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We analytically solve a model for light scattering in Ising dynamics of metastable atomic qubits,
generalizing the approach of Foss-Feig et al. [Phys. Rev. A 87, 042101 (2013)] to include leakage
outside the qubit manifold. We analyze the influence of these fundamental errors in simulations
of proposed experiments with metastable levels of 40Ca+ ions in a Penning trap. We find that
“effective magnetic fields” generated by leaked qubits have significant impacts on spin-spin correla-
tion functions for Greenberger-Horne-Zeilinger state preparation or for quantum simulations with
strong coupling, while spin squeezing uses a much weaker coupling and is largely insensitive to the
simulated leakage errors, even with a few hundred ions. Our theory and results are expected to be
useful in modeling a variety of metastable qubit experiments in the future.

Introduction. Metastable atomic qubits offer multi-
ple advantages over more traditional ground or opti-
cal qubit encodings. Their use expands the range of
available wavelengths for qubit control, notably increas-
ing the wavelength of optical controls relative to those
of ground state qubits [1], and a practical advantage
is the availability of high-power near-infrared lasers for
metastable qubit operations. However, metastable qubits
also have distinct fundamental errors due to photon-
scattering pathways that are not present in ground state
encodings. To better understand these errors we solved
a model of light scattering dynamics in metastable-qubit
quantum simulations.
Our work builds on a previous analysis of Foss-Feig

et al. [2], who analytically solved a model for non-
equilibrium dynamics of an Ising interaction in which
spontaneous photon scattering leads to fluctuating spins
which mimic a noisy magnetic field. Their model gave
a good account of decoherence in quantum simulations
with 9Be+ ions in the NIST Penning trap system, which
has been used to demonstrate spin squeezing of hundreds
of ions [3], out-of-time-order correlations in spin magneti-
zation [4], and force sensing [5]. While scattering in 9Be+

ground-level qubits remained confined to the qubit mani-
fold, here we consider metastable qubits such as the 2D5/2

levels of 40Ca+ [6] depicted as |0〉 and |1〉 in Fig. 1(a).
Light scattering from these qubit levels predominantly
induces leakage to the ground state |g〉, which can be
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detected without disturbing the metastable qubit. Un-
like scattering errors within the qubit manifold, detect-
ing these leakage errors has benefits for quantum error
correction schemes utilizing “erasure conversion” [7, 8].
Quantum simulation accuracy can also be improved by
detecting and discarding results with leakage, at the cost
of additional sampling overhead, as we quantify below.

FIG. 1. (a) Partial electronic energy level diagram of
40Ca+ including metastable qubit levels |0〉 and |1〉 in the
2D5/2 manifold. A π-polarized far-detuned laser beam
(straight arrow) generates AC Stark shifts of the qubit levels
through their interaction with the indicated 2P3/2 level (black
line). Off-resonant light scattering generates errors through
allowed decay pathways (wavy lines). (b) Simplified level di-
agram used for analytic calculations with generic metastable
qubits. The Γ(R), Γ(el), and Γ(L) are rates of Raman scatter-
ing in the qubit manifold, elastic scattering, and leakage to
the ground state |g〉, respectively.

Here we analytically solve a model for decoherent Ising
dynamics with light scattering and leakage, with generic
metastable qubits as illustrated in Fig. 1(b). We examine
the influence of light scattering errors in proposed exper-
iments with 40Ca+(Fig. 1(a)), where we include an ad-
ditional analytic treatment of a spin-echo sequence. We
find differences in leakage error sensitivity for strongly-
coupled quantum spin dynamics and Greenberger-Horne-
Zeilinger (GHZ) state preparation, in contrast to spin
squeezing and a simple single-layer benchmarking imple-

mailto:Lotshawpc@ornl.gov


2

mentation of the quantum approximate optimization al-
gorithm (QAOA). Our results are expected to be useful in
analyzing future experiments with metastable trapped-
ion qubits.
Light shift interaction. Applying two off-resonant laser

beams to N trapped ions generates an instantaneous op-
tical dipole force Hamiltonian

