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Assuming Markovian time evolution of a quantum sensing system, we study the general character-
ization of the optimal sensitivity scalings with time, under most general quantum control protocols.
We allow the estimated parameter to influence both the Hamiltonian as well as the dissipative part
of the quantum master equation and focus on the asymptotic-time along with the short-time sensi-
tivity scalings. We find that via simple algebraic conditions (in terms of the Hamiltonian, the jump
operators as well as their parameter derivatives), one can characterize the four classes of metrolog-
ical models that represent: quadratic-linear, quadratic-quadratic, linear-linear and linear-quadratic
time scalings. We also investigate the relevant time scales on which the transition between the
two regimes appears. Additionally, we provide universal numerical methods to obtain quantitative
bounds on sensitivity that are the tightest that exist in the literature. Simplicity and universality
of our results make it suitable for diverse applications in quantum metrology.

Introduction. With rapid technological advance-
ments, need for precise characterizations of physical
systems is getting increasingly demanding. Quantum
metrology [1–6], based on the theoretical framework of
quantum estimation theory [7, 8] is a pursuit towards this
goal. Using quantum resources [9] like coherence [10] and
entanglement [11] to achieve the optimal enhancement
over classical strategies is crucial for further development
of already spectacular achievements in gravitational wave
detection [12–14], spectroscopy [15–19], magnetometry
[20–22] or atomic clocks [23–27] to name a few.

One of the pivotal moments in the development of the
field, was a realization that the potential quadratic gain
in the scaling of precision with the number of resources
used (particles, time), referred to as the Heiseneberg scal-
ing [16, 28–31], is extremely fragile in the presence of
noise [17, 32–41]. In commonly encountered noisy sce-
narios, one may asymptotically expect at most a constant
quantum enhancement factor, even if all possible adap-
tive quantum strategies are allowed [40–46]. Neverthe-
less, there are also cases, when noise may be efficiently
countered via quantum-error correction inspired proto-
cols and long-time or large-scale benefits of quantum co-
herence/entanglement may be exploited [44, 45, 47–51].

In this paper, we consider the most general Marko-
vian quantum sensing model, where the dynamics of
the sensing probe is governed by the celebrated Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) [52–54] equa-
tion:

dρ(t)

dt
= Lφ[ρ(t)] = −i[H(φ), ρ(t)]+

n∑
k=1

(
Lk(φ)ρ(t)L†

k(φ) − 1

2
{L†

k(φ)Lk(φ), ρ(t)}
)
, (1)

where the parameter φ to be estimated may be encoded
both in the Hamiltonian and the jump operators Lk. In
what follows, for simplicity of notation, we will drop the
explicit dependence of H and Lk on φ. We assume, that
we can perform arbitrary quantum control operations on
the sensing probe as often as required, including entan-

FIG. 1. A general model of Markovian quantum sensing. A
Quantum probe may be entangled with arbitrary large an-
cillary systems and fast and strong quantum controls can
be applied during the whole sensing process. The character
of the Markovian dynamics determines the optimal quantum
Fisher information scaling both in the short-time as well as in
the asymptotic-time regimes and τ denotes the characteristic
timescales of transition between them. The scaling may be
either linear or quadratic in both regimes, and all four com-
binations are allowed.

gling operations with ancilla of arbitrary size, see Fig. 1—
we implicitly assume that H as well as Lk operators act
trivially on the ancillary system.

We assess quantitatively the performance of metrolog-
ical protocols by studying the maximal achievable quan-
tum Fisher information (QFI), as a function of the total
sensing time t, inverse of which provides a lower bound
on the achievable parameter estimation variance [8, 55].
There are a number of efficient numerical tools to find a
quantum control protocol that yields a reasonable sens-
ing performance [3, 56, 57], but the exact optimization of
the QFI over the most general sensing strategies is typi-
cally not feasible, unless one considers idealized noiseless
scenarios [30].

The alternative approach is to analyze fundamental
bounds on the performance of the most general con-
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trol protocols, which are relatively easy to compute
for Markovian models [40–45, 51, 58–61]. The bounds
were originally developed with parallel channel estima-
tion schemes in mind [40, 41, 58], but were later gener-
alized to cover the most general adaptive channel esti-
mation schemes [42, 45, 61] as well as continuous time
Markovian sensing scenarios [43, 44, 60].

These approaches allowed for an identification of sim-
ple if and only if conditions on the achievability of the
asymptotic Heisenberg scaling of the QFI in Marko-
vian Hamiltonian parameter sensing scenarios [43, 44].
Bounds were shown to be asymptotically saturable [44,
45, 61], yet were not particularly tight on the short and
intermediate time scales nor did they allow to obtain a
proper insight into the time scales on which the transi-
tion from the short-time behaviour to the asymptotic one
takes place. Moreover, in most of the works except e.g.
[60, 62], the sole focus was on the parameter that appears
in the Hamiltonian part of the Markovian dynamics, re-
stricting the full generality of the studies.

