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Theoretical descriptions of excited states of molecular systems in high-energy regimes are crucial
for supporting and driving many experimental efforts at light source facilities. However, capturing
their complicated correlation effects requires formalisms that provide a hierarchical infrastructure
of approximations. These approximations lead to an increased overhead in classical computing
methods, and therefore, decisions regarding the ranking of approximations and the quality of results
must be made on purely numerical grounds. The emergence of quantum computing methods has
the potential to change this situation. In this study, we demonstrate the efficiency of Quantum
Phase Estimator (QPE) in identifying core-level states relevant to x-ray photoelectron spectroscopy.
We compare and validate the QPE predictions with exact diagonalization and real-time equation-
of-motion coupled cluster formulations, which are some of the most accurate methods for states
dominated by collective correlation effects.

Introduction.— Studies of the excited states of quan-
tum systems corresponding to their complex excitation
manifolds are crucial to advancing various scientific do-
mains such as chemistry, physics, materials science, and
biology. Advanced theoretical modeling tools can facil-
itate the understanding of various processes, including
energy transfer through photochemical processes [1, 2],
photocatalytic hydrogen production [3, 4], and carrier
dynamics in nanoparticles and materials [5, 6]. These
tools are also needed to realize proton-coupled transfer
in redox reactions and enable water oxidation [7], pho-
toactivation processes in proteins [8], bioluminescence
of living organisms [9], and ultrafast protective mecha-
nisms in DNA [10, 11]. Predictive modeling tools also
play a crucial role in supporting advanced light sources
that contribute significantly to the advancement of X-ray
spectroscopies, including X-ray absorption, X-ray emis-
sion, resonant inelastic X-ray scattering, X-ray magnetic
circular dichroism, and X-ray photoelectron, which have
greatly improved our understanding of the structure and
properties of matter [12–14].

In recent decades, the advancement of sophisticated ex-
perimental techniques has spurred a substantial push to-
ward theoretical methods and their applications to aid in
interpreting experimental data. A broad spectrum of the-
oretical first-principle-driven formalisms, such as Keldysh
Green’s function methods [15–18], GW approaches [19–
22], and cumulant expansions [23, 24] were introduced
to support experimental efforts. With the emergence of
modern computational platforms, a notable theoretical
advance is associated with the development of hierarchi-
cal families of approximations, such as high-rank Green’s
function coupled cluster methods [25–27], equation-of-

motion coupled-cluster [28–32], and real-time CC formu-
lations [33–35], to capture collective effects necessary for
accurately representing satellite peaks observed in X-ray
photoemission spectra (XPS), which often pose a signif-
icant challenge for low-rank methods. However, the in-
clusion of higher-order effects in studies of realistic sys-
tems presents significant numerical challenges for classi-
cal computing methods due to issues with numerical scal-
ing and memory requirements. For example, incorporat-
ing triples in CC formulations leads to a numerical scal-
ing proportional to N8, where N represents system size.
Similar challenges arise when employing Krylov subspace
methods, as the necessity of calculating multiple matrix-
vector products (where the matrix corresponds to the
Hamiltonian matrix) poses serious numerical and mem-
ory challenges for molecular systems with realistic basis
sets, even when employing many-body language. An-
other set of challenges involves the numerical identifica-
tion of excited states when high-quality initial guesses
are unavailable.

An alternative to conventional computing is emerging
in the form of quantum computing technology, offering
the potential to accelerate simulations and overcome the
memory problems characteristic of traditional comput-
ing. Quantum algorithms can also provide a novel ap-
proach to dense Hamiltonian simulations by furnishing
all exact states relevant to a given trial state. Although
quantum computing is still in its early stages, several ven-
dors anticipate the availability of a sufficient number of
logical qubits within the next five years. Consequently,
the development of quantum algorithms based on gen-
uine quantum approaches, such as Quantum Phase Esti-
mation (QPE), plays a critical role.
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In this Letter, we investigate the practicality of algo-
rithms that leverage quantum computational resources to
describe high-energy excited states of ionized molecules
in the context of X-ray photoelectron spectra (XPS) ex-
periments. Specifically, we examine a simple modifica-
tion of the Quantum Phase Estimation (QPE) algorithm
for evaluating the spectral function needed for interpret-
ing XPS experiments. The main idea is to conduct a
series of QPE simulations employing trial vectors cor-
responding to an N − 1 electron configuration. These
vectors are generated by systematically removing an elec-
tron from distinct core orbitals of the Hartree-Fock N -
electron Slater determinant. The QPE probabilities for
obtaining various energies of N − 1 electron system are
further used to approximate corresponding Lehmann’s
amplitudes. To assess its accuracy, we compare with
classical computing results obtained through exact di-
agonalization, or equivalently, full configuration interac-
tion (FCI) methods and with systematic approximations
based on configuration interaction approach and recently
developed the real-time equation-of-motion coupled clus-
ter (RT-EOM-CC) method.

