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Rydberg dressing traditionally refers to a technique where interactions between cold atoms are
imprinted through the far off-resonant continuous-wave excitation of high-lying Rydberg states.
Dipolar interactions between these electronic states are then translated into effective interactions
among ground state atoms. Motivated by recent experiments, we investigate two dressing protocols,
in which Rydberg atoms are resonantly excited in a stroboscopic fashion. The first one is non-

adiabatic, meaning Rydberg states are excited by short pulses.

In this case, mechanical forces

among Rydberg atoms result in electron-motion coupling, which generates effective multi-body
interactions. In the second, adiabatic protocol, Rydberg states are excited by smoothly varying
laser pulses. We show that also in this protocol, substantial multi-body interactions emerge.

Introduction — Many current quantum simulation and
computation platforms based on trapped ultracold atoms
harness the properties of electronic Rydberg states [I-
9). These are highly excited states in which atoms are
strongly polarizable and thus can interact over long dis-
tances. These interactions are typically orders of mag-
nitude stronger than those between ground state atoms.
Additionally, the short lifetime of Rydberg states is in-
compatible with the timescales of ultracold quantum dy-
namics. Rydberg dressing is a way to overcome this
problem [I0, II]. In this process, the ground state of
ultracold atoms is coupled to a Rydberg state via a far-
detuned continuous-wave laser. This weak admixture of
the Rydberg state enables sufficiently strong interactions
and longer lifetimes, allowing for quantum simulations of
novel phases, phase transitions and dynamics [T2HIF].

Recent developments have shown that stroboscopic
dressing schemes may offer advantages over the conven-
tional Rydberg dressing approach. The underlying idea
is related to earlier works which employ external periodic
driving to shape dynamical processes in cold atomic gases
[19-26]. In stroboscopic dressing, Rydberg states are ex-
cited periodically using laser pulses, rather than through
continuous off-resonant excitation. This ensures that Ry-
dberg states are populated only during discrete intervals,
reducing overall interaction time and aligning the dy-
namics with the slower timescales of ultracold atoms.
Pulsed excitation protocols have also been studied in
Refs. [27], 28] for realizing Floquet systems based on PXP
models [29H31], where the Rydberg blockade prevents the
simultaneous excitation of nearby Rydberg atoms.

In this work, we study theoretically resonant strobo-

scopic Rydberg dressing in a cold atom tweezer array
[B]. Specifically, we focus on two protocols, with the
aim of creating effective spin Hamiltonians: the first in-
volves short pulses, which break the Rydberg blockade
[32H37]. In this case, the coupling between electronic
excitation and the mechanical motion of atoms within
their traps generates controllable spin-motion entangle-
ment and multi-body interactions that can not be re-
duced to a sum of two-body terms [38, [39]. The sec-
ond protocol relies on slow adiabatic pulses. Here, the
strength of the effectively generated multi-body interac-
tions is controlled by the detuning of the Rydberg excita-
tion laser and the spatial separation between the atoms.

General model — We consider ultracold atoms of mass
m confined in optical tweezers as shown in Fig. a) in
which they perform quantized oscillatory motion, char-
acterized by the trap frequency w and displacement coor-
dinate z;. The equilibrium distance between two neigh-
boring atoms is ag. The electronic degrees of freedom of
each atom are modeled by two long-lived ground states
(I4),11)), which form a fictitious spin, along with the Ryd-
berg state |r). Rydberg atoms separated by the distance
x interact with the potential V(x). Considering only in-
teractions between nearest neighbors, the Hamiltonian of
this system is given by (A = 1)

