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We study the quench dynamics of the topological quantum phase transition in the two-dimensional
transverse Wen-plaquette model, which has a phase transition from a Z2 topologically ordered to a
spin-polarized state. By mapping the Wen-plaquette model onto a one-dimensional quantum Ising
model, we calculate the expectation value of the plaquette operator Fi during a slowly quenching
process from a topologically ordered state. A logarithmic scaling law of quench dynamics near the
quantum phase transition is found, which is analogous to the well-known static critical behavior of
the specific heat in the one-dimensional quantum Ising model.

I. INTRODUCTION

Ultracold atoms provide an ideal platform for exper-
imental studies of the time evolution of quantum sys-
tems, and make it desirable for related theoretical explo-
rations on dynamics of quantum phase transitions in var-
ious models. These explorations mainly focus on nonequi-
librium dynamics in quantum systems which undergo a
quantum phase transition when a system parameter is
varied (quantum quench)[1]. These experimental and the-
oretical studies can potentially help to pave the way for
future technologies and provide a deeper understanding
of quantum many-body physics, particularly the univer-
sal scaling behavior in quench dynamics.

Recently, a new type of phase transition, the so-called
topological quantum phase transition (TQPT) has at-
tracted considerable research attention[2–13]. TQPT is
a kind of phase transition between two quantum states
with the same symmetry. It is fundamentally different
from the usual symmetry-breaking phase transition, and
involves a new type of order — topological order, as intro-
duced by Wen[14]. In such an ordered state, there is no
local order parameter, and the state is robust against ar-
bitrary local perturbations. On this basis, quantum sys-
tems with topological order have been proposed to build
robust quantum memories[6] and topological quantum
computer (TQC)[15, 16]. In Refs. [15, 16], it was shown
that the pure state of topological order can be obtained
via an adiabatical and continuous evolution process from
a non-topologically ordered state and further be used as
the initial state for TQC. Nevertheless, the detailed dy-
namics of such a quench process, particularly the univer-
sal scaling behavior near TQPT, had not been studied
yet.

In the last decade, several exactly solvable spin mod-
els with topological order were found, such as the toric-
code model[6], the Wen-plaquette model[17] and the Ki-
taev model on a hexagonal lattice[18]. These spin models
provide a framework to study the TQPT and its quench
dynamics. Thus, in recent years, some research groups
have studied the quench dynamics of TQPT in the Ki-
taev model (e.g. Mondal et al. [19]) or the toric-code

model (e.g. Tsomokos et al. [20]). Mondal et al. found
a relationship between the quench rate and the defect
density in the one-dimensional (1D) and two-dimensional
(2D) Kitaev model in the limit of slow quench rate and
generalized the result to the defect density of a d di-
mensional quantum model. Tsomokos et al. investigated
how a topologically ordered ground state in the toric-
code model reacts to rapid quenches. They tested several
cases and showed which kind of quench can preserve or
suppress the topological order.
In this work, we study the quench dynamics of TQPT

from a topologically ordered state to a non-topologically
ordered one in the Wen-plaquette model. To characterize
the phase transition, we calculate the expectation value
of plaquette operator Fi during the quenching process,
which is related to the number of quasiparticles in the
topologically ordered state. Our results provide helpful
information about the whole quenching process.
The remaining of this paper is organized as follows.

Section II describes an exact mapping from the 2D trans-
verse Wen-plaquette model onto the 1D Ising chain. In
Sec. III, we study the TQPT of the 2D transverse Wen-
plaquette model and give some results about its order
parameters. In Sec. IV, we give the solutions to the dy-
namics of TQPT in the transverse Wen-plaquette model.
A brief discussion is given in Sec. V.

II. MAPPING THE TRANSVERSE

WEN-PLAQUETTE ONTO ISING MODEL

We start with the Hamiltonian of the Wen-plaquette
model on a square lattice with periodic boundary condi-
tions in both directions:

HW = −g
∑

i

Fi, Fi = τyi τ
x
i+x̂τ

y
i+x̂+ŷτ

x
i+ŷ , (1)

where τxi and τyi are Pauli operators on site i, x̂ and ŷ
are the unit vectors in x-axis and y-axis, respectively (see
Fig. 1). Because of the commutativity of H and Fi, the
energy eigenstates can be labeled by the eigenstates of Fi.
We can easily find F 2

i = 1, so the eigenvalues of Fi are
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FIG. 1: (Color online) The lattice where Wen-plaquette model
is located. A plaquette is defined by Fi = τy

i τ
x
i+x̂τ

y

i+x̂+ŷτ
x
i+ŷ.

