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The measurement of quantum states is one of the most important problems in quantum mechanics.
We introduce a quantum state tomography technique in which the state of a qubit is reconstructed,
while the qubit remains undetected. The key ingredients are: (i) employing an additional qubit, (ii)
aligning the undetected qubit with a known reference state by using path identity, and (iii) measuring

the additional qubit to reconstruct the undetected qubit state.

We theoretically establish and

experimentally demonstrate the method with photonic polarization states. The principle underlying
our method could also be applied to quantum entities other than photons.

I. INTRODUCTION

The process and interpretation of quantum measure-
ments have been vastly studied since the early days of
quantum mechanics [1]. The results of measurements
made on a given quantum system can be succinctly sum-
marized in the form of a quantum state, which repre-
sents the complete description of the quantum system.
The quantum state estimation spans over multiple tech-
niques, such as projective measurements [2, 3], weak mea-
surements [4-7], and device-independent measurements
[8-10]. The quantum state tomography consists in the
identification of a quantum state by measurements on
many identical copies of a quantum system [11]. In the
case of photons, the measurement is destructive via di-
rect measurements [12, 13] or interferometric measure-
ment [14]. Furthermore, technical limitations might hin-
der an efficient detection process. For example, single-
photon detectors are not equally efficient over the whole
spectrum. Therefore, standard quantum tomography ap-
proaches may be challenging or even impossible in some
cases.

Here, we introduce and implement a quantum tomog-
raphy method in which the state of a single qubit is re-
constructed without the qubit being detected or any di-
rect measurement being performed on it [15]. Instead,
we introduce an additional particle (photon in our case).
We then apply the concept of path identity [16] to build
an interferometer, in which only the additional photon
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is detected via intensity measurement. We reconstruct
the quantum state of the qubit from the interferomet-
ric data. Our method works for both pure and mixed
states, and we experimentally demonstrate it for pure
single-photon polarization states. In contrast with exist-
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Figure 1. Quantum state tomography with detected and un-

detected particles. (a) Quantum state tomography retrieves
the state of a quantum system by measuring an ensemble of
identical particles. (b) In our scheme, the target subsystem
for which we aim to obtain p remains undetected. What is
measured instead is an auxiliary subsystem that is quantum
correlated to the target one.

ing tomographic methods, our method is applicable to
cases in which the qubit cannot be detected for any tech-
nical or fundamental reason. This is because we do not
detect the qubit and the additional photon can be chosen
at a frequency for which adequate detectors are available.

Our method of quantum state tomography is based
on the quantum phenomenon of induced coherence with-
out induced emission [17, 18], which can be viewed as
interference by path identity [16]. Mandel and collabo-
rators first demonstrated this phenomenon using an in-
terferometric arrangement consisting of two photon-pair
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sources. They induced coherence between two modes of
one photon by making paths of its partner photon iden-
tical. They obtained a single-photon interference pattern
detecting the former photon only. The detection of the
partner photon was not required. We henceforth refer
to this phenomenon as “induced coherence” for simplic-
ity. The potential of induced coherence has already been
recognised as it has found use in quantum imaging [19],
spectroscopy [20], holography [21], distillation [22], sens-
ing [23], optical coherence tomography [24, 25], measure-
ment of two-photon correlations and entanglement [26—
29]. This phenomenon has also been exploited to investi-
gate the interplay between the polarization and coherence
[30, 31]. Nevertheless, to date no technique based on in-
duced coherence has been developed to fully reconstruct
the polarization state of single photons.
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Figure 2. Path identity concept of implementation. The cru-
cial point in our scheme is transferring the state information
from the target to the auxiliary particle which is done by a
path identity approach. Measurements on the auxiliary parti-
cle allow us to fully retrieve p of the target particle. ¢: phase
shifter, U: unitary operation, P: projector, BS: beam splitter,
D: detector.

II. PRINCIPLE

In the standard polarization quantum state tomogra-
phy [Fig. 1(a)] a photon is prepared in a general state p
and then subjected to intensity measurements performed
in various settings given by the Pauli operators. The
recorded results are then used to obtain the Stokes pa-
rameters and the associated density matrix p [12]. In our
technique [Fig. 1(b)], the target photon whose state p we
reconstruct remains undetected. What is measured in-
stead is an auxiliary photon with which the target pho-
ton interacts. Information about the state p is trans-
ferred to the auxiliary photon by employing a path iden-
tity approach [Fig. 2][32]. Through this step, the state of
the target photon changes, and its representation can be
found in the Appendix. To obtain p, the auxiliary photon
is prepared, projected, and detected in different config-
urations. The state p is retrieved from the interference
patterns obtained by measuring the auxiliary photon.

