ars CHGRUS

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Contribution of negative-energy states to multipolar
polarizabilities of the Sr optical lattice clock
S. G. Porsev, M. G. Kozlov, and M. S. Safronova
Phys. Rev. A 108, L051102 — Published 9 November 2023
DOI: 10.1103/PhysRevA.108.L051102


https://dx.doi.org/10.1103/PhysRevA.108.L051102

Contribution of negative-energy states to multipolar polarizabilities of the Sr optical
lattice clock

S. G. Porsev!, M. G. Kozlov??3, and M. S. Safronoval*

! Department of Physics and Astronomy, University of Delaware, Newark, Delaware 19716, USA
2 Petersburg Nuclear Physics Institute of NRC' “Kurchatov Institute”, Gatchina, Leningrad District 188300, Russia
358t. Petersburg Electrotechnical University “LETI”,

Prof. Popov Str.

5, St. Petersburg 197376, Russia

4 Joint Quantum Institute, National Institute of Standards and Technology
and the University of Maryland, Gaithersburg, Maryland 20742, USA
(Dated: July 31, 2023)

We address the problem of lattice light shifts in the Sr clock caused by multipolar M1 and
FE2 atom-field interactions. We presented a simple but accurate formula for the magnetic-dipole
polarizability that takes into account both the positive and negative energy states contributions.
We calculated the contribution of negative energy states to the M1 polarizabilities of the clock 1So
and 2P states at the magic frequency. Taking these contributions into account, we obtained good
agreement with the experimental results, explaining the major discrepancy between the theory and

the experiment.

a. Introduction The past decade brought forth ex-
traordinary improvements in the accuracy and stability
of atomic Sr optical clocks based on the 1Sy — *P¢ tran-
sition. In 2015, the systematic uncertainty of the opti-
cal lattice clock of Sr was reported to be 2.1 x 107! in
fractional frequency units [1]. In 2022, the resolution of
the gravitational redshift across a millimeter-scale atomic
sample was demonstrated [2], as well as record stability,
reaching 10718 in just a few seconds. Improved clock
precision is needed for many fundamental and practical
applications, including relativistic geodesy [3], search for
the variation of fundamental constants [4], and dark mat-
ter [5-8], tests of general relativity [9, 10], searches for
violation of Lorentz invariance[11], redefinition of the sec-
ond [12], detection of gravitational waves [13, 14], and
others. Reaching 107! and better uncertainty with op-
tical lattice clocks requires a further understanding of
systematic light shifts caused by the trapping laser cre-
ating the optical lattice.

When an atom is placed in a laser field, atomic energy
levels experience a shift due to the interaction of the atom
with the electromagnetic field of the laser wave. The
dominant part of this shift is proportional to the laser in-
tensity and is determined by the difference of the electric
dipole (E1) polarizabilities of two clock states [15] at the
wavelength of the trapping laser. To cancel out this shift,
the laser wavelength is chosen so that E1 polarizabilities
of the clock levels are the same, so the atom experiences
the same Stark shift in both states. If the trapping laser
of the optical lattice clock operates at such a “magic”
wavelength [16, 17], the dominant light shift of the clock
states cancels out in the clock transition.

This cancellation is not complete because there are
other contributions to the light shift, caused by the mag-
netic dipole (M1) and electric-quadrupole (E2) interac-
tions of the atom with the lattice field and determined
by the M1 and E2 polarizabilities of the clock state, as
well as hyperpolarizability [18]. When the systematic un-

certainties of the clock reached 107'8, this effect became

significant and required further study [19-24].
Calculation of the quantity Aoy, = Ao + Aags at

the magic wavelength \* = 813.4280(5) nm [25], where

Aari = ami(PPY) — aan ('),
AO&EQ = OzE'Q(gpoo) —aE2(1S0), (1)

was performed in Refs. [18, 26]. Although the theoretical
results were in good agreement with each other, they
differed even in sign from the experimental results [22—
24].

