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Strongly driven molecules: traces of “soft” re-collisions for intermediate intensities in

the over-the-barrier regime
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Using a three-dimensional quasiclassical technique we explore double ionization in N2 when driven
by a linearly polarized, infrared (800 nm) long (27 fs) laser pulse. For intensities ranging from the
tunneling to the over-the-barrier regime we identify the double ionization pathways in a unified way
as a function of total final electron energy. Moreover, for intermediate intensities in the over-the-
barrier regime we find that the correlated electron momenta have a prevailing square pattern. This
square pattern is mainly due to the Delayed (one electron is ejected with a delay after re-collision)
pathway’s contribution to double ionization. For intermediate intensities the Delayed pathway is
dominated by “soft” re-collisions, first identified in Phys. Rev. A 80, 053415 (2009), with the
first electron tunneling at large field phases. We expect this square pattern to be absent for high
intensities.

PACS numbers: 33.80.Rv, 34.80.Gs, 42.50.Hz

I. INTRODUCTION

Over the past two decades electron correlation has
been established as the underlying mechanism for many
important phenomena arising from the interaction of in-
tense infrared laser pulses with matter. One of these phe-
nomena is the dramatically enhanced multiple ionization
yield of atoms (e.g. [1]) and molecules (e.g. [2]) for in-
tensities where non-sequential double ionization (NSDI)
dominates. For larger field intensities the two electrons
are stripped out sequentially [3].
According to the accepted mechanism for NSDI—the

three-step or re-scattering model [4]—1) one electron es-
capes through the field-lowered Coulomb potential, 2) it
moves in the strong infrared laser field and 3) it returns
to the core (possibly multiple times) to transfer energy
to the other electron in the parent atomic or molecu-
lar ion. Using coincidence imaging techniques such as
COLTRIMS many experiments have succeeded in ob-
taining highly differential kinematical details of electron
correlation in the non-sequential intensity regime (e.g.
[5–11]). The majority of theoretical work has concen-
trated on the non-sequential intensity regime (e.g. [12–
14]). However, very interesting effects can also arise for
intensities in the over-the-barrier regime such as an anti-
correlation pattern with the electrons escaping in oppo-
site directions for short laser pulses [15].
Here, we report on a classical study of electron correla-

tion in the N2 molecule driven by a long, 27 fs, laser pulse
at 800 nm for intensities well within the non-sequential
double ionization regime as well as for intermediate in-
tensities in the over-the-barrier regime. We use the term
intermediate for the intensities in the over-the-barrier
regime where the majority of double ionizing trajecto-
ries are initiated with the tunneling model. We use a
three-dimensional quasiclassical technique that we devel-
oped for the strongly driven He atom [16] and subse-
quently generalized for the strongly driven N2 molecule

[15]. Our method is numerically very efficient and treats
the Coulomb singularity with no approximation.
We first describe in a unified way the different dou-

ble ionization (DI) pathways the two electrons follow to
escape after re-collision as a function of total electron en-
ergy. (Throughout this work the total electron energy we
refer to is the sum of the final kinetic energies of the two
electrons). A similar description was very recently used
to describe the DI pathways of strongly driven He [17, 18].
This general treatment allows us to identify universal fea-
tures of strongly-driven molecular double ionization and
compare them with the atomic case.
Moreover, we show that for intermediate intensities in

the over-the-barrier regime “soft” re-collisions [15] with
the re-colliding electron tunneling at large phases and a
small transfer of energy to the initially bound electron
underlie both the Direct and Delayed pathway of DI.
These “soft” re-collisions give rise to an anti-correlation
pattern, first identified for short laser pulses in ref. [15],
in the correlated momenta of the Direct pathway of DI—
simultaneous ejection of both electrons. We show that
in the Delayed pathway—ejection of one electron with a
delay of more than a quarter of a laser cycle after re-
collision—“soft” re-collisions give rise to a square pat-
tern. When the Direct pathway contributes the most
to DI, indeed the case for short laser pulses [15], then
the anti-correlation pattern prevails in the correlated mo-
menta. In contrast, for long laser pulses the Delayed
pathway contributes the most to DI and thus the square
pattern prevails in the correlated momenta. The square
pattern is expected to be absent for high intensities in
the over-the-barrier regime.

