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We propose a high efficiency scheme to tomographically reconstruct an unknown quantum state of the qubits,
by using a series of quantum nondemolition (QND) measurements. The proposed QND measurements of the
qubits are implemented by probing the stationary transmissions through a driven dispersively-coupled resonator.
It is shown that only one kind of QND measurements is sufficient to determine all the diagonal elements of
the density matrix of the detected quantum state. The remaining non-diagonal elements can be similarly de-
termined by transferring them to the diagonal locations after a series of unitary operations. Compared with
the tomographic reconstructions based on the usual destructive projective measurements (wherein one kind of
such measurements can determine only one diagonal element of the density matrix), the present reconstruc-
tive approach exhibits significantly high efficiency. Specifically, our generic proposal is demonstrated by the
experimental circuit quantum electrodynamics systems with a few Josephson charge qubits.

PACS number(s): 03.65.Wj, 42.50.Pq, 03.67.Lx, 85.25.Cp

I. INTRODUCTION

Reconstruction of an unknown quantum state by a series of quantum measurements is called quantum-state tomography [1],
which is particularly important in the study of quantum mechanics and quantum information processing. Recently, many the-
oretical analysis and experimental demonstrations have been devoted to the implementations of the desirable quantum-state
tomographies with, e.g., the polarized photons [2, 3], trapped ions [4], and the solid-state qubits [5], etc. Generally, to tomo-

graphically reconstruct a d-dimensional quantum state (corresponding to a d x d density matrix), one needs to determine d? — 1
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real parameters by quantum measurements.

Usually, one kind of projective measurements (PMs), i.e., projecting the detected quantum system to one of the basis states,
can be directly utilized to determine one of the diagonal elements of the density matrix. For instance, the current flowing
through the SET is detected [6, 7] to read out the charge state |1) for directly determining the diagonal element |1)(1| in the
density matrix of the single charge qubit. Similarly, the diagonal element |1---1){1---1| of the N-qubit density matrix can
be directly determined by the direct projection ®ﬁ61 (|1;)(1;]) (to the basis |1 ---1)). Note that the directly projective setups
in most experiments are fixed, additional quantum operations are thus required to beforehand transfer the other elements to the
diagonal location for detections. Therefore, a series of quantum operations plus the direct projection (called as a series of PMs)
are required to reconstruct the density matrix. Generally, d> — 1 kinds of PMs are required to determine d> — 1 independent
parameters in the d x d density matrix. A typical example is that 15 kinds PMs are required to tomographically reconstruct
an unknown two-qubit quantum state [5]. Here and thereinafter, one kind of PMs refers to the measurements either by the
projective measurements to directly determine one diagonal element in the density matrix or by the measurements after the
unitary operations used for transferring a non-diagonal element to that diagonal location.

The PMs utilized above must destroy the detected quantum state [7, 8]. Consequently, the fidelities of these measurements are
usually limited by the inevitable back-action noises. Fortunately, besides the usual PMs, quantum state can also be detected by
other strategies, typically such as the quantum nondemolition (QND) measurements. In these approaches other objects, rather
than the dispersively-coupled qubits, are destructively measured. As a consequence the measurement-induced noises acting on
the qubits could be effectively suppressed [9]. Therefore, QND measurements are practically regarded as the indirect but ideal
PMs of the qubits.

Historically, QND measurements were proposed to explore the fundamental limitations of quantum measurements, and have
been demonstrated in various fields of physics, such as the gravitational-wave detections [9], quantum optics [10-12], quantum
controls [13], and the telecommunications [14], etc. In particular, the QND measurements have also been successfully applied
to probe the atomic qubits in cavity quantum electrodynamics (QED) [15, 16], and the superconducting qubits in the circuit
QEDs [17-23]. Specifically, the QND measurements demonstrated in circuit QEDs were implemented by measuring the trans-
missions of the microwave signals through the transmission line resonators. With such a strategy the qubit states can be read
out by detecting the shifted frequencies of the resonator. This is because that different basis states of the qubit(s) cause different
frequency-shifts of the resonator, and thus can be effectively distinguished.

