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Abstract

Using spectral joint-measurements of the qubits, we propose a scheme to test the tripartite Mermin in-

equality with three qubits dispersively-coupled to a driven cavity. First, we show how to generate a three-

qubit Greenberger-Horne-Zeilinger (GHZ) state by only one-step quantum operation. Then, spectral joint-

measurements are introduced to directly confirm such tripartite entanglement. Assisted by a series of single-

qubit operations, these measurements are further utilizedto test the Mermin inequality. The feasibility of

the proposal is robustly demonstrated by the present numerical experiments.
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I. INTRODUCTION

Entanglement [1] is at the heart of the quantum theory and also the crucial resource of quantum

information processing [2, 3]. It is one of the most important ingredients of various intriguing

phenomena, e.g., quantum teleportation [4, 5], secret sharing [6], and remote state preparation [7],

etc. Therefore, generating and verifying the existence of entanglement are of great importance.

Since Bell inequality [8] and its CHSH version [9] was formulated to test the correlations be-

tween two particles, numerous experiments with bipartite entanglement, e.g., photons [10], trapped

ions [11, 12], neutrons [13] and Josepson junctions [14, 15], etc., have been demonstrated to probe

the nonlocal nature of quantum mechanics. As all these experiments support quantum mechan-

ics and rule out the local hidden-variable theories, Bell inequality can be served as an important

witness of quantum entanglement.

With the developments of quantum technology, entanglementshared by multiple particles plays

more and more important roles for large-scale quantum information processing and many-body

quantum mechanics. Multipartite entangled states have been demonstrated with atoms [16, 17],

photons [18–21], trapped ions [22–24], and also Josephson junction circuits [25, 26], etc. Ba-

sically, multipartite entanglement can be robustly verified by the standard quantum-state tomo-

graphic technique, i.e., reconstructing their density matrixes by a series of quantum measurements.

Instead, one can also verify entanglement by testing the violation of the multipartite Bell-type in-

equality, such as Mermin inequality [27]:

Q = |E(θ′1, θ2, θ3) + E(θ1, θ
′
2, θ3) + E(θ1, θ2, θ

′
3)− E(θ′1, θ

′
2, θ

′
3)| ≤ 2. (1)

with three-qubit systems. Indeed, the violation of this inequality has been experimentally demon-

strated with three-photon entanglement [19, 20]. In the Eq.(1) above,{θ1, θ2, θ3, θ′1, θ′2, θ′3} are

the set of controllable local-variables of the three independent particles, and the correlation func-

tion E(θ1, θ2, θ3) is the ensemble average over the measurement outcomes for the local settings:

θ1, θ2, θ3.

As a possible experimental demonstration, in this paper we discuss how to perform the test of a

tripartite Mermin inequality with three qubits coupled to adriven cavity. Three-qubit Greenberger-

Horne-Zeilinger (GHZ) [28] entangled state is the startingpoint of our test. Note that an efficient

approach to prepare multipartite GHZ entanglement, assisted by a quantized cavity, has been pro-

posed in Ref. [16]. In the scheme of Ref. [16], a series of atoms are sequentially passed through
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the cavity, and their interactions with the cavity can be controlled by adjusting their flying times.

As a consequence, GHZ-entanglement between the atoms can beproduced, and the cavity mode

is left in its vacuum state. Differing from Ref. [16], here wediscuss how to prepare the atomic

qubits contained in a common cavity, where the atomic qubitsinteract simultaneously with the

cavity mode. By appropriately driving the cavity, e.g., tuning the driving time, the atomic qubits

and the cavity mode can be decoupled from each other at certain instants of time, and consequently

the desired GHZ entanglement between the atomic qubits is generated. Two main aspects in the

present proposal are: (i) an one-step approach is proposed to generate the desired GHZ state, and

(ii) a spectral measurement method is introduced to implement the joint measurements of these

three qubits to test the Mermin inequality. In principle, our proposal could be further generalized

to the cases with more than three particles. The paper is organized as: In Sec. II, we briefly de-

scribe how to generate the tripartite GHZ entangled state ofthree qubits coupled dispersively to a

driven cavity. Then, by introducing a spectral joint-measurement method via detecting the photon

transmission through the driven cavity, we propose a simpletwo-step method to confirm such a

tripartite GHZ entanglement. In Sec. III, we propose a scheme on how to encode various local

variables into the prepared GHZ entanglement via performing suitable single-qubit operations, and

implement the test of the Mermin inequality by the introduced joint-measurements. Discussions

on the feasibility of our proposal are given in Sec. IV.