An explanation of this discrepancy was suggested in
the recent paper [27], which included the contribution of
negative energy intermediate states in calculating the po-
larizabilities M1 and E2 of the clock states at the magic
frequency, which was not considered in Refs. [18, 26].
However, the precision of the calculation was around
50%, which was insufficient to differentiate between the
experimental measurements. The paper also omitted a
rather large contribution of the core electrons. The accu-
racy of the method that was used in [27, 28], that is, the
direct inclusion of negative energy states in all numerical
parts of the calculation, is difficult to significantly im-
prove. It is also difficult to directly include negative en-
ergies in the calculation of polarizabilities with more ac-
curate approaches, such as the CI+all-order method that
combined configuration interaction and coupled cluster
approaches [18]. This is due to the complexity of modi-
fying a very large suite of codes to include negative ener-
gies in every step of both the CI and the coupled-cluster
computations. Meanwhile, reliable theoretical calcula-
tions of multipolar polarizability for Sr and other atoms
used in optical lattice clocks are urgently needed, espe-
cially due to some disagreement between experimental
results [22, 24].

In this work, we derive an analytical formula for the
contribution of negative-energy states to magnetic dipole



polarizability that only needs a numerical computation of
a single matrix element, thus resolving the major problem
of accurate theoretical computation of multipolar polar-
izabilities. We evaluate the accuracy of the new approach
and use it to compute the multipolar polarisabilities of
the Sr clock. We also present an explanation of why neg-
ative energy contributions happen to be so important for
the M1 polarizabilities while negligible for the E2 polar-
izabilities.

b. General formalism. We assume that an atom in
a state |0) with J = 0 is placed in a linearly polarized
field of the lattice standing wave with the electric field
vector along the z-axis, given by

E. =2(&), cos(kx) cos(wt), (2)

where k = w/c, w is the lattice laser wave frequency and
c is the speed of light.

The optical lattice potential for the atom at |kz| < 1,
where x determines the position of the atom starting from
the standing wave antinode, can be approximated up to
terms ~ &2 as [19, 20]

Uw)~ — ap(w)(1—k*2?) &
— {awn (W) + apa(w)}k?2? £2. (3)

The ac 2%-pole polarizability of the |0) state can be
expressed (if not stated otherwise, we use atomic units
h=m=le|=1, ¢~ 137) as [29]
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Here, A distinguishes between electric, A = F, and mag-
netic, A = M, multipoles, and (Thx)o is the 0 compo-
nent of the operator Tk in spherical coordinates, where
Tp1 =D, Ty = i, and Tes = Q2 These many—electron
operators are expressed by the sum of the single-electron
operators. For example, u = sz\il i, where N is the
number of electrons in the atom. The sum of n in Eq. (4)
includes the positive and negative energy states. In the
following, we label the intermediate positive energy states
by nt and the negative energy states by n~.

In calculating the E2 polarizabilities, the contribution
of intermediate negative energy states is completely negli-
gible. The operator Q2 ~ 2 mixes the large components
of the initial and final electronic wave functions in the
matrix elements (MEs) (n*]Q20/0). In a positron wave
function, the large and small components are swapped
and, respectively, (Jo mixes the large and small compo-
nents in ME (n™|Q20|0). Since r? is a long-distance op-
erator, it leads to suppression of ME (n~[Q20/0) by a
factor of 1/c compared to (n*|Q20|0). Additionally, the
contribution of negative energy states is suppressed by
large energy denominators. For this reason, the results
obtained in [18] for the E2 polarizabilities remain valid,
and we do not recalculate them here.

g (w) =

(4)

For the M1 polarizabilities of the clock states, the sit-
uation is quite different. The operator M1 in relativistic

form is p = —1/2 (e X r), where o = (g g) and o

are the Pauli matrices. This operator mixes the large and
small components of the wave functions in (n*|u0|0) and
the large components of the wave functions in (n~|u|0).
Due to the presence of r, the operator acts at long dis-
tances and, as a result, MEs (n"|uo|0) are suppressed
by a factor of 1/c¢ compared to (n~|up|0). Note that
this suppression is not compensated for by the large de-
nominators (Ey — F,,-) in the sum over |n~) even for
the 3P¢ state. Thus, the negative energy states give the
dominant contribution to the M1 polarizabilities of both
clock states at the magic frequency.