Motivated by the above circuit-QED experiments, in a recent work we proposed a scheme to nondestructively detect the

superposition of the basis states by the QND measurements [24]. Taking account of the full quantum correlations between



the cavity and dispersively-coupled qubit(s), we find that each of the basis states can be projected with a relevant probability.
Therefore, the detected transmission spectra should reveal multiple peaks: each of them marks one of the basis states, and the
relative height of such a peak is related to the probability of the corresponding basis state superposed in the detected state.
Consequently, just one kind of the QND measurements can determine all the diagonal elements of the relevant density matrix.
This is a manifest advantage over the usual PMs, wherein only one fixed basis was projected. Furthermore, by other kinds
of QND measurements all the non-diagonal elements of the density matrix can then be determined, via performing certain
suitable unitary operations to transfer them to the measurable diagonal locations. Since one kind of QND measurements can
determine all the diagonal elements of the density matrix, the tomographic reconstruction based on such measurements should
have significantly high efficiency, compared with the previous reconstructive approach based on the usual PMs.

The paper is organized as follows. Sec. II gives our generic model to describe the transmission of a driven resonator, and shows
how to implement the tomographic reconstruction of a single-qubit state by the proposed QND measurements. The extension to
the two-qubit case is given in Sec. III, where the advantage of our proposal over the previous tomographic reconstruction based
on the usual PMs is apparent. Indeed, 6 kinds of QND measurements are sufficient to tomographically reconstruct a two-qubit
state, while 15 kinds of PMs are required by the previous approach. The possible generalization to the N-qubit (with N > 2)

case and summarization of our main results are finally given in Sec. I'V.

II. TOMOGRAPHIC RECONSTRUCTION OF A SINGLE-QUBIT STATE BY QND MEASUREMENTS

For generality, we consider a cavity QED system consisting of NV qubits. The Hamiltonian of the system reads

N
h/.d'
H= fmaTaJrZ[T?azj + hgj(og,a+a_,a")], (1)

J=1

where a(f) and o+, are ladder operators for the photon field and the jth qubit, respectively. Also, w; is the cavity frequency, w;
the jth qubit transition frequency and g; the coupling strength between the jth qubit and the resonator. The coherent drivings of

the cavity can be described by
Hy = he(ale ™t 4 ge™@at), (2)

with € being the real amplitude and w, the frequency of the applied drivings.
Under the usual Born-Markov approximation, the dynamics of the whole system with dissipations and dephasings is described

by the following master equation [25]
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Here, oy is the reduced density operator and the dissipation superoperator is defined by D[A]oy = Aoy AT — AT Apn /2 —
onATA/2. The parameters in the last three terms in Eq. (3), i.e., &, 71,5, and v, ;, are the decay and dephasing rates of the
cavity photons and the jth qubit, respectively.

In what follows, we begin with the master equation (3) to calculate the frequency-dependent transmission of the cavity, which
is proportional to the steady-state mean photon number (aa) in the cavity. Technically, to satisfy the basic criteria for the

desirable QND measurements of the /NV-qubit system, the dispersive conditions
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should be satisfied. These conditions assure also that the interbit interactions are negligible. In the above, A; = w; —w, denotes
the detuning between the jth qubit and the cavity, and Aj;; = w; — w} the detuning between the jth and j'th qubits.
Below, we investigate the simplest case, wherein a single qubit with transition frequency w; is dispersively coupled to the

cavity mode, to explain the basic idea of our generic proposal.

A. Nondestructive detection of a single qubit by cavity transmissions

The Hamiltonian for the present simpler system reads (A = 1 throughout the paper)

i = %azl + (= Ay + D102, )aTa + eal +a), (5)

with the cavity-driving detuning Ay, = wg — wy, @1 = wy + 1 and 'y = g% /A1. The corresponding master equation for the

single-qubit plus the driven resonator takes the form

01 = —i[H1, 01] + kD[a)or + 111 Dlo—, o1 + % o2 ]o1. (6)

Obviously, the desirable quantity (a'a) can be determined by solving the following coupled equations of motion:

d(ata)

= —r{a'a) — 2eIm(a), (7a)
% = (iBg, = 5)(@) = i1 (a0, ) — ie, (7b)
% = (ilgr — g —y11)(a02,) — (iT1 +y1.1)(@) —ie(o-,), (7¢)
and
Wad — i) +). (79

dt



One can see that the additional measurement-induced dephasing rate 74,1 does not influence the solutions of the equations. As
the decay 71,1 of the qubit is significantly less than the decay rate x of the driven cavity, the average of ., could be safely
assumed to be unchanged during the detections. In fact, the characterized time of the detection is determined mainly by the
decay of the cavity . Such a quantity is about 27 x 1.69 MHZ [22], which is obviously larger than v; ; = 27 x 0.02 MHZ [19].
Experimentally, the time interval of completing a single QND detection is about T, = 40ns [22], this is significantly shorter
than the decoherence time 77 ~ 7.3us [19]. Therefore, during such a readout the decay of the qubit is really negligible, i.e.,
(02, (T2)) = exp(=711Te) ({02, (0)) + 1) — 1 = {0, (0)).