II. GENERATION AND CONFIRMATION OF THE GHZ STATE OF QUBITS CO UPLED TO A

DRIVEN CAVITY-QED SYSTEM

A. Preparation of tripartite GHZ state by only one-step quantum operation

We consider a driven cavity-qubit system, wherein three qubits without interbit interaction are

respectively coupled to a common cavity mode. Such a cavity-qubit system can be described by

the Tavis-Cummings Hamiltonian [29] (~ = 1 throughout the paper)

HTC = ωrâ
†â +

∑

j=1,2,3

[
ωj

2
σzj + gj(a

†σ−j
+ aσ+j

)], (2)

wherea(†) andσ±j
are the ladder operators for the photon field and thejth qubit, respectively;ωr

is the cavity frequency,ωj thejth qubit transition frequency, andgj the coupling strength between
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thejth qubit and the cavity. The driving of the cavity can be modeled by

Hd = ε(a†e−iωdt + aeiωdt), (3)

whereε is the amplitude andωd the frequency of the external drive.

Following Ref. [30], after a displacement transformationD(α) = exp(αâ†−α∗â), the displaced

Hamiltonian of the composite system reads

HT = D†(α)(HTC +Hd)D(α)− iD†(α)Ḋ(α)

= ωra
†a+

∑

j=1,2,3

[
ωj

2
σzj + gj(a

†σ−j
+ aσ+j

) + gj(α
∗σ−j

+ ασ+j
)]. (4)

Now, we letωd = ωj, α̇ = −iωrα − iε exp(−iωdt), and work in a rotating frame defined by

U1 = exp[−it(ωra
†a +

∑

j=1,2,3

ωdσzj/2)], the effective Hamiltonian of the cavity-qubit system

takes the form

H̃T =
∑

j=1,2,3

[Ωjσxj
+ gj(a

†σ−j
exp (−iδt) + aσ+j

exp (iδt))], (5)

with the qubit-drive detuningδ = ωd − ωr and the Rabi frequencyΩj = εgj/δ. Changing to the

orthogonal bases|±j〉 = (|1j〉 ± |0j〉)/
√
2, and in the interaction picture, we get

HI =
∑

j=1,2,3

gj
2
a† exp(−iδt) [|+j〉〈+j| − |−j〉〈−j |

+exp (i2Ωjt)|+j〉〈−j | − exp (−i2Ωjt)|−j〉〈+j|] + h.c.,

(6)

where|±j〉 are the eigenstates of operatorσxj
with eigenvalues±1. In the strong driving regime:

Ω ≫ δ, g, we can eliminate the fast-oscillating terms in Eq. (6) and then have [31, 33]

HI =
∑

j=1,2,3

gj
2
σxj

[a† exp (−iδt) + a exp (iδt)]. (7)

Note that the operator set{σxj
σxj′

, a†σxj
, aσxj

, 1} (j, j′ = 1, 2, 3, andj 6= j′) form a closed

Lie algebra, the time evolution operator related to the above Hamiltonian can be formally written

as [32]

UI(t) = exp [−iC(t)]
∏

j

exp [−i(Bj(t)aσxj
+B∗

j (t)a
†σxj

)]×
∏

j 6=j′

exp [−iAjj′(t)σxj
σxj′

], (8)
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with the parameters determined by

Ajj′(t) =
gjgj′

4δ
[
1

iδ
(exp (−iδt)− 1) + t],

Bj(t) =
gj
i2δ

[exp (iδt)− 1],

C(t) =
∑

j

g2j
4δ

[
1

iδ
(exp (−iδt)− 1) + t], (9)

andAjj′(0) = Bj(0) = C(0) = 0.