H(t) =

N
∑

i=1

F0 cos(µt)ẑiσ
z
i (1)

where F0 is the force amplitude and µ is the laser beat-
note angular frequency [3, 9]. Here σz

i represents the
Stark shift to the electronic energy levels of ion i, coupled
to the vibrational states through the position operator ẑi.
This “spin-dependent force” causes vibrational modes to
traverse loops in phase space with periods Tm = 2π/δm
where δm = µ− ωm is the detuning from resonance with
respect to modem, with angular frequency ωm [9]. When
a mode returns to its origin it becomes disentangled from
the electronic levels, leaving a residual geometric phase
which is exploited for quantum information processing.
These phases yield an effective Ising evolution exp(−iHt)
after integrating (1) in the Lamb-Dicke approximation
and using a spin-echo sequence to cancel undesired “lon-
gitudinal field” terms ∼ σz

i [9, 10], where

H =
1

N

∑

i<j

Jijσ
z
i σ

z
j (2)

with

Jij = NΩiΩj

∑

m

ηi,mηj,mωm

µ2 − ω2
m

(3)

where ηi,m is a Lamb-Dicke parameter.
Ising dynamics with light scattering and leakage. Uys et

al. [11] derived a Lindbladian master equation that accu-
rately described single-ion light-scattering errors in 9Be+.
Foss-Feig et al. [2, 12] applied the same error model to the
effective Ising evolution (2) and, remarkably, obtained an
analytic formula that successfully described decoherence
in spin-squeezing experiments with hundreds of ions [3].
We generalize this approach to include leakage [Fig. 1(b)].
We consider an experimentally-relevant [13–15] initial

state |ψ0〉 = |+〉⊗N
evolving under the Lindbladian mas-

ter equation [2, 11]

ρ̇ = −i(Heffρ− ρH†
eff) +D(ρ) (4)

where the effective non-Hermitian Hamiltonian Heff and
dissipator D(ρ) are

Heff = H− i
∑

α,j

J (α)
j

†
J (α)
j , D(ρ) = 2

∑

α,j

J (α)
j ρJ (α)

j

†

(5)

Jump operators J (α)
j are included for each type of scat-

tering event indicated in Fig. 1(b), including elastic

scattering with J (el)
j =

√

Γ(el)/8σz
j as well as inelas-

tic scattering with J (a→b)
j =

√

Γ(a→b)/2 |bj〉 〈aj | for

aj ∈ {0, 1}, bj ∈ {0, 1, g} with bj 6= aj . The latter tran-
sitions include Raman scattering |0〉 ↔ |1〉 within the
qubit manifold, with the single-ion Raman decoherence
rate Γ(R) = (Γ(0→1) + Γ(1→0))/2, and leakage scatter-
ing to |g〉, with the single-ion leakage decoherence rate
Γ(L) = (Γ(0→g) + Γ(1→g))/2. The total single-ion deco-
herence rate is Γ = Γ(L) + Γ(R) + Γ(el)/2.

We compute exact dynamics of (4) using the “quantum
trajectories” approach [2, 12, 16]. The basic idea is to
organize the evolution (4) into pure-state “trajectories”
which are easier to analyze and are summed to produce
the exact time-dependent state. The first term in (4)
generates ideal evolution, with probability less than one.
The second term D(ρ) produces quantum jumps under
light scattering.

A key insight from Ref. [2] is that if a jump opera-

tor such as J (0→1)
i ∼ |1i〉 〈0i| is applied to an otherwise

ideal state |ψ〉 at time ti, this will generate a transition
|0i〉 → |1i〉 and remove any part of the wavefunction that
was in |1i〉 before the jump occured. Hence, it will be as
if the ion began in the state |0i〉, which is an eigenstate
of σz

i in the Ising interaction (2). Replacing σz
i with the

corresponding eigenvalue leads to an “effective magnetic
field” N−1

∑

j 6=i Jijσ
z
i for time t < ti (for the state |0i〉)

and −N−1
∑

j 6=i Jijσ
z
i for t ≥ ti (after scattering to |1i〉);

note that we are using a convention in which |1i〉 has
lower energy than |0i〉, see Fig. 1. In the case of multiple
scattering events, the effective field strength depends on
the difference in times t0 − t1 that the ion spends in |0i〉
and |1i〉. This idea was used previously to derive exact
correlation functions including all possible Raman scat-
tering processes within the qubit manifold [2]. The same
idea remains essential in our treatment of leakage, which
generates an effective field that “turns off” when an ion
scatters to |gi〉.
From (4) we derived a complete set of time-dependent

operator expectation values 〈σ〉 where σ is any product
of raising σ+

i = |0i〉 〈1i| or lowering σ−
i = |1i〉 〈0i| opera-

tors, or single-level projectors σz
i = |zi〉 〈zi|, acting on any

arbitrary set of qubits. There is no coherence between
the ground and qubit levels in our model, so operators
describing these coherences (such as |gi〉 〈0i|) have zero
expectation. The σ form a basis for the relevant Liouville
operator space, hence any operator O can be expressed
as O =