In this paper we remedy all these deficiencies. We
provide a simple algebraic classification of all the four
classes of Markovian sensing models, that differ by ei-
ther short or asymptotic-time scaling character (linear or
quadratic) as well as provide simple formulas capturing
the characteristic time scales for the transitions between
these regimes. Finally, we provide an efficient numeri-
cal method to compute explicit bounds that are not only
tight in the short and the asymptotic-time regimes, but
also perform the best in the intermediate-time regime
from all known efficiently computable bounds.

Scaling analysis. In what follows, we will use the no-

tation, were L⃗ = [L1, . . . , Ln]T is a column vector of
length n collecting all the jump operators, while L =
[11, L1, . . . , Ln]T is an extended vector with additional
identity operator at the first position. Our starting point
is the fundamental bound on the rate of the increase of
QFI derived in [61], which in the continuous time Marko-
vian limit takes the following form (for the derivation see
Supplementary Material, Appendix F in [61]):

dFQ(t)

dt
≤ 4 min

h

(
∥a(h)∥ + ∥b(h)∥

√
FQ(t)

)
, (2)

where FQ(t) denotes the QFI and the optimization vari-
able

h =

(
h0
0 h⃗†

h⃗ h

)
(3)

is an n+1×n+1 Hermitian matrix with a block structure,

where h ∈ Cn×n
H is an n× n hermitian matrix, h⃗ ∈ Cn is

a complex vector of length n, h0
0 ∈ R, ∥ · ∥ is the operator

norm, while a(h), b(h) are operators defined as:

a(h) =
(
i

˙⃗
L + hL⃗ + h⃗11

)† (
i

˙⃗
L + hL⃗ + h⃗11

)
, (4)

b(h) = Ḣ − i

2

(
˙⃗
L†L⃗− L⃗† ˙⃗

L
)

+ L†hL, (5)

where Ḣ,
˙⃗
L are derivatives of the Hamiltonian and the

jump operators over the estimated parameter φ. Note
that for the sake of clarity, the notation we use in the
paper is slightly modified compared with the one origi-
nally used in [61]. In particular, a(h), b(h) represent here
α(1)(h), −iβ(1)(h) respectively from [61], which are the
first order time expansions of operators α, β commonly
used in expressions for the bounds in the quantum chan-
nel estimation framework [41, 42, 45, 61].

In order to analyze both quantitative and qualitative
(scalings) implications of (2) it is best to start with the
plot of the achievable region for the operator norms of a,
b, (∥a∥, ∥b∥)—see Fig. 2(i). In what follows we will refer
to this plot as the ‘ab-plot’. This plot can be generated as
a solution of simple semi-definite programme (SDP), see
Ref. [63], Section A. It is enough to determine whether
the minimal achievable values of a− = minh ∥a(h)∥ and
b− = minh ∥b(h)∥ are strictly greater than zero.

If b− = 0, then for large enough t it is always optimal to
choose ∥b∥ = 0 in (2). Consequently, the QFI will grow
linearly in the asymptotic-time regime according to the
formula FQ ≈ 4a+t, where a+ = minh,∥b∥=b−(∥a(h)∥).
On the other hand, if b− > 0 the asymptotic-time QFI
scaling is necessarily quadratic, FQ ≈ 4b2−t

2.
In a complementary manner, a− = 0 implies that for

short-times it is always optimal to set ∥a∥ = 0 in (2), as
in this regime the linear growth dominates the quadratic
one. This results in the QFI growing as FQ ≈ 4b2+t

2,
where b+ = minh,∥a∥=a−(∥b(h)∥). When a− > 0, how-
ever, the linear term cannot be removed and the QFI
grows as FQ ≈ 4a−t. See Fig. 2(ii), where all the four
cases of short-time and asymptotic scalings are depicted.

Furthermore, one can asses the characteristic time-
scales of transition from short-time to asymptotic-time
scaling, when contributions from the linear and quadratic
terms become comparable. In the quadratic-linear case
this leads to transition time τ ≈ a+

b2+
. In three other cases

we in fact deal with two time scales—when the initial
QFI formula ceases to be valid (τ−) and when the the
QFI approaches the asymptotic behaviour (τ+). These
times read τ∓ ≈ a+

b2±
, τ∓ ≈ a∓

b2+
and τ∓ ≈ a∓

b2±
for quadratic-

quadratic, linear-linear and linear-quadratic models (see
[63], Section B for details) respectively, see Fig. 2(ii).
Algebraic conditions. While obtaining the exact val-

ues of a±, b± requires in general to run an SDP pro-
gramme, determining whether a−, b− are zero or strictly
positive may be phrased in terms of simple algebraic con-

ditions on H, Ḣ, L⃗ and
˙⃗
L. Inspecting (4), we see that

the condition for the quadratic short-time scaling can be
phrased as:

a− = 0 iff ∃h,⃗h
˙⃗
L = −i(hL⃗ + h⃗11). (6)