Suppose that all the qubit-cavity couplings are homogeneous, i.e.,gj = g (for j = 1, 2, 3) and

setδt = 2nπ for integern, we haveB(t) = B∗(t) = 0. Then, the time evolution operator reduces

to a simple form

UI(t) = exp (−ig
2

δ
tS2

x), (10)

with Sx =
∑3

j=1 σxj
/2. Return to the Schröinger picture,

US(t) = U0(t)UI(t)

= exp (−iωa†at)
∏

j

exp (−iΩjσxj
t)UI(t)

= exp (−iωa†at) exp (−i2ΩSxt− i
g2

δ
tS2

x). (11)

HereΩj = Ω for gj = g mentioned above. Note that the effective couplingS2
x can be utilized

to directly realize the multi-qubit GHZ state, when the relevant parameters are appropriately cho-

sen [34]. Assume that the three-qubit register is initiallyat the state

|ψ(0)〉 = |000〉, (12)

where|0〉 (|1〉) denotes the eigenstate ofσz, σz|0〉 = −1 (σz|1〉 = 1). Using the spin representation

of atomic states for the operatorSz =
∑3

j=1 σzj/2, the three-qubit states|000〉 and|111〉 can be

expressed as collective states|3/2,−3/2〉 and|3/2, 3/2〉, respectively. Here,|J = 3/2,M〉 is the

eigenstate of the operatorsSz with the eigenvalueM , M = −J, ..., J . In terms of the eigenstates

of Sx [34], we have

|3/2,−3/2〉 =
3/2
∑

M=−3/2

cM |3/2,M〉x, (13)

and

|3/2, 3/2〉 =
3/2
∑

M=−3/2

cM(−1)3/2−M |3/2,M〉x, (14)
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whereM = M ′ + 1/2, andM ′ is an integer. As a consequence, the evolution of the system can

be conveniently expressed as (up to a global phase factor)

|ψ(t)〉 = US(t)|ψ(0)〉

=

3/2
∑

M=−3/2

cM exp [−i2ΩtM − i
g2

δ
tM2]|3/2,M〉x

=
1√
2
(|3/2,−3/2〉+ i|3/2, 3/2〉), (15)

with the choiceg2t/δ = (4k + 1)π/2 andΩt = (2m + 3/4)π (k, m are integers). Obviously, at

t = Tn the desired GHZ state [33–35]

|ψ(Tn)〉 = US(Tn)|ψ(0)〉 =
1√
2
(|000〉+ i|111〉) (16)

is obtained. In the above, the relations of the integersk,m andn are given by

n =
δ2

g2
k +

δ2

4g2
, n =

2δ2

εg
m+

3δ2

4εg
. (17)

B. Confirming the existence of the GHZ entanglement

The GHZ state prepared above by one-step operation can be robustly confirmed by using the

standard quantum state tomography, i.e., reconstructing its density matrix. Such an approach was

usually utilized to confirm the quantum state in trapped-ions [36], linear optics [19–21] and the

solid-state qubits [37–39], etc. However, these confirmations require many kinds ofsingle-basis

projective measurements assisted by a series of quantum operations, and thus2N − 1 kinds of

projections are needed for reconstructing aN ×N-matrix, in principle.

Fortunately, a significantly simple approach, i.e., spectral joint-measurements of the qubits [40,