III. METHOD

Our aim is to reconstruct the quantum state of a pho-
ton, henceforth referred to as the idler photon, whose

D — detector
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(P)BS — (polarizing) beam splitter

Figure 3. The experimental setup for the proposed quantum
tomography method of polarization states. The pump, the
idler and the signal photons are represented by the green, red
and blue lines, respectively. One photon pair is created in a
coherent superposition of three nonlinear crystals (NL1-NL3).
Idler beams are overlapped in order to erase the which-source
information, the lack of which induces coherence of the sig-
nal photon. Signal photons emitted in each crystal are super-
posed on a beam splitter (BS), split into H and V' polarization
by a polarizing beam splitter (PBS) and detected by detectors
D1 and D2. The recorded intensities of the signal photon ex-
hibit interference as the independent phase ¢ is varied. Our
method allows one to identify the polarization state of the
idler photon emitted in crystal NL1 (source Q1) even though
it is never detected. a, b, b’, and ¢ stand for optical paths.

density matrix has the general form

~ Py /\/PHPVe_Zf (1)
pI= ﬂ\/PHPVeiE PV ’

In the formula above, Py (Py) is the probability of de-
tecting the horizontal H (vertical V') polarization of the
idler photon, Py + Py = 1; 0 < £ < 27 is a relative
phase between H and V; and 0 < .# < 1 quantifies the
purity of the state. It can be readily checked that . =0
and £ = 1 correspond to fully mixed and pure states,
respectively.

Our reconstruction technique employs the experimen-
tal setup depicted in Fig. 3. We employ an additional
photon, referred to as the signal photon, such that the
two photons are in the state

ﬁl = |HSa><HSa| (24 ﬁ[a (2)

where |Hg, ) represents a horizontally polarized signal
photon propagating along path a, and the idler photon I
propagates along path o’ in the state p;. Our technique
uses two sources of photon pairs, denoted by Q1 and Q2.
The first source comprises a single nonlinear crystal and
produces photons in a separable state. After the state
preparation of the idler photon, this state is given by
Eq. (2). The second source comprises two nonlinear crys-
tals in a cross-crystal configuration and produces photon
pairs in a maximally entangled state pa = [¢2)(12] in
path b, where

va) = <= (Hs)lHn) + Ve Vi) (3)



This state plays the role of a reference state of polar-
ization, with respect to which state p; is probed, as ex-
plained below.

@1 and Q> are pumped coherently. The pump power
for both sources is low, such that the two sources do not
emit photons simultaneously and the effect of stimulated
emission can be neglected. In this case, one photon pair
is in a coherent superposition of being emitted by the
sources Q1 and Q2. The density matrix representing a
photon pair in such a scenario is given by Eq. (4) of the
Appendix.

The alignment of photons’ paths plays a crucial role
in our technique. We superimpose the two signal-photon
paths a and b at a beam splitter and later the two po-
larization modes in path b are separated by a polarizing
beam splitter. The final H (V') component is collected by
detector D1 (D2); see Fig. 3. When the idler beam emit-
ted from the source Q1 is aligned precisely such that it
overlaps with the idler beam emitted from the source Q2,
the source information is erased, and an interference pat-
tern arises in intensities detected by D1 and D2. There-
fore, we have an effective two-fold induced coherence in
two orthogonal polarization modes H and V', where the
level of indistinguishability depends on pj.

When the pump powers are adjusted appropriately (see
Appendix), the intensity (photon counting rate) for H
polarization at detector D1 is given by

(Rur) = 3 (11Tl VPreos(e)) . (@)
provided that the half-wave plate HWPg is set to 0°,
where Ty is the total amplitude transmission coefficient
of the H polarization, which takes into account all optical
components placed on path ', and ¢ € R is the relative
phase between the two sources. The rate (Ry) for ver-
tical polarization stays constant for such a setting. To
record the interference pattern for V' polarization, we set
the HWPg to 45°, such that the signal phAoton’s state in
path a turns to |Vg,). In this case, rate (Ry) monitored
by D1 stays constant, while detector D2 records photon
counts whose rate varies according to

(Rv) = (14 2TV Preos(6+0) . ()

where Ty is the transmission coefficient for the V' polar-
ization, defined analogously to Ty, and £ was introduced
in Eq. (1). Upon varying ¢ the two expressions above
display interference with visibilities [33]