II. METHOD

The method we use was previously described in [15].
For completeness we also describe it in what follows. Our
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3-d quasiclassical model entails the following steps: We
first set-up the initial phase space distribution of the two
“active” electrons in the N2 diatomic molecule. Here,
we consider only parallel alignment between the molec-
ular axis and the laser electric field. At intensities in
the tunneling regime we assume that one electron tun-
nels through the field-lowered Coulomb potential. For
the tunneling rate one can use quantum mechanical or
semiclassical formulas for diatomic molecules (see, e.g.
[19–22]). We use the rate provided in ref. [22]. The
longitudinal momentum is zero while the transverse one
is provided by a Gaussian distribution [23]. This de-
scription is valid as long as the potential barrier is not
completely suppressed by the instantaneous laser field
E(t) = E0(t) cos(ωt). We consider the usual laser wave-
length of 800 nm, corresponding to ω = 0.057a.u. (a.u.
- atomic units). In our simulation the pulse envelope
E0(t) is defined as E0(t) = E0 for 0 < t < 7T and
E0(t) = E0 cos

2(ω(t − 7T )/12) for 7T < t < 10T with T
the period of the field. The threshold for over-the-barrier
ionization in neutral N2, with an ionization energy of
Ip1 = 0.5728 a.u., is reached at a field strength of E =

0.075a.u. (corresponding to roughly 2×1014Watts/cm
2
).

Above 2× 1014Watts/cm
2
the laser field allows an un-

hindered electron escape and therefore the initial phase
space is modeled by a double electron microcanonical dis-
tribution [24]. However, in setting-up the initial phase
space distribution we transition smoothly from the tun-
neling to the over-the-barrier intensity regime. Namely,
we assign a random number to the phase φ of the laser
field when the first electron is ionized, see [25, 26]. If the
phase φ corresponds to an instantaneous strength of the
laser field E(φ) that leaves the electron below the barrier
then we use the initial conditions dictated by the tunnel-
ing model. If the instantaneous field strength pushes the
barrier below the Ip1 of that electron then we use the mi-
crocanonical distribution to set-up the initial phase space
distribution. This choice of initial conditions has proven
successful in past studies [26] in modeling the experimen-
tal ratio of double versus single ionization for long laser
pulses [27]. With our approach we ensure a smooth tran-
sition of the initial phase space distribution as we change
the intensity. Even at an intensity of 3×1014Watts/cm2

still about 70% of the double ionization probability cor-
responds to trajectories initialized using the tunneling
model (thus the term intermediate intensities), while 30%
of the probability corresponds to trajectories initialized
using the microcanonical distribution.

After setting-up the initial phase space distribution we
transform to a new system of coordinates, the so called
“regularized” coordinates [28]. This transformation is
exact and explicitly eliminates the Coulomb singular-
ity. This step is more challenging for molecular systems
since one has to “regularize” with respect to more than
one atomic centers versus one atomic center for atoms.
We regularize using the global regularization scheme de-
scribed in ref. [29]. Finally, we use the Classical Trajec-
tory Monte Carlo (CTMC) method for the time propa-

gation [30]. The propagation involves the 3-d four-body
Hamiltonian in the laser field with “frozen” nuclei:

H =

2∑

i=1

[
p2i
2

−
1

|~R/2− ~ri|
−

1

| − ~R/2− ~ri|
]

+
1

|~r1 − ~r2|
+ (~r1 + ~r2) · ~E(t),

where E(t) is the laser electric field polarized along the

z direction and further defined as detailed above, and ~R
is the internuclear distance.

III. RESULTS AND DISCUSSION

We consider three laser intensities at 1014, 1.5 ×1014

and 3 ×1014 Watts/cm2. The range of laser intensi-
ties we consider is important because, at 800 nm, for
1.44× 1014 Watts/cm2 the maximum return energy of the
re-colliding electron (3.2 Up according to the three-step
model [4]) equals the first ionization energy of the ground
state of N+

2 . The ponderomotive energy Up = E2
0/(4ω

2)
is the cycle-averaged energy of the oscillatory motion.

