 1)(Ny + 1)0 + ¢0](45)
f2(0) = (37) F=0a=m1
Zd sin[2k(Ny +1)6] N, odd while if it is odd,

fo = d% , cos[2k(Ns + 1)0 + g0 46
The relationf, () = f.(0)f.(9), Eqs. B9 and B2, and / kZOq; ) ¢ 08[2k(Na + 1)6 + q6)], (46)

the product-to-sum rules of the trigonometric functions,

o 1 fy = Z > dy, sin[(2k + 1)(Ny + 1)0 + ¢6].(47)
sinasinb = 5 [cos(a —b) —cos(a+b)], (38a) k=0q=—1,1
cosasinbh = 1 [sin(a +b) —sin(a —b)], (38b) Observe that all the integrands @f,, ..., are composed of
2 sums of either purely cosine functions or purely sine func-
cosacosh — 1 [cos (a + b) + cos (a — b)], (38¢) tions, i.e., none of the integrands is a mi_xed sum. This fact i
key to our ability to perform the nested integral, as we show
next.

yield the following Fourier expansions ¢f,(¢)

g dj sin[(2k +1)(N2 +1)0] Ny even B. Procedure to evaluate nested multiple integrals with
integrands being either a cosine series or a sine series
£4(0) = (39) g g

Zdz cos[(2k + 1)(N2 + 1)6] N, odd

- Suppose that, up to an ordar which depends oV; and
=0

Ny, allthe normalized QDR, v, coefficientsuy,,...», [multi-

Note that while the Fourier expansion coefficients in theg!seenl,?hset?d integral EQZB] can be reduced to a single integral

even and odd cases are in fact different, we use the notation

d;y or dj for both since the exact values of these coefficients
are irrelevant for our proof. Z/ sin[ P60 ]d or (48)
It follows from Eq. B3 thatdn = 22tls; do = G(6)dd, rer
whereG(6) is the step function whose step heights are pro- Z / cos| PA]d (49)
portional to the QDL y, outer intervals, PEZ0
N2 +1 where we omit prefactors for simplicity. We shall show in the
G(0) = ; 0elf;_1,0; 40a g ; . S .
(6) i 105-1,05)  (402) following subsections that this form arises in the evahratf

. the QDDy, v, coefficients.
Y D grgsin[(2k)(N2 + 1) + g6, (40b) Moreover, we shall show in the following subsections that
k=0g¢=-1,1 all ay,...\,—z coefficients with orden < N are of the form
of Eq. @9), and hence that,, ..., — 7 vanishes since

as shown in Appendikl
With Egs. B9, (@9-@0D, and f, = 1, the nth order Z sin[ P07 = 0 (50)
T =

QDDy, n, coefficients[ZI) can be rewritten as

PeZ~\0
™ 0, 0o n . . .
. ; after performing the last integral. Therefore, the depisi
B / de”/ dOn—1 /0 o H . (0) errorsoz can be eliminated at least up to a remaining error of

(41) O@TNH.
with fx,(00) = G(0;) fr, (0¢), where We first note that regardless of the integration limits, all
ay, ..., coefficients can be viewed as one integral nested with

s one order lowerg — 1" order) coefficient,
3> grgsin[2k(Ny +1)0 + g6, (42)

kozooq:il’l A, -\ :/ by fr, (0n) A", (51)
0
fo= 303" di,cos[(2k + 1)(N2 + 1)6 + ¢0].(43)

k=0 q=—1,1 where the superscri, indicates that the upper integration

>
|
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limit of ai’:ﬂ__,h is,,, notw. Now assume that all the—1t" other hand, one need not worry about sine functions because
order coefficients:y, ,...., are of the form of Eq.48 or  sine functions with arbitrary angles will always result io-c

Eqg. @9. Then one could just proceed to the next order bysine functions after integration.

substituting Eq48) or Eq. (with upper integration limits Therefore, proceeding from— 1*" order ton'" order, sup-

7 replaced by, for then — 1** order coefficientzizflmh) pose none ofi — 1*" order coef‘ficientSainmkl contain

into Eq. EJ), with then-level nested integral having been re- a constant term. From Ed52), due to the product-to-sum
duced to a two-fold nested integral. Therefore, under the adrigonometric formula, the problematic constant term \w#l
sumption above, two-fold nested integrals are the basits uni generated when the new resulting argumentt P, in the

for evaluating multiple nested integrals. cosine functions happens to vanish. When this happens to
atany one of thex'" order coefficientsiy,,...»,, there is no ad-

It follows from the result in the previous subsection th - L !
7 g.vantage, when using our proof method, in proceeding to the

all f,, are sums of purely sine or purely cosine function A e . .
Combining this with Eq.8I) and the assumption that all the 7 + 1" order; this order is where thesine argumentsiay
n—1t" order coefficients,, ..., are of the form of EqH48) start to be zero, and hence it sets a lower bound on the sup-
or Eq. B9, there are only four possible types of two-fold Pression order of the pure dephasing term.

nested integrals, which are presented on the left hand sides

of Eq. 52). The results, on the right, follow simply from eval-

uation of thed,,_, integrals, followed by application of the C. The suppression ability of the outerX-type UDDy,
product-to-sum trigonometric formuld4383-([389). sequence wherV, is even

