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We examine the existence and structure of particular setsubdfially unbiased bases (MUBS) in bipartite
qudit systems. In contrast to well-known power-of-prime Blldonstructions, we restrict ourselves to using
maximally entangled stabilizer states as MUB vectors. €guently, these bipartite entangled stabilizer MUBs
(BES MUBSs) provide no local information, but are sufficiemdaminimal for decomposing a wide variety
of interesting operators including (mixtures of) Jamiollssi states, entanglement witnesses and more. The
problem of finding such BES MUBs can be mapped, in a natural weathat of finding maximum cliques in
a family of Cayley graphs. Some relationships with known eowf-prime MUB constructions are discussed,
and observables for BES MUBSs are given explicitly in term®afili operators.

PACS numbers: 03.65.Aa, 03.67.-a

[. INTRODUCTION. that any unital magf acting on?{, can be represented by
an LMM operator, indicating that this result could poteltyia
One of the most important and long-studied tools in quanPe useful for the characterization of noise processes sthil
tum information theory is that of mutually unbiased baseg@ducing the number of measurements required (process to-
(MUBs). Two orthonormal based = {|a)} andB = {|b)} ~ Mography using a similar construction is discussed in tetai
in a Hilbert space of dimensiahare said to be mutually un- N [4]). Other scenarios in which the non-local information
biased when(alb)| = 1/v/d i.e. certainty of a measurement IS Of paramount importance include investigation of bigart
outcome in one basis implies complete uncertainty of a meg€ntangled and non-local states, and the witnesses [5] ahd Be
surement outcome in another. This is the finite-dimensiondnequalities [6] that identify them. As a final example, the-m
analogue to the complementarity of position and momenturivation for this work came in considering a convenient, min
in continuous variable quantum mechanics. Typically, MUBsiMal basis with which to decompose so-called Clifford wit-
are most useful in Hilbert spacéiq, of prime power dimen- Nesses for detecting stabilizer vs. nonstabilizer opematj7].

sion d = p“), for which completesets of MUBs are known e jiterature concerning MUBS, constructions and related
to exist and a number of construction methods are availableyyycures is vast. This field of study seems to originaté wit
Ignoring the trace component (which is often known or unim-gchwinger's construction for unitary operator bases [9] in
portant), decomposing d2>< d Hermitean operator (e.9. @ 1960, and subsequently lvonovic's 1981 construction [6] f
density matrix) requiresi® — 1 parameters, which necessi- complete MUBS in prime dimensions. Wootters and Fields
tates meagunng + 1.d|fferent observable_; _(smce each ob- [2] provided a MUB construction for power-of-prime dimen-
servable yieldsl — 1 independent probabilities). Complete gjonsg — pk and showed its optimality for state reconstruction
sets of MUBs are sets wiith+ 1 orthonormal bases, possess- (iomography). A more recent (2002) construction that also
ing the desirable properties of being bpth m.ut_ually. unldase \orks for power-of-prime dimensions is given by Bandyopad-
with respect to one another and also being minimal in terms ofyay et al. [11] and this is framed explicitly in terms of Pauli
the number of observables required (hence this is Consjder%perators and stabilizer states. Lawreetel. [12] found a
the optimal tomography set-up [1, 2]). _ ~ similar construction for multi-qubit systems in the samarye
Our work here concerns the construction of MUBs ingince then a large number of related results have been pub-
Hilbert space of dimensioth= p that are deliberately incom- jished e.g. [13-16] (also see a recent review article [17] an
plete in that they contain only” — 1 observables —insufficient  references therein) and a number of interesting connextion
for parameterizing all operators#, but sufficientananin-  with combinatorics (e.g. mutually orthogonal Latin square
imal for the description of Hermitean operators that are Iocatlg]) and finite geometry [19-21]. A prominent example of
maximally mixed (LMM) [3]. LMM operatorsW, defined  the ysefulness of MUBs is their optimality for state or pro-
on a bipartite systen#, = CP @ CP are those for which  ¢ess reconstruction (a recent experimental result [1] sreow
Tri(W) = Tra(W) O 1. This class of operators is surprisingly improvement over standard techniques by using MUB state
broad. The Jamiotkowski isomorphism, for example, tells usomography). Quantum key distribution schemes [27, 28] typ
ically rely on MUBs for their security. Another important
application of MUBs is their interpretation in terms of fimit
phase space, leading to a discrete Wigner function; fora par
* vandam@cs.ucsb.edu; ticular choice of MUB using stabilizer states, the resugjtin
" mhoward@physics.ucsb.edu Wigner function can shed light on the computational power



of circuits in the so-called “Clifford computer” model [722 Il. DEFINITIONS AND USEFUL RESULTS
24].
A. Relevant finite groups and their properties

