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The modified Langevin noise formalism [A. Drezet, Phys. Rev. A 95, 023831 (2017); O. D.
Stefano, S. Savasta, and R. Girlanda, Journal of Modern Optics 48, 67 (2001)] has been proposed
for the correct charaterization of quantum electromagnetic fields in the presence of finite-size lossy
dielectric objects in free space. The main modification to the original one [T. Gruner and D.-G.
Welsch, Phys. Rev. A 53, 1818 (1996); H. T. Dung, L. Knoll, and D.-G. Welsch, Phys. Rev.
A 57, 3931 (1998)] (also known as the Green’s function approach for bulk inhomogeneous lossy
dielectric medium) was to intoduce another fluctuating sources in reaction to the radiation loss.
Consequently, the resulting electric field operator is now determined by (i) boundary-assisted and
(ii) medium-assisted fields on an equal footing, which originate from radiation and medium losses,
respectively. However, due to the lengthy mathematical manipulation and complicated concepts,
the validity of the modified Langevin noise formalism has not been clearly confirmed yet.

In this work, we propose and develop a novel numerical framework for the modified Langevin noise
formalism by exploiting computational electromagnetic methods (CEM). Specifically, we present
utilization of the finite-element method to numerically solve plane-wave-scattering and point-source-
radiation problems whose solutions are boundary-assisted and medium-assisted fields, respectively.
For the first time, we numercally validated the modified Langevin noise model calculating the Purcell
factor of a two-level atom inside or outside a lossy dielectric slab.

The proposed numerical framework is particularly useful for analyzing the dynamics of multi-level
atoms near plasmonic structures or metasurfaces in the open space.

I. INTRODUCTION

Handling quantum electromagnetic systems involving
a lossy dielectric object in free space (or with open
boundary conditions) is challenging. This is because
of the non-Hermiticity caused by radiation and medium
losses. As a result, the most fundamental properties in
quantum physics, for example, equal-time commutator
relations for conjugate variables [1], may not be pre-
served. Furthermore, one cannot find eigenmodes with
real eigenfrequencies and nice orthonormal properties
since a generalized Hermitian eigenvalue problem cannot
be derived from such non-Hermitian EM systems. Con-
sequently, it is not straightforward to apply the classical
phenomenological electromagnetic (EM) theory on the
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standard second quantization procedure unlike lossless
cases, e.g., inhomogeneous or anisotropic media [2H4].

To resolve this critical issue, the microscopic model
based on the rigorous Hamiltonian description has been
first shown by Huttner and Barnett [5] in an attempt to
model a lossy bulk dielectric medium, and a number of
subsequent variants [0, [7] have been also proposed for the
sake of extending the prototype work into more generic
cases including medium inhomogeneity and magnetic po-
larization effects. The core idea behind the microscopic
model is to introduce the infinite number of harmonic os-
cillators, called bath oscillators, at every single point in
the medium region and accounts for couplings between
vacuum EM fields and bath oscillators. Such couplings
could explain mechanisms of the EM energy loss as well
as predict the existence of Langevin noise current sources,
i.e., fluctuations to the medium loss, while the whole
system still remains to be Hermitian. Thus, the mi-
croscopic model is quantizable in principle, for example,
most previous works diagonalized the total Hamiltonian,
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composed of dynamical variables associated with vacuum
EM fields and bath oscillators, utilizing the Fano diago-
nalization method. Notably, two recent works [8, [9] have
shown exact diagonalization methods in the momentum
and position spaces, respectively, which are more suitable
for numerical methods; hence, large-scale numerical sim-
ulations could be performed. However, the numerical di-
agonalization requires tremendous computational costs,
especially, for the real bath which has the infinite de-
grees of freedom (DoFs) over both space and frequency.
To deal with the infinite DoFs of bath oscillators, one
may take the coarse-graining strategy [10]. But the re-
sulting computation expenses are still costly to avoid or
delay the Poincare recurrence; otherwise, incorrect en-
ergy feedback from bath systems may alter the actual
physics of the EM energy loss and fluctuation.

As a great alternative to the microscopic model, a new
formalism, called the (previous) Langevin noise model,
was proposed by Welsch and coworkers [11], [12] based on
the fluctuation-dissipation theorem (FDT), being com-
putationally much more efficient since it only keeps track
of the EM dynamics by lumping out the dynamics of infi-
nite bath oscillators. According to the original Langevin
noise formalism, a monochromatic electric field operator
is entirely determined by Langevin noise current source
operators, taking the form of

E) (r,w) = iwpuo /// dr'G(r, v’ w) -jgvﬂ(r’,w) (1)
|

where V,,, is a volume of lossy dielectric objects described

by €(r,w), G(r,r',w) is a dyadic Green’s function in the
presence of the lossy dielectric objects, and jg:,r) (r',w) is
a Langevin noise current operator given by

w h .
,UIOC2 T%X](I'I,W)f(r/,w) (2)

IV w) =

for v’ € V,,, where x;(r',w) denotes the imaginary part of
the electric susceptibility of the lossy dielectric medium.
In other words, electric fields are supported by fluctu-
ations which are in reaction to medium losses; thus, we
can call these “medium-assisted” fields. Vectorial bosonic
ladder operators f(r',w) and f(r/,w) in diagonalize
the Hamiltonian operator by

H= /OOO dw//vm dr'hwff (' w) - £, w).  (3)

Note that in the above we excluded the zero-point energy
for simplicity, and the same will apply to what follows
throughout the manuscript.