41], can be utilized to high-effectively implement the desired confirmation. By this means the

states of the qubits can be jointly detected by probing the steady-state transmission spectra of the

driven cavity, which is commonly coupled to the qubits. For the present case, the qubit-cavity

detuning∆j = ωj − ωr is assumed to be much larger than the couplingg, i.e., the system works

in the dispersive regime, and the qubit-cavity couplings take the formHc = a†a
∑3

j=1 Γjσzj . This

indicates that the qubits cause the state-dependent frequency shift of the cavity. For example, if

the qubits is prepared at the joint eigenstate|000〉 (or |111〉) of the three qubits, then the frequency

of the cavity is shifted as−
∑3

j=1 Γj (or
∑3

j=1 Γj), which is dependent on thejoint eigenstate
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of the qubits. Thus the steady-state transmission spectra through the driven cavity can mark all

the possible joint eigenstates of the qubits. Generally, unknown qubits should be denoted as a

superposition of all the possible joint eigenstates of the qubits. As a consequence, the measured

transmission spectra〈a†a(ωd)〉ss of the driven cavity may appear multiple peaks versus the driving

frequencyωd (see the Appendix for the detailed derivation); each peak marks one of the possible

joint eigenstates of the qubits, and its relative height corresponds to the probability of this state

superposed in the unknown three-qubit state.
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FIG. 1: (Color online) Two spectral joint-measurements to confirm the GHZ entanglement: (a) directly for

the GHZ state:(|000〉+ |111〉)/
√
2, and (b) for the state(|000〉+ |011〉+ |101〉+ |110〉)/2 generated after

performing unitary operations on the GHZ state. Here, the parameters are selected as(Γ1,Γ2,Γ3, κ) =

2π × (50, 230, 350, 1.69)MHz, and|0〉 = |000〉, |1〉 = |001〉, |2〉 = |010〉, |3〉 = |011〉, |4〉 = |100〉, |5〉 =

|101〉, |6〉 = |110〉, and|7〉 = |111〉, respectively.

Specifically, for the GHZ state prepared above the steady-state transmission spectra of the

driven cavity should reveal a two-peak structure, see, e.g., Fig. 1(a) with the typical parameters:

(Γ1,Γ2,Γ3, κ) = 2π × (50, 230, 350, 1.69)MHz. To show clearly the simulated results for the

test, the parametersΓj could be adjusted by adiabatically tuning the qubit-transition frequencies.

Desirably, the frequency-shift locations:−Γ1 − Γ2 − Γ3, Γ1 + Γ2 + Γ3 and the relative heights

of these two peaks:0.5, 0.5, indicate that two joint eigenstates,|000〉 and |111〉, are superposed

in the measured state with the same superposition probability 0.5. Of course, such a spectral

joint-measurement result is just a necessary but not sufficient condition to assure the desired GHZ

state, since a statistical mixture of these two joint eigenstates may also yield the same spectral
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distributions. To confirm the state|ψGHZ〉 is indeed the coherent superposition of the states|000〉
and|111〉, we need another spectral joint-measurement by using the quantum coherent effect. This

can be achieved by first applying the unitary operation
∏3

j=1Rxj
(π/4) =

∏3
j=1 exp (iπσxj

/4) to

each qubit to yield the evolution

|ψGHZ〉 → |ψ′
GHZ〉 = Rx1

(
π

4
)Rx2

(
π

4
)Rx3

(
π

4
)|ψGHZ〉

=
1

2
(|000〉 − |011〉 − |101〉 − |110〉), (18)

and then performing the spectral joint-measurement. It is expected that four peaks with the same

relative height0.25 should be observed (see, e.g., Fig. 1(b)), if the prepared state is nothing but

the desired tripartite GHZ state. However, if the prepared state is a mixture of the joint eignestates

|000〉 and|111〉, then eight peaks would be observed.

III. TESTING TRIPARTITE MERMIN INEQUALITY BY SPECTRAL JOIN T-

MEASUREMENTS

With the prepared GHZ state, we now discuss how to test the tripartite Mermin inequality (1)

by jointly measuring the three qubits coupled to the driven cavity. The test includes the following

two steps.