The finite-dimensional analogues of position and momen-

Inadvertently, we have rediscovered some results that wer&'M operators are denoted ByandZ, arbitrary products of
previously known in the context of quantum key distribution Which are called d;splacement operatDrsndexed by a vec-
[28], and in the context of unitary designs [4, 29] (i.e., thetoru= (U1, U2) € Zy;

Cliffords that we use to create some of our BES-MUBs are . .

known to create a minimal unitary design). Recent work by X[)=1i+1) Z|j) =w'[j) (03: e,ZTn/p) 1)
Planat [30] is somewhat related to our current investigetio Do — (iitaytizte 1 _ g(p+DTi/p @
insofar as it utilizes graph theoretical concepts and kzabi u :
(Pauli operator) observables to examine the construction orhe Weyl-Heisenberg group (or generalized Pauli group) for
MUBs. Kalevet al. [16] investigated MUBs in bipartite sys- 5 single qupit is given by

tems using sets of commuting Pauli operators, but their work

is more focused on complete sets of MUBs for density opera- Gp={1°Dylue nyc €Zp}. (3)

tors in# . The set of unitary operators that map the Pauli group onto it-

self under conjugation is called the Clifford group (sonmets
called the Jacobi group):

_ t_
This work provides an alternative graph-theoretic method Cp={CeU(PUGU" =0p}.

(as opposed to unitary designs or finite field constructions) The fact that every Clifford operation in dimensiprcan be

analyzing MUBs and similar structures in quantum informa-associated with a matri € SL(2,Zp) in addition to a vector
tion theory. It is hoped that a combination of the alterrativ |, < 72 results from the isomorphism

methods outlined here, in addition to those of [4, 28-30] and
others, will prove fruitful for further analyses. We showho Cp = SL2,Zp) x Z%, 4)
to create an orthonormal basis pf stabilizer states it 2,

given a matrix® € SL(2,Z,). Furthermore, we show that the €stablished by Appleby [32], wheeis the Clifford group. If

guantity Tl(Flej) indicates whether the bases correspondingWe specify the elements f andu as

to F andF; are mutually unbiased. This leads naturally to a a B Uy )
Cayley graph structure wherein graph vertices are givehéy t = ( y o ) € SU2,Zp) u= ( U ) €Zy (9
elements 08L(2,Zp), and edges between vertices correspond

to mutual unbiasedness of the corresponding bases. The BEI&EN Appleby provides an explicit description of the uryitar
MUBs that we seek are easily shown to be maximum cliquegnatrixC ) € Cp in terms of these elementsi.e.,

of the Cayley graphs, and for primes up to 11 we can parti-

tion SL(2,Zy) into p distinct (non-overlapping) BES-MUBs. CFu) = DuUr (6)
For primes 13 and higher, it is an interesting open question 1Pl TB’l(orszzj'kﬂﬁjz)|j><k| B0
whether such BES-MUBs exist, as a deterministic search for Ur = {‘/T;lj’koz (7)
the maximum clique is infeasible. For the related question o 2 k=0 % |ak) (K B=0.
minimal unitary designs it has been noted by Chau that sub-
groups ofSL(2,Zy) of a particular size only exist for primes
up to 11, but it is not clear that complete BES-MUBs depen

Note how composition and inverses can be represented in
d[his notation [31]

in any way on the existence of such subgroups. The family of CrwCikv) = CEKu+Fv) (8)
Cayley graphs under consideration (defined for all prifles cl _ct _c¢ 9
is actually the graph complement of a family of Ramanujan (Flu)y = “(Flu) = Z(FY-F~1u ©)

graphs, and we are able to list some general graph-theoretic
properties that hold for all values pf In section Il we review
the necessary background concerning the Clifford group an
introduce some graph-theoretical concepts that will béulise : _
in later sections. In section Il we explicitly give the rpeifor [Tr (C<Hu>)| = {6 {0.v/p.p} I.f Tr(F)=2 (10)
constructing BES-MUBs and relate our work to a well-known 1 ifTr(F) # 2

MUB construction that uses finite field methods. Section IV
further explores the quantities and concepts from grapdrihe
that can be applied to our family of Cayley graphs, and finally 1 if xisaquadratic residue(mod p)
Appendix A provides a description of the MUB observables 0o(x) =4 —1 if
in terms of stabilizer measurements as well commuting gets o P
Pauli operators.