However, it was argued by two works by Drezet [13]
and Stefano [I4] that the original Langevin noise model
may be an incomplete theory since it omitted the influ-
ence of fluctuations reacting to radiation losses, which
can be thought of as thermal radiations coming from the
infinite boundary S.,. This missing contribution in the
original Langevin noise formalism obviously gets more

important when it comes to finite-size lossy dielectric
objects, which represent typical layouts of optical com-
ponents. The modified Langevin noise formalism added
the missing term (we shall call this “boundary-assisted”
fields) into the original Langevin noise model, shall be
discussed in detail later. As such, the modified Langevin
noise formalism can fully agree with the FDT’s argument
that the EM dynamics is now determined by two dif-
ferent fluctuations in reaction to radiation and medium
losses. Especially, the modified Langevin noise formal-
ism would be useful in practical quantum optics prob-
lems, e.g, studying and engineering quantum plasmonic
devices or metasurface-based quantum information sci-
ence technologies. To do this, one should be able to eval-
uate both boundary-assisted and medium-assisted fields
in the presence of arbitrary lossy dielectric objects in-
cluding geometric complexity and medium inhomogene-
ity. However, their closed-form solutions are limited to
very simple cases and unavailable for most cases.

Motivated by this, we have dedicated over the past
years into building numerical frameworks for modeling
quantum optics and circuit quantum electrodynamics
(QED) phenomena based on classical computational elec-
tromagnetics (CEM) methods by reinterpreting and re-
fining the existing math-physics models using various
CEM methods [9, I5H20]. We believe that our efforts
of transplanting CEM methods into quantum physics
will become a stepping stone to further advance the
research paradigm in the existing quantum technology,
which mostly relies on theory and experiments, and ac-
celerate the realization of quantum science and technol-
ogy.

In this article, we present a numerical framework for
quantitative analyses on quantum EM systems including
lossy dielectric objects with the open boundary by incor-
porating computational electromagnetic methods (CEM)
into the modified Langevin noise formalism. To our
knowledge, however, no previous works exist yet that in-
corporate numerical methods into the modified Langevin
noise formalism and performing fully-quantum-theoretic
numerical simulations. We shall discuss about the mod-
ified Langevin noise formalism in detail how the elec-
tric field operator can be determined by both boundary-
assisted (BA) and medium-assisted (MA) fields on an
equal footing, which result from fluctuations in reaction
to radiation and medium losses. Numerical solutions to
BA and MA fields are found based on the finite-element
method that solves standard plane-wave-scattering prob-
lems and point-source-radiation problems, respectively.
Especially, we connect the modified Langevin noise for-
malism to the spectral function [21], deriving the thermal
equilibrium condition from the use of the correct dyadic-
dyadic Green theorem [22] to show that BA/MA fields
can make open and lossy EM systems quasi-Hermitian or
in the thermal equilibrium. Finally, we shall consider a
numerical example of Purcell factors of a two-level system
located inside or outside a lossy dielectric slab. We com-
pare the calculation results obtained by various methods,



such as, the numerical diagonalization method [9) 23] for
the microscopic model 7, [24], spectral function approach,
and modified and original Langevin noise models.

The contributions of the present work are twofold:

e We build a new numerical framework for analyz-
ing quantum optics problems involving the radia-
tion and medium losses by incorporating the use
of computational electromagnetic methods into the
modified Langevin noise formalism. Especially, we
provide specific numerical recipes in solving plane-
wave-scattering and point-source-radiation prob-
lems. The formal and later are of boundary-
assisted and medium-assisted fields, respectively.

e With the use of developed numerical framework,
we prove that the use of modified Langevin noise
formalism can retrieve the conventional expression
of the spontaneous emission rate of a two-level atom
inside or outside a lossy dielectric object(s), viz.,
the imaginary part of the Green’s function.

It implies that when analyzing interactions between
atoms and EM fields around plasmonic nano-particles or
structures, one has to consider effects of BA fields as
well as MA fields. Note that there are several previous
works that appreciated and recognized the importance of
BA effects in analyzing, for example, input-output rela-
tions for a lossy beam splitter [25], an optical cavity made
of lossy dielectric slabs [26], and quantum antennas and
scattering of nonclassical lights based on super-operator
equations [27].

The paper is organized as follows. Sec. II presents
the essence and main features of the modified Langevin
noise formalism are presented. Specifically, it is shown
that BA/MA fields, which are the main ingredients of
the theory, can be found from plane-wave-scattering
and point-source-radiation problems. Sec. III presents
the detailed numerical recipe to solve the plane-wave-
scattering and point-source-radiation problems in mod-
eling BA/MA fields. In particular, we utilize the finite
element method in frequency domain with the use of per-
fectly matched layers to model the radiation loss prop-
erly. In Sec. IV, the modified Langevin noise formalism
is connected to the spectral function approach by con-
sidering the field correlation. With the proper use of the
dyadic-dyadic Green’s theorem [22], we hypothesize the
thermal equilibrium identity which is to be examined in
Sec. V. In Sec. V, one-dimensional simulation results
of Purcell factors of a two-level atom inside or outside a
lossy dielectric slab are discussed. Calculations based on
the Fermi’s golden rule were performed by using four dif-
ferent methods: (i) the spectral function approach, i.e.,
the imaginary part of the Green’s function, (ii) the sec-
ond quantization for the microscopic model via numerical
mode decomposition, (iii) the modified Langevin noise
formalism, and (iv) the original Langevin noise formal-
ism. A summary and conclusions are given in Sec. VI.
The procedure to extract numerical normal modes from

the microscopic model is expounded in Appendix A. The
operator-form dyadic-dyadic Green theorem is discussed
in detail in Appendix B.