Fi = 1 and Fi = −1, which gives the exact ground state
energy. In the case of g > 0, the ground state is Fi = 1
for every plaquette, and the elementary excitation is Fi =
−1 on one plaquette (denoted by i) with an energy gap
Eg −E0 = 2g. On an even-by-even lattice, there are two
types of plaquettes — the even plaquettes and the odd
plaquettes, respectively. As a result, one may define two
kinds of bosonic quasiparticles: Z2 charge and Z2 vortex
(see detailed calculations in Ref. [17] or Ref. [2]). A Z2

charge is defined by Fi = −1 on an even sub-plaquette
while a Z2 vortex defined by Fi = −1 on an odd one.
Thus a fermion can be regarded as the bound state of a
Z2 charge and a Z2 vortex.
Now we consider the Wen-plaquette model in a trans-

verse field, which is defined by:

H ′
W = −g

∑

i

Fi − J
∑

i

τxi . (2)

This model on a square lattice can be mapped onto the
1D quantum Ising model with the Hamiltonian [11]

HI = −J
N∑

n=1

(gIσ
x
n + σz

nσ
z
n), (3)

where σx
n and σz

n are Pauli operators.
To derive the mapping, one can calculate the commu-

tation relations (see detailed calculations in Appendix):

[Fi, τ
x
j ] = 2Fiτ

x
j (δi,j−x̂ + δi,j−ŷ),

[Fi, Fj ] = 0,

[τxi , τ
x
j ] = 0. (4)

These relations correspond to those in Ising model:

[σx
i , σ

z
jσ

z
j+1] = 2σx

i σ
z
j σ

z
j+1(δi,j + δi,j+1),

[σx
i , σ

x
j ] = 0,

[σz
i σ

z
i+1, σ

z
j σ

z
j+1] = 0. (5)

Then we obtain the mapping

Fi ↔ σx
i , τxi ↔ σz

i σ
z
i+1. (6)

Accordingly, the Hamiltonian (2) can be mapped onto
the 1D quantum Ising model:

H ′
W → −

∑

α

∑

i

(gσx
αi + Jσz

αiσ
z
αi+1), (7)

where the subscript α implies there is one or more Ising
chains. The number of Ising chains is determined by the
size of the square lattice for the Wen-plaquette model
(see Ref.[11]). Since the Ising chains decouple from each
other, we can consider only one Ising chain without loss
of generality, and reduce the Hamiltonian (7) to

H ′
W = −J

∑

i

(gIσ
x
i + σz

i σ
z
i+1), gI =

g

J
. (8)

Then we may explore the quantum properties of the
original Wen-plaquette model by studying the corre-
sponding 1D Ising model.

III. STRING ORDER PARAMETERS IN THE

WEN-PLAQUETTE MODEL

For the 1D transverse Ising model (3), there are two
phases: in the limit of gI ≫ 1, the ground state is a para-
magnet with all spins polarized along x-axis, 〈σx

i 〉 → 1;
in the limit of gI ≪ 1, there are two degenerate ferro-
magnetic ground states with all spins along positive or
negative z-axis and 〈σx

i 〉 → 0. Consequently, in Hamilto-
nian (8), there is a quantum critical point at[21]

gI =
g

J
= 1 (9)

that divides the two phases. Accordingly, the original
transverse Wen-plaquette model also has two phases sep-
arated by this quantum critical point — in the region of
gI > 1, the system is a topologically ordered state; in the
region of gI < 1, it is a spin-polarized state.
Noting that the local order parameters cannot be used

to learn the nature of TQPT any more, we introduce
two non-local order parameters ψ1 and ψ2 as string or-
der parameters (SOP’s) in the transverse Wen-plaquette
model. They are defined by the expectations of string
operators

∏
i Fi and

∏
i τ

x
i with i the site index along a

string in the diagonal direction[11], i.e. ψ1 ≡ 〈∏i Fi〉 and
ψ2 ≡ 〈∏i τ

x
i 〉, respectively.

