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Abstract
We propose two schemes for generating entanglement and quantum state transfer (QST) between
two spatially separated semiconductor quantum dot molecules (QDMs) based on the voltage-
controlled tunneling effects. In the present schemes, two QDMs are trapped into two spatially
separated cavities connected by a fiber, respectively. By numerically simulating the evolution of
system, we show that the generation of entanglement and QST can be controlled by an exter-
nal gate voltage in our schemes. Moreover, proposed schemes are robust against noise of system

parameters.
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I. INTRODUCTION

Nowadays quantum-information theory has undergone a rapid development due to its
attractive capabilities compared with classical-information theory. For example, quantum
communication holds promise for secure transmission of secret messages and the faithful
transfer of unknown quantum states. Quantum computers could dramatically speed up
the solution of certain mathematical problems [1-3]. These quantum information processes
always require generation of entanglement and implementation of quantum state transfer
(QST) [4-10]. In recent years, a large number of theoretical and experimental schemes have
been proposed for generating entanglement [11-27] and QST [28-35] in various quantum
systems. For example, Eibl et al. [11] proposed a scheme for realizing the three-photon
polarization-entangled state based on the spontaneous parametric down-conversion process.
The four-particle entangled state of atoms has also been realized based on the measurement
of photons [13]. Moreover, Cirac et al. [32] proposed a scheme for realizing the QST
process between two distant atoms within the framework of cavity quantum electrodynamics
(CQED). Most of them, however, require the use of atomic gas, which cannot be conveniently
used in devices that have good scalability, such as those based on solid state system.

Recently, it has been shown that the semiconductor quantum dots (SQDs) have proper-
ties similar to those of atomic gas such as discrete energy levels and controllable coherent
quantum evolution. With unique advantages, such as high nonlinear optical susceptibility,
large electric-dipole moments of intersubband transitions, and great flexibility in designing
devices [36-38], SQD system has wide applications in the fields of quantum optics and quan-
tum information [39-48]. For example, the electromagnetically induced transparency (EIT)
and the propagation of slow light have been realized in the SQD medium [43]. Villas-Boas
et al. [44] demonstrated the coherent control of tunnelling in a SQD molecule. Li et al. [47]
proposed a scheme for realizing the all-optical quantum gate in a SQD system. Moveover,
several interesting phenomena have been recognized when the SQD structure contains one
or two electrons, such as controlled transfer of electrons between two SQDs [49, 50] and en-
tanglement in two-electron SQD systems [51, 52], and so on. SQD therefore offers a feasible
platform for realization of many quantum-information processes.

On the other hand, it has been shown that entanglement and QST between spatially sep-

arated quantum nodes is very useful for distributed quantum computation [53] and quantum



network [54, 55]. In recent years, a large number of schemes have been proposed for gen-
erating entanglement and QST between spatially separated atoms, which are individually
trapped into distant optical cavities connected by fibers (i.e., cavity-fiber-cavity system) [56—
61]. In particular, Ye et al. [58] proposed a scheme for deterministically generated entangled
state of two spatially separated atoms in a coupled cavity-fiber-cavity system. Subsequently,
Zhou et al. proposed a scheme for realizing the QST process between two spatially separated
atoms [61]. In this paper, we propose two schemes for realizing the entanglement and QST
between spatially separated QDMs in a cavity-fiber-cavity system. The major advantages of
proposed schemes are as follows. (i) The QDM medium studied here has widely adjustable
parameters. For example, the transition energies and dipole moments of QDMs can be ma-
nipulated well by accurately tailoring their shapes and sizes [36-38]. However, such property
can hardly be found in the atomic medium. (ii) The tunneling rate of electron between two
conduction-band levels can be effectively controlled by an external bias voltage, which fur-
ther controlls the generation of entanglement and QST. (iii) Our schemes are robust with
respect to system parameters, such as the frequency detuning A and cavity-fiber coupling
constant 7.

The remainder of this paper is organized into four parts as follows. In section II, we
describe the model under consideration and derive the Hamiltonian of system. In section III,
we discuss the generation of entanglement and QST between spatially separated QDMs from
qualitative and quantitative aspects. In section IV, we analyze the influence of spontaneous
decay of system on the generation of entanglement and QST. Finally, we conclude with a

brief summary in section V.