A. Double ionization probability distribution

In this section we explore the prevalence of the different
DI pathways as a function of total electron energy and
intensity.
To identify the main DI energy transfer pathways we

use the time delay between the re-collision time and the
time of ionization of each electron [15]. We define the
re-collision time as the time of minimum approach of the
two electrons. We identify this time through the maxi-
mum in the electron pair potential energy. The ionization
time for each electron is defined as the time when the sum
of the electron’s kinetic energy (using the canonical mo-
mentum) and potential energy with the two atomic cen-
ters becomes positive and remains positive thereafter—
for more details for the time of ionization see [16] and
references there in.
Following the steps outlined above, we identify the fol-

lowing pathways: the Direct and Delayed which are well
established. (The delayed pathway is also referred to as
re-collision-induced excitation with subsequent field ion-
ization, RESI [31, 32]). In the Direct ionization pathway
(SE) both electrons are ionized simultaneously very close
(less than a quarter of a laser period) to the re-collision
time. In the Delayed ionization pathway, the re-colliding
electron excites the remaining electron but does not ion-
ize it. The electron is subsequently ionized at a peak
(RESIa) or at a zero (RESIb) of the laser electric field. In
addition to the SE and RESI pathways we also identify
the double delayed ejection pathway (DDE) with both
electrons ionizing more than a quarter of a laser cycle
after re-collision. This pathway was first identified in our
recent study of strongly driven He [18].
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% contribution of DI pathways. In Fig. 1, top row, we
plot the probability distribution of DI for 1014, 1.5 × 1014

and 3× 1014 Watts/cm2. Moreover, for each intensity, we
plot the % contribution of each DI pathway as a function
of the total electron energy, see bottom row in Fig. 1. We
use energy steps as small as the immense computational
challenge of the endeavor allows—1-2 million DI events
for the whole energy regime.

a) Small total energies. For small intensities the DDE
pathway prevails for small total electron energy with a %
contribution changing from 80% for 1014 Watts/cm2 to
30% for 3.0 × 1014 Watts/cm2. We find that for N2 in
the DDE pathway the re-colliding electron does not get
significantly trapped by the core after re-collision and
thus the two electrons do not escape in opposite direc-
tions as is the case for strongly driven He, see [18]. A
possible explanation is that the presence of two nuclear
centers instead of one with nuclear charge of one instead
of two (He charge) makes it harder for the re-colliding
electron to become bound after re-collision. As the in-
tensity increases to 3.0 × 1014 Watts/cm2 crossing over
to the over-the-barrier regime, for small total energy, the
sequential ionization (SI) pathway takes over. We define
SI as the pathway where there is no re-collision and both
electrons ionize mainly due to their individual interaction
with the laser field.
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FIG. 1. Top row: Double ionization probability distribution;
Bottom row: % contributions of the main DI mechanisms (•
for DDE, ◭ for RESIa, � for RESIb, ⋆ for SE). First column:
1014 Watts/cm2, second column: 1.5×1014 Watts/cm2, third
column: 3× 1014 Watts/cm2 (at this intensity an additional
DI mechanism appears, the SI mechanism, given by �). Note
that for 3× 1014 Watts/cm2 we only show the combined con-
tribution of RESIa and RESIb.

b) Intermediate and high total energies. For all inten-
sities considered, the Delayed pathway prevails for all en-
ergies, with the exception of very small ones. The % con-
tribution of SE is always smaller than that of the RESI’s.
A trace of collisional physics on strong field ionization is
the overall shape of the SE contribution to DI as a func-
tion of total energy. It is very small for small and high
energies while it is large for intermediate energies, as we
have already found for strongly driven He [18]. Thus, SE
qualitatively resembles electron impact ionization.

For strongly driven He, RESI prevails independent of
the total electron energy [17] for intensities where 3.2 Up

is below the first excitation energy of He+. For higher
intensities, for strongly driven He, the SE pathway pre-
vails for intermediate total electron energy, see [17, 18].
In contrast, for strongly driven N2, RESI prevails for all
intensities. The larger contribution of RESI to strongly
driven N2, possibly, arises because the interaction of the
field with the molecular ion makes available a much larger
number of excited states to the bound electron compared
to the atomic case. Upon return of the re-colliding elec-
tron to the molecular ion, electron 2 can be found in any
of these excited states. It is thus less probable for elec-
tron 2 to interact strongly with electron 1 and escape
through SE; it is more probable for electron 2 to gain
some energy from the re-colliding electron, get further
excited, and subsequently ionize through RESI.
We also note, that the % contribution of different DI

pathways depends on the duration of the pulse. In the
current work RESI prevails for strongly driven N2 be-
cause of the long duration of the laser pulse. For shorter
duration pulses it is the Direct pathway that prevails.
[15].