6y, . . .
/d@n sin| 59n]/ 0y, 1 cOS[Paln_1] ~ Let us define four function types we shall encounter in our
0

proof.
/d&n cos|(ps + P.)0,] (52a)  Definition 2. ¢4, ¢ ons (Zens @NACT,, function types. Let
k,q € Z with k arbitrary and |q| < n.
o A ¢, -type function is an arbitrary linear combination of
3 31 ~ odd
/d@n cos| Con]/o dB,,—1sin[ P, 1] cos{(2k + 1)(Na + 1)6 + 6] terms.
A c..,-type function is an arbitrary linear combination of
/dan cos((pe £ Ps)0n] (52b)  cos[2k(Na + 1)0 + ¢b] terms.
o, A ¢%,..-type function is an arbitrary linear combination of
/d@n cos| cen]/ dB,,—1 cos[Pely_1] ~ sin[2k(N2 + 1)0 + ¢f] terms. _ o
0 A (q-type function is an arbitrary linear combination of

/d@n sin[(pe £ Pe)6,) (52¢) sin[(2k + 1)(N2 + 1) + ¢0] terms.

o, Whenn < N, we havg(2k+1)(Na+1)+q # 0. Therefore,
/db’n sin[py0,] / b1 sin[Pyf,_1] ~ by definition, allc],,-type functions will in this case have no
0 constantl (the problematic term). TheZ,, -type functions
are allowed to have a constant term.

From Eqgs.[@2)-@5), for even inner decoupling ordéY;,
there are only two kinds of integrandg; and f, arec’, -
type functions Whilqi andf; arec! ,,-type functions which,
as we just remarked, do not have the constaterm. There-
fore, it immediately follows from Eqsl4@) and that the
first order normalized QDR, v, coefficientsa; = fo’r fz do

anday = [ f, df vanish.

Next, let us consider the second order terms (two-fold
us from proving that:y, ...», -z vanishes. Likewise, in order ngsted mte_grals), as in EGQ). W? m_troduce a binary oper-
to proceed to the nextnord]eir say ordenone of the,z _ qth ation® which (1) evaluates the first integrand, (2) multiplies

' the outcome with the second integrand, (3) applies the appro

order coefficienta!" in EqQ. may contain constant ) . 4 .
terms when expréélgéa'gs a s?ngl?gbintegral of a cosine serie%r late product-to-sum trigonometric formula. Substitgthe
: ¢L,on-type functions into EqE2), we then have

The reason that a constant is problematic is that it behavesdd ©f

/d@n sin[(ps + Ps)0),] (52d)

where thet+ symbol is shorthand for, e.gﬁ db,, cos[(ps +
P.)6,) = [ db,, cos|(ps + P.)0n] + [ db,, cos[(ps — P.)0y],
and where we have omitted irrelevant prefactors in frontlof a
integrals.

Note that thecos integrands on the right hand side of
Eq. £2). will yield 1 if their arguments happen to vanish. This
conflicts with the requirement of EG4®), and would prevent

differently from a cosine function under integration. The i 1 1 _ 2
. . . . . even © Codd = Codd (53a)
tegral of a cosine function with non-zero argument gives ris 1 1 9 53b
to a sine function, but the integral of a constant gives s t Cidd © Civcn - C;dd (53b)
linear function. Therefore, if the integrand is a cosindeser Codd @ Codd = Céven (53c)
including a constant term, then after integration the tesilil oo = (53d)
even even even

not be a pure sine series any more. Furthermore, the problem
cannot be resolved by carrying out the next integral. On thevhere we omitted the second integration symbol.
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If we disregard then superscript ofc?;; and (., in  we have shown in Sedlll that theoy error is suppressed to
Eqg. B3, the set{(cven, coaa} cOnstitutes the abelian group order N; when N, is even, orN; + 1 when N, is odd, one
Z5 under the binary operatiom, with the identity element can conclude that when the inner ordéris evengy is sup-
Coven- pressed to ordanax|N;, N2] whenNs is even, and to order

On the other hand, the superscript of the resulting functionmax|[N; 4+ 1, N»] when N> is odd. This completes the proof
244 Or €2 in Eq. [B3), is just the sum of the superscripts of of theoy partin TabldlV]
the first and second integrands (, or ¢,...). Accordingly,
the binary operatior® acts as integer addition for the super-
scriptn.

Let us now consider the-fold nested integral implied by
Eqg. BI). Because of the closure property of the gratp
integer addition of the superscriptsof ¢, and(Z,.,, and
the fact that na?, ,-type function withn < N, contains the
constant, we can conclude that such affold nested integral

with n < N, and with each integrand being eithér,, -type terms of which function is cosine or sine—see EG4){{47).
or ¢}...-type functions can be reduced to be eitlfet’, ,db,,

Also, note that, from Eq94Q), (43, (@86), and &), for odd
even . . ~ 1 N ~

or [ ¢, db,,. inner decouphr_lg orge_Nl, fois alyen-type fgnctlonjz isa

More specifically, note that in Eq5B) the first two lines  Cpaa-tyPe function,f, is ace,.,-type, andf, is a¢,qq-type.
have an odd number of ,, functions and resultir? ., while ~ We shall use these facts throughout this subsection.
the last two lines have an even numbeedf, functionsand ~ Our procedure is to start from the first order QDD coef-
result in¢2,..,,. When we continue the nesting process usingficients, then the second order, and finally the genert,
these rules, the odd or even property is maintained while the order.
superscript grows by one unit each time. In other words, due
to Z, group multiplication rules [EqE3) without the super-
scriptsn], we have the following lemma: 1.