II. MODEL AND HAMILTONIAN

As shown in Fig.1(a), we consider a cavity-fiber-cavity system, which consists of two
distant cavities (cavities A and B) connected by a fiber. Two homogeneous QDMs are
trapped into the cavities A and B, respectively. The band structure of QDMs are shown in
Fig. 1(b). The present QDMs consist of two SQDs [the left one (LD) and the right one (RD)]
with different band structures coupled by tunnelling. At nanoscale interdot separation, the
hole states are localized in the SQD and the electron states are rather delocalized. With

the effective coupling of single-mode cavity, an electron is excited from the valence band to



the conduction band of LD. This electron can be transferred by the tunneling to RD. Here,
it should be pointed out that the tunnel barrier in a QDM can be controlled by placing a
gate electrode between the two SQDs. In the absence of the gate voltage, the conduction-
band electron levels are out of resonance and the electron tunneling between two SQDs is
very weak. Contrarily, in the presence of a gate voltage the conduction-band electron levels
come close to resonance and the electron tunneling between the two SQDs is significantly
enhanced. In addition, in the latter case the valence-band energy levels become more off-
resonant and thus the hole tunneling can be neglected. Fig. 1(c) describes energy-level
diagram of the QDMs. The ground state |0); (i = A, B) has no excitations, the exciton
state |2); has a pair of electron and hole in the LD, and the indirect exciton state |1); has
one hole in the LD and one electron in the RD [45].

Then, under the dipole and rotating wave approximation, the interaction Hamiltonian of

the QDM-cavity system can be written in the interaction picture as (A = 1) [62-66]

Hit =) [Aq12)i2] + (A — why) 11):(1] + (g:ai] 2):(0] + Tei|2)i(1] + h.c.)] (1)

i=A,B
where the symbol h.c. means Hermitian conjugate; aj and a; are the creation and annihilation
operators for photons associating with the corresponding cavity modes. g; is the coupling
constant between QDM and cavity field. A; = wi, — v; denotes the frequency detuning, and

w;j = w; —w;. T¢ is the tunneling coupling constant depicted on Fig. 1(b).

On the other hand, the interaction Hamiltonian of cavity-fiber can be written as
i =% {mkbk [ag + (—1)%”@] + h.c.} , 2)
k=1

where b and bL are the annihilation and creation operators for photons associating with
fiber; ny is the corresponding cavity-fiber coupling constant. Then, in the short fiber limit
(2Lv)/(2mc) < 1, where L is the length of fiber and 7 is the decay rate of the cavity field
into a continuum of fiber modes, only the resonant mode of the fiber will interact with the

cavity modes. For this case, the interaction Hamiltonian of cavity-fiber can be written as

[53]
' = | (aly +aly) + he (3)
where b is the resonant mode of fiber, and the phase (—1)*¢* in Eq. (2) has been absorbed
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into the annihilation and creation operators of the modes of the second cavity field [57]. In
addition, we also have set n4 = ng = n for simplicity in the above Hamiltonian.
Then, in the interaction picture, the total Hamiltonian of this cavity-fiber-cavity system

is given by

Hy = H+ H
= 3 {A2l+ (A= wh)1:(1] + [giail2)id0] + Tal2)i(1] + mblaly + ay) + e ] }

h (1)

III. THE GENERATION OF ENTANGLEMENT AND QST

In this section, we begin to discuss the generation of entanglement (scheme I) and QST
(scheme II) between spatially separated QDMs. First, let us qualitatively describe the
processes of generating entanglement and QST based on schemes I and I1, respectively.

Scheme 1. For realizing the bipartite entangled state |¥.) (|V.) = %[|1>A|O>B +
|0) 4|1) 5]), we consider that the QDM A is initially in the state |1) 4, the QDM B in the state
|0) 5, and all the field modes in vacuum state |00).|0) ;. Dominated by Hamiltonian (4), the
evolution process of system can be generalized as follows. First of all, the electron in the
QDM A will be transferred by tunnelling to LD from RD due to the present of gate voltage.
Then, the electron will go back to valence-band of LD and emit a photon into the cavity A
due to the interaction between QDM and cavity mode. The above two processes correspond
to the transition |1)4 LN 12) 4 4, |0) 4. Subsequently, the emitted photon will enter into
cavity B though the fiber, and then the QDM B will absorb this photon and go though the
transition |0)p —2» [2)p LN |1)p due to the corresponding tunnelling effects. Summing
up the above description, it can be noticed that there is a nonlocal relation between two
QDMs. When the QDM A is in the state |1) 4, the QDM B will be in the state |0) 5 or vice
versa. So, along with the evolution of system, there should be an entangled state of QMDs
W) = %[|1>A|O)B +10) 4|1) 5] at appropriate time.