Hy=w Z a;faj—&—V Z njnjﬂ—i—G Z njnj+1(xj—xj+1).
J J J

(1)
Here m; = |r)r|; is the projector on the Rydberg
state of atom j, V = V(ag) is the interaction en-
ergy between nearest-neighbor Rydberg atoms and G =
OV () /0x|3=a, is the corresponding potential gradient
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FIG. 1. Atomic levels and dressing protocols. (a)
Two atoms trapped tweezers which are modeled as one-
dimensional harmonic oscillators with trapping frequency w.
Their equilibrium separation is ag, and the displacement from
their individual equilibrium positions is given by x; and x;41,
respectively. Each atom is modeled by two long-lived ground
states (|1),]J)) and a Rydberg state |r). Neighboring atoms
in the state |r) interact with strength V. A globally applied
laser couples |1) and |r) with time-dependent Rabi frequency
Q(t) and detuning A(t). (b) The dressing protocols consist of
periodic sequences of pulses of length T". In the non-adiabatic
dressing protocol, two short 7 pulses of duration s are applied,
which break the Rydberg blockade, see Eq. . In between
the two pulses, interacting Rydberg states are excited, which
generates effective interactions among atoms in the state |1).
(¢) In the adiabatic dressing protocol, the Rabi frequency
Q(t) and the detuning A(t) are varied smoothly, see Eqs. (9)
and . Rydberg states are excited during the pulses, but
de-excited at the end. Dynamical phases accumulated during
this process translate into effective interactions among atoms
in the state |1).

[40). The latter gives rise to a coupling between electronic
and motional degrees of freedom, which are represented
through raising and lowering operators: x; = zo(a; +a;r-)
with the harmonic oscillator length z¢ = 1/1/(2mw).

The idea of Rydberg dressing is to generate effective
interactions among atoms in the state |1), see Fig. [}
by virtually or temporarily coupling this state to the
Rydberg level |r). This coupling is achieved by a laser
with time-dependent detuning (with respect to the |1)-
|r) transition) A(¢) and Rabi frequency €(t). This laser
coupling is described by the Hamiltonian [41]

H (1) = () Y (11l e +he. ) + A0 Y,
e

J
where x is the projection of the laser wave vector onto
the axis connecting neighboring atoms (we assume here
that the atoms are position on a 1D chain in z-direction).
In this work we consider stroboscopic dressing pulses, i.e.
the laser parameters A(t) and Q(t) are periodic functions

with period T', as shown in Fig. [Il Our goal is to derive
expressions for the time-evolution operator U(7") that
propagates the system from the stroboscopic time nT
to (n + 1)T. Rydberg states will only be excited during
the dressing pulses, but (ideally) Rydberg excitations are
present neither in the initial state nor in the states which
the system assumes at the end of each pulse. There-
fore, the time-evolution operator U(T') only operates in
the |1)-|J) manifold and is generated by an effective spin
Hamiltonian, which we construct in the following for two
different dressing protocols.

Non-adiabatic dressing protocol — This protocol,
which is shown in Fig. [I{b), consists of two short reso-
nant 7 pulses applied during a dressing cycle. Each pulse
has duration s, one is applied at time 7; and the other
at time T — s. Mathematically, this sequence is modeled
by choosing the parameters of the laser Hamiltonian
as A(t) =0 and

T
2s

where I, () = O(t—a)—O(t—b) and © is the Heaviside
step function. One dressing cycle can be decomposed
as follows: The system starts at t = 0 in a spin state,
[tbo), where no Rydberg excitations are present. During
the time interval 0 < t < 71, the system evolves un-
der Hamiltonian Hy, Eq. , since the laser Hamiltonian
Hj is zero. No Rydberg excitations are created, since Hy
conserves the total excitation number. The first 7 pulse
excites all |1) states to the Rydberg state |r). This as-
sumes that the pulse is sufficiently strong in order to
overcome the interaction among Rydberg atoms, i.e. it
needs to break the Rydberg blockade, which is possible
when V' < 7/(2s). Note, that this process may also lead
to oscillatory excitations due to momentum transfer from
the laser to the atoms. In the following time interval of
length 79, nearest-neighbor atoms in the Rydberg state
interact and further coupling between the electronic and
motional degrees of freedom occurs. The dressing cycle
concludes with a second 7 pulse, applied during the time
interval T — s < t < T, that de-excites the Rydberg
states.