Quantum Phase Estimation.— The Quantum phase
estimation algorithm [36–41] allows one to estimate
the eigenvalue λ corresponding to an eigenvector |ψλ⟩
of a general many-body Hamiltonian operator H, i.e.,
H|ψλ⟩ = λ|ψλ⟩. From the QPE algorithm, the distribu-
tion of energies for the ground and excited states is de-
termined by the Hamiltonian H and a trial many-body
wavefunction |ϕ⟩ represented as a combinations of Slater
determinants, wherein the probability of obtaining an en-
ergy estimate for a particular state is proportional to the
amount of overlap of the trial wave with that correspond-
ing eigenstate. Through repeated simulations, one accu-
mulates samples from this distribution of eigenstate ener-
gies. The error in each QPE energy estimate is inversely
proportional to the number of applications of the time
evolution operator U = e−iHt, specified either through
the number of ancillary qubits used in QPE or through
the targeted bits-of-precision in the robust phase esti-
mation variant that uses only one ancillary qubit. In
contrast to the variational quantum eigensolver (VQE)
[42–53], which can only be used for energy estimates of
a single targeted state (subject to the convergence of the
iterative procedures), the QPE method can identify en-
ergies of states that have non-zero overlap with the trial
wave function. Furthermore, the design of VQE simula-
tions requires a priori knowledge of many-body effects
needed to describe state of interest. Thus, the utiliza-
tion of QPE techniques presents a unique prospect to
identify complex states that cannot be readily obtained
through traditional classical computing and approximate
methods.

Robust QPE minimizes additional qubits and can be
combined with methods to compress the number of terms
in the fermionic Hamiltonian. Indeed, empirically it

seems that through matrix factorization it is possible
to reduce [54] the number of terms in the 2-electron in-
tegral tensor from O(N4) to O(N2 log(N)). For small
system sizes, this might make the quantum algorithm
for QPE-Green’s function-based spectral function calcu-
lation a target for implementation on noisy intermediate-
scale quantum computers.
Several quantum algorithms have been developed for

the evaluation of Green’s functions, which can be used
in the calculation of ionization potential energies or as a
solver for different embedding approaches [55–68]. In this
Letter, we discuss a direct quantum computing approach
to evaluate the spectral function

A(ω) = − 1

π

∑
p

Im(GIP
pp(ω)), (1)

where GIP
pp(ω) corresponds to the diagonal elements of the

ionization-potential part of the one-body Green’s func-
tion (GF). The GIP

pp(ω) can be obtained as a by-product
of statistically averaged QPE simulations, i.e.,

GIP
pp(ω) =

∑
i

⟨Ψ(N)
0 |a†p|Ψ

(N−1)
i ⟩⟨Ψ(N−1)

i |ap|Ψ(N)
0 ⟩

(ω + (E
(N−1)
i,FCI − E

(N)
0,FCI)− iθ)

≃
∑
i

PQPE(Ei, |θp⟩)
(ω + (E

(N−1)
i,QPE − E

(N)
0,QPE)− iθ)

, (2)

where θ is a broadening parameter, and E
(N)
0,QPE , E

(N−1)
i,QPE

are the ground state energy of N electron system and the
energies of N − 1 electron systems, respectively. These
are obtained using trial states

|θp⟩ = ap|Ψ(N)
0 ⟩. (3)

Here a†p/ap are creation/annihilation operators for an
electron occupying the p-th spin-orbital. If (1) QPE sim-
ulations are performed for all spin-orbitals of the N − 1
electron system using |θp⟩ trial states, and (2) QPE is

used to evaluate E
(N)
0,QPE , then one can reproduce, in an

approximate way, the diagonal elements of the Green’s
function and corresponding spectral function. For sim-

plicity, we will also assume that |Ψ(N)
0 ⟩ can be approx-

imated by the ground-state Hartree-Fock (HF) Slater

determinant |Φ(N)
0 ⟩, that is |θp⟩ ≃ ap|Φ(N)

0 ⟩. Within
this assumption, we may always increase accuracy with-

out changing the asymptotic cost by projecting |Φ(N)
0 ⟩

or any other suitable reference onto |Ψ(N)
0 ⟩ by QPE.