Under the steady-state conditions, we obtain

ata 2. K K2 K
e = 28y (5 D 12— A3+ (B + Tl 0)) (5t 91180+ 0.7
K> Y1,1K 2 2 \2 21—1
[(Z + —=—+T7 - A5)° + (kAgr + 71180 +71101)7] 7, (8)

which is strongly related to the the initial state of the qubit.

The measured cavity transmissions (normalized to the peak height of the empty cavity (EMC) transmission) versus the probe
frequency detunings are plotted in Fig. 1. Generally, the qubit is assumed to be prepared initially in the state 1)), = [|0)+01|1).
Obviously, when 3y = 0 (or 1), it reduces to the single basis state |1) (or |0)). Compared with the empty cavity transmission (see
Appendix), which is also plotted as the dark line in Fig. 1, one observes that the existence of the qubit leads to a right (left) shift
of the single peak by a quantity —I'; (I'1). This result is well agreement with the experimental observations in Refs. [17, 18].
This indicates that, the shifts of the peaks can be used to mark the basis states of the qubit. If the qubit is prepared at the
superposition of the two basis states, e.g., | 31|> = 0.2, 0.4, and 0.5, respectively, the spectra show the two-peak structures: the
peak-locations coincide with that for the single basis states, but the relative heights of them correspond clearly to the superposed
probabilities, i.e., | 3p|? and |31 |2, respectively.

Now, we discuss the physical mechanism why the above two-peak phenomenon can appear. Before applying the driving to
detect the qubit, the qubit (prepared at the superposed state 3y|0) + 81 |1)) entangles to the pulled cavity. Roughly, the dispersive
coupling Hamiltonian I';o,,a'a generates an qubit-cavity entangled state |0) ® |fo) + |1) @ |f1), with |fo) and |f1) being
the cavity states (with the frequency shifts —I'; and I';, respectively). Since only the resonant incident photon can transmit
the cavity, the cavity will be collapsed to either the state |fo) or the state |f1). Certainly, the probability of transmitting the
photon with frequency shift —I'; (or I'1) is |G3o|? (or |31]|?). After such a disentangled measurement process, the qubit would
be collapsed to the state |0) (or the state |1)). Experimentally, a number of measurements are performed on many copies of

the detected state, and parts of them obtain the photon with the frequency shift —I'; and others with the frequency shift I';.

This is why the two peaks can be observed statistically in the transmission spectra of the cavity. In the original definition of the



QND measurement, the measured operator (here o, ) has the eigenstates that are also the eigenstates of the dispersive-coupling
Hmiltonian. This means that the expectation value of the measured operator is conserved. Once the detector is projected to one
of its eigenstates, the system is meanwhile collapsed to its relevant eigenstate. As a consequence, successive PMs give the same
result as that obtained by the initial PM [26]. Similarly, in the measurements used in our work, decay of the detected resonator is
dominant and the observables of the qubit operators are still conserved. Different eigenstates of the qubit operator pull the cavity
with the different frequency shifts. Once the transmitted photon is detected, the frequency shift of the cavity is determined,
and thus the qubit is collapsed to one of its basis states. Consequently, the sequential measurements after this detection must
result in the same output. In this sense, the present measurements could also be regarded as the nondemolition ones, since their
measurements are repeatable and all the subsequent measurements give exactly the same result as that obtained by the initial

measurement.

B. Tomographic reconstruction of a single-qubit state

Above investigation indicates that partial information of the qubit state, i.e., the diagonal elements of the relevant density
matrix, can be directly obtained by only one kind of the QND measurements. However, to extract the full information of an
unknown qubit state, one should tomographically reconstruct all the elements of its density matrix. To completely define a
d-dimensional density matrix p, one needs to determine d> — 1 real parameters.