II. MODIFIED LANGEVIN NOISE
FORMALISM: BOUNDARY- AND
MEDIUM-ASSISTED FIELDS

Consider a lossy dielectric (non-magnetic) object in the
vacuum background, as illustrated in Fig. The effec-
tive permittivity of the lossy dielectric object is given by

e(r,w) = eer(r,w) = € (1 + X(r,w))

_ 60(1+XR(r,w)—|—iXI(r,w)), forreV, ()
€0, elsewhere

where V,,, is the volume of the lossy dielectric object, and
e-(r,w) is relative dielectric constant. The lossy dielec-
tric object is assumed to be causal while satisfying the
Kramers-Kronig relation.

According to the modified Langevin noise formalism
[13, [14], the complete solution to a monochromatic elec-
tric field operator should include boundary-assisted (BA)
and medium-assisted (MA) fields, its positive-frequency
part taking the form of

BN (r,w) = B (r,w) + B (r,) (5)
where
EEE;(I’ Cu' # dk <P(LOL)(r7k7/\aw)
2'T Sk

Ae{1,2}

\/? (kA w), (6)
EE;\?) (r,w) /// <§(r,r’,w) é)

m ce{we)
Axr(r',w) 4
M) fo e ). ()

TEQ

In the above, k is a wavevector, k = |k| = w/c is the
wavenumber, Sy, is the surface of the radiation sphere in
k-space, and A denotes the polarization degeneracy index
for an incident plane wave coming from the infinity S,
Note that G(r,r’,w) is the dyadic Green’s function in
the presence of the lossy dielectric object from which

2
(v X V x —76,.(1«,@)6(1«, r,w) =16 —r) (8)
for r’ € V,,,. It should be pointed out that is the same
as while explicitly writing the Langevin noise current
source operator in in terms of f(r’, &w) = é-f(r’,w)
for £ € {z,y, z}.

One can observe two important properties from the
modified Langevin noise formalism with BA/MA fields
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Tllustration of monochromatic boundary-assisted and medium-assisted (BA/MA) fields. Each degenerate BA field is

a total field composed of an incident plane wave with (k € Sk, A € {1,2}) and resulting scattered fields by a lossy dielectric
object. On the other hand, each degenerate MA field is a radiating field by a point current source (v’ € V., & € {z,y,2})

embedded in the lossy dielectric object.

in : (i) a monochromatic electric field operator is ex-
panded by the infinite number of degenerate BA and
MA fields originating from two fluctuation sources due
to radiation and medium losses, respectively, and (ii) the
degeneracy indices of BA/MA fields are descended from
original degrees of freedom (DoFs) for (vacuum) photonic
systems and reservoir oscillator fields, i.e., BA fields take
the degeneracy in terms of (k € Sk, \) same as that of
plane waves in the vacuum, and MA fields form the de-
generacy with respect to (r € V;,,,&) which are of bath
oscillators.

A. Boundary-assisted fields

One can notice from @ that the monochromatic BA
field is expanded by many different BA fields in terms
of k and A. Hence, (k,\) can be thought of as sort of
the degeneracy index of BA fields. Then, each degen-
erate BA field having (k, \) corresponds to a total field
D0 (r,k, \,w) consisting of (i) an incident plane wave
with (k € Sk, A € {1,2}) and (ii) resulting scattered
fields by the lossy dielectric object; hence,

é(tot) (1‘7 ka )‘7 UJ) = (I)(inc) (I‘, kv >\a W)
+ ¢(sca) (I’, ka )‘7 (U), (9)
satisfying
2

w
(v XV x —C—zer(r,w))¢(tot)(r, K\ w)=0. (10)

When substituting into for the lossy dielectric
medium described in ., one can derive a plane-wave-
scattering problem, stated by

2

w
<v X V x fc—‘zer(r,w)><l>(sca)(r,k,)\.,w)

2
w
= C—Qx(r,w)fb(im;)(r,k,)\,w). (11)

Bear in mind that the incident plane waves are a homo-
geneous solution to the vector wave equation in the free
space, that is,

(VXVX—W—Q

c2

)@im) (r,k\w)=0.  (12)

Since the incident plane wave is known, for exam-
ple, ®(ine)(r,k,\w) = éxe’™ T where éy is a polariza-
tion unit vector, one can solve for the scattered fields
P (oca) (1, k, A, w) from (L1)).

B. Hamiltonian operator diagonalized by a and f

The monochromatic Hamiltonian operator in the mod-
ified Langevin noise formalism is expressible in terms of
two different diagonalizing ladder operators & and f:

hwa' (k, A\, w)a(k, A, w)

1?1(@:# dk
Sk ae{1,2}

+///%d’f’ Yo mwff g w)f(r 6 w). (13)

§e{z,y,z}



It should be mentioned that the above Hamiltonian does
not represent the EM energy only.

but describes total energy of the whole system. Here,
the whole system refers to EM systems plus two thermal
baths. This is because we introduced the medium and ra-
diation losses, there should be two different thermal baths
for the losses, respectively. And the EM systems are in
thermal equilibrium with these thermal baths. Hence,
the physical meaning of the above Hamiltonian operator
is total energy contained in the EM system as well as the
two thermal baths. The Hamiltonian is then constant
of motion; hence, it is energy conserving. Furthermore,
the Hamiltonian operator is diagonalized by ladder oper-
ators a and f associated with the medium and radiation
fluctuations.