We will have need to relate the matrix trace((D(F‘u)) to
H1e matrix trace T{F) modulop:

To see why this is so we must define the Legendre Symbol

xis a quadratic non-residue(mod p)
0 if x=0 (modp).



and quote a result from Appleby [32]
(Casel: PB=0=0a#0)
[lp(a)] =1 (Tr(F)#2)

Tr (CEpw) | = 1 1€p(Y)[y/PBuy0  (Tr(F)=2,y#0)
p6u1,06u2,0 (TI’(F) =2y= 0)
(11)
(Case 2: B#£0)
_ ) p(Tr(F)=2)|=1 (Tr(F) #2)
Tt (Cie)l = {wp(—B)lﬁéuZ,Bl(u)ul (Tr(F)=2)
(12)

Finally, we note some important facts regarding the struc-
ture of the grouSL(2,Zp). A minimal set of generators is

e.g.
san-((31)(1) e

It has order|SL(2,Zp)| = p(p?—1) and can be partitioned
into p+ 4 conjugacy classes [33], each of which has constant
trace. If we partitiorSL(2, Zp) by the matrix trace of its ele-
ments, T(F), we see the following

‘{F|Iép((Tr(F))2—4) :1}‘: p(p+l)  (14)
[{Fleo((Tr(F)2-4) = -1} | = p(p-1) (1)
{Flo((MF)?-4)=0}|=  §*  (19)

The final sets{F|Tr(F) = 2} and{F|Tr(F) = —2} are each (b)

comprised of three conjugacy classes. Many of these facts

will be used in subsequent sections, particulary section 1V

concerning graph-theoretical properties of Cayley grdpas FIG. 1. MUB structure: (a) MUBs in dimensiorf 2Each box repre-

are relevant to the construction of BES MUBs. sents a two-qubit stabilizer stete= %zsesswheres is the abelian
subgroup generated by the Pauli operators containge).inVary-

ing the signs of the generators creates a complete ortha@hdvasis

from each representative pair. Lines between boxes ireltbat the

overlap between two states is(Pgpp) = %. The solid lines depict

the complete graph on 5 verticés;, and this corresponds to a com-
We review some relevant notation and properties of graphglete MUB on this Hilbert space. The dashed lines depictantri

that can be found in any standard reference (e.g, [34]). Amle, K3, which forms a BES MUB. (b) Two different BES MUBs

undirected Cayley graph(G,T) with an associated finite (solid and dashed complete grapks) that partition SL(2,Z,),

groupG and sefl C G, is the graph whose vertices are the el-where each % 2 matrix F corresponds to the Jamiotkowski state

ements ofG and whose set of edges{igs ~ gz|gilgz €T} (I®Co) z}jcl, lii)/v/2. Adjacent vertice§1,F, € SL(2,Zp) sat-

We must have ¢ T and T~1 = T. The resulting graph isfy Tr(F~1F,) # 2, which in terms of the corresponding density

(G, T) is regular i.e. each vertex has degt&e, and the matrices implies Tip P, ) = 1.

number of (undirected) edges is given yG||T| . A com-

plete graph of ordem, denotedy, is a graph witm vertices,

each of which is adjacent to every other vertex (see Fig 1 (&) 1Il. CONSTRUCTION OF THE RESTRICTED MUB

for an exampleéKs). A subgraph ’, of I', is a graph whose

vertices form a subset of the verticeslofnd the adjacency The goal is to create a set of stat§spf size|S| = p?(p? —

relation is inherited fronfr. A clique of " is a complete sub- 1) that is partitioned intqp? — 1 subsets, where each subset,
graph of’, where the size of the clique is given by the numbercqnainingp? states, forms an orthonormal basis. Labeling

of vertices in this subgraph. The largest possible cliqu# (n he pasis with a supercript and the individual states within
necessarily unigue) containedlinis a maximum clique, the | 5qig using a subscript we have

size of which is usually denote@(I"). We discuss graph-
theoretic properties, and what they say about the problem at
hand, in more detail in Section. IV.

