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We investigate atom-photon entangling gates based on cavity quantum electrodynamics (QED)
for a finite photon-pulse duration, where not only the photon loss but also the temporal mode-
mismatch of the photon pulse becomes a severe source of error. We analytically derive relations
between cavity parameters, including transmittance, length, and effective cross-sectional area of the
cavity, that minimize both the photon loss probability and the error rate due to temporal mode-
mismatch by taking it into account as state-dependent pulse delay. We also investigate the effects
of pulse distortion using numerical simulations for the case of short pulse duration. We believe that
these analyses are the first to suggest that a cavity has an optimal length for the atom-photon gate,
providing a fundamental guideline for implementing quantum information processing.

Atom-photon gates are key components for universal
quantum computation [1] based on cavity quantum elec-
trodynamics (CQED) [2], as these gates can be used
to implement both atom-atom gates [3-6] and photon-
photon gates [7, 8], which are expected to enable the
construction of scalable distributed quantum computa-
tion systems [2]. Recently, one of the entangling gates,
a controlled phase flip (CPF) gate between atomic and
photonic qubits in CQED systems, has been experimen-
tally demonstrated [5, 6, 8-10].

Previous theoretical investigations for atom-photon
CPF gates have shown that the error probabilities are
characterized by the internal cooperativity parameter Cj,
in the limit where the input-photon pulse duration is in-
finite [11-13]. Since Cj, is proportional to F/A in typ-
ical cavities, where F is the finesse and A is the mode
area [2, 14, 15], in the long pulse limit, high-finesse cav-
ities with small mode areas are required to suppress er-
rors [16-18]. On the other hand, we have previously
shown that the error probabilities in the CPF gate cannot
be characterized only by Cj, when the photon pulse is of
a finite duration [13]. This result suggests that the opti-
mal cavity design should be reconsidered for finite pulse
duration, which is required to achieve fast gate operation,
and represents a more natural experimental description.

In this Letter, we investigate the optimal cavity de-
sign for CQED-based CPF gates. In the case of finite
pulse duration, the atom-photon gates have two severe
error sources: the photon loss and the temporal mode-
mismatch of the output photon pulse. Here, the dom-
inant effect of temporal mode-mismatch can be consid-
ered as pulse delay. In this approximation, we derive the
relations between cavity parameters, including transmit-
tance, length, and effective cross-sectional area of the
cavity, that minimize both the photon loss probability
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and the error rate due to the pulse delay. We also per-
form numerical simulations of the dynamics of the CQED
system and discuss the effect of pulse distortion when the
pulse is short. We note that the relationship between the
gate error and the cavity length has yet to be discussed in
previous studies [19-28]. This is because CPF gates are
typically analyzed in the long-pulse limit [29], where the
gate error is independent of the cavity length. Here, we
investigate the finite-pulse case by extending the analyti-
cal treatment of the long-pulse limit. We believe that our
analyses with the temporal mode-mismatch error are the
first to suggest that a cavity has an optimal length for the
atom-photon gate, providing a fundamental guideline for
implementing quantum information processing systems
based on CQED.

Figure 1 shows a setup to realize the atom-photon CPF
gate [9-11]. An atom in a one-sided cavity has an excited
state |e)a, and ground states |0), and |1),, which repre-
sent qubit bases. The transition between |1), and |e), is
resonant with the cavity. A photon qubit is represented
by its polarization |H), and |V),. The initial state of
the entire system is then written as

|Win) = (@0|0)a + a1|1)a) @ (au|H)p +av|V)p), (1)

where «; (i € {0,1, H,V}) are complex amplitudes.

An input single-photon pulse is split into two paths
using a polarizing beamsplitter so that only one polar-
ization is incident on the cavity (we choose |H), here).
The other component is reflected by an external mirror.
We describe the output state after the atom-photon in-
teraction via the cavity mode as

|\I/0ut> = LQO[()CJLH|OH> —+ Oé()OéV|OV>
+L10¢10¢H‘1H> +a1av|1V>, (2)

where [jk) = |j)a @ k) (G € {0,1},k € {H,V}). When
Lyp=-1 and L; =1, the ideal CPF gate operation is
realized.