Now we demonstrate how to perform the tomographic constructions of an arbitrary single-qubit state 1)1 = (5o|0) + 51]1)

with the density matrix

Poo  Po1
p1= . 9)
P10 P11

An efficient and widely used technique is to parameterize the density matrix p; on a Bloch sphere [5],

1 1 1+7r, ry—iry
p1 = §(I+ > rioi) = 3 - (10)

i=z,y,2 e +iry 1—1,
Here, I denotes the identity matrix, o; the Pauli matrices, and r; real parameters. Therefore, in order to determine the single-
qubit state, we must identify the three components (r,, 7, 7.) of the Bloch vector 7. As discussed in the previous section, two
diagonal elements pog and p11 can be directly determined by measuring the occupation probabilities |3p|? and |31 |?. This means
2

that the parameter 7, can be determined by the relationr, = poo— p11 = |5o|* — |51 |2. To obtain the other two parameters r,, and

ry, we need to determine the non-diagonal elements. To this end, we perform the single-qubit operations U,, = exp (imoy, /4)



and U, = exp (imoy, /4) to transfer the left non-diagonal elements to the relevant diagonal locations. For example, after the

operation U, , the density matrix p; is changed to

, ; 1 l—ry ry—ir,
p1 = Uz 01Uy, =3 . (11
Te+ir, 147y
Then performing another kind of QND measurements the parameters |3)|? and |3]|? are determined. Consequently, the coef-
2

ficient 7, can be determined via the relation r, = |37|> — |3)|?. Similarly, by performing the quantum operation U,, on the

original density matrix p;, another new density matrix

. ; 1 1+r, —r.—1iry
P =UumUy, =5 (12)
—ry+iry 1—1,

can be obtained, and the coefficient r,, is determined in the same way. Note that the number of the unitary operations required
to implement the present tomographic reconstructions is the same as that required by the previous approach based on the usual
PMs. Thus, for the single-qubit case the complexity of the present approach is the same as that in the previous one, and the
efficiency is not enhanced.

The remaining task is to implement the single-qubit operations required above for transferring the non-diagonal elements to
the diagonal locations. In a circuit-QED system, a superconducting charge qubit is strongly coupled to the transmission line
resonator [17]. Following Ref. [27] and under a displacement transformation, the effective Hamiltonian of the resonator plus

qubit system can be written as

Oz 5

I ~ Aa N N Q
H=—-Aga'a+ < Ta +gi(ato_, +aoy,) + 3

13)

with the qubit-driving detuning A, = w1 — wy and the Rabi frequency Q@ = 2eg1/(—Ay-). In the dispersive regime, i.e.,

lg1/A1| < 1, and after the transformation Uy = exp [—g1(afo_, — aoy,)/A1], the above Hamiltonian becomes

Ba

Q
9 Oz + =0z (14)

H, = —Ag.a'a+ 5
with Aa = A, + I'y. First, if the condition Aa = 0 is satisfied, then the Hamiltonian (14) produces a rotation of the qubit

state about the x axis, i.e., Uy, is generated by choosing the evolution time ¢, = 7/(292). Second, if the driving is sufficiently

detuned from the qubit, another approximate Hamiltonian

H, = —-Agata+=(A +EQ—2) (15)
z = dr 2 a 2Aa Oz

—_



can be obtained by further performing a transformations Us = exp (504, — fo—,), f = Q/(2A,) on the Hamiltonian (14).
Obviously, the desirable operation U,, can be implemented by the evolution under the Hamiltonian (15) with the dura-
tion t, = 7A./(28,A, + Q?). Third, the desirable operation Uy, could be constructed as U,, = exp(imo,, /4) =
exp(imo,, /4) exp(i3moy, /4) exp(i3wo, /4). Finally, the duration ¢, (or ¢,) of the single-qubit operation required above is
estimated as ~ 100ps with the experimental parameters: € ~ 27 x 20MHz [21], and Ay, ~ /2 [27]. This is significantly less
by at least two orders than the qubit decoherence time, which is measured as T ~ 7.3us [19, 27]. Therefore, the required gate
operations are accessible and the proposed tomographic reconstructions is experimentally feasible.

As an example, we assume that the three parameters r, = 0.5, r, = V2 /2, ., = 0.5 are obtained through the above

reconstructions, then the reconstructed state can be written as p; = 0.75|0) (0] + (0.25 —i+v/2/4)|0) (1] + (0.25 +i1/2/4)[1)(0| +

()
)

0

0.25[1)(1[, whose real p;;”" and imaginary p;;” parts (i, j = 0, 1) are graphically represented in Fig. 2.