Looking at (5) it is clear that the condition for linear
asymptotic-time scaling amounts to

b− = 0 iff G = Ḣ − i

2

(
˙⃗
L†L⃗− L⃗† ˙⃗

L
)
∈ S, (7)
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FIG. 2. Schematic plot of (i) achievable pairs of operator norms (∥a ∥b∥) of operators defined in (4,5) and (ii) the short-time
and asymptotic-time QFI scalings as well as the relevant transition time scales.

where S = spanC{11, Lk, L
†
k, L

†
kLl} has been called the

Lindblad-span space in [43, 44].

If the parameter is encoded in H only, so
˙⃗
L = 0, the

condition (6) is trivially satisfied and the initial scaling
of QFI is always quadratic. The impact of parameter de-
pendence of Lk operators on the asymptotic scaling has
also been analyzed in [60, 62], but a general characteriza-
tion of short and asymptotic scaling conditions was not
given.

To investigate the impact of non-zero
˙⃗
L consider the

first the case when L̇i ∈ spanC{11, Lk}. This allows us to
write them as

∀iL̇i ∈ spanC{11, Lk} ⇔ ˙⃗
L = h1L⃗− ih2L⃗− i⃗h11, (8)

where h1 is hermitian matrix, −ih2 is anti-hermitian ma-

trix, and −i⃗h is a complex vector. Thanks to the freedom
of redefining Lk and H, while keeping the quantum mas-
ter equation unchanged, one can show that there is a
representation H ′, L′

k where the part −ih2 disappears,

while −i⃗h11 part is transferred to the Hamiltonian (see
Ref. [63], Section C):

˙⃗
L′ = h1L⃗, Ḣ ′ = Ḣ − 1

2

[
h⃗†L⃗ + L⃗†h⃗

]
. (9)

Hence, only the term h1L⃗ is responsible for the parameter
dependence truly connected with the actual dissipative
part of the evolution. If this part is non zero, (6) cannot
be satisfied. Consequently, we can always interpret the
initial quadratic scaling of QFI with a purely Hamilto-
nian parameter estimation model, while the appearance
of linear initial scaling is a clear indication of non-trivial
parameter dependence of noise operators Lk. Moreover,

the effective modification of Hamiltonian due to −i⃗h11
term, will not affect the (7) condition as the added term
lies in S. Hence, on its own it will never allow for a
Heisenberg scaling asymptotic behaviour.

Finally, the interesting case is when at least one of
the derivatives L̇i does not live in the span of Lindblad
operators ∃iL̇i /∈ spanC{11, Lk}. Then the second term

in (7) provides a nontrivial contribution. In particular,
we may even observe asymptotic quadratic QFI scaling,
even with no Hamiltonian parameter dependence at all
(Ḣ = 0) or when the Hamiltonian part on its own would
not allow for this–see Examples below.
Quantitative analysis. We now present a recipe to ob-

tain the tightest possible numerical bounds within the
framework presented. The method amounts to a dis-
crete time step approximated integration of (2), during
which ∥a(h)∥, ∥b(h)∥ are chosen at each step in a way
to yield the tightest bound possible. Note that, since we
want our bound to be fundamentally valid, we do not
assume that control operations can be applied only on
time scales longer than the discretization time step ∆t.
On the contrary, our bound will be valid for arbitrary fast
and arbitrary strong quantum controls, while the choice
of the ∆t will only affect the tightness of the bound—the
smaller ∆t the tighter the bound.

We first note, that RHS of (2) is strictly increasing
with time, therefore for any h, FQ(t + ∆t) − FQ(t) ≤
4(a(h) +b(h)

√
FQ(t + ∆t))∆t. Next, thinking of FQ(t+

∆t) and FQ(t) as independent variables, we solve the
above for FQ(t+ ∆t). Finally, as the obtained inequality
is valid for any h, we may optimize it over h:

FQ(t+∆t) ≤ FQ(t)+4 min
h

[
∥a(h)∥∆t+2∥b(h)∥2∆t2+

∥b(h)∥∆t
√
FQ(t) + 4∥a(h)∥∆t + 4∥b(h)∥2∆t2

]
. (10)