Denoting the annihilation (creation) operators inside
and outside of the cavity as ac(a}) and ap(ag), the Hamil-
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FIG. 1. Schematic of the atom-photon CPF gate. The pho-
ton carries qubit information represented by the polarization
states au|H)p + av|V)p, and the two ground states of the
trapped three-level atom in the cavity represent an atomic
qubit a|0)a+ a1]1)a. The transition between |1), and |e)a in
the atom is resonant with the cavity. Through the polarizing
beamsplitter, the input photon having horizontal (vertical)
polarization, |H)p (|V)p), is directed to the one-sided cav-
ity (the external mirror). The cavity length Lcav, the cavity
transmittance Tex, and the position of the external mirror are
adjustable. The notation g is the atom-cavity coupling con-
stant, v is the atomic polarization decay rate, and aioss is the
roundtrip loss rate of the cavity.

tonian of the cavity path including the CQED system and
a single-photon pulse is given by

H =hwealae + hwe|€)ane| — fiwo|0)aa (0]

+ /_o;whwal(w)ap(w) + thg (az|1>aa<e| — ac|e>aa<1|)

o0
o Rex [
+ihy | — / dw[alap (w) — az) (w)ac), (3)
™ — o0
where w, and wg; are the resonant frequencies of the cav-
ity and the transition of |0),-|1)., respectively. System
parameters g and kex are the atom-cavity coupling con-
stant and the external cavity field decay rate associated
with the extraction of the cavity photon to the desired
external mode. We also take into account the following
dissipative processes: atomic spontaneous emission with
a polarization decay rate v and unwanted cavity field de-
cay due to the imperfection of the cavity with a rate xjy,.
The total cavity decay rate is given by kK = ki, + Kex-
The state of the atom and the photon having horizontal
polarization is described as

(o9}

[Yu(t)) = |0>a|0>c/deo(t»W)al(W)l%

— 00

+ Bo(8)[0)al1)c/0),
+ [1)a]0) / doo i (1, )l () O)p

— 00

+ A1(B)[1)al1)e]0)p
+ Be(t)]€)al0)c|0)p, (4)

where w denotes the frequency of the single-photon pulse,
and the functions f;(¢t,w) (I € {0,1}) and B, (t) (m €
{0,1,e}) represent time-dependent probability ampli-
tudes.

Here, we consider the case that the single-photon pulse
is nearly resonant with the cavity, and we assume that
there is no pure dephasing, which holds for typical CQED
systems with neutral atoms [30]. We calculate the dy-
namics of this system by the non-Hermitian Hamilto-
nian, which is enough to rigorously derive the gate fi-
delity equivalent to the master equation, in cases where
the pure dephasing can be ignored [11]. Furthermore, we
also consider the effect of the pure dephasing in Supple-
mental Material VII [31]. Thus, from the equations of
motion of the state |y (t)) and the input-output rela-
tions, we derive response functions in the form of ampli-
tude reflection coefficients, as

_Kfex'i_'%in"'iA

Lo(A) = === ()
_ . . 2 .

Li(A) = Kex + Kin + 1A 4+ g° /(v +iA) (©)

Kex + Kin + 1A + g2/(y +1iA) ’

where A = w, — w is the detuning from the resonant fre-
quency (see Supplemental Material I [31] for the deriva-
tion of the response functions).

In a typical one-dimensional cavity setup, g, Ki,, and
Kex are described as [2]

/ cy
== =, 7
g 2Aeff Lcav ( )

CQoss

Rin = 4Lcav’ (8)
cTox
Fex = 47— 9)

where c, Aeﬁ‘, Qosss Tex, and Ly, are the speed of light
in vacuum, the effective cavity mode area normalized by
a scattering cross-section, the roundtrip loss rate, the
coupling mirror transmittance, and the optical length of
the cavity, respectively.

We then rewrite Eqgs. (5) and (6) using Eqgs. (7)-(9) in
the form

L (A) o _Tex + Qogs + i4LcavA/c
0 B Tex + Qloss + i4LcavA/C ’

(10)

N T+ Otoss + i4Lean A + 2/ [ Aat (14 /)]
Li(A) = ; .
Tex + oss + i4LcavA/C + 2/ [Aeff(l + ZA/FY)}

(11)

The conditions for an ideal phase flip in the long-pulse
limit, i.e., the condition for Ly = —1 and L; = 1, are
derived by substituting A = 0 into Egs. (5) and (6) or
Egs. (10) and (11) as [13]:

Hex
20 > — > 1, (12)
or
2
= > Tox >> Qoss, (13)
Aeff



where Ci, = ¢%/(2yKim) = 1/(44183@1055) is an internal
cooperativity [14, 15].