Vi = [T |/ P, (6)
Vv = 2|Tv|\/Py. (7)

These formulas quantify the level of indistinguishability
in the two orthogonal polarization modes. We can per-
form a separate measurement of the amplitude transmis-
sion coefficients |Tx| and |Ty/| (i-e., losses and alignment).
These coefficients determine the maximum achievable
visibilities. The visibility Vg allows us to infer the value

of Py and Py = 1 — Py, the visibility Vi contains in-
formation about the degree of coherence .# and the local
phase £ is equal to the relative phase shift between inter-
ference fringes for <§H> (4) and <§V> (5). This way we
can reconstruct state py in Eq. (1).

IVv. IMPLEMENTATION

We demonstrated the described technique of recon-
struction of the idler state experimentally. We used pp-
KTP crystals emitting photon pairs by spontaneous para-
metric down-conversion in a non-degenerate, type-0 pro-
cess. Signal (idler) photons had a central wavelength of
842 (780) nm. In the detection part, we used a 800 nm
long-pass filter and a 842 + 1 nm interference filter to
select only signal photons. Two single-photon avalanche
diode (SPAD) detectors collect signal photons in the H-
and V-outputs. Each detector showed on average 500
dark counts/s and collected a mean of signal photons of
35000 counts/s per crystal.

The tomography procedure needs to be calibrated to
compensate for the misalignment in the experimental im-
plementation. To that end, we measured the maximum
visibilities Ty and Ty that can be achieved experimen-
tally for H and V polarizations. We experimentally ob-
tained Ty = 0.85 +0.03 and Ty = 0.73 +0.02 [34]. The
calibration itself consisted in the division of each experi-
mentally obtained visibility Vg (Vy) by T (Tv).

A cascade of a half-wave plate (HWP;) and a quarter-
wave plate (QWPy) is used to prepare the polarization
state py of the idler photon generated by the source Q1 in
the path ¢'. The tomography was performed by taking
measurements in two configurations of the signal pho-
ton, |Hg,) and |Vg,), which were prepared by the plate
HWPg. For the configuration |Hgs) (|Vsa)) we recorded

the intensity (Ry) ((Ry)) at the detector D1 (D2) while
the phase ¢ was varied. Fitting a sinusoidal function to
the recorded intensity profiles we extracted the visibilities
for the signal photon as well as the phase shift for each
state. The values of Py, Py, and £ were then extracted
using Eqgs. (4) and (5). Additionally, we implemented a
maximum likelihood estimation algorithm to reconstruct
density matrices from our data [35].

Experimental results are presented in Fig. 4, where
dots represent experimental data, whereas solid lines rep-
resent theoretical prediction. We performed two mea-
surement scans. In the first scan the entire range of
pure linearly polarized states of the idler photon was
traversed by rotating HWP;. Calibrated experimental
results, which are presented in Fig. 4 (a), agree well [36]
with the theoretical predictions given by Eqs. (6) and (7).
Indeed, initially Vg is maximal and Vy is minimal as the
idler state is H-polarized. As HWP; is rotated, Vg (Vv)
gradually decreases (increases) until it reaches its mini-
mum (maximum) when the idler photon is V-polarized.
The mean fidelity of states reconstructed in this scan is
found to be Fiywp = 0.968 & 0.041, where the fidelity of
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Figure 4. Experimental results for pure state tomography of photons that are never detected. Main results of visibility mea-
surements are shown in the left panels. The red and blue colors represent the horizontal and vertical polarization, respectively.
(a) The idler photon is prepared in different linear polarization states by HWP;, see the Bloch sphere in the inset. The signal
photon visibility for each linear polarization is plotted against the angle of the plate HWP;. (b) The idler photon is prepared
in different elliptical polarization states by QWP;, starting in |Hp,). The signal photon visibility is plotted against the angle
of the plate QWP;. The calibrated experimental data points in (a) and (b) are in agreement with the theoretical predictions,
which are given by the solid lines. The idler states |Dyy ) and |Ajy ), designated by (1) and (2) in (a), and |Ryy) and |Lypy ),
designated by (3) and (4) in (b), are all represented by the same visibilities of the signal photon. Nevertheless, these four states
have different relatives phases. We have included the experimental density matrices obtained for these four states in the insets

(1)-(4).

each state is calculated by

F= |<¢th|¢ez>‘2a (8)

with |t)¢1,) the theoretical prediction, and |).,) the exper-
imental result. The errors are estimated from measured
data using Poissonian error propagation, see Appendix.
In the second scan, QWP; was rotated to generate a
series of pure elliptically polarized states ranging from
the right-circular polarization to the horizontal polariza-
tion and then further to the left-circular polarization. We

started with |Hpy ). As QWP is rotated and the state
of the idler photon acquires a complex V-polarized com-
ponent, the visibility for H decreases whereas that of V/
increases until they both reach the extreme value of 1/ V2
when the state is right- or left-circular. This behavior is
closely followed by the experimental data, which are pre-
sented in Fig. 4 (b). The states measured in this scan
have a mean fidelity of F‘pr =0.916 & 0.074.