Scheme II. In order to realize the QST process from the initial state |¥); = («]|0)4 +
BI1)4) ® |0) to the final state |¥)p = |0)4 ® (a|0)5 + 5|1)5), we consider that the QDM
A is initially in the superposition state «|0)4 + 5]1)4, the QDM B in the state |0)p, and

all the field modes in vacuum state |00)./0);. On the one hand, the evolution of system



will be the same with scheme I, when the QDM A is in the state |1) 4 at the initial time.
In this situation, the initial state |1)4]|0)p will evolve into state |0)4|1)p at the end of a
period of evolution. On the other hand, when QDM A is initially in the state |0)4, the
state |0)4]0)p will remain unchanged along with the evolvement of time. Summing up
the above description, it can be noticed that the state of QDMs can evolve into the state
|0)4 ® («|0) g + 5|1) 5) from the initial state («|0)4 + (]|1)4) ® |0) 5 at appropriate time. In
other words, the QST process between QDMs A and B can be realized based on our scheme.

Here, it can be generalized from the above discussion that the key for generation of
entanglement and QST is the effects of electron tunnelling in the present QDMs. This
tunnelling effects can be controlled by a external gate voltage applied to the QDM. If the
gate voltage is very small (or zero), the conduction-band electron levels in the LD and RD
will be out of resonance and the electron tunneling between two QDs can be neglected (i.e.,
T. = 0). Such property can be used to control the generation of entanglement and QST in
our schemes.

Until now, we have qualitatively discussed the feasibilities of realizing entanglement and
QST in the present cavity-fiber-cavity system. Then, we will demonstrate quantitatively
the generation of entanglement and QST based on our schemes. At the initial time, the
state of system is considered to be in the state |¢(0))r = |1) 4|0) 5|00).|0) f for scheme I and
the superposition state [¢(0))gsr = (@|0)4 + B|1)4) ® |0)5]|00).|0); for scheme II. When
11(0))gsr = «]0)4]|0)5|00).|0), the system state will remain unchanged along with the
evolvement of time. On the other hand, when [(0))g = |1)4]0)5]00).|0); (corresponding
to scheme I) and |1(0))gst = B|1)4]0)5]00).|0) s (corresponding to scheme II), the system

state will evolve in the domination of the Schrédinger equation (A = 1),

0
i () = Hil(0), @

where Hj is given by the Hamiltonian (4), and [¢(t)) denotes the state of system at time t.



|1h(t)) is restricted to the subspaces spanned by the following basis vectors

|61) = [1) 4[0) 5/00)|0) , (6a)
|92) = 12)410) 5[00)c[0) , (6b)
|93) = 10)4]0) 5[10)c[0) , (6¢)
|04) = 10)4[0) 5|00)|1) , (6d)
|95) = 10)4]0)5[01)c[0) , (Ge)
|96) = 10)4[2) 5/00)c|0) , (6f)
|97) = 10) a[1) 5/00)|0) , (6g)

where n.4, nep, and ny in [n.anes)c|ny)  denote the photon numbers in the cavities and fiber,
respectively. Then, in the above subspace, we solve numerically the Schrodinger equation
[Eq. (5)] and present the evolution of populations in corresponding system states, as shown
in Fig. 2. Without loss of generality, in the following numerical calculations, the parameters
used are scaled with . Fig.2(a) shows a half-half population for the states |¢1), |¢7) and
zero population for other states at appropriate interaction time (e.g., vt = 2.88). This case
corresponds to the generation of the entangled state |¥,.) = %[|1)A|O)B+\O>A\1>B]. Fig. 2(b)
shows that all population is completely transferred to the state |¢;) from the initial state
|¢1) without populating other states at appropriate interaction time (e.g., vt = 31.5). This
case corresponds to the generation of QST process from QDMs A to B (|¢); — |¢) ).