(@)

B. Graphs: Cayley Graphs and Maximum Cliques

§= (WD 0. Wk ).
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This is a mutually unbiased basis if Tr(Flej) #+ 2 (i.e. these subgroups provide complete BES
1 MUBS).
(Wil = 31~ 8n) + 8cod)m /(01 (11 y
p=o: 3= 20/)'\12 ( )
The |Lp‘j<> of the setS, that comprises our bipartite entangled 0 2 11
stabilizer MUB (BES MUB), will be maximally entangled p=5: Hs= <( > 0> , ( > 3>> (20)
stabilizer states — formed by applying a Clifford operation
i 02 11
C, to one half of a maximally entangled state D=7: Hy— < ( 0 0> ’ ( 11 > > 21)
B =00y 1 11 mn= (O 1) (04 22)
& VP =24 M1=({100) (8 10
The overlap|(J,|J,)| between any two such states is In fact for every prime dimensiop < 11 we can parti-
given by tion SL(2,Zp) by usingp distinct max-cliques of size? — 1.

For odd primes it suffices to consider the left cosetslgin
1 SL(2,Zy) where
|<JCm|JCn>|:B|Tr(CmTCn)|- H2.Zp)

10
= teZ 23
Using the notation we have previously described, it is easy R < t 1 ) € %p (23)

to show using Eq.s 8 10 that ) .
are the left coset representatives. Foe 13 and higher,

it Tr(F 1K) #2 we were unable to find cliques saturating the upper bound of
+ p?—1. It is known that, for any primep > 13, there does
then ‘Tf [(C(F\u)) (C(K\v))} ‘ =1 VuveZi (17) notexista subgroud, of size|Hy| = p?— 1[39], but we are
unaware of any proof that cliques of sigé— 1 (i.e. complete
i.e., a pair of matricesF,K € SL(2,Zp) satisfying BES MUBs for p-dimensional systems) necessarily depend
Tr(F~1K) #£2 defines a pair of mutually unbiased ba-On this subgroup structure. A deterministic search forgudi
sis. Since the subspace under consideration has dimensi@hsize 168 in thé (G, T) graph forp= 13 is infeasible, given
(p?—1)2, and since each basis contajp’— 1 independent the computational complexity of the max-clique problem. A
states, we require a total @ — 1 matricesF; € SU2,Zyp), heuristic segrch was able to find a clique_of size 158, h.owever
satisfying, pairwise, KFiile) 42, in order to create the By adapting a well-known power-of-prime construction for
BES MUB. complete MUBs (Bandyopadhyay et al. [11]) we can show
that the size of the largest clique satisfies

Define
G=SU2,Zp) IG| = p(p?—1) (18) () >p(p—1) Vp (24)
T ={F € SL2,Zy)|Tr(F) # 2} IT| = |G| - p? To be specific, Section 4.3.1 of [11] describes the construc-

tion of a complete set of MUBs for dimensiopd. In their
then the Cayley graph(G, T) has the property that two ver- notation, this amounts to finding a set pt 2 x 2 symmet-
ticesF; andFj are adjacent if and only if TF,'Fj) #£2. A ric matrices{A} such that de#; — Ac) # 0. Suitable sets of
clique of sizep? — 1, if it exists, immediately gives the de- Matrices are parameterized by two elemevits Zy via
sired complete BES MUB by the preceding discussion. Fur-
thermore, a clique of sizp? — 1 must be a maximum clique (A} = { ( a b ) Vab e Zp} (25)
since the dimension of the Hilbert space for local maximally b sattb ) ’

ixed tors igp? — 1). . . .
mixed operators igp ) A little thought reveals that evenj with non-zero off di-

. . . agonal elemenb can be related one-to-one with a matrix
Theorem 1 A pair of matrices I, € SL(2,Zp) satisfying F € SL(2,Zp), whereF has a non-zero elemefit(F defined