To analytically estimate the error probability, we ex-
pand the response functions by A as

- Tex + . 8LcavTex
(3
C(aloss + Tex)2

Oé 0OSss
Lo(A) = =

2
Qloss 1 Tex A * O<A )7

(14)
Qoss — Lex + 2/Aeff
Qloss + Tex + 2/Aeff
i 4Tex(2leeff[/cav'y B C)
C’Y(aloss + Tex + 2/"4eiﬂf)2

Li(A) =

A+0(A%). (15)

In both equations, the first terms are real and represent
the photon loss, i.e., they contribute to the reduction
in the norm of the state function. The second terms
are imaginary and describe the pulse delay. A schematic
diagram of the reduction in the norm and the pulse delay
is shown in Fig. 2(a).

When an incident pulse is sufficiently long that the
terms higher than the second order are negligible (the
validity of this approximation and the effect of the higher
order terms are discussed later), the photon loss proba-
bilities when the atom is in |0), or |1}, are derived as [12]:

Q] - T 2
lo=1—Lo(0)2=1— [ = =< 16
. o(0) (%MTEX) , (16)

~ 2
Qloss — Tex + 2/Aeff (17)
Qoss + Tex + 2/Aef'f

1151—L1(0)2:1—<

These are equivalent to the norm reduction of the states
|0H) and |1H), which exist even in the long-pulse limit.

The error due to the photon loss is classified twofold:
the reduction in the norm for the total state function,
and the unwanted rotation of the state vector due to
imbalances in the norm reduction for the bases. The
former and latter error probabilities are minimized on
the condition of Iy + I; and |lp — ;| being minimized,
respectively.

As shown in Supplemental Material II [31], the pulse
delays for the inputs of the |0H) and |1H) states are
given by

8Lcav Tex

= = eaviex 1
E LO(O) dA A=0 C(TeQX - a%oss)7 ( 8)
i dLy(A)
™ =
Li(0)  dA |-,
_ Tex(ZAeHLcaV7 _ C) (19)

ey[ovoss + 1/Aeﬁ - Aeff (Te2x - 0‘12055)/4] .

Figure 2(b) shows the variation of the output pulse delay
depending on the input states. These variations cause
degradation in the coherence of the photonic qubits, due
to a temporal mode-mismatch error [32]. The gate fi-
delity reduction due to the pulse delay variation (pulse-
delay error) is cancelled by matching the three pulse
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FIG. 2. Schematic of error sources: (a) the loss [ and delay
7 of the output photon pulse and (b) the output pulse delay
depending on the atomic and photonic states and the external
mirror position.

delays 79,71, and Tyef, where T.of is the pulse delay of
the vertical polarization states from the external mirror.
We can minimize the pulse-delay error by minimizing
|70 — 71], as the delay of the pulse from the external mir-
ror Tyef can be freely shifted by adjusting the position of
the external mirror. Then, Tyef is set to 7ot = (T0+71)/2
to minimize the pulse-delay error as shown in Fig 2(b).

Based on the formulation of error sources presented
above, we derive optimal cavity parameters for the CPF
gate. It is known that a measure of the norm reduc-
tion lp + {1 and a measure of the loss imbalance |lg — I
can be minimized simultaneously by setting the external
cavity field decay rate as kex = Kinv/2Cin + 1 [12]. This
condition is rewritten using Eqgs. (7)-(9) as

2 20005
TX:TlgSSEa i —— + 1= —. 20
¢ ¢ tos \/Aoffaloss \/ Aoff ( )

For the final approximation, we assume 2Ci, > 1, or
2/(Aefrioss) > 1 (this approximation is also applied to
the following equations). On the other hand, from Egs.
(18) and (19), the condition 79 = 71, namely the con-
dition minimizing a measure of the pulse-delay error
|70 — 71], is given by