In order to further explicitly show the generation of entanglement and QST, we also plot
the fidelities of realizing entanglement (F,) and QST (F}) in Fig. 3. The F, and F} are defined
as F, = [;(0[.(00[{T.|e(t))|* and Fs = |;{0].(00[(¥p|t(t))|?, respectively. From Fig.3,
it is shown that the entanglement and QST between two QDMs can be deterministically
generated at appropriate time, which is consistent with the conclusion derived in Fig. 2 and
our qualitative discussion in the previous parts of this section. In addition, it also can be
seen that the plots of F, and F, change smoothly as a function of the dimensionless time
~t. This characteristic is useful for switching off the interaction between QDMs and fields
in time and obtaining the steady entangled state and QST.

Summing up the discussion above, it is noticed that the entanglement and QST can be
deterministically generated under the ideal conditions of parameter. However, the ideal

conditions of parameter may not be satisfied exactly in practical situations. In order to



study the influences of parameter mismatches on the fidelities of realizing entangled state
and QST process, we plot F, and F, against the proportional coefficients sy, sy, coupling
constant 7, and frequency detuning A in Figs. 4 and 5. The proportional coefficients s; and
s9 satisfy relationships gg = s194 and T,4 = T.p = S29a, respectively. Here, it should be
pointed out that k4 and kg are the decay rates of cavity modes, and they have been added
phenomenologically in the calculations of Figs.4 and 5. It is clearly shown from Figs.4 and
5 that the F, and F§ are insensitive with respect to the fluctuations of parameters s;, o,
n and A. As a result, the entanglement and QST process between two spatially separated
QDMs can still be realized with high fidelity even though the ideal conditions of parameter

could not be satisfied accurately in practical situations.

IV. EFFECTS OF QDM’S SPONTANEOUS DECAY AND PHOTON LEAKAGE

In Sec. III, we have shown that the entanglement and QST between two QDMs can
be realized based on our schemes under the condition of neglecting the decay of system.
However, the decay of system actually plays an important role in producing entanglement
and QST experimentally. In this section, we will study the influences of QDM’s decay and
photon leakage out of the cavities and fiber on the generation of entangled state |®.) and
QST process |¥); — |¥)p. Using the density-matrix formalism, the master equation for the

density matrix of whole system can be expressed as:
p = —i[Hy,p] - % (blbnp — 2b,pb), + pbby,)

-2 [Z 5 (933P = 200,005 + poj;) + Y T b

i=A,B Lj=1,2 m,n=0,1,2

+% (ajaip — 2a;pa) + pajaiﬂ . (7)

where 7{3 (j =1,2) and I'};" (m,n = 0,1,2;m # n) are population decay rate and dephasing
decay rate of QDM [43], respectively. Usually, I/’ is the dominant mechanism, which
originates not only from electron-electron scattering and electron-phonon scattering but also
from inhomogeneous broadening due to scattering on interface roughness. x; and v¢ denote
the decay rates of cavity fields and fiber modes, respectively. of; = |5):(j| is the usual Pauli
matrix. Via solving numerically the Eq. (7) in the subspace spanned by basis vectors (6), we

present the effects of the decay rates 7,, x and 7, on the fidelities of generating entangled



state and QST (F, and Fy), as shown in the Figs. 6 and 7. In the above calculation, we have
also chosen v%) = 75, = 7, I'ir = Tgr = I7, I = T2, ka4 = kg = & without loss of
generality. It is shown from the Fig. 6 that the influences of decay rates &, 7,4, and v on the
fidelities Fi and Fj are very little when k = v, = vy = I' < 0.017y. Even when I' = 0.017, F¢
and F, are still larger than 96%. In order to further explicitly show the influences of decay
rates vy, k, and 7y on F, and Fj, respectively, we also plot F, and Fyg as a function of v, &,
and 7y in Fig. 7. Comparing three subplots of Fig.7, it can be noticed that the influences
of the cavity field decay rate x and fiber decay rate v; on F, and F, are much smaller than
that of QDM’s decay rate 7,, and hence they can be neglected safely in our scheme. This
numerical result can be qualitatively explained as follows. In the present schemes, we have
chosen the strong coupling condition between cavity and fiber (i.e., n = 107), and hence the
cavity mode a; and fiber mode b are only virtually excited in the whole interaction process.
Therefore, the effects of photon leakage out of the cavity and fiber are suppressed strongly
in the present schemes.