We note that the use of the relativistic form of the
M1 operator is very important in correctly taking into
account the contribution of negative-energy states. In
the non-relativistic form pu ~ (J 4+ S) and mixes only the
large components of the wave functions. In our paper [18]
we used the nonrelativistic form of this operator, which
led to a significant underestimation of this contribution.

The formalism developed to calculate the M1 polar-
izabilities of the clock states is presented below. Using
Eq. (4), we can write the expression for the dynamic M1
polarizability of a |0) state as

2t

n=n+t

where AFE,, = FE,, — Ej.

The denominators in the second term of Eq. (5) can be
approximated by E,- — Eg = —2¢2[1+0(1/c?)] ~ —2¢2.
The typical values of the frequencies w, used in experi-
ments, are much lower than 2¢ ~ 3.8 x 10* a.u.. For
example, the magic frequency w* = 0.056 a.u.. Neglect-
ing w compared to AFE,, -, we obtain

AEn o]0 _
DI ' '0'2 ~ QZ| 0. (6)
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Using this expression and also adding and subtracting

to Eq. (5) the similar term with summation over nt,

ZI (n* {10 |0)|* + 2z:l (n*|pol0)[?
we find

AEn+ 1
an (w) =~ 22 [ — 2 + @} |(n|p00)[?

= 3 linlolo) 2. (7

Now, the summation in the second term of Eq. (7)
goes over all intermediate states, and using the closure
relation ) |n)(n| =1 we can write

S Il = 010y = § 017401 140 ()| ®



where 1% = Zﬁl r2. The last expression in Eq. (8) was
obtained after simple transformations using the proper-
ties of the matrices v and o and also the properties of a
spherically symmetric state.

As we discussed in [18], only a few low-lying positive-
energy intermediate states give dominant contributions
to the polarizabilities M1, and it is sufficient to take them

into account in the sum over |n*). For these states

1
2c2

' (AEnf)gnj (w*)?

>

and we can neglect 1/(2¢?) in the first term of Eq. (7).
In total, neglecting the terms ~ 1/c*, we arrive at

AE,+
ap(w) =~ 2Zm|<n+|ﬂz|o>|2
nt "

1
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The first term in Eq. (9) is associated with the contri-
bution of the positive-energy states and the second term
with the contribution of negative-energy states. In the
following, we designate them by o}, (w) and a;, (w), re-
spectively. Note that the second term is the same as the
expression for the diamagnetic susceptibility of an atom
given by the Langevin formula (see, e.g., Ref. [30]).

Let us briefly discuss the Breit correction to the first
term in Eq. (9). The Breit operator includes e matri-
ces. Thus, when we calculate this correction for ME
(nT|p-]0), we may also need to include the negative en-
ergy state contribution. Note that the dominant Breit
correction to the valence atomic states comes from the
exchange with the innermost core state 1s [31]. Then it
is easy to estimate that the contribution of the negative-
energy state to ME (n™|pu.|0) is on the order of a3Z,
where aZ comes from the small component of the 1s
state.

c.  Method of calculation. We consider Sr as an atom
with two valence electrons above the closed shell core
and perform calculations within the framework of meth-
ods that combine configuration interaction (CI) with (i)
many-body perturbation theory [32] and (ii) the lin-
earized coupled-cluster method [33]. In these methods,
the energies and wave functions are found from the mul-
tiparticle Schrodinger equation

where the effective Hamiltonian is defined as
Hex(E) = Hpc + X(E). (11)

Here, Hpc is the Hamiltonian in the frozen core
(Dirac-Hatree-Fock) approximation and ¥ is the energy-
dependent correction, which takes into account virtual
core excitations in the second order of the perturbation
theory (the CI+MBPT method) or to all orders (the
CI+all-order method).