The time evolution operator which propagates the sys-
tem over a dressing cycle of duration 7' can be expressed
as a product of unitary operators. For a general pulse
duration s, this is

[Hﬁ,nJrs (t) + 1_ITfs,T (t)] ) (3)

U(T, s) — 67iS(HL+H0)67iH072 efiS(HLJrHo)e*iHoTl . (4)

In the limit of short 7 pulses, i.e. for pulses in which s <
to is smaller than any time scale ty in the free evolution
due to Hy, the time evolution operator can be calculated
analytically [42], yielding

UT) = [[e ™ hD(Fye T (5)
J



We note that recent experiments [39, [43] have demon-
strated that this condition can indeed be met. In the
following we analyze the terms of U(T') step by step. We

begin with the last term, e~ iTwaja; , which is the simplest
one and describes the free oscillatory motion of the atoms
in their traps over the length T of a dressing cycle. The
first term of U(T') is the evolution under the effective spin
Hamiltonian Hje.q which describes the time evolution of
the spin at site j during a dressing cycle as

T2 g]2

T w
Vs
P; + T'Pj. (6)

TV .
Hj ot :%Pjpj+l + (sinc(wra) — 1)

n? sin(ws)

T

Here, the first term is the “conventional” dressing po-
tential, i.e. the interaction V among Rydberg atoms in
Hamiltonian (6)), is mapped onto atoms in the |1)-state
but with weaker effective strength Vog = 7V/T', and pro-
jector Pj = [1)(t];. The factor of 75/T is the proportion
of the time during which the system is in the Rydberg
state during a dressing cycle. Further terms emerge in
the effective spin Hamiltonian, with the next one being
an interaction that is mediated by the oscillation of the
atoms in their tweezer traps. It depends on the gradient
G and the oscillator length o through the operator

G — GzoP;Pjt1, for N =2, )
/ GzoPj (Pj+1 — Pj_1), for N > 2.

For two atoms, this contribution, which is generated by
the coupling between electronic and motional degrees of
freedom, merely modifies the interaction strength be-
tween atoms in the |1)-state. For more than two atoms,
however, it results in a multi-body interaction [44], 45].
This can be understood as follows: when an atom j is
surrounded by two or no atoms in the [1)-state, the net
mechanical force acting on it when excited to the |1)-
state is zero. Hence G; = 0. For other configurations,
G; assumes a non-zero value. Distinguishing these cases
necessitates an operator which acts on site j as well as on
the two neighboring sites, hence generating a three-body
interaction. The term 7?sin(wm)P;/T in the effective
Hamiltonian accounts for the momentum transfer during
laser excitation. It is quantified by the Lamb-Dicke pa-
rameter 1 = kxo [46H48]. The last term, %P; arises due
to the application of two 7 pulses during the dressing cy-
cle, which leads to a phase shift of 7 for all atoms in the
state |1).

Let us now return to the middle term of the unitary
evolution operator . It depends on the displacement

operator D(J;) = exp{jj ;—‘7;[@]-} with argument
J; = (% + inPj) (e7™7™ —1). It displaces atom j in
position (momentum) space by the real (imaginary) part

of J;, which is an operator that acts on the spin degrees of
freedom [49]. This term therefore results in spin-motion
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FIG. 2. Non-adiabatic dressing protocol. (a) Evolu-
tion of the expectation value of the total spin component Sy
for two atoms (see text). Choosing wre = 0.017, the oscil-
latory motion is coupled to the spin dynamics. This leads
to entanglement between the two degrees of freedom, causing
spin decoherence (see Supplemental Material [42]). Numeri-
cally exact results calculated by U(T, s), Eq. , are shown as
blue squares and the stroboscopic evolution under the unitary
U(T), Eq. , is shown as red diamonds. For comparison, we
show the evolution of S, in the absence of this spin-motion
coupling calculated by Eq. with yellow dots. The initial
state [to) is defined in the main text. (b) When choosing
wT2 = 2w spin and motion decouple. (c¢) Dynamics of the av-
erage interatomic distance (dz) (see text). For wrs = 0.01m,
spin-motion coupling results in oscillations of the interatomic
distance after a dressing cycle. (d) When choosing wre = 2,
the motional degrees of freedom return to their initial state
after each cycle. In all simulations the harmonic oscillator
basis is truncated to contain a maximum of 5 excitations, the
parameters values are 7' = 8.17/w, V = 10.1w, n = 0.6 and
s = /(2 X 10*w). For panels (a,c) we use Gy = 5w and for
panels (b,d) we set Gxg = 0.3w. Note that in experiment, the
values for V and G can in fact be tuned independently using
microwave dressing of Rydberg states [50H53].

coupling. The amount of the displacement further de-
pends on the oscillation phase wTs, which can be utilized
to control the spin-motion coupling. If the oscillation
phase is zero or a multiple of 27, J; vanishes and spin
and motional degrees of freedom decouple.