D. The suppression ability of the outerX-type UDDy,
sequence whenV; is odd

The main difference between the analysis in this subsection
and the previous one is thgi, and f, are interchanged in

The first order terma.,

Lemma 5. Providedn < N, all n-fold nested integrals, with

eachintegrand being either@,-type or¢;,,-type function, It immediately follows from the fact thaf, is acl,,-type
can be written as function and from Eq[49) thataz = j;)” f.do = 0. It also

1. | cbaq dby, if there is anoddtotal number ot} 4-type  immediately follows from the function types th# and f,
integrands in the:-fold nested integral, are of the form of Eq48. The only function that deserves

2. [ ¢, do, if there is areventotal number of! -type ~ SPECial attention ig.. _
integrands in the:-fold nested integral. As discussed in SecﬂIB_], in ord_er to proceed to second
order, none of the modulation functions can contain a consta
Next, let us determine the parity of the numbeebf,-type 1 term. However, Definitio® allows ct.on-type functions to
functions appearing in the QDR v, coefficients. Consider, have such a term. Accordingly, before applying Esfl) (to

e.g.,ax. ..., —z. Recall thatfy, and f, are ¢, -type func- the second order case, we should check whefhgt) has a

even
tions while f. and f,, arec_,,-type functions. Consulting the C0nStantterm.

last column of Part 1 of Tab[HIl (the second,, ...y, ~z col- Supposef,(¢) has a constant term and then separate the
umn), we see that there is an odd numbef.of¢.,.,) andf,

constantl from the other cosine functions with non-zero ar-
even

(c},4), and an even number g (cl,,). Therefore, in this guments as follows,

case, we have an ode@ven=odd number of:! . .-type func- -

tionsinay, ...\, —z. Similarly, consulting all other columns of f(0) = Z dpcos[pO] +r (54)

Part 1 of TabldII] it turns out that all possible combinations P70

generatinguy,,...x,—z Of ay,...n,—y contain an odd number

of ¢! ,4-type functions. It now follows from Lemmi@ and

then Eq.[60) that allay,...n,—z = ax,..n,=y = 0 if the or-

dern < N,. [Note that this counting argument is unaffecte

by the move fromy to f, since this move was due to a change

of integration variables—see E&).] L
In conclusion, the inner UDR, sequences with even order ax = / f(0)dé

N, do not affect the suppression effect of the outer UgD o

sequence, i.e., thez error is always removed up to the ex- Z dy sin[p9]|2§§ + r9|2zg

pected orderV, when the orderV, of the inner sequence is p#0

even. This proves the first row of tlwe; part of TabldlV] = 0+rrm (55)
In addition, we have just shown that when the inner order

N, is even, the outeX -type UDDy, sequence also elimi- Now, since we already proved in Sectidfithata,, . \,—x =

nates thery error up to the outer decoupling ord¥s. Since 0 for n < Ny, and since in the first order case= 1 and

wherep = 2k(N2 + 1) + ¢ with |g| < 1 an integery a coef-

ficient of the constant term, andd,, coefficients ofcos[p 6].
dThen the first order normalized QDRy, coefficient of the
ox error reads



hencen < N; always holds, it follows that = 0. Therefore,
fx does not contain a constanterm.

In summary, now that we have shown that_z = 0 and
that all the first order normalized QDB y, coefficientsay,
are of the form of either Eqi48) or Eqg. 9), we can proceed
to the second order case.

2. The second order ternas,, x,

From Eq.[EJ), the second order normalized QRDx, co-
efficients is

e / dfa fr, (02) a?. (56)
0

After additionally applying the trigonometric product-$om
transformation, and using the operation defined above
Eq. B3, we can write

Axo); = Axy © a‘gi (57)

Next, in Eq. ED), let us substitutel . into the integrand
of ar, clien iNt0 ax, ¢lyy into ay, andcl,, into az. The
resulting set of alk», , can be arranged into a multiplication
table, TabléVTl, where the entries in the top row are the types

of the first integrand and the entries in the left-most column
are the types of the second integrand. The remaining entries

are the results of applying the binary operatiobetween the
elements of the first row and column.
From Table VIl the superscript of the resulting func-
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the integrand? ., does not have a constanterm if N; > 2.

In order to proceed to the next order none of the integrands
may contain a constant. Therefore, our results show that if
N1, No > 2, one can indeed proceed to the next order. On
the other hand, ifV; = N, = 1 we can only conclude that
ax,—z = 0, while if Ny = 1 and N, > 2, we can only
conclude thatiy, —z = ax,x, =z = 0, but not that the third or
higher orderZ-type QDD coefficients are zero.

3. Then'™ order termsay,,...»,

The procedure we described for the first and second orders
applies to higher orders, until one reaches the oMdevhere
some resulting integrands begin to include constaetms.