B. Traces of “soft” re-collisions in the DI

probability distribution

For intermediate intensities in the over-the-barrier
regime, 3× 1014 Watts/cm2, we find that the probabil-
ity for both electrons to ionize with a large total energy
is smaller than for intensities in the tunneling regime,
see Fig. 1. This is expected since with increasing in-
tensity transfer of energy from electron 1—the one that
tunnels in the initial state—to electron 2 through “hard”
re-collisions is less probable. Moreover, we find that for
intermediate intensities in the over-the-barrier regime the
DI probability distribution has two peaks. From the en-
ergy sharing between the two electrons, see double differ-
ential in energy in Fig. 2, we find that for the peak present
for smaller intensities the two electrons share the energy
in all possible ways. This is consistent with the presence
of “hard” re-collisions where the two electrons can share
the energy in many possible ways after re-collision. We
identify this same pattern of energy sharing between the
two electrons for the peak at smaller total energies for 3 ×
1014 Watts/cm2. This shift of the peak towards smaller
energies with increasing intensity is consistent with the
less efficient transfer of energy from electron 1 to 2.
A clear signature of this less efficient transfer of energy

is as we now show the second peak, the one at higher to-
tal energies, 1.9 Up, for 3× 1014 Watts/cm2, see Fig. 1.
From Fig. 2 (bottom row) we find that, when the to-
tal energy is between 1.6-2.4 Up, the two electrons share
the energy asymmetrically. We find that electron 1 (re-
colliding) escapes with most of the energy. Furthermore,
we plot in Fig. 3 for each DI pathway the probability
for each electron to escape with a certain amount of fi-
nal energy. The re-colliding electron’s RESI probability
distribution shown in Fig. 3 varies smoothly as a func-
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FIG. 2. Double differential probability in energy: top
row for 1014 Watts/cm2 for the energy intervals (0,1)Up,
(1,2)Up, (2,3)Up, (3,4)Up and (4,5)Up; bottom row for
3 × 1014 Watts/cm2 for (0,0.8)Up, (0.8,1.6)Up, (1.6,2.4)Up,
(2.4,3.2)Up and (3.2,4)Up.

tion of the electron’s final energy for intensities in the
tunneling regime (bottom row); in contrast, it has a pro-
nounced peak around 1.6 Up for 3×1014 Watts/cm2 (top
row). We thus find that it is the re-colliding electron’s
RESI probability distribution that accounts for the peak
at higher total energy in the total DI probability distri-
bution in Fig. 1.

We now show that the peak at 1.6 Up of the re-
colliding electron’s RESI distribution is related to “soft”
re-collisions. Indeed, electron’s 1 final energy of 1.6 Up

corresponds to the momentum at the tunneling time
when the field phase is 50-60◦ for the RESI pathway,
see Fig. 4 b). Large tunneling phases result in short
trajectories where electron 1 acquires a smaller amount
of energy from its excursion in the laser field before re-
turning back to the nuclei and thus transfers a smaller
amount of energy to electron 2, “soft” re-collisions. The
re-collision is particularly “soft” for the Delayed pathway
where for 70% of the events electron 1 ionizes much ear-
lier than the re-collision time. We find that the percent-
age contribution of these particularly “soft” re-collisions
increases monotonically as a function of final electron en-
ergy reaching its maximum value for an electron energy
at and above 1.6 Up.

We expect this second peak in the DI probability dis-
tribution to be present only for intermediate intensities.
The reason is that as we have shown this second peak
stems from the presence of the “soft” re-collisons. How-
ever, for small intensities the tunneling phase of electron
1 is peaked close to the maximum of the laser field (zero
phase) resulting in “hard” re-collisions. In addition, for
high intensities the SI pathway prevails and the electrons
are driven sequentially away from the core—most prob-
ably at large negative field phases as shown in Fig. 4
c). This results in two equivalently ionizing electrons
which is not consistent with the asymmetric energy shar-
ing observed for the second peak in the DI probability
distribution for 3× 1014 Watts/cm2.
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energy (circles) and probability distribution as a function of
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FIG. 4. Field phase when electron 1 tunnels for the a) SE, b)
the RESI and c) the SI pathways at 3× 1014 Watts/cm2.

C. Traces of “soft” re-collisions in the correlated

momenta

In this section, we explore the traces of the “soft” re-
collisions in the correlated momenta at an intensity 3 ×
1014 Watts/cm2.