∑

σ
Oσσ and its expectation can be computed

as 〈O〉 =
∑

σ
Oσ〈σ〉. We can also compute ρ(t) analyti-

cally. This generalizes the one- and two-spin analysis of
Foss-Feig et al. [2] by extending to arbitrary many-body
operators and by including leakage as a new error source.
We verified these analytic results against direct numeri-
cal integrations of (4) using Simpson’s method [17], with
arbitrarily chosen nonuniform couplings and scattering
rates, with up to four ions evolving for thousands of small
timesteps. We verified that our theory was correct to nu-
merical precision for several physical quantities, including
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all matrix elements of the time evolving state ρ(t). De-
tailed mathematical expressions and derivations are in
Supplementary Information (SI) Sec. A and B.
As an example, we consider spin-spin correlation func-

tions involving σx
i = σ+

i + σ−
i and σy

j = −i(σ+
i − σ−

j ).
To compute an m-body correlation function such as
〈∏j∈M σx

j 〉, over a set of ions M = {j1, j2, . . . , jm}, we
expand each σx

j in terms of σ+
j and σ−

j to obtain a sum of

2m expectation values 〈
∏

j∈M σ
νj
j 〉 with νj ∈ {+,−}. For

example, 〈σx
i σ

x
j 〉 = 〈σ+

i σ
+
j 〉+〈σ+

i σ
−
j 〉+〈σ−

i σ
+
i 〉+〈σ−

i σ
−
j 〉,

with similar expressions for 〈σx
i σ

y
j 〉 and 〈σy

i σ
y
j 〉. In SI we

find that each of the 〈∏j∈M σ
νj
j 〉 can be expressed as

〈

∏

j∈M

σ
νj
j

〉

=
e−mΓt

2m

∏

i/∈M

[

I
(

J
(M,ν)
i , t

)

+R
(

J
(M,ν)
i , t

)

+ L
(

J
(M,ν)
i , t

)

+B
(

J
(M,ν)
i , t

)

]

, (6)

where the functions I, R, L,B are defined below and

J
(M,ν)
i =

∑

j∈M νjJij , with the notation νjJij = Jij for
νj = + and νjJij = −Jij for νj = −.
The prefactor exp(−mΓt) is the product of single-ion

decoherences for the m ions j ∈ M . Subsequent terms
describe the influence of other ions through the Ising in-
teraction, which is accounted for in terms of specific types
of trajectories.
The first term

I(J
(M,ν)
i , t) = e−λt cos(st). (7)

corresponds to ideal evolution, with inelastic relaxation
rate λ = (Γ(0→1) + Γ(0→g) + Γ(1→0) + Γ(1→g))/2 and the

effective damped oscillation frequency s = s(J
(M,ν)
i ) =

2J
(M,ν)
i /N + i∆, which depends on the state-dependent

scattering rate difference ∆ = (Γ(0→1)+Γ(0→g)−Γ(1→0)−
Γ(1→g))/2.
The second term

R(J
(M,ν)
i , t) =e−λt

[

cos(ζt) − cos(st) + Γ(R)t sinc(ζt)

]

(8)

corresponds to trajectories under sequences of Ra-
man transitions that do not leave the qubit manifold,

with effective damped frequency ζ = ζ
(

J
(M,ν)
i

)

=
√

s2(J
(M,ν)
i )− Γ(0→1)Γ(1→0). Equivalent expressions for

I(J
(M,ν)
i , t) and R(J

(M,ν)
i , t) were derived previously in

Eq. (10) of Ref. [2].
The third term

L(J
(M,ν)
i , t) =

1

2

1
∑

α=0

Γ(α→g)f(Γ(α), (−1)α2J
(M,ν)
i /N, t)