To obtain thenth order QDDy, v, coefficients we proceed
by induction onn. We have already established the case of
n = 1 andn = 2. Let us assume that

ax,.x=Z = /07r chiq do (59a)
Ax, =X = /07r Corven 40 (59b)
Grriy = Oﬁ ¢y d8 (59¢)
ot = [ G (590)

where none of these integrals contains a constaetm in

tion is again the sum of the superscripts of the first andheir integrand, and prove that the same integrand formshold

second integrands.
acts as integer addition for the superscripts.
disregarding the superscripts Table VI shows that the
set {Cevens Coven, Codd; Codd  fOrms the abelian Klein four-
group, i.e., theZ, x Z5 group, under the binary operation
The key observation from Tabl&Tlis that the algebra of the
subscripts\a A1 of ay,, works as thePauli algebra without
the anti-commutativity propertywhich is isomorphic to the
Klein four-group algebra by mapping the identityto (even,
X 10 ceven, Y 10 (oqq, @aNAZ 10 coqq.

Accordingly, the results of Tabl&T]can be summarized as
follows,

Hence the binary operatioragain

Uaor—7 = /0 ’ c2qqdb (58a)

Argr =X = /F cgvcn do (58b)
0

Aror =y = Oﬂ 2,4 do (58c)

Urgry =T = /0 i 2 on db. (58d)

We can conclude thaty,,-z = 0 if Ny > 2, since then (by
definition)c?,, does not contain a constanterm.

We have already proved in Sectiifithatay,,—x = 0 if
N; > 2. By the same argument as EBY), this implies that

for n + 1 (but not necessarily that there is no constént

Moreoverndeed, using the definition of the operation and EqE),

we have

0n+1

Y (60)

S W S WO
Due to the induction assumption [EGY]] the situation is
now identical to the one we analyzed for= 2, in particular
inEq. B8. Therefore EqE9 holds withn replaced by:+1.

This can also be understood without induction as being due
to the isomorphism between the $€t,cn, Coven, Codd, Codd }
and the se{l, X, Y, Z} (the subscripts of,, ...»,), and the
addition of superscripts under theoperation.

To figure out up to which orde¥ Eq. (59) holds, one must
examine when the’,, or c¢Z,.,-type functions begin to have
constantl terms. Thec],,-type functions will by definition
not contain constarit terms until ordernn = N, + 1. On the
other hand, due to EJ588) anday,,..n,—x = 0 forn < Ny
(provenin Sedll), 7, ., in Eq. B9 is guaranteed to have no
constant term until ordem = N; + 1, by a similar argument
as that leading to E¢BB). In conclusion,

Lemma 6. For QDDy, n, With odd N, all nth order nor-
malized QDDy, y, coefficientsuy, ...n, with n < min[/N; +
1, N5 + 1] can be written as Eq(t9), and none of the in-
tegrands in Eq.B9 contain a constant term whenn <
min[Nl, Ng]
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. 1 PR . 1 PN
| © || ar: Ceven | ax : Ceven | ay - Codd | az : Codd |
. T . 2 . B2 . 2 . 2
ar . Celven arr—jg - Cegen aArx—=x - Ceéven ary=y : C%dd Arz—=27 ' Co2dd
ax : cClvcn axr=x: cczvcn axx=rg: Cczvcn axy=z": czodd axz=y : ngd
ay @ Goqq || AvI=Y - Codd ay x=7 - cadd ayy=gJ : Cczvcn ay z=Xx : Czcvcn
Az : Codd || 4Z1=27 - Codd [2ZX=Y : Codd Azy=X * Ceven| QZZ=1I : Ceven

TABLE VI: The group structure associated with the secon@pf@DDy;, v, coefficienta,x, = ax, ® aizl.

It follows immediately from Lemm@and Eq.[E0) that the VI. SUMMARY AND CONCLUSIONS
first min[Ny, No| orders ofay, ...n,—z vanish. However, in
fact we can show more, namely tha{, ....,—z = 0 for all
n < min[N; 4+ 1, N»]. Suppose thalV; < N, and consider

the special case = N; + 1. In this case it follows from
™ Ni+1

The QDD sequence, introduced in Réf.][25], is, to date,

the most efficient pulse sequence known for suppression of
} single-qubit decoherence. In this work we provided a com-

Lemmdgthatay, ,,-xn=z = Jy codq d¢; the argument of plete proof of the validity of this sequence, i.e., we proited
the function:)\1 " is (2k+1)(Na+1)0+¢6, andlg| < Ni+1.  universality (independence of details of the environmant)
SinceN1 < NQ this argument cannot VaniSh, and it follows performance_ Our work Comp|ements an earlier pr@ [43]’
thatayy, ,,...x,=z = 0. In conclusionga,,..n,=z = 0forall  which was restricted to even order inner UDD sequences.
n < min[Ny + 1, N»], which proves the last row in Tadl¥l ~ However, our results go beyond a validity proof of QDD. For,

In summary, if the inner decoupling ordéf; is odd and in this work we also elucidated the dependence of singls-axi
Ny < N; + 1, the outer UDDy, sequence always suppresseserror suppression on the ordéYs andN, of the innerX -type
the dephasing errdf to the expected decoupling ord®¥g, as  and outerZ-type UDD sequences comprising QRDy,, re-
thenmin[N; 4+ 1, N3] = Na. In contrast, if the inner decou- spectively. Our results are stated in Theorem 1. Let us priefl
pling orderNV; is odd andN, > N; + 1, the outer UDDy, summarize our method and main findings.