Eigenstates for the above Hamiltonian operator are
two different kinds of Fock states associated with
BA/MA fields, i.e.,

ﬁ(k Aw) ‘n>k,)\,w =n ‘n>k,)\,w7 (14)
( ) |m>r’,f,w =m |m>r/7§7w ' (15)

In the above, 7(k, \,w) = af(k, A\, w)a(k, \,w) is number
operator , |n)k’)\,w is Fock state, and n is the number
of quanta for a BA field having (k,\). On the other
hand, (', & w) = fI(r/,& w)f(r', & w) is number op-
erator, [m), , , is Fock state, and m is the number of
quanta for a MA field specified by (r/, ).

The Fock states satisfy the following orthonormal
properties:

k', \ W' (n’|n>k,)\’w = 5n/7n5(k/ — k)é,\/,,\é(w' — w), (16)
v € (m’|m>r’§’w = Oprmd(r — 1) ¢0(w —w), (17)
k,\,w <n/|m>r,§,w =0 (18)

£ (|n>a7b7c)T. The action of the bosonic
ladder operators on Fock states can be evaluated by

=vnin—1) ., (19)

=Vn+1ln+1),.,, (20)

(21)

)

where 45 ¢ (1]

P 60 e = Vil = D (21
fAT(r/afvw) |m I"fw: Vm+1|m+1>r’,§,w' (22

The diagonalizing ladder operators satisfy the follow-
ing standard bosonic commutator relations:

la(k, A\, w), al (K, N, w")] = 16(k — K)o »d(w — '),
[a(k, \,w),a(k’, N, w')] =0
af (k, \,w), af

~ ~

(K, N, w")], (23)
r— r/)ég,gé(w — w/),

[ |
I
~
(o9
—~

[Fr.gw), Fit ¢,
). fo €] =0
= [Ftrgw), o g w0

The total Hamiltonian and electric field operators are
then obtained by integrating the monochromatic terms
over the frequency domain:

IIT. NUMERICAL SOLUTIONS OF BA/MA
FIELDS USING FINITE ELEMENT METHOD

Here, we provide numerical recipes to find approxi-
mate solutions of BA/MA fields based on the finite ele-
ment method (FEM) [28]. BA/MA fields can be found by
solving (i) plane-wave-scattering problems and (ii) point-
source-radiation problems, respectively.

A. Plane-wave-scattering problems for BA fields

Consider a lossy dielectric object in the vacuum back-
ground, and assume that a plane wave with (k € Sy,
A € {1,2}) at w is incident on the scatterer, as illustrated
in Fig. 2

One needs to first prepare unstructured meshes that re-
construct the original problem geometry. Unknown scat-
tered fields are then expanded by Whitney 1-forms (or
edge elements) related to edges of the mesh, such as

Ny
B o (1, K, A, ) Z [ﬁ;a?ﬂ] wh@r). @27
where Nj is the number of edges, goffi\alj is a one-

dimensional vector array listing degrees of freedom for

the scattered fields, and ng)(r) denotes the Whitney
1-form for i-th edge. Substituting into and per-
forming the Galerkin testing, one can find the following
linear system which is the discrete counterpart of
expressed by

<l w27 a in
(5 5M) ol = 6 (28)

where S and M denote stiffness and mass matrices that
encode V x 115V x and €(r,w), respectively. And fk“;\cw

is a force vector whose i*" element can be evaluated by

652], = (W0 ) B kA ) (29

where (A, B) denotes the projection process, i.e., the spa-
tial integral of the inner product of two vector fields A
and B over a certain finite support. Solving , one
can find a numerical solution for a degenerate BA field,
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As mentioned earlier, BA fields originate from the
fluctuation to the radiation loss; hence, one should in-
corporate open boundary conditions in the above FEM
simulations so that the radiation loss can be prop-
erly taken into account. Here, we employ perfectly
matched layers (PML)—one kind of absorbing bound-
ary conditions—based on the complex coordinate stretch-
ing method incorporated into PML constitutive tensors
[29,130]. Fig. [2]illustrates how to find numerical solutions
to BA fields via the FEM simulations.

B. Point-source-radiation problems for MA fields

Each degenerate MA field can be found by solving a
point-source-radiation problem, viz., finding a numeri-
cal solution of the dyadic Green’s function whose point
source is embedded in the lossy dielectric object. Taking
the numerical dyadic Green’s function approach [31] and
using the similar FEM implementation with PMLs, one
can evaluate numerical dyadic Green’s functions by

Grrw=Y [fﬂ W ewhe) (1)

for point sources located at r’ € V,, where matrix oper-
ator L = S — w?M, ® denotes the tensor product, and
j denotes an integer set whose elements are edge indices
of a tetrahedron (3D) or triangle (2D) which include the
point source.

FIG. 3. Finding a numerical solution of each degenerate
MA field per one FEM simulation modeling a point-source-
radiation problem.

IV. CONNECTING BA/MA FIELD
CORRELATION TO SPECTRAL FUNCTION
APPROACH

A. Spectral function

The spectral function approach (SFA) is often used
to describe the quantum transport in solid-state physics
[32]. Also, the SFA is widely used to evaluate enhanced
spontaneous emission rates of atoms in optics. Here, we
connect the modified Langevin noise formalism to the
SFA with the use of the correct dyadic-dyadic Green the-
orem [22] to show that BA/MA fields can achieve the
thermal equilibrium in open/lossy EM systems.