As has been pointed out in the previous section, the
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Figure 5. Fidelities of reconstructed states. (a) The fidelities
for a HWP with the mean and lowest fidelities being Fawp =
0.968 + 0.041 and F{m) = 0.830 + 0.041, respectively. (b)
The fidelities for a QWP with the mean and lowest fidelities
being Fowp = 0.916 + 0.074 and Fiwy = 0.720 % 0.001,
respectively.

visibilities Vg (6) and Vy (7) do not identify the idler
photon’s state unambiguously. Any two states p; and p
for which Vg = V}; and Vy = Vy, will be misidentified.
For precise identification also the phase shift between in-
terference patterns in Eqgs. (4) and (5) is needed. This
fact is illustrated for states |Dpy) and |Afy) (diagonal
and anti-diagonal) in the insets of Fig. 4 (a), and states
|Rry) and |Lyp) (right- and left-circular) in the insets of
Fig. 4 (b). Visibilities Vi as well as Vy are identical for
all these states, but the relative phases differ.

The experimental results clearly demonstrate the fea-
sibility of our reconstruction technique, as long as pure
polarization states of photons are considered. We suc-
cessfully characterized all the linearly polarized states
and also a specific class of elliptically polarized states.
Fidelities of all the states, shown in Fig. 5, lie above
Foin = 0.72040.001. As follows from the plot, the worst-
case scenarios correspond to states close to |Dyy ) and
| Ry ), respectively. Finally, the different fidelities might
be explained by the mechanical backlash of a crafted
phase-shifter, made to preserve both spatial and polariza-
tion indistinguishabilities. This component can be easily
improved, leading to more accurate fidelities.

V. CONCLUSION

In this paper we introduced a novel tomography
method that allows one to determine a polarization state

of a photon that is never detected. This photon is a part
of one photon pair that is emitted in a coherent superpo-
sition of two spatially separated sources. The first source
emits idler photons in an unknown state that is to be
reconstructed. The second source produces a reference
state that contains two orthogonal polarization modes
[37]. As a result of the indistinguishability in the two po-
larization modes the resulting interference patterns con-
tain all the information about the idler photon that al-
lows us to fully reconstruct its state. We demonstrated
experimentally this reconstruction for two classes of idler
states—linearly polarized states and specifically ellipti-
cally polarized states. We also presented the theoretical
treatment of the general case when the idler photon’s po-
larization state is mixed. The fidelities of states can be
increased by improving the phase stability in our exper-
iment.

The main advantage over traditional techniques stems
from the fact that in our approach only signal photons are
detected and these can have a different wavelength from
that of the idler photons. In certain frequency (wave-
length) ranges, efficient detectors are not affordable or
available. In our approach, the high flexibility of the
SPDC process allows us to choose the favorable wave-
length that can be efficiently detected [23, 38-41].

To conclude, this work provides a new tool for the pre-
cise identification of single-photon states with high po-
tential in a wide range of applications. Our approach
can be adapted to the tomography of high-dimensional
degrees of freedom of single photons, such as the orbital
angular momentum [42]. Including spatial modes in our
technique, i.e. position and momentum, one can im-
plement polarization quantum imaging with undetected
photons [19]. It can also be used in the characteriza-
tion of birefringent materials, sensing, and polarization-
sensitive optical coherence tomography [24, 25]. Note
that the post-measurement state of the idler photon still
carries partial information about the state preparation.
If the idler detection is not a problem, our scheme can be
used in quantum communication protocols between two
parties, where one party obtains information through in-
terference patterns (signal photon), and the other party
obtains probabilistic information via projective measure-
ments (idler photon). It has also not escaped our notice
that our method can be adapted to any two-level quan-
tum system, such as atoms, ions, or molecules.
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Appendix A: The total state of a photon pair
emitted from sources Q1 and Q2