sequence suppresses the dephasing &r(at least) uptoor-  Our general proof idea was to analyze the conditions un-
der N1 + 1, which may be smaller than the expected outerder which, for each error type,, the nth order QDDy, v,
decoupling ordelN,. Thus, if the order of inner level UDR,  coefficients [Eq.M8)] vanish. We used two complementary
sequence is odd, thisayinhibit the suppression ability of the methods. In the first method, we expressed the QDD coeffi-
outer UDDy, sequence. cientsay, ...\, in terms of UDD coefficients by splitting each
of ay,...n,’S Nnested integrals into a sum of sub-integrals over
normalized outer intervals. We were then able to conclude
V. COMPARISON BETWEEN OUR THEORETICAL thatay,...x,=x anday, ..,y vanish whem < N; due to
BOUNDS AND NUMERICAL RESULTS the vanishing of the UDR, contributions. For they error,
still as part of the first method, we showed that an additional
order vanishes due to a parity cancellation effect invagire
X : . . Youter sequence. However, this additional cancellatiomaan
and the scaling of the single-axis errors was determined®n t be attributed to the vanishing of a corresponding UDD co-

basis of _5|mula_1t|ons, f°‘.V1 andNy in the range{1,. 0 24}. efficient. In the second method we considered the case of
These simulations are in complete agreement with our ana-

. . X ax,.-r, =z, for which we provided an analysis based on the
lytically b_ounds forng andn,, as given in Tabl@y/l They evaluation of integrals of trigonometric functions. We wiedl
are also in complete agreement with our boundrforwhen

: N that their properties undeested integratiooan be mapped to
N7 is even. Thus we can conclude that it is likely that OUry o Apelian groupgs (for eveni,) andZ, x Zs (for odd ).

bour:jc_is are in fé“ rt:g;;t In tf(\j((ajse casesl.t_ThIebre 'S(’j hpvl\:jevebsing this we provided a proof by induction for the vanishing
one discrepancy: wheN; is odd our analytical bound yields ax..n,—z, and, when\, is even, also fots, ..x,_y .

n, = min[N; + 1, N»], while the numerical result found in .
Ref. m] isn. = min[2N; + 1, No]. Thus, in this case our The overall summary of our results is that,...x,—x = 0

bound is not tight. We attribute this to the fact that the rodth vn < N, whereN is the decoupling order given in the last
we used in SecllV] does not use the full information con- column of TabldV1l We now provide a recap of these results,

tained in the integrands, i.e., we discard all Fourier coeffi including a semi-intuitive explan(_';ltion baged on the ideia-of
cients. Specifically, ifax, .1,z contains a constant term, t€'ference between the modulation functions. N
namely,cos[Pf] with P = 0, or does not end up in the form  Starting from the simplest case, we showed explicitly that
of Eq. @9), itis still possible that,, ., vanishes because independently of the order of the out&rtype sequence, the

a sum of non-zero terms could be zero when combined witfhner Z-type UDDy, sequence always achieves its expected
the right Fourier coefficients. Thus, our method of analysiseTor suppression order, i.e., thg andoy errors are sup-
merely yields a lower bound on the decoupling order of thePressed to the inner decoupling ord€r. Sinceox errors
pure dephasing error. It is an interesting open problemyto tr commute with the pulses of the outer sequence they are not
to improve this bound so that it matches the numerical resultsuppressed any further.

of Ref. [41]. The story is more complicated for thig- ando errors, as

In Ref. [41] the QDD sequence was analyzed numericall
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they are both suppressed by the outer sequence. The inhibitory effect of odd inner decoupling ord¥y dis-

For theoy error, the parities of the inner and outer sequenceéppears whenV; is large enough. Specifically, whenever
orders cause the decoupling order to vary betwggnV; +1, N1 > Nz — 1 the outerX-type UDDy, sequence suppresses
andN,. Consider first the evelV, case. An intuitive expla- oz to the expected decoupling orddk. This makes intu-
nation for the corresponding parity effects is the follogiin itive sense because whéq is large enough the outéf-type
For evenNy, the modulation functiong, andf. arein phase ~ UDDy, sequence “views” the effective Hamiltonian resulting
namely both have @n[(2k +1)(N2+1)6] dependence [recall from the innerZ-type UDDy, sequence—which has time de-
Egs. BB and BY)]. The outerX -type UDDy, sequence, with pendence (71 *+1=N2)_as time-independent relative to its
its £. modulation function, is then fully effective at eliminat- “error cancellation power (7).
ing theoy error, with the result thaty is eliminated to the Despite this complicated interplay betwe®nandN,, our
expected decoupling ordefrax[Ny, N»|. However, whenV; proof yields the simple result that the QRDy, sequence
is odd, f, has acos[(2k + 1)(N2 + 1)0] dependence, which suppresses all single-qubit errors to an ordanin|[ Ny, Na].
is 90 degrees out of phase withy. In this casef, andf, in-  This matches the numerical results[inl[41], so that our beund
terfere destructively with one another, and the outer secgie appear to be optimal in this regard. We conclude that torattai
does not help to further suppress. The result is thaty is  the highest order decoupling from the QRPy, sequence
only eliminated to ordedV; . with ideal, zero-width pulses, one should use either an even