8Lcav 1
Tex = Télxelay = \/Fy (Oqoss + ~> + QIZOSS
¢ Aeﬁ

L
SLeavy, (21)
CAeﬂ‘

Equation (21) is equivalent to g/k ~ 1. Figure 3 shows
Tl and T3 as a function of Lea,. As mentioned
above, on the curve of Ty, = T3¢ (dashed curve), the
pulse delay causes no error because |1 — 71| = 0. On
the line Tox = T19%, Iy + 11 and |lg — 1| are constant as
seen in Eqs. (16) and (17). These facts indicate that the
total error probability in the CPF gate is minimized at
the intersection of the functions, namely 795 = Tdelay,
From Egs. (20) and (21), we obtain the optimal cavity
length

c ~ Coss

Lopt — _ ~
Ay(Aet + apge) 4y

cav

(22)



100

=z [}
3 /
< 80 /
[ Il
g2 60 /
S K
3 40 l,
g ,’ opt
c 2 _- -7 Loy
b -
K Lm=

0 . . -
10°3 1072 1071 10° 101
Leay in units of caioss/(4Y) (= V/Kin)

FIG. 3. Transmittance minimizing the photon loss proba-
bility Tex = T22%° in Eq. (20) (solid line) and the transmit-
tance minimizing the pulse-delay error rate Tox = T2 in
Eq. (21) (dashed curve), as a function of the cavity length
Lecay. They intersect at optimal cavity length Leay, = et
These plots are calculated by setting the internal cooperativ-
ity to Cin = 1000. We assume that aess is independent of

Lcav .

Note that Eq. (22) can be rewritten as ki, =~ 7. In
other words, adjusting the cavity length to balance the
internal-loss rate and the atomic polarization decay rate
minimizes the total error probability.

From Eq. (13) and the balancing condition ki, /vy = 1,
we establish some guidelines towards optimal cavity de-
sign for the CPF gate. For a typical free-space cav-
ity, e.g., Kin/y = 0.067 [6], it is desirable to increase
Kin. However, considering the relation ki, & aioss/Leay,
it is challenging to further decrease L., or increase
Qoss With decreasing Aeg to maintain Cj, when using
a conventional bulk mirror. In contrast, nanofiber cav-
ities with, e.g., kin/y = 0.04 [13, 33], have small A.g
to the limit, hence shortening L.,, may be the only
strategy. For other cavities with large xi,/7, such as
fiber cavities (kin/v = 8.3 [34]) or nanophotonic cavities
(kin/y = 460 [35]), Qoss/Leay should be reduced.

In the above discussion, we have assumed that the de-
pendence of A.g and agess On the cavity length is negligi-
ble. This is justified in typical optical cavities, where the
bulk loss of photons (due to absorption and scattering
in the cavity medium) is negligible. On the other hand,
in some systems, including photonic crystal cavities, the
bulk loss cannot be neglected [16-18]. Due to the bulk
loss, the optimal cavity length that minimizes the respec-
tive photon loss probability and pulse-delay error differs.
Therefore, the optimal cavity length is not uniquely de-
termined and varies depending on the application. We
discuss the bulk-loss effect in detail in Supplemental Ma-
terial IIT [31].

Here, we discuss the shift of the optimal cavity length
due to the effect of the pulse distortion represented by
the higher order terms in Eqs. (14) and (15) by numer-
ically solving Egs. (S.1)-(S.5) in Supplemental Material
I [31]. We consider an input photon wave packet hav-

1 2
v, XP ( 2W3)’

ing a Gaussian shape as f*(t) =

4

where W, represents the pulse duration [36]. To estimate
the total error rate of the CPF gate operation, we cal-
culate wr-average-gate—fidelity—F=(dF—1)/5—where
F—is—an—entanslement—fidelity mode overlap defined by
[(Wiq|Wout)|?, where |W,,¢) and |¥;q) are an output state
of the non-Hermitian Hamiltonian time evolution and an
ideal output state, respectively. We assume that the in-
put state is the equal superposition state, which is the
worst fidelity estimation of all input states. This is be-
cause our error model only includes phase error other
than photon loss, and the equal superposition state is
most sensitive to the phase error. This mode overlap is
also consistent with the entanglement fidelity [37] in the
case of CPF gate (see Supplemental Material VI [31]).