Tr(Flleg) # 2 defines a pair of mutually unbiased bases in 54 per Eq. (5)),
Hpe = CP @ CP (via the relationship between §,Zp) and
the Clifford group). A set of matrice = {F}, of order E(ab.st) — —ab! b1
|F| = p?— 1, such that pairwise TF, *F;) # 2 (mod p), de- @bst={_a2h1s_at —abls—t )
fines (i) a complete bipartite entangled stabilizer MUB &i)
maximum clique of the Cayley graph defined in Eqg. (18).  One can check that the d&§ — Ac) # 0 condition translates
to Tr(ijle) # 2, as one would expect. In this way we can
One can check using a computer algebra system [3%reate a set op(p — 1) matricesF € SL(2,Zp) that form a
38] that the following subgroupd, < SL(2,Zp) have order clique in our Cayley grapfi (G,T). In general, sets of ma-
[Hp| = p? — 1, and every pair of elemeni, Fj € Hp satisfies  trices formed this way cannot be extended with an additional
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p — 1 matricesk (having Bk = 0) to form a complete BES set is the largest such set (not necessarily unique) thabean
MUB i.e., they form (part of) anaximal but not maximum, found in the graph, and the independence numibgr), of
clique inT (G, T). However, we can often slightly improve a graph is the size of this maximum independent set. The
upon the lower bound e.g., we can construct cliques of sizéiscussion preceding Eq. (26) can equally well be integaret
p(p—1)+ 2 for primes up 17. A consequence of Eq. (24) isas providing a lower bound on the independence number of
that the fraction of pairgF,F;) that do not define mutually T (G,T); there aregp? — 1 independent sets of size wherein
unbiased bases, out of the total number of such @g&irf;),  two elementds, F; that satisfy(ai, Bi) = (aj, B;) are pair-
vanishes ap — . In Appendix A, we explicitly give the wise non-adjacent, hence

observables involved in these BES MUBs in terms of tensor

products of Pauli operators. all)>p Vp (27)

The physical interpretation of this is that we can always &nd
IV. SOME GRAPH-THEORETIC PROPERTIES OF THESE set of p bases such that, pairwise, no two are mutually unbi-
CAYLEY GRAPHS ased with respect to each other.
The adjacency matrix of a gragh with n vertices is an
In this section we further investigate the graph-theoattic n x n matrix A[l'] with elementsA; ; = 1 if verticesi and
properties of the family of Cayley graphs that were previpus j are adjacent, andy j = O otherwise. Knowledge of the
shown to be closely related to BES MUBs. Without loss ofspectrum of an adjacency matrix often allows us to find, or
generality, the elements € SL(2,Zp) can be ordered lexico- bound, many quantities of interest. We denote the spectrum

graphically by the vectors constituting the rows of the tmatr of the p(p nzz 1) adjacency matriceA[l' (G, T)]
Fie. as {\g%, A" AD )\"‘3} wherem denotes the multiplicity of
Ai. The complement of a graph, denoted’, is the graph
{F} = {Fl = ( 01 (1)> = < 01 i) e with same vertex set d5 but where two vertices are adjacent
- - in I if and only if they are not adjacent in The spectrum of
-1 -1 o Bi a graph and its complement can be related in a simple way for
- Fopz-1) = < -1 —2> } - { ( Vi O ) } the case of regular graphs (the case we deal with in this work)