Now consider the case of odW,. This case gives rise to orderinner UDD sequence, or ensure that> N, — 1 if Ny
the anomaloudV; + 1 suppression order. The reason is thatis odd.
when N, is odd, the modulation functiofi, is odd with re- Let us now briefly discuss some possible future research
spect to the midpoint of the total sequence duration, while directions. A natural generalization of the work presented
and f,, are both even. It is this oddness of the outer sequenckere is to NUDD with different sequence ord[, 45].
modulation function f.) which helps to suppress the errgr ~ Another interesting direction is to generalize QDD so that
to one more order, due to a cancellation of terms with equalather than nesting UDD sequences, a numerically constiuct
magnitude but opposite sign [E®)]. This gives rise to a pulse sequence is nested, such as Locally Optimized DD
cancellation to ordemax[N; + 1, N2 whenN; is even and (LODD) [3Z], Optimized Noise Filtration DD (OFDDJ [46],
the inner sequenagoes not interfere with the outer sequence,Bandwidth-Adapted DD (BADD)([10], or Power Law Opti-
or to orderN; + 1 when N, is odd andthe inner sequence mized DD (PLODD) [47]. These sequences are found by
does interfere with the outer sequence. pulse interval optimization for single-axis decohererfce,

Thus, suppose we fi¥, so that it is even (odd) and greater specific bath spectral densities. However, unlike UDD, the
thanN; (V7 + 1). We should then see the suppression ordePptimization is numerical, which makes it less likely that a
of oy switch betweerV, (N, +1) andN,, asN; is increased alytical proof techniques such as ours can be applied to the
from 1 to N,, a phenomenon which was indeed observed imested case. Nevertheless, such a generalization can be im-
the numerical simulations of Reﬂ41]. portant since tailored sequences generally result in awdeco

If the inner orderN, is even, the outeX -type UDDy, se- pling performance which outperforms UDD bﬁccounting for
quence always suppresses to the expected decoupling or- the details of the bath spectral density/[10, [33,[45-48]s It
der N,. This has the same intuitive origin as the case. an open question whetherreestedspectrally-optimized se-
Namely, for even\V;, f, andf. are in phase, i.e., both have a duence would remain optimal with respect to the originahbat
sin[(2k+1)(N2+1)6] dependence, and so are able to Suppresgpectral density it was designed for, since the effectivl ba
o to the expected order. However, whah is odd, the de- spectral density may change significantly for the second and
pendence of,, is cos|(2k+ 1)(N2+1)6, which is90 degrees higher-order layers. Hence such nested sequences may well
out of phase witly,. Therefore agairf, and . interference eduire spectral optimization for each new nested layet, an
destructively, and the outer sequence does not suppress tABtimality might have to be proven on a case-by-case basis,
erroro; to the expected order. using new proof technlques! if such can be found.

In more detail, if the inner ordedV; is odd andN, > We look forward to experlmental_ tests of t_he properties of
Ny +1, our proof method shows that the outértype UDDy, € QDDv, n, pulse sequence predicted in thiswork.
sequence suppresses the error at least to ordeN; + 1, Note added:After this work was completed and while it
which is less than the expected outer decoupling order ~Was being written up for publication we became aware of
Hence, if this lower bound is saturated, one can see a sat@- different, elegant proof of the universality of NUDD and
ration effect in the decoupling order of;, which starts at N particular QDD [45].  Our approach differs not only in
N, = N, 42 when we fix oddV; and increasé/,. Thus, odd methodology but also in providing a complete analysis of the

N, can hinder the suppression ability of the outer sequence. Single-axis errors.
The numerical results of Ref, [41] confirm that ot¥g can
hinder the suppression ability of the oufértype UDDy, se-

quence. However, the actual saturation effect in the decou- Acknowledgments
pling order ofo; begins atN, = 2N; + 2, higher than our
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Appendix A: The form of ay,,...n, after outer interval
decomposition

We shall derive Eq.[@2 by splitting each integral of

andn(®),

As we have just shown, each integrakgf .., can always
be split into two parts, EqIALJ) and AId), with one excep-
tion: if ;1) = 1, the subsequent sub-integral of variables
n® will only contain the term Eq.&Id). Moreover, both
Eq. (AIg) and contain an effective inner part (the part
that depends otfi,,) and an effective outer part (the part that

ax,..x, [EQ. @D]into a sum of sub-integrals over the normal- depends orys,). Therefore, by substituting Eq#1d) and

ized outer intervals; in Eq. 39. Sincea,,, .., comprises a
series of time-ordered, nested integrals, our procedurgegfo

(AId) into each integral ofiy, .., , in sequence from™) to
nM, ay, ., can be written as an inner pabi® [Eq. 23]

composingzy, ., is to split its nested integrals one by one, multiplying an outer par®°"* [Eq. £5)] over all the pos-

from 7™ ton(1),
We call the sub-integral over thgh outer interval “sub-

sible integration and summation configurations. Each such
configuration can be denoted by an ordered set of symbols

integrals”. Suppose the integral of the integration variable {rn—17n—2...7r1}. Thereby, we obtain Eq2P) as the repre-

n® follows the sub-integraf{’*!) of the previous variable
n+1) . By splitting the integral ofy(*) with respect to the
normalized outer intervals and using HGY, we have

(e+1)

n
/ P (D) dn®
0

j(l+1),1 .0
] i
= > f30(Y) / far () dn® (Ala)
jO =1 5(8) 4
(£4+1)
(D) / far D)y (ALb)

Te+1)
j(@+1),1

1
= [ @S 1 sy (Ao

j(e)f—
/
0

To obtain Egs.[&Id and we rescaledfs,(n) in
Eq. (A1) and individually with

ﬁ(l+1)

Far () d9 f5,(G“D)s 000 (ALd)

ﬁ(g) _ n =" -1
S0

(A2)

for each outer interval ), thus obtainingf,, (7). In this

mannerf,, (7(¥)) is the same function for all the outer inter-
vals, so thagfo1 fa, (7)) di¥) can be taken out from the sum-

mation, as shown in Eq$ALJ) and [A1d).