The spectral function A(r,r’,w) is defined to be the
sum of retarded and advanced dyadic Green’s functions
[210:

K(r(u rbv (.U) - i<é(r(l,7 rbv U./') - é* <rll ) rl)ﬂ W))
—2Im {G(r,,1p,w)} . (32)

Thus, the spectral function describes an EM system in
thermal equilibrium [21] at temperature 7. In a lossy
medium, the first term of the spectral function describes
a decaying field (retarded), but the second term, a back
propagating field, describes a growing field (advanced).
This can be thought of as a lossy EM system in equi-
librium with a thermal bath. More specifically, the loss
in the EM system is accompanied by Langevin sources
induced by the thermal excitation of the environment;
hence, the EM system is in thermal equilibrium with the
Langevin sources due to the medium’s loss. On the other
hand, in the lossless case with open boundary conditions,
e.g., free space, the system is in thermal equilibrium with
sources at infinity.

The spectral function can be also related to the field



correlation function ET(ra, rp,w) such a way that
— m —

A as ) =————>—C as , W :
(Fa, 15, ) witg® (hw) 7(Fa;To, ) (33)

where field correlation function at temperature 7' is de-

fined to be [21]

Cr(re, rp,w) = Tt (ﬁthﬁ](+)(ra,w) ® E(_)(rb,w)) .
(34)

Note that in the above gy, denotes a density operator for
the thermal state, and the average photon energy density

is given by [21]
O (hw) = <n + ;) o (35)

where the average photon number of the thermal field is
calculated as [33] 34]
1

"= oxp wfknT) =1 (36)

When T = 0 such that n approaching zero, the average
photon energy density becomes a zero-point energy, i.e.,
O(hw) = hw/2. Tt implies that the quantum harmonic
oscillator has nonzero energy even if it is in the ground
state at T'= 0. As a result, the field correlation function
at T = 0 now becomes Cy(r,,rp,w) as defined in .
And the spectral function is associated with the quantum
field correlator by
. W -

A(r,,rp,w) = Co(ra, ry,w). (37)

w2
where the quantum field correlator at 7' = 0 is given by
6()(raa Ty, w) = <O‘E(+> (I'a, w) ® E<_) (rlh w)|0> (38)

since the thermal state is reduced to the vacuum state at

T =0.

B. Field Correlation of BA/MA Fields at T =0

We shall check the validity of the modified Langevin
noise formalism by backsubstituting the electric BA/MA
field operators in into to see if it retrieves the
original definition of spectral functions in . If so,
we can say that the modified Langevin noise formalism
with BA/MA fields makes an open/lossy EM system in
thermal equilibrium at every single point in V.

In what follows, we use <O> implicitly representing
(0]0|0) for an operator O. Backsubstituting into

, we can rewrite the field correlation function in terms
of BA/MA fields by

<E(+)(ra7w) R E(_)(rb,w)> = <]:]Eg)) (ro,w) ® EE];)) (rp, w)>

+ (EG) (ra,0) @ B (r0,w) ) (39)

Note that in having (39) there
£

terms which are < (B)(ra,w)®]:3&))(rb,w)> and

are two cross

<E8_/I)) (ro,w) ® EE];)) (rp, w)> But these become zero due

to the orthonormal properties of multimode Fock states
described in . Substituting into the second term
on the second term on the RHS of yields

4
o (+) () _ w
<E(M)(ravw) ® E(M)(rb,w)> = P

X ///V : drx1(r,w)G(ra,r,w) - G (r,rp,w).  (40)

Based on the dyadic-dyadic Green theorem [22], the in-
tegral in can be evaluated by

2
| aat )G @) @ e = 5
Vim

X (Im {G(re,rp,w)} — F(rq, rb7w)) (41)

X # drG(r,,r,w) -1 x i x G (r,1,w), (42)
s

oo

and 7 denotes the outward normal vector on S,,. There-
fore, one can rewrite using the dyadic-dyadic Green
theorem by

2
o (+) o () _ hwipg
(B (ranw) @ B (mw)) = =

X (Im {é(ra,rb,w)} —?(ra,rhw)). (43)

We now evaluate the first term on the RHS of with
the substitution of @ by

S (+) o (—) _ w1
(B (raw) © Bl (r0,0)) = 5 @2n)° #s o

X Z P (10) (Ta, K, A, w) @ D00 (3, K, A, w). (44)
Ae{1,2}

Eventually, one can obtain the following expression for
the field correlation function

2
<E<+>(ra’w) ® E(—)(rb7w)> _ e

™

(Im {G(re,rp,w)}

_ T 1
— F(rg,rp,w) + 7# dk
(£, 12, ) 2wio (27)* s,

X Z (I’(tot) (raa k7 )\7 w) b2 ¢>(ktot) (I‘b, ka Aa (.(})) .
ae{1,2}

(45)
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FIG. 4. Analyzing the spontaneous emission rate when a two-
level atom (TLA) is located either inside or outside a lossy
dielectric slab.

Hence, if the following condition

— T
Fl(re,rp,w) = ——— dk
2wiig (277)3 Sk
X Z q’(tot) (raa k, A, w) @ ‘I)E(tot) (rb7 k, A, w) (46>
Ae{1,2}

would hold, one can retrieve the original definition of
the spectral function from the field correlation function
substituted by the BA/MA fields, i.e.,

2
<E(+)(ra,w) ® E(_)(rb7w)> = hwﬂuo Im {G(rq, 1, w) }

huw? o —
=——3 A(r,,rp,w). (47)

In other words, the consideration of both BA/MA fields
can only ensure the system to be in thermal equilibrium.
We will numerically validate the thermal equilibrium con-
dition by considering a spontaneous emission rate of
a two-level atom located at the inside or outside of a lossy
dielectric slab.