as the following theorem demonstrates.
Itis easy to see that (i) there goé— 1 possibilities for(a, B);
(i) each sucha, B) in turn allows forp possible(y, d). Any  Theorem 2 (Brouwer and Haemers [36Bupposd” is a k-
two elementss, Fj, for which (aj, Bi) = (aj, Bj), cannot be  regular graph on n vertices with 4 distinct (adjacency) eige
connected by an edge since values{k = Ao > A1 > A2 > As}. If, in addition, bothl" and
L its complementl, are connected, theR also has 4 distinct
Tr(<q [3 ) ( q [3 >) _ detF + detF, — 2. (26) eigenvaluesfn—k—1> —Az3—1> —-A;—1> —A;—1}.
Yi O Vi 9
The Cayley graphs we studied, defined in Eq. (18), are ac-
The so-called vertex coloring problem for graphs involves a  tually the graph complement of a well known family of graphs
signing a label (color) to every vertex of the graph, sucti tha(that form a family of Ramanujan graphs, amongst other in-
adjacent vertices cannot be assigned the same color. The miggresting properties), whose spectrum is known exactly.
imum number of colors required to do this is the chromatic
number, denoteg(I"). Itis a basic fact [34] that the chromatic Theorem 3 (Lubotzky [35]) Let G = SL(2,Zp), and let T
number of a graph is bounded below by the cliqgue number i.gj.e., the connection set for the Cayley graph) be the union
w(lM) < x(I). The discussion leading to Eq. 26 immediately of the conjugacy classes and g, of the elements
implies that ap? — 1 coloring of the Cayley graph(G,T) is
possible: assign the same color to two vertiegsF; if and 10 10
only if (aj, Bi) = (aj, Bj). Since the chromatic numbgris < 1 1) (v 1>
bounded below by the clique numhefl"), we know that this
coloring is minimal for primes 2 to 11. Hence wherev is a generator of the cyclic group;, = Zy/{0}. Then
T ={F € SU2,Zp)[Tr(F) =2,F #1}, |T| = p?— 1 and the
() =x(M) =p*~1 pe{2,35711} specErum olf-(the Fc):cl)rre(sp)onding Cailley lgrapﬂWG,T)] de-
W) <x(M<p?-1 vp noted{Ag®, AT, A5%, A38} | is

I
N
|
=

Note that the upper bourdT") < p?— 1is a graph-theoretical ), m = 1
inequality that confirms the geometrical argument preagdin
Theorem 1 i.e., the number of BES mutually unbiased bases Moo= p-l M (p—2)(p+1)?%/2
that can fitin a Hilbert spack . = CP®CPis at mostp® — 1. A = 0, m = p°

A concept closely related to cliques and colorings is that of M — (p—1)%/2
independence. An independent set of a graph is a set of ver- 3 PP
tices, no two of which are adjacent. A maximum independent



Combining the two preceding theorems (connectedness snd the problem of finding complete (optimal) BES MUBs
obviously satisfied by our Cayley graphs) allows us to com4s transformed into that of finding maximum cliques in the
pletely characterize the spectrum of the canonical Cayleyayley graph. In a different mathematical context, the grap

graph Eq. (18) that we used to search for BES MUBs.

Theorem 4 (Spectrum of graphs defined in Eq. (18)) Let
G =SWL2,Zp) and T = {F € SL(2,Zp)[Tr(F) #2}. Then
IT| = |G| — p? and the spectrum of [A(G,T)] denoted
{AJR AL A% ATeY i

2

Ao = pPP-1)-p m = 1

M p m = p(p-1)?%/2

A = -1 m, p?

As = —p m = (p—2)(p+1)?%/2

At this point we note that the problem of finding BES

MUBs, framed as finding maximum cliques of sigé— 1 in
the Cayley graplt defined by Eq. (18), is completely equiv-
alent to finding maximum independent sets of gize- 1 in
the complement;, of that graphi.e.,

3 complete BES MUB <= w(I) = p>—1=a(T).

Unfortunately, it seems that existing spectral lower baund
on the cligue number are of little help for the task of prov-

ing existence of BES MUBs. Nonetheless, using some well-
known spectral bounds we list some implications for the

graphsl'(G,T) under consideration. A lower bound on the
chromatic number is given by

Ao
>1-——
>1 s

x(T) p(p—1),

which, in conjunction with Eq.
p(p—1) <x(MN<p’-1. In fact,
was already implied by Eq. (24).

For a regular graphl’, on n vertices, Hoffman (unpub-
lished) and Lovasz [40] proved the formula

(26), shows that
this lower bound

—MAmin —NA3
a(ln) < = =p+1,
AR vy i v WL
which, in conjunction with Eq. (27) gives us

p<a(l)<p+1. As a final remark on spectral impli-

cations, we note that the spectrum exhibited in Thm. 4

classified (G, T) as a so-called walk-regular graph [41].