(9)

describes leakage outside the qubit manifold, where
Γ(0) = Γ(0→g) + Γ(1→g) and Γ(1) = Γ(1→g) + Γ(1→0) are

the total scattering rates from |0〉 and |1〉 respectively,
and f(Γ, χ, t) = ei(χ+iΓ)t/2t sinc[(χ+ iΓ)t/2].
The final term

B(J
(M,ν)
i , t) =Γ(L)[a(λ, ζ, t)− a(λ, s, t)] + Γ(B)b(λ, ζ, t)

+ is∆(L)[b(λ, ζ, t) − b(λ, s, t)] (10)

describes trajectories with both a sequence of Ra-
man transitions and a final leakage transition, with
a(Γ, χ, t) = [f(Γ, χ, t) + f(Γ,−χ, t)]/2, b(Γ, χ, t) =
−i[f(Γ, χ, t) − f(Γ,−χ, t)]/2χ, Γ(B) = (Γ(0→1)Γ(1→g) +
Γ(1→0)Γ(0→g))/2 and ∆(L) = (Γ(0→g) − Γ(1→g))/2.
Metastable qubits in 40Ca+. We base our model for

photon scattering errors in 40Ca+ metastable qubits on
the compact Penning trap system operated at GTRI [6].
It exhibits a 0.9 T magnetic field, which splits the
neighboring D5/2 magnetic sublevels of 40Ca+ ions by
∼ 15 GHz. Off-resonant laser beams with wavelengths
near the 854 nmD5/2 → P3/2 transition are applied to in-
duce a differential AC Stark shift between two metastable
electronic states. As illustrated in Fig. 1(a), we de-
fine the qubit states as |1〉 ≡ |D5/2,mJ = −5/2〉 and
|0〉 ≡ |D5/2,mJ = −3/2〉. A linearly-polarized infrared
laser beam is applied such that only π transitions are
coupled, thereby inducing an AC Stark shift on only the
|0〉 state of (in units of s−1)

Ω(0) =
6

5

AP32D52

~ck3DP∆P3/2

(

P

w2
0

)

, (11)

where ~ is Planck’s constant, c is the speed of light,
AP32D52 ∼ 8.48 × 106 s−1 is the spontaneous decay
rate from P3/2 to D5/2 [18], kDP is the magnitude of
the transition k-vector, ∆P3/2

∼ 2π × 1 THz is the laser

beam detuning from resonance, and P (w0) is the total
power (waist) of the shifting laser beam. Scattering rates
are [19]

Γ(0→b) = AP3/2→b

∣

∣

∣

∣

∣

Ω(0)

∆P3/2

∣

∣

∣

∣

∣

(12)

where AP3/2→b is the spontaneous decay rate from the

P3/2 sublevel in Fig. 1(a) to a final state b. We find total

single-ion scattering rates of < 11 s−1 for simulations in
later sections. When scattering occurs, leakage accounts
for 94.5% of the spontaneous decays, while elastic and
Raman scattering account for the remaining 1.6% and
3.9%, respectively [18]. Selection rules forbid scattering
from |1〉 under our chosen polarization.
With this setup we generate an effective Hamiltonian

Harm = N−1
∑

i<j Jij |0i0j〉 〈0i0j | under the light-shift

interaction. Ising dynamics (2) are generated by apply-
ing Harm for time tarm in each of two arms of a spin-echo
sequence, yielding terms |0i0j〉 〈0i0j| + |1i1j〉 〈1i1j | =
(σz

i σ
z
j − 1)/2; we treat this spin-echo sequence analyti-

cally for the 40Ca+ calculations that follow, see SI Sec. C
for details. Note that tarm is the relevant scattering
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timescale and is twice as long as the effective Ising evo-
lution time t. We consider detuning δ ≡ δ0 ≪ δm 6=0

close to the center-of-mass (COM) m = 0 mode to ob-
tain nearly-equal couplings Jij/N , and set tarm = 2π/δ
so that the COM mode returns to its initial state at the
end of each spin-echo arm. We compute the coupling ele-
ments Jij/N using zero-temperature simulations of equi-
librium ion-crystal configurations as in [20].
GHZ state preparation. As a first application of

our model, we examine the preparation of maximally-
entangled N -ion GHZ or “Schrödinger cat” states [21,
22]. An Ising Hamiltonian with uniform coupling J/N
produces a GHZ state at the cat time tcat = πN/4J