We then calculate these two SOP’s by using the map-
ping of Eq.(6). For ψ2, one has

ψ2 =

〈
∏

i

τxi

〉
=

〈
σz
1σ

z
2σ

z
2σ

z
3 · · ·σz

n−1σ
z
n

〉
= 〈σz

1σ
z
n〉 ,

(10)
which is the correlation of two spins in the Ising chain of
length n. By the Jordan-Wigner transformation

σx
n = 1− 2c†ncn, σz

n = −(cn + c†n)ν, (11)
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where

ν ≡
∏

m<n

(1−2c†mcm) =
∏

m<n

(cmc
†
m−c†mcm) =

∏

m<n

AmBm,

(12)
and Am = c†m + cm, Bm = c†m − cm, c†m and cm are
the creation and annihilation operators for fermions, we
obtain

ψ2 = 〈σz
1σ

z
n〉 =

〈
(c1 + c†1)ν(cn + c†n)

〉

= 〈B1A2B2 · · ·Bn−1An〉 . (13)

Following the Wick’s theorem, we can transform Eq.(13)
into a Toeplitz determinant as[22]

∣∣∣∣∣∣∣∣∣

G12 G13 · · · G1n

G22 G23 · · · G2n

...
...

. . .
...

Gn−1,2 Gn−1,3 · · · Gn−1,n

∣∣∣∣∣∣∣∣∣

, (14)

where

Gij = − 1

2π

∫ π

−π

dk
gI − cos k − i sink√
(gI − cos k)2 + sin2 k

eik(i−j).

(15)
In the thermodynamic limit N → ∞, we have (see Ref.
[23] or Ref. [24])

ψ2 ∼
{
(1 − g2I)

1/4 when gI < 1
0 when gI ≥ 1

. (16)

The exponent 1/4 here agrees with the critical exponent
2β/ν = 1/4 (see Ref.[21]).
By the same method we can obtain the result of ψ1,

ψ1 =

〈
∏

i

Fi

〉
=

〈
∏

i

σx
i

〉
. (17)

In addition, we can take advantage of the duality of
1D Ising model (see Ref. [22]) :

sxi = σz
i σ

z
i+1 and szi =

∏

k<i

σx
k . (18)

Thus, Eq. (17) turns into ψ1 = m, where m ≡ 〈σz
i 〉

is the spontaneous magnetization. We find that when
N → ∞, the spin correlation (10) is the square of m.
Consequently, from Eq. (16), we have

ψ1 ∼
{

0 when gI ≤ 1
(1− g−2

I )1/8 when gI > 1
. (19)

From the calculations above, one may notice that the
non-local SOPs in a 2D transverse Wen-plaquette model
are transformed to local order parameters in the dual 1D
Ising model.

IV. QUENCH DYNAMICS OF TQPT

In this section we study the dynamics of TQPT in
the transverse Wen-plaquette model. The Kibble-Zurek
mechanism (KZM)[25, 26] is a general theory to explore
the dynamics of second order phase transitions including
the quantum case. According to KZM, during a quench-
induced phase transition, the system undergoes three
stages of evolution: adiabatic–pulse–adiabatic. It pre-
dicts that the density of topological defects, which are
generated by the pulse evolution, is a function of quench
time.
We can solve the dynamic problems in the Wen-

plaquette model by taking a sequence of transformations
as in Ref. [27]. First, through the Jordan-Wigner trans-
formation (11), the spin operators σx,z

i are represented
by fermionic operators cn. Second, cn are Fourier trans-
formed into the momentum space:

cn =
e−iπ/4

√
N

∑

k

cke
ikn. (20)

Third, after Bogoliubov transformation, one have

ck = ukηk + v∗−kη
†
−k, (21)

where ηk and η†k are fermionic operators. For dynamic
problems, (21) becomes

ck(t) = uk(t)η̃k + v∗−k(t)η̃
†
−k. (22)

Now, a dynamic solution can be written in the form of
Bogoliubov modes (uk(t), vk(t)) after this whole trans-
formation procedure.
By this method, the dynamics of the quantum Ising

model can be expressed as the time evolution of the Bo-
goliubov modes via the so-called Bogoliubov-de Gennes
dynamic equations (see Ref. [27]):

{
i~duk/dt = +2(gI(t)− cos k)uk + 2 sin kvk
i~dvk/dt = −2(gI(t)− cos k)vk + 2 sinkuk