In Fig. 5 we show the correlated momenta of the two
electrons for the SE, RESIa, RESIb pathways as well as
for all DI pathways combined. We find that the RESIa
and RESIb pathways have distinct patterns only for 1014

and 1.5 × 1014 Watts/cm2 while for 3 × 1014 Watts/cm2

they are almost indistinguishable. Since for 3 × 1014

Watts/cm2 there is no real distinction between RESIa
and RESIb we only show the combined contribution of
the Delayed pathway for this high intensity.
The SE correlated momenta have a pronounced anti-

correlation pattern as shown in Fig. 5 for 3 × 1014

Watts/cm2. For the majority of SE trajectories the re-
colliding electron tunnels at a phase around 50◦, see
Fig. 4 a), giving rise to “soft” re-collisions. 30% of these
re-collisions are particularly “soft” with the re-colliding
electron ionizing at an early time before re-collision (we
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find the re-collision time to be T/2); the second electron
ionizes just after re-collision. Thus the two electrons ion-
ize at times corresponding to opposite signs of the vector
potential resulting in opposite final electron momenta.
For the remaining of SE events both electrons ionize
mostly after T/2. For some of these latter DI events the
two electrons escape in the same direction, as is the case
in the tunneling regime for 1014 Watts/cm2 and 1.5 ×
1014 Watts/cm2. However, for others, the small amount
of energy transfer from electron 1 to electron 2 and pos-
sibly the Coulomb repulsion, result in the two electrons
escaping in opposite directions. Overall electrons escap-
ing in opposite directions is the biggest contribution to
SE giving rise to an anti-correlation pattern. For short
laser pulses the SE pathway contributes the most to DI
and thus the anti-correlation pattern prevails in the cor-
related momenta [15].
We further note that at 3 × 1014 Watts/cm2 the cor-

related momenta of the Delayed pathway have a pro-
nounced square structure, see Fig. 5. This feature can
be understood again in terms of the “soft” re-collisions
that underly DI. As discussed in the previous section, for
70% of the RESI trajectories re-collisions are particularly
“soft” with the re-colliding electron ionizing much earlier
than the re-collision time. For the latter trajectories the
final momentum of the re-colliding electron (correspond-
ing to a final energy of 1.6 Up) is mostly determined by
the vector potential at the time the electron tunnels out.
The momentum of electron 1 at the tunneling time cor-
responds to the boundary of the square pattern. For long
laser pulses the RESI pathway contributes the most to
DI, as we have shown in section A, and thus the square
pattern prevails in the correlated momenta [15].
Thus, the square pattern in the correlated momenta

can be understood in terms of the “soft” re-collisions.
The main feature of the “soft” re-collisions is tunneling
of electron 1 in the initial state at large field phases.
Since the latter holds true only at intermediate intensities
(see discussion at the end of the previous paragraph) one
does not expect that the square pattern survives at high
intensities.

IV. CONCLUSIONS

We have explored in detail the prevalence of the DI
pathways for strongly driven N2 for intensities ranging
from the tunneling to the over-the-barrier regime. We

have found that the Delayed pathway prevails for all in-
tensities and for all total energies, with the exception of
very small ones. This differs from strongly driven He
where the SE pathway prevails for intermediate total en-
ergies for higher intensities (intensities where 3.2 Up is
above the first excitation energy of He+).

For intermediate intensities in the over-the-barrier
regime, we have found that “soft” re-collisions underly
both the Direct and the Delayed pathway of DI. In these
“soft” re-collisions electron 1 tunnels at a large phase

FIG. 5. Correlated momenta at intensities 1014 Watts/cm2

(top row), 1.5 × 1014 Watts/cm2 (middle row), and 3× 1014

Watts/cm2 (bottom row). Columns from left to right indi-
cate the various DI mechanisms: SE, RESIa, RESIb, and the
contribution of all DI mechanisms combined.

of the laser field, has a small maximum excursion in the
laser field, and upon its return to the molecular ion trans-
fers a small amount of energy to electron 2. These “soft”
re-collisions give rise to a square pattern in the corre-
lated momenta for the Delayed pathway and an anti-
correlation pattern for the Direct pathway. Both the
anti-correlation and the square pattern are experimen-
tally accessible. For higher intensities in the over-the-
barrier regime re-collisions disappear and sequential ion-
ization prevails. Both electrons escape in an equivalent
way which is not consistent with a square pattern in the
correlated momenta.
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