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Abstract

By explicit counterexample, we show that the “reflected entropy” defined by Dutta and Faulkner
is not monotonically decreasing under partial trace, and so is not a measure of physical correlations.
In fact, our counterexamples show that none of the Rényi reflected entropies SI(%O‘) for0<a<2isa
correlation measure; the usual reflected entropy is realized as the & = 1 member of this family. The

counterexamples are given by quantum states that correspond to classical probability distributions,

so reflected entropy fails to measure correlations even at the classical level.

I. INTRODUCTION

In [1], Dutta and Faulkner defined a function of bipartite quantum states called the
reflected entropy. For a density operator psp describing a quantum state on the bipartite
Hilbert space H4 ® Hp, the reflected entropy is denoted Sg ,(A : B). For finite-dimensional
H 4 and Hp, the reflected entropy can be described as follows.! One considers the operator
V/PAB as a member of the vector space Hy ® Hp ® H) ® Hp, where H* denotes the dual
space of H. Writing this in quantum mechanical notation as ‘m% it is easy to check

that this is a pure state that purifies psp in the sense that it satisfies

VPaB)X\VPaB| = pas. (1)

tI‘A* B*

The state ‘\/m > is called the canonical purification of psp. The reflected density operator
on the system H 4 ®@H%, denoted #AP) is defined as the reduced state of ‘\/@> on HaQHY,
ie.

¢(AB)

VoaXv/pasl. (2)

The reflected entropy is defined as the von Neumann entropy of this state,

= tl"BB*

Srp(A: B) = S(¢"P)) = —tr(¢“P 1og 6“47)). (3)

The reflected entropy belongs to a natural family of reflected Rényi entropies Sg’f; for a €
(0,1) U (1, 00), defined in terms of the standard Rényi entropies S, [2] as
1

—

Ship(A: B) = Sa(¢"?) = ———log tr((6“?)"), (1)

! While we will only be concerned with finite-dimensional systems in this paper, it is possible to define

reflected entropy for certain infinite-dimensional density operators; this is discussed in [1].



with the ordinary reflected entropy being recovered in the limit o — 1.

In [1], Dutta and Faulkner showed that the reflected entropy has a natural physical in-
terpretation for certain states in holographic theories of quantum gravity. In [3], parametric
gaps between the reflected entropy and the mutual information? in certain settings were
shown to be related to the presence of parametrically large amounts of tripartite entangle-
ment. The connection between reflected entropy and tripartite entanglement was studied
further in [4], where the authors considered the structure of states with reflected entropy
equal to the mutual information, and in [5], where the authors gave an interpretation of the
reflected entropy in terms of an information-theoretic reconstruction problem. A great deal
of work has been done to explore the physical properties of the reflected entropy in various
systems of interest, including holographic models in [3, 5-14] and many-body systems in
[4, 15-28]. None of these explorations, however, answers a basic physical question: does
the magnitude of Sk ,(A : B) quantify the magnitude of the correlations between systems
A and B in the state p4g? In the literature, it is commonly assumed that this is the case
— for example, in [1, 5, 10, 12, 13, 16-18, 21, 22, 26, 28|, reflected entropy is referred to as

)

a “correlation measure,” a “measure of correlations,” or a “measure of entanglement.” The
purpose of this article is to show that the answer is no.

Let 6,(A : B) be a generic rule for assigning nonnegative numbers to bipartitions of
quantum states. What does it mean for §,(A : B) to measure correlations between A and
B? One basic requirement is that in a quantum state p,pc with marginal p4p, there should
be at least as much correlation between A and BC' in the state papc as there is between
A and B in the state pap. So if ¢ is a measure of correlations, then it must satisfy the
inequality

d,(A: BC) >06,(A: B) (5)
for any tripartite density operator papc. A function satisfying this inequality is said to be

monotonically decreasing under partial trace or simply monotonic. One famous example of

such a quantity is the mutual information,® defined by

Ip,5(A: B) = S(pa) + S(ps) — S(pas) (6)

where S is the von Neumann entropy.

2 Mutual information is defined below in equation (6).

3 For a proof that mutual information is monotonically decreasing under partial trace, see theorem 11.15

of [29].



Up until now, it has been common in the literature to refer to the reflected entropy as a
measure of correlations, despite it not being known whether it is monotonically decreasing
under partial trace. One primary reason is that in [1], Dutta and Faulkner proved that
the Rényi reflected entropies (cf. equation (4)) are monotonically decreasing under partial
trace for o an integer greater than or equal to 2, and so they can reasonably be thought
of as measures of physical correlations. Furthermore, as observed in [1], monotonicity of
reflected entropy for holographic states follows as a simple consequence of the “entanglement
wedge nesting” property of holography established in [30]. Monotonicity is not unique to
holography — in [23|, Bueno and Casini showed that reflected entropy satisfies monotonicity
in certain free quantum field theories. Finally, it is clear from the observations in [3-5| that
the reflected entropy has a meaningful relationship to entanglement, so it seems natural to
believe that it should measure physical correlations.

This is not the case. In the next section, we provide explicit counterexamples for mono-
tonicity of the Rényi reflected entropies in the range 0 < a < 2, including the reflected
entropy itself. Our counterexamples are physical states on a system consisting of two qutrits
and a qubit. In fact, the states we construct are diagonal in a tensor product basis and hence
can be described by classical probability distributions, so reflected entropy fails to measure
correlations even in classical physics. For convenience, we state our main result clearly as

the following theorem.