First, local parametersθj(j = 1, 2, 3) are encoded into the generated GHZ state (16) by per-

forming the single-qubit Hadamard-like operations

Rj(θj) = Rzj (θj/2)Rxj
(π/4)Rzj(−θj/2)

=
1√
2





1 ieiθj

ie−iθj 1



 . (19)

Here, the typical single-qubit gatesRzj(θ) = exp (iσzjθ) andRxj
(θ) = exp (iσxj

θ) can be easily

implemented, see e.g. [30, 41]. After these encoding operations, the generated GHZ state|ψGHZ〉
is changed as

|ψ′′
GHZ〉 = R1(θ1)R2(θ2)R3(θ3)|ψGHZ〉

=
1

4
[(1 + ei(θ1+θ2+θ3))|000〉+ (ie−iθ3 − iei(θ1+θ2))|001〉+ (ie−iθ2 − iei(θ1+θ3))|010〉

+(−e−i(θ2+θ3) − eiθ1)|011〉+ (ie−iθ1 − iei(θ2+θ3))|100〉+ (−e−i(θ1+θ3) − eiθ2)|101〉

+(−e−i(θ1+θ2) − eiθ3)|110〉+ (i− ie−i(θ1+θ2+θ3))|111〉]. (20)
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Second, we perform the joint projective-measurements to determine the required correlation func-

tionsE(θ1, θ2, θ3) for various combinations of these local variables.

Experimentally, the above two steps can be repeated many times, and thus the correlation func-

tion can be determined by

E(θ1, θ2, θ3) = P111 + P100 + P010 + P001 − P011 − P101 − P110 − P000. (21)

Here,
∑

i,j,k=0,1Pijk = 1 with Pijk being the probability of the state|ψ′′
GHZ〉 collapsing to the joint

basis|ijk〉. With these projective measurements, various correlationfunctions required can be

measured and then the tripartite Mermin inequality (1) can be tested. Theoretically, the correlation

function can be easily calculated as

E(θ1, E(θ1, θ2, θ3) = 〈ψ′′
GHZ|P̂T |ψ′′

GHZ〉 = − cos(θ1 + θ2 + θ3), (22)

with the joint projective operator̂PT = σz1 ⊗σz2 ⊗σz3 = |111〉〈111|+ |100〉〈100|+ |010〉〈010|+
|001〉〈001| − |011〉〈011| − |101〉〈101| − |110〉〈110| − |000〉〈000|. For the suitable choices of the

local observables, e.g.,{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {0, π/4, π/2, π/4, π/4, π}, we have the ideal

value of theQ-parameter in Eq. (1):

Qi =
√
2 + 1 > 2. (23)

This indicates that the inequality (1), namelyQi ≤ 2, is violated. Furthermore, for the parame-

ters{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {π/4, 0, 0, 3π/4, π/2, π/2}, the above tripartite Mermin inequality is

maximally violated, i.e.,Qi = 2
√
2.

In the usual tomographic reconstructions only one basis, e.g., |ijk〉, is collapsed for one kind

of projective measurement̂Pijk = |ijk〉〈ijk|. This implies that seven kinds of projective mea-

surements are required to complete the above joint projection P̂ijk. However, by the spectral

joint-measurements introduced in Refs. [40, 41], the probabilities Pijk(i, j, k = 0, 1) can be de-

termined simultaneously by just the spectral measurementsof the transmission through the driven

cavity; each peak of the transmission spectra marks one of the basis|ijk〉, and its relative height

refers to the relevant probabilityPijk. Specifically, for one set of classical variables{θ1, θ2, θ3,
θ′1, θ

′
2, θ

′
3} = {0, π/4, π/2, π/4, π/4, π}, Figs. 2(a-d) show how the spectra of the driven cavity

distribute (versus the qubit-driving detuning) for the state (20). For instance, four peaks, marking

respectively the basis states|000〉, |011〉, |101〉, and|110〉, are shown in Fig. 2(a). Their relative

heights are equivalent:P000 = P011 = P101 = P110 = 0.25. Thus, the correlation function between
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FIG. 2: (Color online) Transmission spectra of the driven cavity versus the detuning for the evolved state

|ψ′′
GHZ〉 with the classical variables{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {0, π/4, π/2, π/4, π/4, π}. Here, (a)-(d)

correspond respectively to the parameters{θ′1, θ2, θ3}, {θ1, θ′2, θ3}, {θ1, θ2, θ′3}, and{θ′1, θ′2, θ′3}. With

these spectral distributions, the correlation functions required for testing the Mermin inequality (1) can be

calculated. Other parameters of the system are the same as those used in Fig. 1.

the three local variables can be easily calculated as



























E(π/4, 0, 0) = 1,

E(π/2, 0, 0) = 0.704,

E(π/4, π/2, 0) = 0.704,

E(π/2, π/2, 0) = 0.