For a dressing cycle with such decoupled spin and mo-
tion, the time evolution operator separates into an oper-
ator acting on the spins,

uspin(T) _ H efiTH]’_,cff’ (8)
J

and one acting on the harmonic oscillatory motion of
the atoms, Upse = H,efiT“’a;aj. However, multi-body
interactions still remain in the effective spin Hamiltonian
due to its dependence on gf.



To illustrate the effect of the spin-motion coupling,
we consider in Fig. [2 a system of two atoms which are
initialized in the motional ground state [0);. As initial

state we choose |1y) = ®;V:12 [% (|T>j + Mj) ® |0>3},
which is not an eigenstate of the effective spin Hamil-
tonian and thus leads to non-trivial dynamics. In the
figure, we study the dynamics of two observables of the
system: the expectation value of the z-component of the
total spin, S, = Zj\[::lz <|T><¢|j + H)(T|j>, and the ex-
pectation value of the distance (dz) /xg = (X2 — x1) /x0
between the atoms. The time evolution of the observables
is calculated numerically exactly through U(T),s) for fi-
nite 7 pulse length s, Eq. , and compared to the time
evolution operator U(7T) in the short-pulse limit s < g,
Eq. . For wrms = 27, both degrees of freedom perform
a separable evolution, where the spins perform oscilla-
tions in the observable S,. Conversely, spins and motion
couple when w7, = 0.17 which results in a non-trivial
spin-dynamic of S, compared to the spin-only dynam-
ics. This is shown in Fig. a,b), where we display the
behavior of spin observable S, as a function of time for
both cases. Spin-motion coupling also affects the evolu-
tion of the distance (dz) between the atoms: With spin-
motion coupling, the distance varies strongly at each stro-
boscopic time step nT’, while it remains constant in the
decoupled case, see Fig. c),(d). To approximately de-
couple spin and motion, one can scale the time interval
To between the pulses to yield wms < 1 (while adjust-
ing V such that Vog = V7o/T remains on the order of
unity). Dressing with such ultra-strong laser pulses has
been experimentally demonstrated in Ref. [39, 43]. We
discuss this special case in the Supplemental Material
[42]. There, we also illustrate how a spin-motion echo
sequence can decouple spin and motional dynamics.

Adiabatic dressing protocol — This dressing protocol
employs slowly changing laser parameters rather than
short pulses. It is sketched in Fig. c). The time evo-
lution during a dressing cycle of length T is assumed to
be adiabatic, in the sense that the spin state at its be-
ginning and its end is the same. Moreover, the state
shall be smoothly connected to the instantaneous eigen-
states during the adiabatic pulse, which contain compo-
nents of Rydberg states. This necessity to be slow, i.e.
to avoid non-adiabatic transitions, is in conflict with the
finite lifetimes of Rydberg states. Hence, an appropri-
ate parameter regime needs to be identified that ensures
pulses which are much shorter than the Rydberg atom’s
lifetime. This is indeed possible, as shown in the Supple-
mental Material [42]. There, we additionally show that
for strongly trapped atoms, one can neglect the coupling
between the electronic degrees of freedom and the oscil-
latory motion [54H62]. For simplicity, and to make the
calculations tractable, we disregard spin-motion coupling
in the following, setting the potential gradient G and the
Lamb-Dicke parameter 1 to zero.
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FIG. 3. Adiabatic dressing protocol. (a) Time-
dependent Rabi frequency 2(t) and detuning A(t) for a dress-
ing cycle with duration T' = 200/, where Ay = 8Qp and
A1 = 0. (b) Accumulated dynamical phase ¢ in a system
of three atoms placed on an equilateral triangle. Here, the
initial configurations C need to be distinguished only by their
number of atoms in the |f)-state. The interaction strength
is V.= 4Q0. (c) Bare van der Waals interaction between
Rydberg atoms as a function of the interatomic distance ag.
We use the dispersion coefficient Cs = 119 GHzpum® of state
61S; /2 of potassium with Rabi frequency o = 27 X 1 MHz.
(d) Effective two- and three-body interaction strength, V.
and Vs, for varying interatomic distance ag. The calculation
is based on the bare van der Waals interaction shown in panel
(c). The closer the interatomic distance, the higher is the rel-
ative contribution of the three-body interaction Vs.