Theorem 1
For any o € (0,2), there exists a density operator papc on Ha @ Hp @ He = C3 @ C3 ® C?
for which the a-th Rényi reflected entropy (cf. equation (4)) satisfies

SE(A:BC) < S§)(A: B). (7)

We recall that Dutta and Faulkner proved in [14] that Rényi reflected entropies at integer
values of a with a > 2 satisfy monotonicity and so for these values of o the Rényi reflected
entropies are correlation measures. Nothing is currently known for non-integer values of o in
the range [2, 00); we did not find any counterexamples to monotonicity in this range. We also

wish to emphasize that the papers [1, 23] established monotonicity of reflected entropy for

4 By a continuity argument, our result also implies that there exist non-classical states that violate mono-
tonicity of reflected entropy. To see this, note that non-classical states can be found in an arbitrarily
small neighborhood of any classical one and the Rényi reflected entropies are continuous under small

perturbations of the state.



certain states in free and holographic quantum field theories, and that [23, 24| established a
relationship in quantum field theory between the long-distance behavior of reflected entropy
and that of mutual information, which is a genuine measure of correlations. Consequently,
it is entirely possible that reflected entropy is generally useful as a measure of correlations

in physical states of continuum theories.

II. COUNTEREXAMPLES

We consider the tripartite Hilbert space H4 ® Hp ® He where H 4 and H g have complex
dimension 3, and H¢ has complex dimension 2. We will denote orthonormal bases of the

three spaces by

{045 1) 45 12) AT
{105, 11) 5 12) 5},
{10)¢ s M ets

and will suppress the A, B, C' indices. Our counterexamples are labeled by a single parameter

[, and are given by the expression

1
paBe = 155 (,6(\000><000| + [110)(110] + |200)(200] + [210)(210])

+1020)(020] + |121><121|). (8)

It is a straightforward exercise to compute the reflected density operators ¢(*5) and ¢(A5C)

on the Hilbert space H4 ® H*. They are given by

619 = L ((1-+9) l00)00] + B(00)221-+ 22400 + (1 + ) 111
+ B(|11X22] + [22)(11]) + 28 ]22)22] ) (9)
and
§A = A80) 1 L (Jo0y 11|+ [11)001). (10)



The eigenvalues of these operators can be found analytically. Each one has six degenerate
zero-eigenvalues, and nonzero eigenvalues given by

Eigenvalues(gb(ABC)) { 1+5 1+36+ m 1436 — m}

46+ 2’ 2(45 +2) 248+ 2)

(11)
Elgenvalues(gb(AB ) = { B2435+ \/m 24308 — m}

4842 2(48+2) 2(46 +2)

(12)
With these expressions, one can write down formulas for the Rényi reflected entropies using
equation (4), and compute them exactly for any o and any . Figure 1, for example, shows a
plot of S;?f;(A : BC) — Sgg(A : B) for =10 in the range « € (0,3). The curve is negative
from a = 0 to a value slightly less than a = 1.9, indicating that monotonicity of Rényi
reflected entropies fails in this regime. This constitutes a counterexample to the conjecture
that reflected entropy is a correlation measure, since reflected entropy is given by the o — 1
limit of the Rényi family.

S@g 5(ABC)-S Vg ,(AB)
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FIG. 1: A graph of the difference of the a-th Rényi reflected entropies S]%))(A : BC') and
SI(%)J(A : B) for the 8 = 10 case of the density matrix given in equation (8). It is negative
for a = 0 up to around o = 1.9, indicating that the Rényi reflected entropies are not

correlation measures in this range.

In fact, by changing 3, we can find violations of monotonicity for any Rényi reflected
entropy with a € (0,2). It is easy to check numerically that as one increases 3, the point
where the curve crosses from negative to positive values gets closer and closer to a = 2. We

will show analytically that for any fixed o € (1,2), there exists some value of 3 for which

6



ng;(A : BC)— SES;(A : B) is negative. Since figure 1 gives an example where this difference
is negative for the entire range 0 < o < 1, the analytic argument for 1 < a < 2 completes
the proof that Rényi reflected entropies are not correlation measures in the range o € (0, 2).

We may write the difference as

o . Lo tr((e#P9)e
SEI(A: BC) — S (A B) = o8 Er(f@(AB))L)) :

In the regime 1 < «a < 2, the coefficient 1/(1 — «) is negative, so the overall quantity

(13)

is negative when the argument of the logarithm is greater than one, i.e., when we have

tr((gb(ABc))a) > tr((qb(AB))o‘). For fixed o > 1 and large 3, it is easy to verify the asymptotic

approximations®
1+3* a7-32-9
tr((61PO)e) = Za _ % e To/d) (14)
and
(@B = LT3 ab I g (15)

4o B 184
One then simply checks that for any fixed « in the range 1 < a < 2, the number 5-3% 4+ 9
exceeds 7-3%—9, which implies that for sufficiently large § equation (14) will exceed equation
(15), implying that the a-th Rényi reflected entropy is not monotonically decreasing under

partial trace.
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