V. SIMULATION RESULTS:
PURCELL FACTOR OF A TWO-LEVEL ATOM
LOCATED EITHER INSIDE OR OUTSIDE
A LOSSY DIELECTRIC SLAB

A. Problem description

In this section, we present simulation results of the
spontaneous emission rate (SER) of a two-level atom
(TLA) when the TLA is located either inside or out-
side a lossy dielectric slab. Fig. [4|illustrates the relevant
problem geometry.

The lossy dielectric slab is assumed to be spatially ho-

mogeneous and have the following electric susceptibility
based on the Drudue-Lorentz-Sommerfeld (DLS) model

—=—Real (Case 1)
—*— Imaginary (Case 1)
Real (Case 2)

- --- Imaginary (Case 2)

€slab (W)

450 500 550

FIG. 5. Real and imaginary parts of the electric susceptibility
x(w) of the lossy dielectric slab for Case 1 (7 = 50) and Case
2 (v =5).

[35]:

2
“p _ Lg L
X(;L',w) = X(w) = { wi—w+iwy for 2 <z< 2
0 elsewhere

(48)

where thickness of the slab Ly = 62.5 [mm], and plasma
frequency w, = 100c and resonant frequency wy = 500c
in the DLS model. We consider two different damping
ratios 7 = 50 (high loss for Case 1) and v = 5 (low loss for
Case 2). Fig. compares real and imaginary parts of the
electric susceptibility of Case 1 and 2. It can be observed
in Fig. 5| that Im (xs1ab) (equivalently, dielectric medium
loss) for both cases becomes maximized at w = 500c¢ but
different quality factors.

Assume that a TLA is located at x, with a transition
frequency w,. We consider two different TLA’s locations,
ie., x4, = x4 = 0 (inside the slab for Case A) and z, =
xp = L (outside the slab for Case B), as illustrated in

Fig. [

B. Spontaneous emission rate based on the Fermi’s
golden rule

In this one-dimensional simulation setup, we shall as-
sume that electric field operators are polarized along y-
axis. One can then evaluate the SER, denoted by T,
based on the Fermi’s golden rule (eqn. (339) in [36])
below:

2 [
F(wa) = th .
27 |d - g

= I OB (o) B @awa)l0) - (49)

dwd - (OE) (r,w) ® EC)(r4,w,)[0) - d°



where d is a dipole moment of a TLA. Note that in the
second equality of the reason for |d - ,1}|2 to be fac-
tored out is that the electric field operator is polarized
on y-axis only in this particular 1D example.

Based on the Fermi’s golden rule, we evaluate the SER
using four different methods.

1. Method 1: Spectral Function Approach (SFA)

The field correlation in the SER expression can
be related by the spectral function. And the spectral
function takes the imaginary part of the Green’s function
(see (32)). Thus, based on the SFA the SER takes the
following form:

F(SFA)(wu) = 2 d-Im {é(ra ra.w(,)} -d*
L LCQEO L) ] L
2w |d - 9|
= %ﬂ)m Im {G(xq, Ta,wa)} (50)

where the scalar Green’s function G(z,2’,w) satisfies

d? w?

r ) r ra/ _— r o— 1 /
) + C—Qe,,.(.l,,w) G(z,2'\w) = —0(x —2"). (51)
It should be also mentioned that in this 1D example, we
assumed that the electric field operator is polarized on
y-axis (EM waves are propagating toward 4z directions
so magnetic field operator would be polarized on z-axis).
Thus, the corresponding Green tensor can be written ex-
plicitly by

G(ra:rtmwa) = Z}gG(xaaxaawa)~ (52)
Thus, the term d - Im {é} -d* can be simplified by

d-Im {é} -d*=(d-9)Im{G} (y-d¥)
= |d - §[*Im {G}. (53)

Note that the formulation includes the imaginary
part of the dyadic Green’s function that can be associated
with local density of states (LDOS) for the electric field
produced by the TLA, and is commonly used to estimate
the SER of a TLA in quantum optics [37H40].

In this work, we have performed one-dimensional FEM
numerical simulations of point-source-radiation problems

in to evaluate the SER in .

2. Method 2: Second quantization of the microscopic model
via numerical mode decomposition (MM-NMD)

As another ground-truth, we calculate the SER based
on the second quantization of the microscopic model
via numerical mode decomposition. In the microscopic
model, we fill the infinite number of matter oscillator
fields in place of the lossy dielectrics, described by the

effective permittivity e(r,w), and let them interact with
EM fields collectively in the vacuum background. Their
explicit interactions can model the EM energy loss by
the lossy slab. Furthermore, random initial conditions of
the reservoir oscillator fields are associated with Langevin
noise current sources.