The electric dipole polarizabilities of the Sr clock states
were calculated at the magic frequency w* in Ref. [34] to
be api(w*) = 286.0(3) a.u.. The E2 polarizabilities, as
well as the contribution of the positive energy states to
the M1 polarizabilities of the clock states (given by the
first term in Eq. (9)) were calculated in our previous work
[18], so we only need to compute ;.

d. Calculation of ;. The calculation of the con-
tribution of the negative-energy states to the M1 polar-
izabilities is reduced to the determination of a matrix
element

_ 1
Ay = T 62 <0|7”2|0>7 (12)

where |0) is either 1Sy or 3P§ state. Since 72 is the scalar
operator, one needs to calculate the contribution of va-
lence and core electrons to (0|r2|0). Consequently, we can
divide the ME (0|r2|0) into the valence and core parts as

(0[r%]0) = (0[r?|0) + (0]r[0)c.

In the single-electron approximation, the core contribu-
tion is given by

Ne

(O1F[0)e = Y (alra]a), (13)

a=1

where |a) is the single-electron wave function of the ath
core electron and N, is the number of core electrons.

To find the valence parts of the MEs (15|r?|%Sp) and
(P¢|r?|3Pg) and estimate their uncertainties, we carried
out the calculation using the CI + MBPT and CI+all-
order methods. The results are presented in Table I.

We note that the correlation corrections to the expec-
tation values of the operator r? arise from the correlation
corrections to the wave functions and the corrections to
the operator. The latter include the random phase ap-
proximation (RPA), the two-particle and core Brueck-
ner [35], and the structural radiation [36, 37] and nor-
malization corrections [32]. All of them are small (for
example, the RPA correction is less than 1% for both
MEs). In addition to that, these corrections to the op-
erator tend to cancel each other out and, in total, give a
very small contribution ~ —0.1 a.u.. It is given in the row
“A (Corrections)”. The core contribution was calculated
using Eq. (13) and is given in the row labeled “Core”. To-
tal values were obtained as the sum of the Cl+all-order
value, “A (Corrections)” and the core contribution.

The uncertainty in the correlation correction for the
wave function is estimated as the difference between the
CI+all-order and CI+MBPT values [18], which is less
than 1.5% (see Table I). However, this difference is
positive for 3P¢ and negative for 1Sy. As a result, for
Ar? = (3PSIr?PPe) - (1S0]r?]1Sy), given in the last col-
umn of Table I, the difference between the CI4+MBPT
and Cl+all-order values increases to 7-8%.

In contrast, the core contribution to these MEs is large,
amounting to 50-60% of the valence contribution. The



accuracy of the single-electron approximation, Eq. (13),
is not very high. But the core contribution is the same
for both MEs. As a result, the total value of Ar? is deter-
mined by the difference in valence contributions because
the core contributions cancel out. We estimate its un-
certainty as the difference between the CI+MBPT and
Cl+all-order values.

TABLE I: Matrix elements ("So|r?|'So) and (*P¢|r?|?Pg), ob-
tained in the CI+MBPT and Cl+all-order approximations,
are given in a.u.. The sum of all corrections to the operator
r2, described in the text, is given in the row “A (Correc-
tions)”. The core contribution is given in the row “Core”.
The “Total” value = “Cl+all-order” + A (Corrections) +
“Core”. The values of Ar? are given in the column labeled
“Ar2?” . The uncertainty is given in parentheses.

(Sol?'S0) __ CPSIPTPs) A
CI+MBPT 43.3 54.1 10.8
ClI+-all-order 42.7 54.3 11.6
A (Corrections) -0.1 -0.1
Core 26.4 26.4
Total 69.0 80.6 11.6(8)

The final values of 04%417 apl = a;\rﬂ—l—agﬂ, and apsy ~
o't for the 1Sy and ®P¢ states are presented in Table 1L
Quantities a,;; were obtained in this work, while a;\rﬂ
and a gy were taken from Ref. [18].