. (23)

Consider a linear quench, i.e.

gI(t < 0) = − t

τQ
, (24)

where t varies from −∞ to 0 and the quench time τQ
characterizes the quench rate (defined by 1/τQ). Equa-
tions (23) can be transformed into the form of Landau-
Zener (LZ) model[28] (the connection between the KZM
and the LZ model can be found in Ref. [29, 30]) :

{
i~duk/dτ = − 1

2 (τ∆k)uk +
1
2vk

i~dvk/dτ = + 1
2 (τ∆k)vk + 1

2uk
, (25)

where

τ = 4τQ sin k(
t

τQ
+ cos k),
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FIG. 2: (Color online) The expectation value of Fi at
t = 0 varying with the quench time τQ, where f1 = 1 −
1

π

∫ π

−π
dk( 1+cos k

2
− e−2πτQ sin

2 k) and the approximative result

f2 = 1

π
√

2τQ
.

and

∆−1
k = 4τQ sin2 k.

From equations (25), we derive a second order differ-
ential equation for vk:

d2vk
dτ2

+ (
1

4
τ2∆2

k +
i∆k

2
+

1

4
)vk = 0. (26)

After the substitutions

s =
1

4i∆k
and z =

√
∆kτe

iπ/4, (27)

we have

d2vk(z)

dz2
+ (s+

1

2
− 1

4
z2)vk(z) = 0. (28)

This kind of differential equation has a general solution

vk(τ) = −[aD−s−1(−iz) + bD−s−1(iz)],
uk(τ) = (−∆kτ + 2i ∂

∂τ )vk(τ),
(29)

where Dm(x) is the so-called parabolic cylinder function
(PCF) or Weber-Hermite function[31].
According to the boundary conditions and the charac-

ters of the PCF, one may derive approximate solutions
of Eqs. (28) at the end of the linear quench (for t = 0)
(See Ref. [27]):

|uk|2 = 1−cos k
2 + e−2πτQ sin2 k,

|vk|2 = 1− |uk|2,
ukv

∗
k = 1

2 sin k + sgn(k)e−πτQ sin2 k
√
1− e−πτQ sin2 keiϕk ,

(30)
with the condition τQ ≫ 1.
Now we calculate the dynamic solutions in the Wen-

plaquette model via the same transformation proce-
dure plus the mapping (6). We shall also consider

Eq. (24). The quenching process corresponds to tuning
the strength of the transverse field from zero to a very
large value compared with the coupling constant g. The
phase transition is thus from a topologically ordered state
to a spin-polarized state during the time-evolution from
t = −∞ to t = 0.
First, we calculate the expectation value of Fi after the

quenching process. From Jordan-Wigner transformation,
σx
n = 1− 2c†ncn, we have the mapping:

〈Fi〉 → 〈σx
n〉 =

〈(
1− 2c†ncn

)〉
.

Through the Fourier transformation, we express c†mcn in
momentum space

c†mcn =
1

2π

∫ π

−π

dk

∫ π

−π

dk′c†kck′ei(k
′n−km). (31)

After the Bogoliubov transformation (21), we obtain[32]

〈c†mcn〉 =
1

2π

∫ π

−π

dk

∫ π

−π

dk′ei(k
′n−km)v−kv

∗
−kδk,k′

=
1

2π

∫ π

−π

dk|vk|2eik(n−m). (32)

From the solutions (30), we derive

〈Fi〉 → 〈σx
n〉 = 1− 2 · 1

2π

∫ π

−π

dk(
1 + cos k

2

− e−2πτQ sin2 k)
τQ≫1≃ 1

π
√
2τQ

. (33)