|ψGHZ〉 = e−iJN−1tcat
∑

i<j σz
i σ

z
j |+〉⊗N =

|a〉⊗N + eiθ |b〉⊗N

√
2

(13)
where |a〉 6= |b〉 are eigenstates of σx

i for N even or σy
i

for N odd [13, 23]. In practice, the uniformity of the Jij
is limited by practical detunings from the COM mode;
a smaller detuning generates more uniform couplings at
the cost of a slower operation.
We use the fidelity F = 〈ψGHZ| ρ(tcat) |ψGHZ〉 to quan-

tify success in GHZ state preparation. Directly calculat-
ing F is infeasible at large N because of the exponential
size of ρ(tcat), so we estimate F as a product of two parts
which are easier to compute.
First, we assume all Ising couplings are equal to their

average value Jij = J , so ρ can be computed in polyno-
mial time using permutation invariance symmetry [24].
This symmetrized state gives an estimate Fscatter for how
light scattering affects the fidelity. We calculated the
symmetrized state ρ(tcat), and hence Fscatter, using our
theory; this included the effects of elastic, inelastic, and
leakage scattering, and required only minimal computa-
tional resources compared to a direct numerical integra-
tion of (4). Second, we use analytic approximations to
treat the additional error Funequal due to coupling vari-
ations δJij = J − Jij 6= 0 which drive ρ away from the
ideal GHZ state (13). At second order in the δJij and
for large N

Funequal ≈ exp
[

−t2catσ2(Jij)/2
]

, (14)

where σ2(Jij) is the variance of the Jij . We evalu-
ate Funequal to fourth order in results that follow; the
derivation leading to Funequal is generic and indepen-
dent of the specific light scattering model (4), with de-
tails presented in SI Sec. D. Our total fidelity estimate
is F ≈ FunequalFscatter. We will also consider situations
in which measurements are used to detect and discard
runs with leakage. This improves the scattering fidelity
to Fscatter ≈ 1, with small residual error due to elastic
and Raman scattering.
Figure 2(a) shows our estimated F for GHZ states

prepared in a 0.9 T magnetic field. Each curve termi-
nates when larger sizes would result in F < 0.5. The
dashed lines illustrate the raw F while solid lines illus-
trate Fpostselect after postselection is used to remove leak-

0 10 20 30 40 50 60 70

δ=2π ×2 kHz δ=2π ×1 kHz δ=2π ×0.5 kHz

0.4

0.6
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1.0

5 10 15 20 25

F
id

el
it

y

N

(a) (b)

postselect

raw

N

FIG. 2. GHZ state preparation fidelity with (a) B = 0.9 T
magnetic field and (b) B = 4.5 T. Dashed lines are raw results
while solid lines assume postselection to remove leakage.

age. Postselection yields a notable improvement, though
Fpostselect ≈ Funequal is ultimately limited by the use of
unequal couplings Jij .

Postselection requires an expected sampling overhead
1/Pno leak where Pno leak is the probability of no leak-
age. We can compute this from the fidelities in Fig. 2
by considering that the raw F is an average over trajec-
tories with and without leakage, F = Pno leakFno leak +
PleakFleak = Pno leakFno leak, where the last equality uses
Fleak = 0 since the GHZ state has zero overlap with the
ground state subspace. After postselection the fidelity
improves to F = Fno leak. Hence, the expected sampling
overhead 1/Pno leak = Fpostselect/F and this is close to
one for the results in Fig. 2(a).
To understand prospects for GHZ preparation at larger

sizes, in Fig. 2(b) we increase the strength of the mag-
netic field to 4.5 T, which spreads the vibrational mode
spectrum to decrease the variance σ2(Jij). We estimate
that GHZ states can be produced at approximately twice
the sizes seen previously in Fig. 2(a), with greater gains
from postselection. Another approach to reducing the
spread in Jij could be to engineer a more uniform cou-
pling using a multi-tone optical dipole force that simulta-
neously drives all axial motional modes [25]. Alternately,
dispersive measurements have been proposed as a non-
deterministic means to generate large GHZ states with
high fidelity [26].
Correlation functions. Quantum simulations often rely