Consequently, the numerical experimental result of theQ-parameter is

Qe = 2.408 ≈
√
2 + 1 > 2, (24)

and thus the tripartite Mermin inequality is violated. Similarly, for another set of classical variables

{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {π/4, 0, 0, 3π/4, π/2, π/2}, Figs. 3(a-d) show all the probabilities of eight

bases in the present three-qubit system. Again, the involved correlation functions are calculated

as (E(θ′1, θ2, θ3), E(θ1, θ
′
2, θ3), E(θ1, θ2, θ

′
3), E(θ

′
1, θ

′
2, θ

′
3))=(0.704, 0.704, 0.704, -0.704). As a

consequence,

Qe = 2.816 ≈ 2
√
2 > 2, (25)

and the Mermin inequality (1) is violated more strongly.
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FIG. 3: (Color online) Transmission spectra of the driven cavity versus the qubit-drive detuning for the set

of local variables{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {π/4, 0, 0, 3π/4, π/2, π/2}. Other parameters are the same as

those in Fig. 1.

IV. DISCUSSION

We have proposed a direct and experimentally-feasible scheme to test tripartite Mermin in-

equality with cavity-qubit system, wherein quantum state of three qubits without direct interbit

couplings is detected by measuring the dispersively-coupled cavity spectra. We have numerically

demonstrated that the local-variable-dependent probabilities of various bases superposed in the

local-variable-encoded GHZ state can be directly read out by the cavity transmission. With these

probabilities, various correlation functions on the localvariables of individual qubits are easily

calculated, and consequently the violations of the three-particle Mermin inequality are tested.

Specifically, a few examples were utilized to numerically confirm the tests. Certainly, the present

proposal could be generalized to test other Bell-type inequalities with more than three qubits in a

straightforward way.

Note that in our numerical experiments little deviations exist between our estimated results

and the ideal predictions. For example, if the local variables are set as{θ1, θ2, θ3, θ′1, θ′2, θ′3} =

{0, π/4, π/2, π/4, π/4, π}, the values ofQ-paramter given by our numerical experiments isQe =

2.408, which deviates the ideal valuesQi =
√
2 + 1 with a quantity∆Q = Qi − Qe = 0.006.

Also, for local variables{θ1, θ2, θ3, θ′1, θ′2, θ′3} = {π/4, 0, 0, 3π/4, π/2, π/2} the inequality (1)

should be maximally violated withQi = 2
√
2, but our numerical experiment yieldsQe = 2.816 =

Qi − 0.012. These deviations are due to the existence of the dissipation of the cavity, which yields

11



various finite widths of the transmission spectra through the driven cavity. As a consequence,

the relative heights of the measured peaks are lower than those of the idealδ-type peaks. As the

measured values are less than those for the ideal cases, it issufficient to show the violation of the

Mermin inequality.
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APPENDIX: TRANSMISSION OF A DRIVEN CAVITY

In this appendix, the transmission spectrum of a three-qubit in a driven cavity is calculated in

detail. The transition frequencies of the three qubits are denoted asω1, ω2 andω3, respectively.

We assume that the dispersive condition

0 <
gj
∆j

,
gjgj′

∆j∆jj′
,

gjgj′

∆j′∆jj′
≪ 1, j 6= j′ = 1, 2, 3, (A1)

is satisfied for ensuring the effective dispersive couplingσzj â
†â between thejth qubit and the

cavity. These conditions also ensure that the interbit interactions are negligible. Also,∆j = ωj−ωr

denotes the detuning between thejth qubit and the cavity, and∆jj′ = ωj−ω′
j the detuning between

thejth andj′th qubits.