III. TOMOGRAPHIC RECONSTRUCTION OF A TWO-QUBIT STATE BY QND MEASUREMENTS

A. Nondestructive detection of an unknown two-qubit state by cavity transmissions

In this section we extend the above single-qubit QND measurements to the two-qubit case. The transition frequencies of the

two qubits are represented as wi and wa, respectively. The effective Hamiltonian of the present system is

~ w w
Hy = (—Agy +T102, + a0, )ala + 71% + 72% + @ +a), (16)

where I'; = g]2- /Aj and @; = w; +T'j, j = 1, 2. Similarly, the relevant master equation reads

62 = —ilHa, 02) + kDlalos + Y MDlo— e+ Y 1e3Dlor oo a7)

j=12 j=1,2

and the equations of motion for the mean values of various expectable operators are

/\TA
da'a) _ —r(a'a) — 2eIm(a), (18a)
dt
% = (il — g)<a> — il {a0,,) — iTa (a0, ) — de,
(18b)
d{ac,) ) K ) , A e .
= (iAg — 5~ Y1){aoz,) — (iT1 +71,1)(a) — iT'2(ao2, 02,) — i€(02,), (18¢)
d{ao,) ) K . , g )
— = ([(Bar = 5 = 71.2){@05,) — (2 +71,2)(@) — i11(30:102,) —i€0s,), (18d)



d<d";;0'z2> = (iAar — g = Y11 = M1,2)(005,05,) = 1€(02,0,) = (iT2 +71,2){@02,) = (01 +71,1)(60%, ),
(18e)
Woud — slloa) +1), (180
Wou) o allon) +1), (189
% = =11+ 71,2)(02,02) —71,1(02) — 11,2{02)- (18h)

Likewise, due to the relatively-long decoherence time of the qubits and their sufficiently short measurement time, the influences
of the additional measurement-induced dephasing and decays of the qubits are also unimportant. Thus, the expectation values
of the qubit operators can still be regarded as unchanged, i.e., (0, (t)) ~ (0.,(0)) and (0, ()0, (t)) = (02, (0)02,(0)), during
the QND measurements. As a consequence, one can easily solve the above Eqgs. (18a-e) and finally obtain the exact steady-state

distributions of the intracavity photon number

20 F(32;  BiDjyGj+ D1D2) + B1B2[Gi2(D1 + D2) + 32, 5 E;Gy ] — 32, BiE;(Dj + B;Gy)
k > BiEj(Djy F + DjA) — (BiE1 — BaE)? — AD1 Do FF ’

i'=12j#j. 19)

Here, A = iy — 1/2,Bj = il'j, Dj = ilagr — /2 =715, Ej = ilj + 715, F = iAgr — 5/2 =711 —M1,2, G5 = (02,(0)),
and G2 = (02, (0)0,,(0)).

We now investigate the above distributions schematically for various two-qubit states expressed by |¢))2 = «1]00) + a2|01) +
a3|10) + ay4|11). First, we assume that the two-qubit is initially prepared at only one of the four basis states, i.e., only one
of the four probability amplitudes equals 1. For this case Fig. 3 clearly shows that single peaks reveal, and these peaks can be
well distinguished by the shifts of the central frequencies of the transmission spectra. In practical, the peaks with frequency
shifts —I'y — 'y, —I'y + g, I’y — 'y, and I’y + T'2 mark respectively the state |00), |01), |10}, and |11). These results are well
agreement with the observations in Ref. [23], and clearly indicate that the pulls of the cavity strongly depend on the states of the
qubits. Also, the relative heights of all these single peaks are exactly equivalent to 1, which is the same height as that for the
EMC case.

Typically, if the two-qubit is prepared at the superposition of the four basis states, then the situations are quite different. It

is seen from Fig. 3(a) that, if the two-qubit is prepared initially as one of the Bell states, i.e., (|a1]?, |az|?, |as|?, |as|?) =
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(0.5,0,0,0.5), then the transmitted spectrum of the cavity reveals two peaks with the same relative height 0.5. The locations of
these two peaks are at the same positions for the states |00) and |11), respectively. Furthermore, for a more generic superposed
state (|ag|?, |ael?, |as|?, |as]?) = (0.1,0.2,0.3,0.4), four peaks reveal: the central positions of these peaks locate at the
corresponding positions of basis states |00), |01),|10), and |11), respectively. The relative heights of these four peaks are
0.1,0.212,0.308, and 0.4, respectively. Note that the relative heights of the peaks marking the states |00) and |11) are exactly
equivalent to the superposed probabilities |a;|? and |a|?, respectively. While, the relative heights of the peaks marking the
states |01) and |10) deviate from the corresponding superposed probabilities |2 |? and |3 |2. This is because the two neighboring
peaks are not well distinguished due to their partial overlap. In Fig. 3 (b) we modify the relevant parameters as I} = 1.05I';
and I';, = 0.85T 2, and then find that each of the four peaks is well separated from the others. In this case the relative height of

each peak equals exactly to the expectable superposed probability of the corresponding basis state in the superposed state.