on “local” or few-body observables, which may be much
less sensitive to noise than the global state fidelity. Here
we quantify the accuracy of m-body spin-spin correla-
tion functions. GHZ states (13) constitute ideal stan-
dards for this analysis, since GHZ states polarized along
P ∈ {σx, σy} will satisfy 〈P⊗2m〉 = 1 for any even num-
ber of ions 2m. To compare against this standard we
analyze spin correlation functions assuming an equal cou-
pling Jij = J , so that any deviation 〈P⊗2m〉 6= 1 is at-
tributable directly to light-scattering errors. We expect
similar physics in other cases, such as GHZ state prepa-
ration with unequal Jij and quantum simulations with
strong couplings, with the additional complication that
the noiseless reference 〈P⊗2m〉 6= 1 will depend on details
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FIG. 3. (a) Spin-spin correlation functions and (b) leakage
probability for idealized GHZ state preparation with equal J ,
with δ = 2π × 0.5 kHz and other parameters from Fig. 2(b).
The correlation functions decay from their ideal values much
faster than expected from the product of single-ion decoher-
ences (dashed lines). Solid lines are Eqs. (16) and (17).

of the Jij and may therefore be much more variable.
Figure 3(a) shows two-body and ten-body spin-spin

correlation functions. There are significant deviations
away from the ideal value 〈P⊗2m〉 = 1, which exceed the
decay exp(−mΓtexpt) arising from the product of single-
ion decoherences (dotted lines), where texpt = 2tarm is
the total length of the simulated experiment. The simple
model below will attribute the additional error to dy-
namical interactions with leaked qubits; the probability
for at least one qubit to leak is shown in Fig. 3(b).
If an ion leaks to |g〉, it generates an effective magnetic

field exp(−i(θ/2)∑i6=l σ
z
i ), where θ/2 ≤ Jtcat/N = π/4

for GHZ state preparation. In addition to this field, the

remaining ions evolve under exp(−i(π/4)
∑N−1

i<j σz
i σ

z
j ),

which alone would generate an (N − 1)-ion GHZ state
that is polarized in the spin direction P⊥ perpendicular
to the N -ion GHZ spin direction P [where P = σx when
N is even and P = σy when N is odd, see (13)]. The
effective magnetic field rotates the polarization phase θ
of the (N−1)-ion GHZ state to Pθ = cos(θ)P⊥±sin(θ)P .
In summary, single-ion leakage produces an (N − 1)−ion
GHZ state with a random phase, depending on the leak-
age time. Multiple-ion leakage produces a smaller, but
similarly randomized GHZ state.
Approximating the probability distribution over angles

as uniform, we expect the projection along the intended
spin orientation P in the presence of leakage to be

〈P⊗2m〉leak ≈ 2

π

∫ π/2

0

dθ 〈ψGHZ|P⊗2m
θ |ψGHZ〉

=
2

π

∫ π/2

0

dθ sin2m(θ) =
1√
π

Γ(12 +m)

Γ(1 +m)
(15)

where the Γ are Gamma functions. Using similar rea-
soning we obtain the same result for the perpendicular
direction, 〈P⊗2m

⊥ 〉leak = 〈P⊗2m〉leak.
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FIG. 4. Optimal spin squeezing parameter ξ2R with and with-
out light scattering errors. Inset: Leakage probability.

We are now ready to estimate the 〈P⊗2m〉 as a sum
of parts with and without leakage, neglecting small er-
rors from elastic and Raman scattering to simplify our
reasoning. In this approximation, the probability of
ideal evolution is Pno leak = exp(−NΓ(0→g)tarm), with
spin-correlation 〈P⊗2m〉no leak = 1, while the probability
for leaky evolution is Pleak = 1 − Pno leak, with spin-
correlation 〈P⊗2m〉leak. Then in total we expect

〈P⊗2m〉 ≈ e−NΓ(0→g)tarm +
(1− e−NΓ(0→g)tarm)Γ(12 +m)√

πΓ(1 +m)
.