Figure 4(a) shows the fidelity¥—F mode overlap as a
function of the Gaussian pulse duration W; and the cav-
ity length L.,y. The red solid line denotes the cavity
length in Eq.(22), and the blue dashed curve denotes
the cavity length maximizing F' calculated numerically
for each pulse duration. They are in very good agree-
ment for Wy > 0.1y~ L.

For W, < 0.1y~ !, on the other hand, there is a discrep-
ancy between the red solid line and blue dashed curve due
to the effect of the higher-order terms of A in Egs. (14)
and (15). The condition of the pulse duration where the
higher order terms can be considered negligible, that is,
the pulse duration at the branch of the red solid line and
the blue dashed curve in Fig. 4(a), can be roughly esti-
mated from the point where the values of the first and
second terms in Eqs. (14) and (15) are equal. From the
discussion in Supplemental Material IV [31], this condi-
tion can be written as W; > max(1/k, k/g?) when the
cavity length is optimal as shown in Eq. (22). Then,
using Egs. (12) and (20), we obtain the pulse duration
condition where the first-order approximation is valid as

1 &k 1

Wi > max (/@792> ~ o (23)
When the second-order or higher terms are raised, the
fidelity mode overlap remarkably drops. Then, the pulse
duration should be at least as long as the right-hand side
of Eq. (23), indicated by the red star in Fig. 4(a). We
note that the speed of the CPF gate is characterized by
the right-hand side of Eq. (23), determined by Cj, and v
under the optimal cavity condition.

Figure 4(b) shows the result of the coupling rate g/x
for the same simulation as Fig 4(a). From Fig. 4(b), we
can obtain a hint regarding the optimal cavity design
even when the first-order approximation is invalid. The
fact that the numerically optimized Lca, (blue dashed
curve) is in good agreement with g/x = 1 (white region)
suggests that the condition for minimizing the temporal
mode-mismatch error, i.e., 7o = 71 or Eq. (21), holds even
for W, < 0.19~%. In other words, 7/%% in Eq. (20) is no
longer valid, even though T in Eq. (21) is still valid
in this region. Thus, the optimal cavity length becomes
shorter than that in Eq. (22) for such short pulses. This
argument is supported by the discussion in Supplemental
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solid line represents Lecay = Lok in Eq. (22), and the blue dashed curve represents the cavity length optimized numerically for
each pulse duration. The red star represents five times the right-hand side of Eq. (23), that is, W; = 5/(7v/2Cin). The pulse
delay of the photon reflecting the external mirror is set to Tret = (70 +71)/2, and the internal cooperativity is set to Cin = 1000.
(b) The coupling rate in the same simulation of (a). The optimized cavity length (blue dashed curve) and g/xk = 1 region are

in good agreement for any pulse duration.

Material V [31], where we show that the higher-order
term effect is corrected by decreasing Ly -

We have investigated the optimal cavity parameters
for CQED-based CPF gates with photons having finite
pulse duration. From the response function of the CQED
system, we formulated two error sources: the photon loss
probability and the error rate due to temporal mode-
mismatch of the output photon pulse, which we take into
account as pulse delay. We then derived the optimal con-
dition of the tunable cavity parameters. As a result, the
balance of the photonic and atomic decay rate (ki, = )
was derived for optimization of the cavity length. This
means that there is an optimal cavity length for finite
pulse duration, whereas the error sources do not limit
cavity length for the long-pulse limit. Furthermore, we
performed a numerical simulation of the dynamics of the
CQED system for fast gate operations where temporal
mode-mismatch errors beyond the first-order approxima-
tion are not negligible. However, in such a regime, error
probabilities in the CPF gate are quite high (over five per-
cent), indicating that our optimal cavity design obtained
analytically is basically valid for the purpose of scalable
quantum computing. Besides, the analytical treatment

of temporal mode-mismatch we have constructed will be
applicable for general CQED systems in which photons
are exchanged in and out of a cavity, including the quan-
tum memory [2], quantum network construction [22], and
quantum cluster state generation [28].

Regarding future work, a similar argument should be
valid for other CQED-based entangling gates [2]. We
note that the optimal cavity parameters and pulse du-
ration condition for CPF gates derived in this work are
consistent for single-photon generation [39]. Thus, it is
possible to realize both single-photon generation and the
CPF gate using the same CQED setup, which appears to
be efficient for the construction of CQED-based quantum
computing systems.
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