To study the state of photons produced by the setup
we apply the analysis developed in Ref. [28]. The most
general state of two photons that can be generated by
sources Q1 and Q2 (after state preparation) discussed in
the main text is of the form

Prot = |011% |Hsa)(Hsa| @ pr + |b2|* P2

+ [b1b5(cross terms) + h.c.], (Al)

where p; is the unknown state of the idler photon given
by Eq. (2) in the main text; b; and be are weighting

J

|b1|2PH |b1|2 I Py Py e”% 0

b1|* 7 /Py Py €i¢ b1)? Py 0

0 0 0

o 0 0 0
Piot = bibov/PraPrs  bibe 2Py Prae € 0
0 0 0

0 0 0

bibo/ P Pyg e bibo L' /Py Pyy =9 0

Parameters . and ¢’ quantify the coherence between
the V' polarization of the first source and the H and
V' polarization of the second source, respectively. In
order for matrix piot in Eq. (A4) to be a valid den-
sity operator, it must have a unit trace and be posi-
tive semidefinite. The former condition is easy to check,
for the latter condition one can use the generalization
of Sylvester’s criterion for positive semidefinite matri-
ces [45]. The requirement of positive semidefiniteness
implies that 0 < ¥ = ¥ = ¢’ < 1.

Appendix B: Evolution of the total state

We model the alignment process as an effective beam
splitter that deflects with probability |Rg|?* (|Ry|?) the
H-polarized (V-polarized) idler beam propagating along
path & from source Q1 into auxiliary path w. With
the complementary probability |Tg|? (|Tv|?) the effective
beam splitter directs the idler beam into path b. That is,

|Hry) = Ru|Hrw) + Ta|Hrp), (B1)
Viy') = Ry |Viw) +Tv|Vis), (B2)

where |Ry|? 4+ |Ty|?> = 1 and |Ry|? + |Tv|?> = 1. These
transformation rules are applied to the total state pyot in
Eq. (A1).

After the alignment of the idler beams we only ma-
nipulate the signal photon in the rest of the setup. For
reasons that are explained later on, we use two settings

O DO OO O O

factors that represent the unbalanced pumping of the two
sources (|b1|% + |ba|? = 1); and pa = [1h2)(1)o] is the state
of the second source with

o) = \/Prrz|Hsp) [Hrp) + €/ Pya|Vay)| Vin).-

To express the total state piot in the explicit matrix form,
let us choose the following basis

(A2)

{|HsaHrv'), | Hsa Vo), |[VsaHrv ), [VsaViv ),

|HsyHip), |Hsu Vo), [VsuHi), [Vsu Vi) b, (A3)
where a, b, and b’ denotes paths in the setup as given in
Fig. 3 in the main text.

In this basis, the total state reads

bibs5v/PaPas 00 bibsy/PyPyoe
b1b5.Z /Py Pra e 0 0 b1b3.2"/ Py Pyg e i0-9
0 00 0
0 00 0
bo)> Prrs 00 |bof* VPraPya e
0 00 0
0 00 0
b2 V/PraPyae®® 00 1b2]? Py

(A4)

(

of the signal photon’s polarization. One, when its polar-
ization in path a is prepared in state |Hg,), see Eq. (A1),
and one, when it is rotated with a half-wave plate into
the vertical polarization |Vg,). When the first setting
is considered, the reduced density operator of the signal
photon in basis {|Hsa), |Vsa), |Hss), [Ves)} s given by

b1 0 pro P14
0 O 0 0
hg = , B3
ps pia 0 |b2|2PH2 20 (B3)
pis 0O 0 |b2|” Pyra

where the off-diagonal terms read p12 = Tubi1b5\/ Py Pra
and p14 = Ty b1b35.7 /Py Py e€=9) In the second case,
the reduces density operator takes the form

0 O 0 0
0 01> pro P14
Dy = B4
Ps 0 pia |baf” Pro 0 (B4)
0 ply 0 |b2|” P2

After adjusting the polarization of the signal photon in
path a, the signal beams from source Q1 and Q2 are
superimposed at a beam splitter. The action of the beam
splitter can be represented by formulas

ps — BS-ps-BST, 7y —BS-ps-BST,  (B5)
where BS is a matrix of the following form
1 /11 10
BS = 7 (1 _1> ® (0 1) . (B6)



Appendix C: Polarization measurement

In the end, we perform standard polarization measure-
ment in the H/V basis of signal photons leaving the beam
splitter along path b. The resulting photon count rates
in the H component for state ps in Eq. (B3) are given
by