Subsequently, the quantum circuit that projects onto

ap|Ψ(N)
0 ⟩ always succeeds with probability 1

2 . Therefore
the Lehmann amplitudes in the numerator of Eq. (2) can
be approximated as

|⟨Ψ(N−1)
i |ap|Ψ(N)

0 ⟩|2 ≃ |⟨Ψ(N−1)
i |θp⟩|2 = PQPE(Ei, |θp⟩),

(4)
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where PQPE(Ei, |θp⟩) is the QPE probability of obtain-

ing the state corresponding to the E
(N−1)
i FCI energy

(see Eq. (2)). We illustrate the numerical efficiency of
this approach in evaluations of binding energies of inner
electrons. For this energy regime we limit the summation
in Eq. (1) to a single term defined by the spin-orbital c,
corresponding to the one-electron state for the core, i.e.,

Ac(ω) ≃ − 1

π
Im(GIP

cc , (ω)) (5)

where

GIP
cc (ω) ≃

∑
i

PQPE(Ei, |θc⟩)
(ω + (E

(N−1)
i,QPE − E

(N)
0,QPE)− iθ)

. (6)

In our quantum computing simulations we employ the
QPE implementation in the Quantum Development Kit
(QDK).[69, 70]

Full configuration interactions.— For comparison,
our FCI simulations were performed using the stringMB
code, an occupation number representation-based emula-
tor of quantum computing. In this code the action of the
creation/annihilation operators for the electron in the p-
th spin-orbital (ap/a

†
p) on the Slater determinants can be

conveniently described using the occupation number rep-
resentation, where each Slater determinant is represented
as a vector

|n⟩ = |nM nM−1 . . . ni+1 ni ni−1 . . . n1⟩. (7)

and

a†i |n⟩ = (−1)
∑i−1

k=1 nk |n(+i)⟩ (for ni = 0) (8)

ai|n⟩ = (−1)
∑i−1

k=1 nk |n(−i)⟩ (for ni = 1), (9)

where

|n(+i)⟩ = |nM nM−1 . . . ni+1 1 ni−1 . . . n1⟩, (10)

|n(−i)⟩ = |nM nM−1 . . . ni+1 0 ni−1 . . . n1⟩. (11)

In the above equation, the occupation numbers ni are
either 1 (electron occupies i-th spin orbital) or 0 (the i-
th spin orbital is empty). In Eq. (7), M stands for the
total number of spin-orbitals used to describe a quantum
system, and M = 2n, where n is the number of orbitals.
The stringMB code allows us to construct a matrix rep-
resentation (A) of general second-quantized operators A,
where A can be identified with the electronic Hamiltonian
(H) or any function f(H) of it.
Real-time Equation-of-Motion Coupled Cluster.— As

an alternative based on classical computational meth-
ods, we have recently developed a real-time equation-of-
motion coupled cluster (RT-EOM-CC) approach[34, 71–
73] to compute the core one-electron Green’s function[23,
74–76] based on a CC form of the cumulant Green’s func-
tion approximation. We found that the cumulant ap-
proximation produces accurate spectral functions for ex-
tended systems.[23, 74–76] Briefly, in the RT-EOM-CC

method, the retarded GF is expressed as

GR
c (t) = −iΘ(t)e−i(ϵc+Ecorr

N )teC
R
c (t). (12)

where Ecorr
N is the correlation energy of the N -electron

ground state, as above c corresponds to the spin-orbital
associated with the excited hole, ϵc is the bare single-
particle energy of this orbital, and CR

c (t) is its associ-
ated retarded cumulant. The two main approximations
in our implementation of RT-EOM-CC are the separa-
ble approximation |0⟩ ≃ a†c |N − 1⟩, where |N − 1⟩ is the
fully correlated N − 1 electron component of the exact
N -electron ground state wave function |0⟩, and the use
of a time-dependent (TD) CC ansatz for |N − 1⟩, i.e.,
|N − 1, t⟩ = Ñ(t)eT (t) |ϕ⟩. Here Ñ(t) is a normalization
factor and T (t) is a TD CC operator. The T (t) oper-
ator produces excted configurations in the N − 1 elec-
tron space when acting on the reference determinant |ϕ⟩
with a hole in level c, i.e., |ϕ⟩ = ac