Before ending this section, let us briefly discuss the experimental feasibility of our
scheme. First, the QDM considered here can be obtained by a unique combination of
molecule beam epitaxy and in situ atomic layer precise etching [67, 68]. Secondly, the
strong coupling between quantum dot and cavity modes has been realized in the previous
studies [69-71], which improves the experimental feasibility of our schemes. Lastly, it
should be pointed out that some obstacles for connecting effectively normal optical cavity
to fiber may still exist. Therefore, we pin our hope on the coupled fiber-microcavity (i.e.,
microtoroid or microdisk resonators) system [72] for realizing our schemes experimentally.
(i) The microcavity system can satisfy the low dissipation condition of cavity modes, which
is required for implementing our schemes. (ii) The coupling between QDM and microcavity
can be realized via locating QDM near the microcavity surface [73, 74]. (iii) The ideal cou-

pling between microcavity and fiber has been realized experimentally in recent years [75-78].

V. CONCLUSION

In conclusion, we have proposed two schemes for realizing entanglement and QST between

two spatially separated QDMs, respectively. In the present schemes, the generation of



entanglement and QST can be control effectively by the external gate voltage. Through
numerical simulation, we show that the present schemes are robust with respect to photon
leakage out of cavity and fiber. We hope that our schemes are promising for realization of

new types of solid-state quantum information device.
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FIG. 1: (Color online) (a) The schematics of cavity-fiber-cavity system. Two coupled GaAs-Al-
GaAs asymmetrical QDMs are trapped into two cavities connected by a fiber, respectively. The
schematic of the lateral geometry of QDM is presented. Vg is a bias voltage. (b) Band diagram
of the QDM, which consists of two dots (the left dot (LD) and the right dot (RD)) with different
band structures coupled by tunneling. With an external voltage applied to a gate electrode, the
conduction-band levels get closer to resonance, and the coupling between conduction-band levels
is greatly increased. Whereas the valence-band levels get more off-resonance, which results in
effective decoupling of valence-band levels. (c) Schematic of the energy level arrangement under
study. The cavity mode v; (i=A,B) induce one electron from the valence to the conduction-band
in the LD, which can in turn tunnel to the RD. The ground state |0); (i=A,B) is the system
without excitations, the direct exciton state |2); is a pair of electron and hole bound in the LD,
and the indirect exciton state |1); is one hole in the LD with an electron in the RD. T, denotes the

electron-tunnelling intensity between two coupled QDs.
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FIG. 2: (Color online) Time evolution of the populations corresponding to scheme I [panel (a)]
and scheme II [panel (b)]. The parameters are scaled with v and chosen as g4 = v, gp = 2.437,
Tea =T.p = 1.17, wey = 0 (resonant tunnelling), A = 0, n = 10~ for panel (a), and g4 = gp = 7,
Toa=T.p=0.17, w1 =0, A=0,n=10v, a = v2/V3, 3 = 1//3 for panel (b).
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FIG. 3: (Color online) The fidelities of realizing entanglement [panel (a)] and QST [panel (b)]

versus time ~t. The parameters are same as Fig. 2.
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FIG. 4: (Color online) The fidelities of realizing entanglement [panel (a)] and QST [panel (b)]
versus s1 and so, respectively. The parameters are same as Fig. 2 except for the cavity decay rate

k4 = kp = 0.17.
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FIG. 5: (Color online) The fidelities of realizing entanglement [panel (a)] and QST [panel (b)]
versus coupling constant 7 and frequency detuning A, respectively. The parameters are same as

Fig. 2 except for the cavity decay rate Ky = kg = 0.17.
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FIG. 6: (Color online)The fidelities of realizing entanglement [panel (a)] and QST [panel (b)] versus
time vt for different decay rates I' (74 = K = 75 = I'). The parameters are same as Fig. 2 except

for 710 = 0.001y, 10 = 0.003y, [2° = T2 = 0.03y.
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FIG. 7: (Color online) The fidelities of realizing entanglement [panel (a)] and QST [panel (b)]

Versus g, K, and 7y, respectively. The system parameters are same as Fig. 6.
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