B. High efficiency tomographic reconstructions of a two-qubit state

The two-qubit state tomography can be done in the similar way as that for the above single-qubit state. Now, there are 15 real
parameters to be determined for reconstructing a 4-dimensional density matrixpy. Generally, the 4-dimensional density matrix

for a two-qubit state [¢))2 = 1 |00) + a2]|01) + a3]10) 4 a4|11) can be presented as

P11 P12 P13 P14

P21 P22 P23 P24
P2 ) (20

P31 P32 P33 P34

P41 P42 P43 P44

in the bases: {|1)2 = |00), [2)2 = |01), |3)2 = |10), |[4)3 = |11)}. It can also be rewritten as [5]

1
P2 = Z Z TmnOm, ® Ony, =

m,n=0,z,y,z
700 + 70z + 720 + T2z Toz + T2z — iTOy - Z.sz T20 + Tz — iTyO - iTyz Tex — Tyy — isz - iTym

Tz + T2z + Z'TOy + Z'T,zy 00 — 70z + 720 — T2z Tex + Tyy + ir;ﬂy - irym Te0 — Taz — Z'TyD + iryz

e

T20 + Taz + Z.TyO + Z.Tyz Tox + Tyy — iTacy + iTym 700 + 70z — 720 — T2z Tox — Tzx — Z.TOy + isz

Tex — Tyy + isz + iTym Tx0 — Toz + iTyO - Z.Tyz Tox — Tzo + iTOy + isz 700 — 70z — 720 + T2z

21
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Here, 0/p—,.y,~ are the Pauli operators, oy is identity matrix, and sixteen real parameters r,,, are to be determined. Note that
the first and second subscripts of the matrix elements p;; (¢,7 = 1,2, 3,4) in Eq. (20) and r,,, in Eq. (21) are labeled for the
first and second qubit, respectively.

As in the above discussions, performing the QND measurements on the two-qubit state can directly determine all the four
diagonal elements p11, pa2, p33 and pas, by the measured results |a1|?, |az|?, |a3|? and |ay4|?, respectively. As a consequence,

the parameters oo, 702, 720 and 7., can be determined by

roo = |aa|* + |aaf? + |as]® + |as? =1,
rox = |ea|? — |az]? + |as|® — |auf?,
20 = |oa|? + |az]? — Jas|® — |asf,

oz = | |? — | — |as|® + |asl?. (22)

To determine the other 12 parameters, we need to perform certain unitary operations to transfer them to the diagonal locations
for other QND measurements.

It is well known that arbitrary two-qubit operation assisted by arbitrary rotations of the single qubits can generate an universal
set of quantum gates. So, the key to implement the above required operations for quantum state tomography is to realize a two-
qubit gate. For the experimental circuit QED system with two superconducting charge qubits, such a gate could be implemented
by using the so-called FLICFORQ protocol [27]. In fact, if the cavity is driven by two external fields satisfying the sideband

matching condition: wq, — wq, = 21 + 2, an effective Hamiltonian

g192(A7 + A))

Aer = wyala
B TIPS

(Uyl ® Uy2 + Oz ® UZ2)

(23)

can be induced in a quadruply rotating framework. Here, A’ = w, + 2Q?j,/Ajdj, — wr, with Q5 = 2g;€50 /(wq,, — wr) and
A= W, —wd., J, j =1,2,j # j'. Obviously, the evolution under the above Hamiltonian with the duration, e.g., around
J

Jdj

100ps for the experimental parameters [27], can produce a two-qubit operation
Urr = explin(oy, @ oy, + 02, ® 02,)/4]. 24)