We can see that the original topological ground state
with 〈Fi〉 = 1 (see the discussion below Eq. (1)) will
finally evolve into the trivial spin-polarized state with
〈Fi〉 → 〈σx

n〉 → 0 for an infinitely slow quench. Fig-
ure 2 shows how the expectation value of Fi at the end
of quenching process (t = 0) varies with the quench rate.
We can obtain the numbers of Z2 charges and Z2 vor-

tices by defining

Nc ≡
1

2

∑

i∈even

(1 − Fi) =
∑

i∈even

c†i ci (34)

and

Nv ≡ 1

2

∑

i∈odd

(1− Fi) =
∑

i∈odd

c†ici,

respectively. Before the quench, the system is in a topo-
logical ground state. There is no quasiparticles (Nc ≡
〈Nc〉 = 0, Nv ≡ 〈Nv〉 = 0), so we have Fi = 1 for all pla-
quettes. At the end of the quench, we can also calculate
the density of plaquettes Fi = −1[33] by

n =
1

2N
〈
∑

i

(1 − Fi)〉 =
1

2π

∫ π

−π

dk(
1 + cos k

2

− e−2πτQ sin2 k)
τQ≫1≃ 1

2
− 1

2π
√
2τQ

. (35)
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FIG. 3: (Color online) The colored curves represent |vk(τ )|2
in the original form of the PCF varying with momenta k
from −π to π, where the orange one is at t = −0.5τQ, the
red at t = −τQ, the blue at t = −2τQ with τQ = 50 in all
the three cases. The dashed, dotted and dot-dashed curves,
respectively, represent the approximate function for |vk(τ )|2
with corresponding parameters, with the negative parts under
the x-axis being cut off. They match with the colored curves
very well.

It is obvious that when τQ → ∞, half of the plaquettes
will be turned into Fi = −1, which implies 〈Fi〉 → 0.
However, this result cannot give us any information

about the quenching process or the critical behaviors.
In order to obtain such information, we find that, for
τQ ≫ 1, the expression

|vk(t)|2 =
1

2
(1+

cos k + t/τQ√
1 + 2t/τ cos k + (t/τQ)2

)−e−2πτQ sin2 k

(36)
is a time-dependent approximate function for the general
solution |vk(τ)|2 in Eq. (29), if we cut off the negative
part of the curve (see Fig. 3).
By using this approximate function, we calculate the

value 〈Fi〉 during the quenching process as a function of
the time t near the quantum critical point. The result is
shown in Fig. 4 and Fig. 5.
Further calculations show that the derivative of the

expectation-value 〈Fi〉 diverges at point t = tc = −τQ as
d〈Fi〉
dt → −∞, which characterizes the critical point. In

particular, we obtain a logarithmic scaling law of quench
dynamics near the quantum phase transition

d〈Fi〉
dt

∼ ln |t− tc|. (37)

Such a dynamics is analogous to the static scaling behav-
ior of the specific heat near the critical point for the 1D
quantum Ising model.
The physical picture can be described as follows. At

beginning, the external field is weak and can be treated
as a perturbation, which creates vortices or charges and
drives them to move around and annihilate each other. As

−2 −1.5 −1 −0.5 0
0

0.5

1

t/τ
Q

〈F
i〉

FIG. 4: (Color online) The expectation value of Fi during
the quenching process varying from t = −2τQ to t = 0 with
τQ = 50.

-2.0 -1.5 -1.0 -0.5 0.0
0.0
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2.5

3.0
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0.5

1.0
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2.5
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ln / 1Qt

id F
dt

/ Qt

id F
dt

FIG. 5: (Color online) The absolute value of the slope (|d〈Fi〉
dt

|)
corresponding to the curve above. The small graph shows

|d〈Fi〉
dt

| ∼ ln |t/τQ+1| from both sides approaching the critical
point t = −τQ.

a result, the density of quasiparticles remains small. As
the strength of the field continuous to grow, the density
of plaquettes Fi = −1 increases rapidly near the point
gI = 1 (that is t = −τQ). The rate of density-changing di-
verges with a logarithmic scaling law. Finally, at the end
of the quench, the field becomes so strong that the vor-
tices and charges are all confined and cannot be treated
as quasiparticles. If the quenching process is infinitely
slow, half of the plaquttes overturns.
In addition we shall notice that only the linear quench

is considered here. Indeed, for other cases, our method is
not reliable. Inspired by other papers on quantum quench
in the toric-code model (e.g. Rahmani et al. [34], where
a sudden quench is studied), we could study the quench
problem more generally through the time evolution of the
entanglement entropy in the Wen-plaquette model. Yet,
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we did not consider this in this work.