(Ry) = (Hsy| BS - ps - BST |Hay), (C1)

and analogously for the V' component and state pfg. In
the experiment, we use two measurement settings. For
the first setting, when the signal photon’s polarization in
path a is equal to |Hg,), we obtain the following photon
count rates. For the H component we get

~ 1
<RH> - §(|b1|2 + |b2|2PH2

+2[b1bs| [Tt V/PorPaz cos(9)), (C2)

where by € R and by = |by]e’®. The visibility of this
expression, when ¢ is varied, equals

_ 2|ba[[ba| [T | V' Pri Prr

Vu
\51\2 + |52|2 P

(C3)

At the same time, the V' component stays constant and

equals (Ry) = |ba|>Py2/2. For the second setting we
rotate the polarization of signal photons in path a, such
that their state is |Vs,). The count rate for H component

now stays at a constant value of (Ry) = |bs|2Pp2/2. The
V' component, on the contrary, varies like

~ 1
(Ry) = §(|bl|2 + [ba|* Pya
+2.7 |by| |ba| |Tv| /Py Pya cos(¢p + 60 — g)). (C4)
The visibility of this expression is equal to

_ 2.7 |b| b [Tv] VP P
|b1]% + |ba|® Pya

Vv (C5)

Our experimental arrangement corresponds to condi-
tions by = v/2b; and Pyo = Pyo = 1/2. As a result, the
above expressions reduce to

(Bar) = 1] (1+ Tur|/Prr cos(6)) (C6)
(By) = [l (14 7Ty /Py cos(@+6 - €) ) ,(CT)
with visibilities

Vu = |Tu |\ Pu, (C8)
Vv = 7 |Tv|\/Py. (C9)

Appendix D: Post-interaction idler state
The post-interaction state of the idler photon is

P = Sl |+ 5 (/2). (DY)

r =2
The final state is a uniform mixture of the maximally
mixed state 1/2 and the original pure state |¢;) in path
b'. Evidently, the post-interaction state of the idler pho-
ton still contains some information about its original
state of polarization.

Appendix E: Calibration

In the real experiment, the values of visibilities have to
be calibrated first as the maximum achievable visibility
may not be unity due to technical imperfections of the
experimental setup, cf. Egs. (6) and (7) in the main text.
The calibration measurement with maximum visibilities
for H and V polarizations is presented in Fig. 6.

Ty =0.85 Ty =0.73

16x10*
12
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Figure 6. Experimental visibility calibration. The maximum
visibility |Tw| = 0.85 £ 0.03 is obtained from the intensity
profile measured by the detector D1 when the idler photon
is in the state |Hpy) and the signal photon is in the state
|Hsq). The maximum visibility |Tyv| = 0.73£0.02 is obtained
for the setting |V,) and |Vsq), when the intensity profile is
recorded by the detector D2. Errors are given by the standard
deviation of a sinusoidal function fitted to the experimental
data.

Appendix F: Density matrix reconstruction by
maximum-likelihood estimation technique

To reconstruct the density matrix of the unde-
tected photon we employ the maximum-likelihood-
reconstruction technique [46] that consists in least-square
fitting of a parametrized valid density matrix to the ex-
perimental data [47]. At first, keeping the polarization of
the idler photon fixed we collect the experimental data
in the form of detector counts for each setting of the
half-wave plate HWPg and phase shift ¢, see Fig. 1 in
the main text. The resulting data {hy}r and {vy}x for
horizontal and vertical polarization of the signal photon,
respectively, should follow Egs. (4) and (5) in the main



text. We construct a cost function in the form

f{hete, {vi}e, Pu, &, 7)) =
S ((Ru) = h)* + Y (n(Ry) — )%, (F1)
k

k

where n stands for the total number of counts for a
fixed setting of HWPg, expression (Ry) is a function
of Py and ¢y, and (Ry) is a function of 1 — Py, é,
&, and #. Function f represents the difference between
the experiment and the theoretical prediction. Its mini-
mum is obtained for the optimal fitting parameters Py,

Py =1— Py, & and #. Using minimization routines
such as FindMinimum in Mathematica we find the optimal
values of these parameters, which are then plugged into
Eq. (1) in the main text to reconstruct the correspond-
ing density matrix. The error is estimated by generating
additional data sets of input values distributed according
to Poisson distribution around the measured values. The
optimization is applied to each additional data set and
from the resulting distribution of visibilities and fideli-
ties, the mean value as well as the standard deviation for
both quantities is determined.
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