(16)
We also expect that the perpendicular direction will have
a nonzero correlation due solely to leakage

〈P⊗2m
⊥ 〉 ≈ (1− e−NΓ(0→g)tarm)Γ(12 +m)√

πΓ(1 +m)
. (17)

The simple model (16-17) corresponds to the solid curves
in Fig. 3(a). It accounts for the majority of the observed
error in the exact results (data points) computed from
relations equivalent to (6)-(10) but also including an an-
alytic treatment of a spin-echo for 40Ca+, as mentioned
earlier and described in SI Sec. C. To correct this er-
ror, postselection can be used to discard runs with leak-
age, with an expected sampling overhead of 1/(1−Pleak).
Repeated spin-echo sequences could mitigate the errors
through partial cancellations.
Spin squeezing. Quantum metrology seeks to enhance

sensing capabilities using quantum entanglement in pro-
tocols such as spin squeezing [3, 14, 27–29]. Squeezing
decreases the collective spin variance along a chosen axis
to enhance sensitivity, as quantified by the spin squeezing
parameter

ξ2R = min
θ

N(∆Sθ)2

|〈Sx〉|2 (18)

where Sx = (1/2)
∑

i σ
x
i and Sθ = (1/2)

∑

i cos(θ)σ
z
i +

sin(θ)σy
i are collective spin vectors. In the unentangled

initial state, ξ2R = 1. The Ising evolution (2) squeezes the
state through approximate “one-axis twisting” leading to
ξ2R < 1 [14].
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Figure 4 shows ξ2R for a variety of sizes, with detun-
ing δ = 2π × 2 kHz, B=0.9 T, and with the exact Jij
for 40Ca+. In these results we minimized ξ2R at each N
by varying the average coupling strengths J/N ; best-fit
results follow Jt/N ≈ 0.85N−0.62 ≪ 1 as shown in SI
Sec. E, which corresponds to a much weaker coupling
than the one employed in GHZ state preparation (recall
for GHZ states, Jtcat/N = π/4). We find that scatter-
ing causes only minor errors in ξ2R relative to the ideal
case, even with a few hundred ions where leakage is likely
(Fig. 4 inset).
We attribute the error-resilience of spin squeezing

to weak coupling. If an ion leaks to its ground
state then it generates an effective magnetic field
exp(−iN−1

∑

i Jiltlσ
z
i ) where tl is the time of leakage,

but for weak-coupling Jt/N ≪ 1 this field is close to
the identity and does not contribute to significant error.
Apart from this effective field, the ions also evolve under
the (N − 1)-ion version of H, which leads to a ξ2R simi-
lar to the case without leakage. We find similar results
for a simple benchmarking implementation of single-layer
QAOA in SI Sec. E.
Conclusions. We analytically solved a model of

metastable-qubit Ising dynamics in the presence of light
scattering errors, including inelastic, elastic, and leak-
age scattering channels, as pictured in Fig. 1(b). These
analytic results allow for modelling of experiments with
large numbers of ions N , where numerical simulation of
the quantum state is prohibitively difficult or impossible.

Our main findings with respect to the physical effect
of leakage are as follows: 1) When a qubit leaks out-
side the qubit manifold, then its Ising interaction with
the other qubits behaves as an “effective magnetic field”
that is applied up until the leakage event occurs. The
strength of the field depends on the coupling strength
and on the specific leakage time, the latter of which is
random. The physical effect of these fields is that all non-
leaked qubits will rotate between the Pauli spin directions

σx and σy. 2) Depending on the coupling-time product
Jt/N that is present in a given experiment, the effec-
tive magnetic fields that are generated in leakage may
have catastrophic or negligible effects. When Jt/N ≈ 1,
as in GHZ state preparation or strongly-coupled quan-
tum simulations, then the effective magnetic fields com-
pletely randomize the Pauli spin directions σx and σy

for all nonleaked qubits. When leakage occurs, these er-
rors must be addressed to obtain accurate results, for
example, by postselecting on the presence of even a sin-
gle leaked qubit. When Jt/N ≪ 1, as in spin-squeezing,
then the nonleaked qubits rotate by only a negligible an-
gle under the effective magnetic fields. Therefore, in this
case leakage does not significantly affect accuracy.

In conclusion, we have developed analytic theory that
quantifies and provides physical insights into leakage er-
rors in trapped-ion quantum simulations. In this con-
text, observables in a given experiment can be readily
computed using the relevant Ising couplings, scattering
rates, and experimental runtimes. We expect our results
to be useful in estimating experimental tradeoffs obtained
for different choices of experimental parameters, such as
coupling strengths and sampling overheads for post selec-
tion, as well as modelling a variety of future experiments.

Code verifying the correctness of
the analytical results is available at
https://code.ornl.gov/5ci/exactly-solved-model-of-light-scattering-er
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