∣∣∣Φ(N)
0

〉
. Here, as

above,
∣∣∣Φ(N)

0

〉
is the Hartree–Fock Slater determinant of

the N electron ground state. The cumulant in Eq. (12)
is defined through its time derivative as a function of the
time-dependent CC amplitudes:

−idC
R
c (t)

dt
=
∑
ia

fiat
a
i (t) +

1

2

∑
ijab

vabij t
b
j(t)t

a
i (t)

+
1

4

∑
ijab

vabij t
ab
ij (t).

(13)

Here, the N − 1 electron Fock operator is defined as
fpq = ϵpδpq − vqcpc, ϵp is the energy of spin-orbital p,
and we use antisymmetrized two-particle Coulomb in-
tegrals vrspq = ⟨pq || rs⟩ over the generic spin-orbitals

p, q, r, s. The time-dependent amplitudes tab...ij... (t) in Eq.
(13) are determined by solving a set of coupled, first-
order non-linear differential equations with initial con-
ditions tab...ij... (0) = 0, which result in CR

c (0) = 0 for
the cumulant in Eq. (12). These equations are anal-
ogous to those in static CCSD implementations.[73] In
contrast to linearized self-energy-based formulations, Eq.
(13) shows that a CC ansatz results in a GF with a
naturally explicit, non-perturbative exponential cumu-
lant form.[77–80] We have previously demonstrated[73]
that the RT-EOM-CCSD method gives accurate core-
and valence binding energies, with a mean absolute error
(MAE) from experiment of ∼0.3 eV, and also provides a
quantitative treatment of the many-body satellite region.
Computational Details.— To assess the quality of the

QPE and RT-EOM-CCSD predictions versus the FCI re-
sults for core-level spectral functions we compare results
for a H2O benchmark system described by the nine low-
est (5 occupied and 4 virtual) restricted Hartree-Fock
orbitals in the cc-pVDZ basis set.[81] Although the re-
duced size of the molecular basis precludes high-accuracy
comparisons to the experimental XPS binding energies,
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FIG. 1: Comparison of the spectral functions of H2O
computed with the QPE, FCI, CISDTQ, CISDT, CISD,
and RT-EOM-CCSD methods. The values next to the
quasiparticle peak indicate its position for each method.

we nevertheless compared the shifted RT-EOM-CCSD,
QPE, and FCI results against the experimental results
in order to assess their accuracy in the highly-correlated
satellite region. The geometry of the water molecule
corresponds to its equilibrium structure with ROH =
0.9772 Å and ∠HOH = 104.52◦ [82]. The RT-EOM-
CCSD simulation used Fock operator elements fpq and
Coulomb vrspq integrals computed using the TCE[83–86]
implementation of RT-EOM-CCSD in NWChem.[87] The
time integration of the equations-of-motion for the am-
plitudes used the 1st-order Adams-Moulton linear multi-
step method described in Ref. [35], with a time step
of 0.050 au (1.2 as) and a total simulation time of 900
au (22.5 fs). These parameters ensure that we achieve
the resolution needed to compare to the FCI and QPE
results.

Figure 1 shows a comparison of the 1a−1
1 (O 1s) spec-

tral functions of H2O computed with the QPE, FCI and
RT-EOM-CCSD approaches, as well as SD, SDT and
SDTQ truncated CI results. The RT-EOM-CCSD re-
sults are in very good agreement with those from FCI
and QPE. For instance, the quasiparticle peak is only
0.002 eV away from the exact FCI value. The agreement
is also fairly good for the satellites, with the position of
the main satellite at -580.86 eV being overestimated by
only 0.2 eV. As shown in Table I, the other satellites
are also in overall good agreement. The only notable ex-
ception is the first satellite pair at -574.56 and -575.65
eV in the FCI, which appear as a single peak at -574.98
eV in the RT-EOM-CCSD. Despite these minor differ-
ences, Fig. 2 shows that when the spectral functions are
broadened and a scissors correction of 4.3 eV is applied
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FIG. 2: Comparison of the FCI, QPE and
RT-EOM-CCSD broadened and scissors-shifted satellite

regions of the spectral function of H2O to the
experimental XPS.[88]

to compare with experiment, their satellite weight dis-
tributions are nearly identical. Moreover, even with the
small basis sets used in these calculations, the general
theoretical satellite weight distribution is in reasonable
agreement with the experiment.