In a framework rotating atωd, the effective Hamiltonian of the qubit-cavity system is

H̃ = (−δ + Γ1σz1 + Γ2σz2 + Γ3σz3)â
†â

+
ω̃1

2
σz1 +

ω̃2

2
σz2 +

ω̃3

2
σz3 + ǫ(â† + â), (A2)

whereΓj = g2j/∆j, ω̃j = ωj + Γj , (j = 1, 2, 3), andδ = ωd − ωr is the detuning of the cavity

from the driving. The master equation for the complete system reads

˙̺ = −i[H̃, ̺] + κ(â̺â† − â†â̺/2− ̺â†â/2), (A3)

12



where̺ is the density matrix of the qubit-cavity system.

From the above master equation, the equations of motion for the mean values of various oper-

ators are

d〈â†â〉
dt

= −κ〈â†â〉 − 2ǫIm〈â〉, (A4a)

d〈â〉
dt

= (iδ − κ

2
)〈â〉 − iǫ

− iΓ1〈âσz1〉 − iΓ2〈âσz2〉 − iΓ3〈âσz3〉, (A4b)

with

d〈âσz1〉
dt

= (iδ − κ

2
)〈âσz1〉 − iǫ〈σz1〉 − iΓ2〈âσz1σz2〉

− iΓ1〈â〉 − iΓ3〈âσz1σz3〉, (A4c)

d〈âσz2〉
dt

= (iδ − κ

2
)〈âσz2〉 − iǫ〈σz2〉 − iΓ1〈âσz2σz1〉

− iΓ2〈â〉 − iΓ3〈âσz2σz3〉, (A4d)

d〈âσz3〉
dt

= (iδ − κ

2
)〈âσz3〉 − iǫ〈σz3〉 − iΓ1〈âσz3σz1〉

− iΓ3〈â〉 − iΓ2〈âσz3σz2〉, (A4e)

and

d〈âσz1σz2〉
dt

= (iδ − κ

2
)〈âσz1σz2〉 − iǫ〈σz1σz2〉

− iΓ1〈âσz2〉 − iΓ2〈âσz1〉

− iΓ3〈âσz1σz2σz3〉, (A4f)

d〈âσz2σz3〉
dt

= (iδ − κ

2
)〈âσz2σz3〉 − iǫ〈σz2σz3〉

− iΓ2〈âσz3〉 − iΓ3〈âσz2〉

− iΓ1〈âσz1σz2σz3〉, (A4g)

d〈âσz1σz3〉
dt

= (iδ − κ

2
)〈âσz1σz3〉 − iǫ〈σz1σz3〉

− iΓ1〈âσz3〉 − iΓ3〈âσz1〉

− iΓ2〈âσz1σz2σz3〉, (A4h)
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d〈âσz1σz2σz3〉
dt

= (iδ − κ

2
)〈âσz1σz2σz3〉

− iǫ〈σz1σz2σz3〉 − iΓ1〈âσz2σz3〉

− iΓ2〈âσz1σz3〉 − iΓ3〈âσz1σz2〉,

(A4i)

d〈σz1〉
dt

=
d〈σz2〉
dt

=
d〈σz3〉
dt

= 0, (A4j)

d〈σz1σz2〉
dt

=
d〈σz1σz3〉

dt
=
d〈σz2σz3〉

dt
= 0, (A4k)

d〈σz1σz2σz3〉
dt

= 0, (A4l)

The steady-state distribution of the intracavity photon number can be obtained by solving the

Eqs. (A4 a-i) under the steady-state condition, i.e., all the derivatives in the left sides of above

equations equate0. Then, by numerical method, the steady-state average photons number inside

the cavity can be obtained. Similar to the single-qubit and two-qubit cases in Ref. [40, 41], infor-

mation of these eight basis states in arbitrary three-qubitstate can be extracted from the spectra of

the cavity transmission, since each peak marks one of the eight bases, and its relative height refers

to its probability superposed in the measured three-qubit state.
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