Clearly, in the limit ∆t → 0 the above formula corre-
sponds to exact integration of (2), but the important
point is that for any finite ∆t it results in a fundamen-
tally valid bound. It is not advisable to optimize h at
every step via an SDP. It is much more efficient to first
obtain the ‘ab-plot’ and then at each step identify the
point on the curve a(b) that provides the tightest bound
at a given step—this can be done by a simple search
through tabularized values of a(b).
Examples. In Fig. 3 we present numerical results for

four models representing all four different ‘scaling cases’,
ordered in a way to correspond to classification presented
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FIG. 3. Bound on FQ(t) derived using (10), as well as initial and asymptotic scalings of FQ(t) as a function of time t in
log-log scale for four different sensing cases in the same order as depicted in Fig. 2(ii). τ , τ−, and τ+ denote the transition
times computed according to formulas presented in the schematic Fig. 2(ii). The insets represent the corresponding ‘ab-plots’
indicating the values of a−, b−, a+, and b+. The structure and the numerical parameters for the models are given in Table I.

model L1(φ) a− b− a+ b+ τ− τ+

PD
√

γ
2
σz 0 0 1.25 1 1.25

RD
√

γ
2
σ
(

π
15

)
0 0.21 1.20 1 1.20 27.67

PDDS
√

γ
2
eφσz 0.2 0 1.45 1 0.2 1.45

PDDD
√

γ
2
σ(φ) 0.2 0.2 1.45 1.02 0.19 36.25

TABLE I. The form of the single noise operator L1 and the
parameters of the models depicted in Fig. 3: PD (parallel
dephasing), RD (rotated dephasing), PDDS (parameter de-
pendent dephasing strength), PDDD (parameter dependent
dephasing direction), where σ(θ) = σz cos θ + σx sin θ. In all
the models H(φ) = φωσz. Numerical values are given for the
parameters set to ω = 1, γ = 0.4. The sensing is performed
around the parameter value φ = 0.

in Fig. 2(ii). The results are presented in log-log scale
in order to better reveal the scaling character of the
curves. In all the models considered the Hamiltonian
is H(φ) = ωφσz, and they differ only by the form of the
single noise operator L1(φ), which is given together with
numerical parameters of the models is Table I. Without
loss of generality, we set ω = 1 which therefore deter-
mines the natural time scale for the problem to be ω−1.
We also assume that the parameter to be estimated φ is
dimensionless, as a result the QFI will also be dimension-
less.

We take the conventional parallel dephasing (PD)
model as an example of quadratic-linear case (a− = 0,
b− = 0). This may be regarded as a generic Hamilto-
nian parameter estimation case, where noise cannot be
removed so that asymptotic Heisenberg scaling is recov-
ered. Time τ shown in the plot is indeed a good in-

dicator of initial quadratic to asymptotic linear scaling
transition.

For quadratic-quadratic case, we consider a rotated de-
phasing (RD) model where G = Ḣ ∝ σz /∈ S and L̇1 = 0,
resulting a− = 0, but b− > 0. We have two transi-
tion times— τ− indicating the transition away from ini-
tial quadratic scaling and τ+ indicating the transition to
asymptotic quadratic scaling.

For the linear-linear case, we consider a the parame-
ter dependent dephasing strength (PDDS) model, such
that a− > 0, but b− = 0. Two transition times τ−,
and τ+ faithfully indicates the transition from initial lin-
ear scaling to intermediate scaling and then transition to
asymptotic linear scaling respectively. In Ref. [64], non-
equilibrium quantum thermometry for Markovian mas-
ter equation is considered, where the jump operators are
temperature dependent. This is an example of linear-
linear case.

Finally, we consider a parameter dependent dephasing
direction (PDDD) model, where a− > 0, and b− > 0.
This model has also been studied in [60] being an ex-
ample where asymptotic Heisenberg scaling is caused by
the parameter dependent jump operator. The two time
scales shown in the plot are τ−, and τ+, denoting the
transition from initial linear scaling to intermediate, and
ultimately to asymptotic quadratic scaling respectively.

In some situation it is possible to derive an analytical
form of the bound obtained via numerical optimization.
We provide such an example in Ref. [63], Section D for
the PD case, but stress that in general SDP optimization
is necessary to obtain the tightest bound.

Conclusions. With this paper, we performed compre-
hensive analysis of general Markovian sensing models and
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provided simple and efficient tools to assess the potential
quantum enhancement for the models on all evolution
time-scales. Notice that the framework covers in partic-
ular all continuous-measurement paradigms [65, 66] and
as such any results obtained in these approaches should
obey the bounds derived here. An obvious direction
for further research is to study non-Markovian models
[67, 68], but this would require going significantly beyond
the framework presented here.

Note added. Recently, Ref. [69] appeared, where au-
thors derived a condition analogous to (7), providing a

complementary approach to the similar context.
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