Comparing our results with those obtained in Ref. [28],
we see a good agreement for all quantities except aj,.
The valence contribution to a;,, also agrees very well
with that obtained in Ref. [28] for both clock states. The
difference from [28] in the total values of aj,(%Sp) and
ay, (P9) is due to the core contribution. We assume
that the authors of Ref. [28] did not take it into account.

We find that o}, (*So) is negligible compared to
o, (%So). For the 3PY state, aj,,(°Pg) is two orders
of magnitude larger in absolute value than o}, (°Fg).
Thus, the differential polarizability M1 Aajpyy is mainly
determined by the contributions of the negative energy
states. The uncertainty 7% of Ay, corresponds to the
uncertainty of Ar?. Using Aapq and Aags we found
Aoygm. Its absolute uncertainty was obtained as

Aaqm = \/(AaMl)Q —+ (AQEQ)Q.

e. Comparison with experimental results. In the ex-
perimental works of RIKEN [22], PTB [23], and JILA [24]
the following quantity was measured (in Hz):

= Bagm (") Br (14)

where FE,. is the photon recoil energy and h is the Planck
constant. For \* ~ 813.428 nm we have

E, h

B 2MA2

~ 3.47 KHz,

TABLE II: The M1, E2, the differential polarizabilities for
the 'S and ®P¢ states and Aagm are presented (in a.u.). The
values of aj;, and ags are from Ref. [18]. Our values are
compared with the results of Ref. [28]. The uncertainties are
given in parentheses.

Polariz. This work & Ref. [18] Ref. [28]
at;,(1So) 2x 1077 2.17 x 1077
ay ('So) —6.13 x 1074 —3.84x 1074
anr (*So) —6.13 x 107* —3.84(24) x 107*
ot CPS) —0.05 x 107* —0.05 x 107*
ay, CPY) —7.15 x 1074 —4.88 x 107*
au (°F§) —7.20 x 1074 —4.93(30) x 107*
Ao —1.07(7) x 107* —1.09(38) x 107*
apa(*So) 0.89(3) x 107* 0.928(57) x 1074
aps(°F§) 1.22(3) x 107* 1.244(76) x 1074
Aags 0.33(4) x 107* 0.316(95) x 1074
Acgm —0.74(8) x 107* —0.77(39) x 107*

TABLE III: The values of &gm/h (in mHz) and Aagm (in
a.u.), found at the magic frequency, are presented.

Agm /b Aagm
Theory  This work: —0.90(10)  —7.4(8) x 107°
Wuhan [28] —0.94(48) —7.7(3.9) x 107°
Experiment JILA 2022 [24] —1.24(5)
RIKEN [22] —0.96(4)
PTB [23] —0.99(20)

where M is the mass of the 87Sr atom.

Using our calculated value of Aagy, and ap(w*) =
286.0(3) a.u. [34] we find &gm/h and compare it with
other results in Table III.  Our value agrees well
with the experimental results of the RIKEN and PTB
groups [22, 23] and with the theoretical result of the
Wuhan group [28]. There is also a reasonable agreement
with the JILA measurement [24].

We note that the RIKEN and PTB groups used the
|'So, F = 9/2,mp = £9/2) — PPS,F = 9/2,mp =
+9/2) transition for the measurement, while the JILA
group used the |'Sp, F' = 9/2,mp = +5/2) — |°P¢, F =
9/2,mp = £3/2) transition.

To conclude, we derived an expression for the M1 po-
larizability that accounts for the contribution of the pos-
itive and negative energy states. To calculate o, we
used a simple but accurate formula given by Eq. (12).
Using this formula we found the contribution of the
negative-energy states to the M1 polarizabilities of the
1Sy and 3P¢ states at the magic frequency and showed
that this contribution is completely dominant for both
clock states. Given the new values of the M1 polar-



izabilities and the values of the E2 polarizabilities ob-
tained in Ref. [18], we found the quantities Aayg,, and
Ggm/h. Comparing the latter with the experimental re-
sults, we observe good agreement between the theory and
the experiment, explaining the contradiction between the
theoretical and experimental results.
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