Recall the time-ordering conditiom( > p(»=1 >
...n% > p(M It has a consequence that in H&1f), sub-
integrals over any two adjacent variablg$ andn“+1) are
nested, as they are in the same outer interval, nuryibeb) .
In this case;©) < plt+1),

In contrast, if the sub-integrals are in different outeemt
vals (automatically time-ordered), then the sub-integredr
n® is not nested inside the subintegral oy€r™), but inte-

grated over its entire outer interval independently, asdn E £.(0) =

(AL9.

sentation oty ., after this decomposition.

Appendix B: Time symmetry of the UDD pulse intervals

(2j—D)m

Due to the identityin = sin[r — 6], sin[Q(N—Jr)l)] in s,
Eq. (39 satisfies

. 2j—-m . (2 — m

51112(N+1) = sin[r 2(N+1)]
o [(2N+2—2j+1)7r]
- T
L eN+2—5) -
B Tr A y—

Therefore, we have proved thaf = syi2—; [Eq. D],
which shows that the UDD pulse intervals are time symmet-
ric. There is, however, a difference between even andédd
when N is odd every interval to the left of center is paired
with an interval to the right of center. WheN is even the
central interval is unpaired. E.g., fd¥ = 1 we have two,
paired intervalss; = s3. WhenN = 2 we have two paired
intervals,s; = s3, and an unpaired intervas.

Appendix C: The parity of the inner order N; determines the
parity of f.

Since the inner pulse sequences under the piecewise linear
variable transformation Eq38) still have the UDDy, struc-
ture, the rescaled inner pulse intervals remain time symaoet

Ok — -1 =0 Ny+2—k — 05 N 41—k (C1)

When the inner decoupling orda, is even, the parities of
Ny + 2 — k andk are the same, so that

—1)k-1 0 6‘7' _ ,Hj,
{E—1§N1+2k1 € B Bir) (C2)

0 € 0N +1—k: 05 N +2-k
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Hencef,(0) is even inside each outer interval. where we used the sum-to product formula in the third equal-
When the inner decoupling orda¥, is odd, ity. Due to =0t — v and the product-to sum for-
(1)t : ) mula, we have
—1)F= 0 e 9'7]6, ,9'.k
R0 = {(_I)NIHk 0 < [H;N jrl Jl; 0, N1 +2 k(§:3) 1 sin T sin b X
IN1+1=ks V), N1 +2— = —
= N eV D)
where the sign difference between the second lines of &). ( N+1 927 _1 27— 1
and Eq.[C3) arises from the opposite parities df + 2 — k Z sin (2 jN )17r siné(2 JN )17T
andk. Accordingly, f..(0) is odd inside each outer interval. j=1 (N+1) (N+1)
Note that the sequence of rescaled inner intervals 4 T ] s
{0, 51221 is repeated for all values gfe {1,..., N + 1}. = e Mam ) (B3)
As a result the three modulatlonfunctlof;s(t?) fy( ) 1-(0) | N
are periodic, with respective periodg™, 2 N2+1, 2. In 1 Z (=12 -Lm cos (¢+1)(2j —Dm
2(N +1) 2(N+1)

this sense, the variable transformatipn= sin?(0/2) intro-
duced |nl[__3_l1] which emerges naturally from the time streestu
of UDD sequence EqP}, is unsuitable for our QDD proof. Considering the sum ovgrwe have
The reason is that despite the fact that the ofiteype pulses

intervals are rescaled to be equal, the timing patternsef th N+l (C£1)(2j — Dr
inner sequences in different outer intervals are no longer t Z cos W
same. j=1

N+1

B (+1)jm (L7
; OTmTy WD)

Appendix D: Fourier expansions ofG(0)

NCESE: N+l j D™

G(0) in Eqg. [@0D) takes the following form up to a multi- = Refe "2(v+D e (NE |
plicative constantG () = s;, wheref) € [(Jjgi)l", 5). The i=1
imoli i . 1 it
symmetry property@I) implies thatG(6) can be written as — Rele” P ey 1—¢t S
o0 1—e"NF1
= Zgz sin £6. (D1) 1—cos(¢{ £ 1)m —isin({ £ )7
_ = Re [ EPNCESE PRI ]
e 20+ — e Y2(N+1)
Let us now compute the expansion coefficients: _osin(f £ 1)m (D4)
- o (£
2 sin SNTT)

g = L / G(0) sin £0do
/2 where in the third equality we used the geometric series for-

9 N+1 mula. The last expression vanisheé i 2k(N +1)F 1. The

= - Z Sa/ sin £0d¢ only values of for which g, does not vanish ats:(N+1)7F1.
Therefore, finally

2 Nils (2j - .
= m-———-mm

™ N+1 2(N +1) GO) =" > grgsin[2k(N + 1) + qb]. (D5)

(coslf; — cos €9j_1) p=0 =
N+1

2 ™ (25 -1)
T TN ; MON T

0;+06,_
(—2) sin -2 +2 1L sin¢ (D2)

[1] H.-P. Breuer and F. Petrucciorighe Theory of Open Quantum [5] U. HaeberlenHigh Resolution NMR in SoligsAdvances in

SystemgOxford University Press, Oxford, 2002). Magnetic Resonance Series, Supplemefdademic Press,
[2] M. Nielsen and I. ChuangQuantum Computation and Quan- New York, 1976).

tum Information (Cambridge University Press, Cambridge, [6] W. Yang, Z.-Y. Wang, and R.-B. Liu, Front. Phy&.2 (2011).