V. CONCLUSION

In summary, we study the dynamics of TQPT caused
by a linear quench in the transverse Wen-plaquette
model. We first show how to derive the mapping from the
2D Wen-plaquette onto the 1D Ising model by compar-
ing their commutation relations. Based on this mapping,
we point out the quantum critical point in the transverse
Wen-plaquette model and calculate its non-local order
parameters. We then calculate the expectation value of
Fi at the end of the quench, and further show how this
value varies during the whole process. In particular, we
find a logarithmic scaling law of quenching process near
the TQPT.

Finally we address the relationship between the Wen-
plaquette model and the Kitaev model on a 2D hexagonal
lattice. The Abelian topological ground states of the Ki-
taev model on a 2D hexagonal lattice are also the Z2

topologically ordered ones just like those of the Wen-
plaquette model. However, one cannot map the Kitaev
model on a 2D hexagonal lattice onto a 1D Ising chain
(except for the case of the anisotropic limit) as what we
have done for the 2D transverse Wen-plaquette model. As
a result, the quench dynamics of TQPT in Wen-plaquette
model is different from that in the Kitaev model.

The authors acknowledge that this research is sup-
ported by NFSC Grant No. 10874017, 10975127, Na-
tional Basic Research Program of China (973 Program)
under the grant No. 2011CB921803, 2011CB92180 and
2011CB921304, the Anhui Provincial Natural Science
Foundation under Grant No. 090416224, and the Chinese
Academy of Sciences.

Appendix

In this part, we give detailed calculations about com-
mutation relations (4), which is related to the consistency
between Wen-plaquette model and Ising model.

The key point is to calculate [Fi, Fj ],

[Fi, Fj ]

= [τxi τ
y
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ , τ

x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]

= [τxi , τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]τ

y
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ + τxi

[τyi+x̂, τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]τ

x
i+ŷ+x̂τ

y
i+ŷ + τxi τ

y
i+x̂

[τxi+ŷ+x̂, τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]τ

y
i+ŷ + τxi τ

y
i+x̂τ

x
i+ŷ+x̂

[τyi+ŷ , τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]. (38)

According to the commutation relations of Pauli opera-

tors,

[τxi , τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]

= [τxi , τ
x
j ]τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + τxj [τ

x
i , τ

y
j+x̂]τ

x
j+ŷ+x̂τ

y
j+ŷ

+ τxj τ
y
j+x̂[τ

x
i , τ

x
j+ŷ+x̂]τ

y
j+ŷ + τxj τ

y
j+x̂τ

x
j+ŷ+x̂[τ

x
i , τ

y
j+ŷ ]

= 2iδi,j+x̂τ
x
j τ

z
i τ

x
j+ŷ+x̂τ

y
j+ŷ + 2iδi,j+ŷτ

x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

z
i ;

(39)

[τyi+x̂, τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]

= [τyi+x̂, τ
x
j ]τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + τxj [τ

y
i+x̂, τ

y
j+x̂]τ

x
j+ŷ+x̂τ

y
j+ŷ

+ τxj τ
y
j+x̂[τ

y
i+x̂, τ

x
j+ŷ+x̂]τ

y
j+ŷ + τxj τ

y
j+x̂τ

x
j+ŷ+x̂[τ

y
i+x̂, τ

y
j+ŷ ]

= −2iδi+x̂,jτ
z
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ − 2iδi,j+ŷτ

x
j τ

y
j+x̂τ

z
j+ŷ+x̂

τyj+ŷ ; (40)

[τxi+x̂+x̂, τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]

= [τxi+x̂+x̂, τ
x
j ]τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + τxj [τ

x
i+x̂+x̂, τ

y
j+x̂]τ

x
j+ŷ+x̂

τyj+ŷ + τxj τ
y
j+x̂[τ

x
i+x̂+x̂, τ

x
j+ŷ+x̂]τ

y
j+ŷ + τxj τ

y
j+x̂τ

x
j+ŷ+x̂

[τxi+x̂+x̂, τ
y
j+ŷ ]

= 2iδi+ŷ,jτ
x
j τ

z
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + 2iδi+x̂,jτ

x
j τ

y
j+x̂τ

x
j+ŷ+x̂

τzj+ŷ ; (41)

[τyi+ŷ , τ
x
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ ]

= [τyi+ŷ , τ
x
j ]τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + τxj [τ

y
i+ŷ, τ

y
j+x̂]τ

x
j+ŷ+x̂τ

y
j+ŷ

+ τxj τ
y
j+x̂[τ

y
i+ŷ , τ

x
j+ŷ+x̂]τ

y
j+ŷ + τxj τ

y
j+x̂τ

x
j+ŷ+x̂[τ

y
i+ŷ , τ

y
j+ŷ]