On the other hand, the typical single-qubit gates U, U,, and U, (j = 1,2) can be relatively easy to produce by using the
similar approaches presented in Sec. II. With such a two-qubit operation and other single-qubit gates, we show how to perform
the desirable unitary operations for transferring the non-diagonal elements to the diagonal locations in the table. For example,

by performing a selected operational sequence W = UppU,, on the original density matrix p2, we have a density matrix
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o = WpaWT, and the new diagonal elements are

(7‘00 + Tey — Tyz + sz)a
(7‘00 + Txy + Tyz — sz)a

(7‘00 — Tay + Tyz + sz)a

)
n
[\V]
|
N N e Y N e

(7‘00 —Tay — Tyz — sz)- (25)

By the QND measurements the values of |/} |2, |ab|?, |a4]?, and |o/j|? are given. Consequently, the desirable parameters 7,

Tuys Tyz and 7, are obtained by the relations

roo = |o]* + [ah]* + |aj|* + o) [* =1,

ray = 04 * + |0 |* — Joh]* — Jaj |,

ryz = —|oq” + lab|* + |og]* — [ad]?,
ree = |4 [* = |05 + oh]* — Jaj . (26)

Similarly, other non-diagonal elements can also be determined. Note that here only six kinds of QND measurements are sufficient

to tomographically reconstruct a two-qubit state. This is obviously simpler than the previous tomography based on the usual

PMs, wherein 15 kinds of measurements are required [5, 23]. Thus, the present tomography is essentially high efficient.

After performing all the QND measurements listed in the table, a two-qubit state can be completely reconstructed. For

example, six kinds of QND measurements can determine these parameters

Too

Tz0

TyO

720

Tox

TII

Tyx

T‘Z(IJ

Toy T0z 1 0 0 —0.2
Tey Tzz 0 0.25 0 0.6
Tyy Tyz 0 0 —-025 0
Toy T2z —-0.4 0.125 0 0

27)

then a two-qubit state can be effectively reconstructed by the following representation
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P11 P12 P13 P14

P21 P22 P23 P24

P31 P32 P33 P34

P41 P42 P43 P44

0.1 0.0313 —0.0313  0.15—40.15 —i0.125
0.0313 4 i0.0313 0.2 0.125 —0.15 + i0.15
| o505 0.125 0.3 —0.0313 +0.0313
i0.125 —0.15-140.15 —0.0313 +140.0313 0.4
(28)
(R) 0

The simulated reconstruction is graphically shown in Fig. 4, where p,.” and p,.’ are the real and imaginary parts of the recon-

ij ij

structed state in the complete bases |1)2 = |00), [2)2 = |01), [3)2 = |10), [4)2 = |11), with 4,5 = 1,2, 3,4.

IV. DISCUSSIONS AND CONCLUSIONS

Generally, the quantum state tomographic constructions demonstrated above can be extended to the case including NV (N > 2)
qubits in a straightforward manner. This is because that the proposed QND measurements can be directly applied to determine
all the diagonal elements of the arbitrary N-qubit state; various basis states can be inferred from the relevant positions of the
measured peaks, and the probabilities of the corresponding bases superposed in the measured state can be extracted from the
relative heights of the peaks (if they are sufficiently separated from the others). Moreover, all the required operations for the
tomographic reconstructions can be implemented from the universal set of the gates. Thus, the efficiency of the tomographic
reconstruction of the multi-qubit should be greatly improved by using the proposed QND measurements.

Note that the family of QND measurements (which are constructed by certain operational sequences) listed in the above table
is not unique, and the other sets of measurements can also be used to do the desirable tomography. Hence, some parameters can
be determined by different kinds of QND measurements. This property can be utilized to check the accuracy of the designed
quantum operations. We also emphasize that the practically-existing decays of the qubits are safely-neglected in our treatments.
The validity of these neglects depends on three parameters: the duration 7, for obtaining an experimental data of cavity trans-
mission, the cavity decay time 7., = 1/x and the decay time 77 ; = 1/v1 ; of the detected qubits. The so-called steady-state
transmission condition implies that 7, ~ T is in the same order of around tens of nanoseconds. As the qubit decay is practically

very slow, e.g., 71 = 7.3us [19], neglecting the effect from the qubit decays should be reasonable.