In the adiabatic dressing protocol, the Rabi fre-
quency and detuning are smoothly varied according to

Fig. B(a) as

Q(t) = Qo sin? (7t/T) (9)
A(t) = Ao — (Ag — Ay) sin? (it /T). (10)

The dynamical phase that is accumulated during this
pulse differs for each spin configuration and yields an
effective Hamiltonian in the spin space which in gen-
eral contains multi-body interactions. As an example,
we consider a system with N = 3 atoms positioned in
an equilateral triangle whose sides have the length ag.
The effective spin Hamiltonian can generally be written
in terms of the projectors P; = [1)(1;:

Heg = V3P PoPs + Vs Z'Pﬂ)j +W Z Pi + Vo, (11)
oy i

where Vi describes the effective k-body interaction
strength. The evolution under this effective spin Hamil-
tonian over a time T then generates the dynamical phase



@¢ of the spin configuration C € {JJJ, 41, ..., 111}

e e T — Z e~ e e)Cl . (12)
I

Comparing coefficients, we can now link the k-body in-
teraction strength to the dynamical phases. Due to the
symmetry of the system, the phases ¢¢ depend only on
[1)-spins that are contained in configuration C. We thus
use a shorthand notation ¢, where the subscript « refers
to the number of atoms in the |1)-state, i.e. we have

PLIL = P05 PriL = PurL = it = @r, ete. With this, we
obtain

VOT = Yo,
VoT' = @41 — 204 + o,

VlT = (pT — 0, (13)

In the following, we construct the effective spin Hamil-
tonian for an exemplary case and show that indeed
rather generically three-body interactions emerge.

Using numerical integration [63], we solve for each ini-
tial state from C the time-dependent Schrédinger equa-
tion with the Hamiltonian H(t) = Ho + Hy,(t) [Egs. (1)),
] and the adiabatic pulse @D,. We then extract the
adiabatically accumulated dynamical phase ¢¢ as a func-
tion of the laser parameters and the interaction strength
V. An example is shown in Fig. [3[(b). From these phases,
we can then calculate the interaction coefficients Vj using
the above-described procedure. We assume here that the
bare interaction between atoms in Rydberg states is given
by a van der Waals interaction of the form V = Cg/a$,
see Fig. [3[c), where Cj is the dispersion coefficient [64].
Based on this, we calculate the effective k-body interac-
tion strength as a function of the interatomic distance
ag, which is shown in panel (d). This results in two-
and three-body potentials, which have a characteristic
flat-top form [65]. The larger the interparticle separa-
tion, i.e. the smaller the bare interaction V', the more
dominant becomes the two-body interaction. A detailed
analysis of the ratio V3/Vs is outlined in the Supplemen-
tal Material [42].

Conclusions and outlook — We discussed the the-
ory underlying two stroboscopic Rydberg dressing pro-
tocols for generating effective spin Hamiltonians. The
non-adiabatic protocol relies on the application of fast
resonant laser pulses which break the Rydberg block-
ade. This results in state-dependent mechanical forces
causing a coupling between motional and electronic de-
grees of freedom. As a consequence effective multi-body
spin interactions are generated, but also spin decoherence
emerges which can be mitigated by an appropriate timing
of the laser pulses. The adiabatic protocol, on the other
hand, is implemented by smoothly varying laser pulses.
During the adiabatic evolution, the system probes inter-
acting configurations of Rydberg atoms, which generate
spin-dependent dynamical phases resulting in effective k-
body spin interactions. For a system of three atoms, we

V3T = o4 — 31t + 301 — wo.

analyzed two-body and three-body interactions and their
dependence on the interparticle distance.

There are a number of avenues for interesting future
work. The considerations of this paper are based on sim-
ple 1D and 2D systems, and the effect of different lattice
geometries and multidimensional oscillatory excitations
certainly merits further exploration. Additionally, quan-
tum optimal control techniques may allow engineering
stroboscopic dressing protocols that reduce spin-motion
coupling or enhance adiabaticity while minimizing spin
decoherence. In particular, it would be interesting to ex-
plore whether two-body interactions could be completely
removed, leading to many-body Hamiltonians that fea-
ture solely multi-body interactions.
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