V. CONCLUSION

We have shown how the set of bipartite entangled stabilizer

(BES) states can be partitioned into sets of mutually urdias

bases (MUBs), whose span is sufficient and minimal to de-

scribe an interesting class of operators that includest(rés
of) Jamiotkowski states, Clifford witnesses [7] and morau-M
tual unbiasedness of two stabilizer orthonormal basessiy/ea

shown to be equivalent to a simple relation on pairs of ma-

trices fromSL(2,Zy). Pairs of matrices satisfying this rela-
tion are adjacent vertices on a naturally defined Cayleytgrap

complement of our Cayley graphs are well-studied, and so we
can quote, for example, the exact spectrum of the adjacency
matrix for all prime value®. The most interesting open ques-
tion is whether such BES-MUBs exist for all primes, or in-
deed for any primes greater than 11. For the closely related
task of finding minimal unitary designs, a discussion by Chau
[28] (invoking Dickson’s theorem on the existence of certai
subgroups 06L(2,Z,)) suggests that minimal unitary designs
only exist for primes up to 11. It remains to be seen whether
the latitude afforded by seeking BES-MUBSs, as opposed to
subgroups ofSL(2,Zy), allows for construction of optimal
BES-MUBs whenp > 13.
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Appendix A: Measurement Operators for BES MUBs

Given a matrixF € SL(2,Zy), this defines an orthonormal
basisF in the bipartite Hilbert spac# . via

F={135),vuezz}, [(IFI)]=0duy
i)

DA

We will show how the basig can be rewritten in terms of sta-
bilizer measurements, and subsequently foean be identi-
fied as the simultaneous eigenbasis of a sgfef 1 commut-
ing Pauli operators.

Using so-called symplectic notation, the general form for
multi-particle stabilizer operators with vectors: (xq, Xz, ... )
andz= (z1,2,...) withx,z € Zp is

(A1)

where [JF) = (1 @ Crpy)

Pug = (X @X*2..)(Z20Z2...). (A2

Measuring a two-qupit Pauli operator corresponds to ptejec
ing with a rankyp projector,,

. 1 — K
M= x002,2) = B (I + 0 Py solz1,20) T+

+ wi(pil)k(P(Xl,Xz\Zl-,Zz) ) pil)
(A3)

The product of two appropriately chosen such projectors,
M,M’, defines a rank-1 operator - a stabilizer state:

1
== Ys=nn
XYl = S;SS ,



where Gs = (g,d') is a subgroup, generated by two com-
muting Pauli operatorsy and ¢, of the group G, =
{0fPyzlx,z€ Z3,c € Zp}. In symplectic notationg =

W P sofzz) @MDY = 0 K Py 12 71 and commutativity
of g andg’ reduces to

Z Xz —%Z =0 modp.
i<T2

Givenu = (up,up) € Z% and # 0, the following two sets
of projectors are equal, up to re-ordering

v (DT} = {Mioa 1 oMo 626 201l -

Whenf = 0, the following two sets of projectors are equal, up
to re-ordering

vur {901} = {Maaoyi M oon-5)uw } -

Many existing constructions for complete MUBs g
(with power-of-prime dimensiod) are based around the par-
titioning of d?> — 1 non-identity Pauli operators intd + 1
classes, each of which contaids- 1 mutually commuting
operators. Each basis within the MUB is then given by the si-
multaneous eigenbasis of the- 1 mutually commuting oper-
ators (i.e., each class is associated with exactly one imotho
mal basis, for a given partitioning). We can frame the con-
struction of BES MUBSs in this language too, with the modifi-
cation that we are partitioning the set of all weight-two Pau
operatorsi.e. the SUDSERy, v./2 2)/{Pix.0121.0)» P0x0/0.2,) } }
of size (p? — 1)2. With individual classes containing? — 1
operators, there can only be at m@st— 1 such classes. It
should be clear that a setofmatricesk € SL(2,Z,) (satisfy-
ing Tr(Flej) # 2) is equivalent tan non-overlapping classes
of weight-two Pauli operators, each class containifg- 1
non-identity elements. Recalling Eq. (A1) for the definitio
of the basis associated with, then the associated class of
unitary operators is the subgrogp = (g,d') of G,. The si-
multaneous eigenbasis of @f Pauli operators igs forms an
orthonormal basis. Whef # 0 the class of Pauli operators
corresponding t& is given by

Gs(F) = (9.9) = (P1,00ap-1—p-1)> Plo.1/-p-1p-15))-

Whenf = 0 the class of Pauli operators corresponding i
given by

Gs(F) =(9,9") := (Prajoy)> Pooj1-5))-
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