One can derive the continuum generalized Hermitian
eigenvalue problem (GH-EVP) [9, 23] for the microscopic
model [7, 24]. And it is possible to extract eigenmodes
from the GH-EVP so as to perform the second quantiza-
tion of the microscopic model. However, it is difficult to
account for the infinite degrees of freedom of the reservoir
oscillator fields when extracting numerical eigenmodes.
To resolve this issue, we properly coarse-grained reser-
voir oscillator fields. Extraction of numerical eigenmodes
from the microscopic model are expounded in Appedix
(Al

Using extracted numerical eigenmodes, one can repre-
sent an electric field operator by

» . I h(*)m —3 A
E‘é”(xa, t)~1 Z Ey(24)4/ — € wmte (54)

where, for m-th numerical eigenmode in the above series,
E,.(xz) denotes the electric field part of the eigenmode,
Wy, is eigenfrequency, é,, (¢f ) is an annihilation (cre-
ation) operator satisfying the standard bosonic commu-
tator relations. Note that, with numerical eigenmodes,
one can formally represent the Hamiltonian operator by

H=>" hwpnch,m. (55)

By substituting into , the SER can be derived
by
12 Frs =
POMM-NMD) (3 |d- g 3 Nwm B (26) Em (24)
h (Wa — wm)? +n?
(56)

m

for a small 7 where the delta function is approximated
by (ean. (28) in [21])

(57)

The reason why the delta function was approximated by
the above bandpass filter is due to the fact that numerical
eigenmodes form a countably-finite eigenspectrum owing
to the discretization. The quality factor of the band-
pass filter can be controlled by 7, i.e., the smaller 7 is,
the higher the quality factor is. With a larger problem
domain size, finer mesh, increasing the extent of coarse-
graining bath oscillators, one can have denser eigenfre-
quencies so that 1 can be much smaller converging to a
real delta function.

3. Method 3: Original Langevin noise formalism



(MA fields)

In the original Langevin noise model, the electric field
operator is determined by MA fields only, as observed in
(1) (or @)) which is simplified in this 1D case into

A(+) _ /hXI %)
Ey,(M) (2a,w) = L
/

X G(xq,x 1 U, w)
Substituting the above electric field operator into the

Fermi’s golden rule in equation , one can have the
following expression for the SER:

Le
wg 2 / /!
— dz'x1(z',w,)
C _Ls
2

X G(2q,7 ,wa)G* (2!, 14, wa)> . (59)

~12
2wz |d -

(M) (wa) = e

Note that the scalar Green’s function in the above can
be obtained by performing the FEM numerical analysis
of point-source-radiation problems.

It should be mentioned that one can also derive MA
fields and the same result in by adopting the differ-
ent approach shown in [24]. This work rigorously ana-
lyzed the microscopic model without making the ansatz
in the first place (i.e., the Hamiltonian operator in )
It effectively lumped out DoF's of the bath oscillators by
applying the ensemble average technique. Consequently,
the coupling to the bath systems was effectively replaced
by dissipation effects and Langevin noise currents. This
approach gives the clearer understanding of physics in-
volved in modeling macroscopic quantum loss and fluc-
tuation effects.

4. Method 4: Modified Langevin noise formalism
(BA/MA fields)

We also calculate the SER based on the modified
Langevin noise formalism. In this 1D case, the monochro-
matic electric field operator in can be simplified into

Ey em) (e, w) = Ey By (Ta,w) + Ey.(h/l)(maaw) (60)

where MA fields are given in and BA fields are writ-
ten by

- 1 [hw
Ey,(B) (Ta,w) = o\
Z D 401) (Tas ko, w)a(ky, w) (61)
ko€ {th})

where wavenumber in free space k = w/c. Substituting

the above electric field operator into and using
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the bosonic commutators in and , one can have
the following expression for the SER:

PP () = TP (wy) + T (w,) (62)
where I'®) and T™) are the SERs resulting from BA and
MA fields, respectively. T™) is given in , and T'(B)

takes the form of

wa |d - 9|

F(B)(Wa) = 2h
)

> }‘I’(tow(fﬂa,kx,w)ﬂ (63)

keo€{£k}

Similarly, the total field in the BA fields can be obtained
by solving a plane-wave-scattering problems with the use
of FEM numerical simulations.

C. Comparison of Purcell factors calculated by
four different methods

Since the one-dimensional free space SER is given by

we |d - g
Po(wa) = " heoe (64)
the Purcell factor can be evaluated by
Purcell factor(wg) = I'(wg)/To(wa)- (65)

We now compare Purcell factors calculated by using
Methods 1, 2, 3, and 4 for two different loss factors (Case
1 and Case 2) and two different locations of TLA (Case
A and Case B). In total, four possible cases are labeled
by 1-A, 1-B, 2-A, and 2-B. Case 1-A and Case 1-B are
illustrated in Fig. [6a] and Fig. [6D] respectively. First of
all, it is observed that the modified Langevin noise for-
malism (Method 3 illustrated by green * markers) has an
excellent agreement with the two reference cases whereas
the original Langevin noise formalism exhibits significant
deviations from them in general. This numerical experi-
ment proves the validity of the modified Langevin noise
formalism.

Let us further observe BA and MA contributions sep-
arately. When the TLA is located inside the slab (Case
1-A), MA contributions become dominant as the loss of
the slab is maximized around w, = 500c (see Fig. [5]).
On the other hand, BA contributions are subtle around
we ~ 500c. This can be explained as follows: Incident
plane waves, which produce BA fields, cannot penetrate
deep into the lossy slab and reach the TLA’s location.
Consequently, BA fields would have extremely small con-
tributions to the formation of LDOS at the TLA’s loca-
tion. On the other hand, Langevin noise current oper-
ators are proportional to the loss of the dielectric
medium; therefore, the higher medium loss, the stronger
MA fields can be produced. These strong MA (near)
fields would contribute to the formation of LDOS at the
TLA’s location.[41] This may explain why the use of
the previous LN model considering effects of MA fields
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FIG. 6. Purcell factors of a two-level atom versus an atomic transition frequency w, for Case 1 (lossy factor I' = 50, i.e.,
high loss) and (a) o = x4 = 0 (inside the lossy slab) and (b) z, = zp = Ls (outside the lossy slab). Note that LN is the

abbreviation of Langevin noise.
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FIG. 7. Purcell factors of a two-level atom versus an atomic transition frequency w, for Case 2 (lossy factor v = 5, i.e., low
loss) and (a) £, = z4 = 0 (inside the lossy slab) and (b) 4 = 5 = L. (outside the lossy slab).

only was so popular in quantum optics, especially, when
a TLA is buried deep inside lossy dielectric objects or
some places where BA fields barely affect the formation
of LDOS.