= −2iδi+ŷ,jτ
z
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ − 2iδi,j+x̂τ

x
j τ

y
j+x̂τ

z
j+ŷ+x̂

τyj+ŷ , (42)

we can calculate (38) in following four cases:

1. when i = j + x̂,

[Fi, Fj ]

= 2iτxj τ
z
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷτ

y
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ − 2iτxi τ

y
i+x̂τ

x
i+ŷ+x̂

τxj τ
y
j+x̂τ

z
j+ŷ+x̂τ

y
j+ŷ

= −2τxj τ
z
j+x̂τ

z
j+ŷ+x̂τ

y
j+ŷτ

y
i+x̂τ

x
i+ŷ+x̂ + 2τyi+x̂τ

x
i+ŷ+x̂τ

x
j τ

z
j+x̂

τzj+ŷ+x̂τ
y
j+ŷ

= 0; (43)

2. when i = j + ŷ,

[Fi, Fj ]

= 2iτxj τ
y
j+x̂τ

x
j+ŷ+x̂τ

z
j+ŷτ

y
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ − 2iτxi τ

x
j τ

y
j+x̂

τzj+ŷ+x̂τ
y
j+ŷτ

x
i+ŷ+x̂τ

y
i+ŷ

= −2τxj τ
y
j+x̂τ

z
j+ŷ+x̂τ

z
j+ŷτ

x
i+ŷ+x̂τ

y
i+ŷ + 2τzj+ŷτ

x
j τ

y
j+x̂τ

z
j+ŷ+x̂

τxi+ŷ+x̂τ
y
i+ŷ

= 0; (44)
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3. when i+ x̂ = j

[Fi, Fj ]

= −2iτxi τ
z
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷτ

x
i+ŷ+x̂τ

y
i+ŷ + 2iτxi τ

y
i+x̂τ

x
j τ

y
j+x̂

τxj+ŷ+x̂τ
z
i+ŷτ

y
i+ŷ

= −2τxi τ
z
j τ

y
j+x̂τ

x
j+ŷ+x̂τ

z
i+ŷ+x̂τ

y
i+ŷ + 2τxi τ

z
i+x̂τ

y
j+x̂τ

x
j+ŷ+x̂

τzj+ŷτ
y
i+ŷ

= 0; (45)

4. when i+ ŷ = j

[Fi, Fj ]

= 2iτxi τ
y
i+x̂τ

x
j τ

z
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷτ

y
i+ŷ − 2iτxi τ

y
i+x̂τ

x
i+ŷ+x̂τ

z
j

τyj+x̂τ
x
i+ŷ+x̂τ

y
i+ŷ

= −2τxi τ
y
i+x̂τ

z
j τ

z
j+x̂τ

x
j+ŷ+x̂τ

y
j+ŷ + 2τxi τ

y
i+x̂τ

z
i+ŷ+x̂τ

z
j τ

x
j+ŷ+x̂

τyi+ŷ

= 0. (46)

It is clear that we also have [Fi, Fj ] = 0 in other cases.

Then, we only need to verify [Fi, τ
x
j ] = 2Fiτ

x
j (δi,j−x̂ +

δi,j−ŷ), while others can be easily obtained from the com-
mutation relations of Pauli operators. The verification is
shown in the following:

[Fi, τ
x
j ]

= −2iδj,i+x̂τ
x
i τ

z
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ − 2iδj,i+ŷτ

x
i τ

y
i+x̂τ

x
i+ŷ+x̂τ

z
i+ŷ

= −2δj,i+x̂τ
x
i τ

x
i+x̂τ

y
i+x̂τ

x
i+ŷ+x̂τ

y
i+ŷ − 2δj,i+ŷτ

x
i τ

y
i+x̂τ

x
i+ŷ+x̂

τxi+ŷτ
y
i+ŷ

= −2δj,i+x̂τ
x
j Fi − 2δj,i+ŷτ

x
j Fi

= 2Fiτ
x
j (δj,i+x̂ + δj,i+ŷ). (47)

∗ Corresponding author; Electronic address:
spkou@bnu.edu.cn
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