In Tables I and II QPE phases are collected cor-
responding to simulations employing two trial states
|ΦT (1)⟩ = |Φ1⟩ and |ΦT (2)⟩ = |Φ6

14⟩ associated with
the process of removal of electron from 1s orbital (or-
bital 1) (|ΦT (1)⟩) followed by the valence type excitation
of electron from the 4-th to the 6-th orbital (|ΦT (2)⟩).
The trial states |ΦT (1)⟩ and |ΦT (2)⟩ correspond to sin-
glet A1 spatial symmetry. The QPE energies are evalu-
ated through repeated simulations to accumulates sam-
ples from the distribution of eigenstate energies. We used
the QPE protocol as described in Ref. [82]. For |ΦT (1)⟩
and |ΦT (2)⟩ we collected ≃ 500 and ≃ 660 samples, re-
spectively. Tables I and II show the averaged QPE ener-
gies. Using |ΦT (1)⟩ as a trial state allows us to accurately
identify the binding energy of the quasiparticle peak (FCI
value of -552.86 eV). The probability of success (0.84) is
also in very good agreement with its exact FCI counter-
part (|⟨ΨFCI

i |ΦT (1)⟩|2) of 0.82. This indicates that using
QPE to generate the exact |θp⟩ would have succeeded
with high probability, in which case PQPE = PFCI.The
RT-EOM-CCSD results also show very good agreement
with the FCI beyond the quasiparticle, with a maximum
error of 0.6 eV and an average deviation of just 0.3 eV.
The high accuracy of the QPE predictions is also illus-
trated by the values of binding energies corresponding to
other states with non-zero overlap with |ΦT (1)⟩. We note
that the QPE protocol may always produce predictions
within an arbitrarily smaller targeted error ϵ of FCI with
only an extra multiplicative ∼ 1/ϵ cost.

In terms of resource footprint, the QPE implementa-
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TABLE I: Comparison of the highest probability PQPE

QPE averaged binding energies (in eV) with the
RT-EOM-CCSD (labelled CCSD) and FCI results for
the 9-orbital cc-pVDZ model of the H2O system. The
QPE results were obtained using the |ΦT (1)⟩ trial

Slater determinant corresponding to the 2A1 symmetry.
The exact (PFCI) and RT-EOM-CCSD (PCCSD)
probabilities were obtained with the FCI and

RT-EOM-CCSD codes. For example, in the FCI case,
the probability is equal to the square of the coefficient

corresponding to the |ΦT (1)⟩ determinant.

QPE PQPE CCSD PCCSD FCI PFCI

-595.77 0.02 -596.27 0.02 -595.63 0.01

-580.87 0.07 -581.05 0.07 -580.86 0.08

-574.72 0.01 -574.98 0.02 -574.56 0.01

-552.81 0.84 -552.86 0.82 -552.86 0.82

tion as in Tables I and II requires 1 additional qubit for
robust phase estimation and 1 qubit per spin orbital. The
resulting total of 19 qubits is within the envelope current
NISQ machines. It is an active area of research to mini-
mize the number of 2-qubit gates to a degree that allows
it to also fit within a NISQ envelope. For instance, a total
of 104 physical 2-qubit gates might be available at around
0.999 raw 2-qubit gate fidelity as the effective noise rates
might be further suppressed through error-mitigation.

The use of the |ΦT (2)⟩ trial state enables us to ex-
plore other classes of core-level binding effects: e.g., cor-
responding to more complex states (compared to the
|ΦT (1)⟩ Slater determinant), dominated by double exci-

tations with respect to the |Φ(N)
0 ⟩ N -electron state. The

QPE simulations with |ΦT (1)⟩ and |ΦT (2)⟩ can also iden-
tify the same binding energy (FCI energy of -574.56 eV
in Table II) with the probability of success in the QPE
simulations being proportional to the overlap between
trial and exact wave functions. Figures 1 and 2 show ex-
cellent agreement of the QPE spectral function with the
FCI one, and qualitative agreement with the experimen-
tal data.