England, 2000). [7] D. Gottesman, irQuantum Information Science and Its Con-
[3] T.D. Laddet al, Nature464, 45 (2010). tributions to Mathematicsvol. 68 of Proceedings of Symposia

[4] E. L. Hahn, Phys. Re80, 580 (1950). in Applied Mathematigsedited by S. Lomonaco (Amer. Math.



Soc., Rhode Island, 2010), p. 13, arXiv:0904.2557.
[8] B. M. Terhal and G. Burkard, Phys. Rev.74, 012336 (2005).
[9] P. Aliferis, D. Gottesman, and J. Preskill, Quantum Inf. Gom

put.6, 97 (2006).

[10] K. Khodjasteh, T. Erdeélyi, and L. Viola, Phys. Rev. &8,
020305 (2011).

[11] H.-K. Ng, D. A. Lidar, and J. P. Preskill, Phys. Rev. A, in ges
arXiv:0911.3202 (2011).

[12] L. Viola and S. Lloyd, Phys. Rev. A8, 2733 (1998).

[13] M. Ban, Journal of Modern Optic45, 2315 (1998).

[14] L.-M. Duan and G. Guo, Phys. Lett. 261, 139 (1999).

[15] P. Zanardi, Phys. Lett. 258 77 (1999).

[16] L. Viola, E. Knill, and S. Lloyd, Phys. Rev. LetB2, 2417
(1999).

[17] S. Blanes, F. Casas, J. Oteo, and J. Ros, Phys. Répl151
(2009).

[18] K. Khodjasteh and D. A. Lidar, Phys. Rev. Le®5, 180501
(2005).

[19] K. Khodjasteh and D. A. Lidar, Phys. Rev. A5 062310
(2007).

[20] X. Peng, D. Suter, and D. Lidar, J. Phys. B, in press (2011).

[21] G. A. Alvarez, A. Ajoy, X. Peng, and D. Suter, Phys. Re\82
042306 (2010).

[22] A. M. Tyryshkinet al,, arXiv:1011.1903 (2010).

[23] Z. Wanget al., arXiv:1011.6417 (2010).

[24] C. Barthelet al., arXiv:1007.4255 (2010).

[25] J. R. West, B. H. Fong, and D. A. Lidar, Phys. Rev. L&@i4,
130501 (2010).

[26] G. Uhrig, Phys. Rev. Let®8, 100504 (2007).

[27] D. Dhar, L. K. Grover, and S. M. Roy, Phys. Rev. L&8,
100405 (2006).

[28] M. Mukhtar, T. B. Saw, W. T. Soh, and J. Gong, Phys. Rev. A

18

81, 012331 (2010).

[29] B. Lee, W. M. Witzel, and S. Das Sarma, Phys. Rev. LHI,
160505 (2008).

[30] G. S. Uhrig, New. J. Phy&0, 083024 (2008).

[31] W. Yang and R.-B. Liu, Phys. Rev. Left01, 180403 (2008).

[32] G. Uhrig and D. Lidar, Phys. Rev. 82, 012301 (2010).

[33] M. J. Biercuket al., Nature458 996 (2009).

[34] M. J. Biercuket al., Phys. Rev. A79, 062324 (2009).

[35] J. Duet al, Nature461, 1265 (2009).

[36] E. R. Jenista, A. M. Stokes, R. T. Branca, and W. S. Warren, J.
Chem. Phys81, 204510 (2009).

[37] E. R. Jenista, A. M. Stokes, R. T. Branca, and W. S. Warren,
131, 204510 (2009).

[38] S. Pasini, T. Fischer, P. Karbach, and G. S. Uhrig, Phys. Rev.
77, 032315 (2008).

[39] G. S. Uhrig and S. Pasini, New. J. PHy% 045001 (2010).

[40] G. S. Uhrig, Phys. Rev. Lett02 120502 (2009).

[41] G. Quiroz and D.A. Lidar, arXiv:1105.4303 (2011).

[42] S. Pasiniand G. S. Uhrig, J. Phys. A: Math. The®. 132001
(2010).

[43] Z.-Y. Wang and R.-B. Liu, Phys. Rev. 83, 022306 (2011).

[44] M. Mukhtar, W. T. Soh, T. B. Saw, and J. Gong, Phys. Rev. A
82, 052338 (2010).

[45] W.-J. Kuo and D. A. Lidar, in preparation.

[46] H. Uys, M.J. Biercuk, and J.J. Bollinger, Phys. Rev. L&63
040501 (2009).

[47] S. Pasiniand G. S. Uhrig, Phys. Rev84, 012309 (2010).

[48] I. Almog, Y. Sagi, G. Gordon, G. Bensky, G. Kurizki, and N.
Davidson, arXiv:1103.1104 (2011).

[49] L. Jiang and A. Imambekov, arXiv:1104.5021 (2011).