14

In summary, we have proposed a scheme to perform the quantum state tomography by the QND measurements. Detailed
operations for reconstructing single- and two-qubit states are presented, respectively. Similarly, the proposal can be directly
generalized to the multi-qubit case. Differing from the usual tomography based on the PMs, our reconstruction is based on
a series of QND measurements. Since all the diagonal elements of the density matrix of an unknown quantum state can be
determined by a single kind of the QND measurements, the efficiency of the present tomographic reconstruction is significantly
higher for multiple qubits. Specifically, our proposal is demonstrated with the current circuit QED setups with a few charge

qubits, and could also be generalized to other qubit-systems, at least in principle.
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APPENDIX: TRANSMISSION OF A DRIVEN EMPTY CAVITY

In this appendix, the transmission of a driven empty cavity is calculated. The Hamiltonian of the simplified system reduces to

Hy = wyala + e(ale @t 4 gevat), (A1)

After performing the time-dependent unitary transformation defined by the operator R = exp(—iwgta'a), we get the effective
Hamiltonian

Hy = R'HyR — iRTOR/0t = —Agata+ e(a + a), (A2)

where Ay, = wg — w;- is the detuning of the cavity from the driving. Then we get the master equation for such a driven empty

cavity
6o = —ilHo, 0o] + r(agoa’ — a'ago/2 — 0od'a/2),
(A3)

where g is the density matrix of the empty cavity.
From the above master equation, one can easily obtain the equations of motion for the expectation values of the relevant

operators, such as mean photon number inside the cavity (a'a) = Tr(afaoo):

= —n(a'a) — 2¢Im(a), (Ada)
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with
d{a) ) Kooy
i (1Agr — §)<a> — €. (A4b)
The steady-state solution of Eq. (A4a) gives
(aTa)ss 1
= ) A5
€2 (wa —wp)? + (5)? (A3)

Obviously, the transmission spectrum of an empty cavity, which is proportional to (aa), is the well-known Lorentzian: centered
at wg = w, with the half-width k. When wy does not sufficiently match the cavity frequency, no photon penetrates the cavity

and thus no transmission is recorded.
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FIG. 1: (Color online) Cavity transmission for the single-qubit states versus the probe detuning wqg — w,.. Five cases of the qubit states for
|#1]*> = 0,0.2,0.4,0.5, and 1 are shown. For comparison, the empty cavity (EMC) transmission is also plotted in black line. The peak shifts
by —I'1 or I'y correspond to single basis state |0) or |1). For the superposition states, the double-peak relative heights (in contrast to the peak
height of the empty cavity transmission) present clearly the superposed probabilities of the two basis states. Here, the parameters are selected

as (01, 1, 71,1) = 27 x (—7.38,1.69,0.02)MHz [19, 22].
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FIG. 2: (Color online) Graphic representations of the density matrix p; for a single-qubit state. The real pgf) and imaginary p@

,; parts of the

density matrix elements p;; = (i|p|j) (¢,7 = 0, 1) are plotted in (a) and (b), respectively.
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FIG. 3: (Color online) (a). Cavity transmission versus the probe detuning wg —w; for certain selected two-qubit states with |a1|> = 1, |ae|® =

2

>

1, |leas]? = 1, Jaa|* = 1, (Joa |2, |e2|?, |as)?, Jaa|?) = (0.5,0,0,0.5), and (Jau |2, |ee|?, |as|?, |a4|?) = (0.1,0.2,0.3,0.4), respectively.

For comparison, the empty cavity (EMC) transmission is also plotted in black line. Here, The parameters are (I'1, T2, k,71,1,71,2) =
27 x (—11.11, —9.11, 1.7, 0.02, 0.022, )MHz [19, 23]. In (b) only the parameters I'; and I's are modified as I'j = 1.05I'; and T'y = 0.85T5.
In this case, the relative heights of the peaks are exactly equivalent to the corresponding probabilities of the single basis states superposed in

the measured superposition state.
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FIG. 4: (Color online) Schematic representations of the density matrix p2 for a two-qubit state. The real pl(f) and imaginary pg—) parts

(i,7 = 1,2,3,4) of the density matrix elements in the complete bases are plotted in (a) and (b), respectively.
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TABLE I: The operational combinations before the QND measurements to determine the parameters for tomographically reconstructing a

two-qubit state. The subscript “1(2)” of U is labeled for the operation of qubit 1(2).

quantum operation W determined parameters
no T00, T2z, T0z, T20
UFFle T00, Txy, Tyz, T'zax
UFFUyl T00s T"yxs Tzy, Txz
UFFUzl T00, Tzxs Tyy, T'zz
Uyl Uzl Urr 700, T0xs Ty0, Tyx
U’yz Uzz Urr

700, Tz0, T0y, Tzy