Based on the analysis of the RT-EOM-CCSD results,
it can be inferred that this time-dependent variant of
CCSD can accurately describe the energies of multi-
ple ionized states. This property can be attributed
to the unique nature of real-time CC approximations
compared to their stationary counterparts. The Linked
Cluster Theorem (LCT) [89, 90] demonstrates that the
low-order quadruple excitation in the configuration in-
teraction expansion for the ground state can be ap-
proximated by low-order doubly excited cluster ampli-
tude products. However, the situation is different in
the time domain, especially in terms of the phases of
time-dependent CC amplitudes. For instance, using the

TABLE II: Comparison of the highest probability PQPE

QPE averaged binding energies (in eV) with the FCI
results for the 9-orbital cc-pVDZ model of the H2O
system. The QPE results were obtained using the

|ΦT (2)⟩ trial Slater determinant corresponding to the
2A1 symmetry. The exact probabilities PFCI where

obtained with the FCI code and are equal to the square
of the coefficient corresponding to the |ΦT (2)⟩

determinant in the FCI wave function expansion.

QPE PQPE FCI PFCI

-588.43 0.08 -588.52 0.06

-587.70 0.02 -587.96 0.04

-574.51 0.44 -574.56 0.42

-573.58 0.22 -573.65 0.22

simplest partitioning of the Hamiltonian where the un-
perturbed part is defined by the diagonal part of the
Fock operator (with ϵp being the orbital energies), the
products of the 0-th order time-dependent singly ex-
cited amplitudes tai (τ)

(0) = tai (0)e
i(ϵa−ϵi)τ can repli-

cate the phases of zeroth-order approximations to dou-
bly (tabij (τ)

(0)), triply (tabcijk(τ)
(0)), etc., excited ampli-

tudes: tabij (τ)
(0) = tabij (0)e

i(ϵa+ϵb−ϵi−ϵj)τ and tabcijk(τ)
(0) =

tabcijk(0)e
i(ϵa+ϵb+ϵc−ϵi−ϵj−ϵk)τ . This suggests that in the

real-time case, various rank cluster amplitudes are cor-
related in a different way compared to the stationary
situation. In the above expressions, indices i, j, k, . . .
(a, b, c, . . .) designate occupied (unoccupied) spin-orbitals

in |Φ(N)
0 ⟩. The effectiveness of the RT-EOM-CC formal-

ism in representing multiple electronic states using a sin-
gle CC Ansatz may be attributed mainly to the phase
additivity. While stationary non-linear CC equations are
characterized by multiple solutions [91], their accuracy
beyond the ground-state solution, which is consistent
with the LCT, is often less pronounced compared to the
time-dependent case. This observation is demonstrated
in Figure 1, where the RT-EOM-CCSD spectral function
is compared with CISD, CISDT, CISDTQ, and FCI coun-
terparts revealing feature characteristic for high-order CI
approximations (CISDT and CISDTQ).
Summary.— In this Letter, we investigated the effi-

cacy of QPE formulations for the evaluation of spectral
functions of ionized states in high-energy regimes. To as-
sess their effectiveness, we compared these formulations
to exact FCI and high accuracy RT-EOM-CCSD results.
Our findings demonstrate that the approximate QPE-
derived spectral function can reproduce all features of
the exact spectral function in the analyzed XPS binding
energies energy window, including both main and satel-
lite peaks. The information required to construct the
Lehmann representation of the spectral function in quan-
tum simulations is a by-product of statistically averaged



6

QPE simulations. Similarly RT-EOM-CCSD simulations
using a generalization of the static CCSD Ansatz gave
spectral functions that faithfully reproduce the features
of the QPE and FCI results. This behavior can be at-
tributed to the additive separations of the phases of clus-
ter amplitudes in the lowest order of perturbation the-
ory, as discussed earlier. Overall, our results show that
both QPE and RT-EOM-CCSD and formulations can ac-
curately evaluate the exact spectral functions of ionized
states in high-energy regimes. These findings open new
pathways for treatments of many-body effects in com-
plex systems that classical computing algorithms cannot
handle, and have potential applications in various fields,
including materials science, chemistry, and physics.
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