Consider now Case 1-B (see Fig. where the TLA is
now located outside the slab. BA fields now start having
contributions to the net Purcell factors. We can fur-
ther deduce that the formation of LDOSs is mainly con-
tributed by (i) MA fields escaping from the slab toward
the right and (ii) BA fields whose incident plane waves

coming from the right side. From these observations, we
can figure out that both BA and MA fields should be
taken into account on an equal footing in general cases,
especially, BA fields can affect the formation of LDOSs
at the TLA’s location.

Simulation results for Case 2 (loss factor v = 5) are
illustrated in Fig. [7] for two two TLA’s locations again.
Similar tendency can be observed that (i) when the TLA
is buried inside the lossy slab, MA effects are dominant,
and (ii) when the TLA is outside the slab, both BA and



MA fields contribute to the net SER.

It is worth noting that when an atom is placed inside a
dielectric medium, it does not feel the macroscopic field,
satisfying Maxwell’s equations prescribed by relative per-
mittivity, but the microscopic one [42]. Therefore, a
local-field correction is required. One approach for the
local-field correction is to introduce a spherical vacuum
cavity surrounding an atom, is known as the real-cavity
model [36 [43], and find the resulting local-field corrected
one to account for the atom-field interaction analysis.
In the proposed numerical framework, the consideration
of the local-field correction is straightforward, i.e., one
can freely introduce a small spherical vacuum cavity cen-
tered on the location of the atom in a problem geometry
and run EM simulations solving for plane-wave-scattering
and point-source-radiating problems; consequently, the
resulting BA and MA fields can be local-field corrected.

J
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Note that the local-field correction is important when
electric fields produce surface charges on the surface of
the real-cavity in general 3D space. But in our 1D simu-
lations to calculate the SER of a two-level atom inside the
lossy dielectric slab, electric fields are polarized along y-
axis, which exhibits the purely transverse physics, such
that no surface charges are induced on the real-cavity.
Hence, the local-field correction is not necessary.

D. Numerical validation of thermal equilibrium
condition (|46)

Here, we numerically validate the thermal equilibrium
condition . For the one-dimensional case, we can
simplify the thermal equilibrium condition into

! *
f(l'a7xﬁaw) = @(tOt) (wa7/€z7w)(1)(tot) ($ﬂ7km,w) (66)
———— 40_;#0 ,
surface integral term koe=t=2
g
BA term

The LHS (the surface integral term) can be analytically
calculated by the formula [44]. We numerically evaluate
the RHS (BA term) using the FEM simulations and com-
pare two terms. We assume that z, = 23 = g = L.
The results for Case 1 and Case 2 are illustrated in Fig.
It can be observed that the two terms show great
agreement with very small residuals (normalized residu-
als were less than 0.6%.). Hence, our numerical experi-
ment validates the thermal equilibrium condition, which
strongly supports that BA and MA fields together can
make open and lossy EM systems quasi-Hermitian or in
the thermal equilibrium.

VI. CONCLUSION

We have proposed the numerical framework by incor-
porating the use of numerical methods into the mod-
ified Langevin formalism with boundary-assisted (BA)
and medium-assisted (MA) fields for quantization of elec-
tromagnetic systems involving both radiation and dielec-
tric losses. For this demonstration, we have used the
finite element method to solve plane-wave-scattering and
point-source-radiation problems for obtaining BA/MA
fields, respectively. But other computational electromag-
netic methods are also available. Importantly, for the
first time, we have numerically validated the modified
Langevin formalism with BA/MA fields by calculating
the spontaneous emission rate of a two-level atom either
inside or outside a lossy dielectric slab. The numeri-
cal evaluation of substituting the BA/MA fields into the

(

Fermi’s golden rule in agreed with the typical expres-
sion for the spontaneous emission rate in , which is
proportional to the imaginary part of the Green’s func-
tion derivable through the spectral function approach.
Our observation indicates that the consideration of BA
fields is essential whenever the radiation loss is present,
for example, finite-size lossy dielectrics. The proposed
numerical framework for the modified Langevin noise
formalism with BA/MA fields can be utilized for mod-
eling arbitrary quantized lossy electromagnetic systems
and quantification of various practical quantum optics
problems associated with plasmonic structures, metasur-
faces, and nanoparticles. It should be mentioned that the
proposed framework can model the expectation value of
arbitrary operators or observables (e.g., higher-order cor-
relation) with respect to various initial quantum states
(e.g., entangled states). This cannot be done by using
spectral function approach which can only provide the
first-order correlation for thermal or ground states.

As shown in this study, the radiation loss and fluc-
tuation, which are independent of the medium loss and
fluctuation, were modeled by the BA fields. This resulted
in the addition of a new Hamiltonian to that of the MA
fields, as shown in . In other words, when investi-
gating a system that involves new physics, the resulting
Hamiltonian should be modified accordingly. If we in-
troduce a quantum dipole into the system, there should
be a Hamiltonian that describes that particular aspect
of the physics. Specifically, we can include a Hamilto-
nian for impressed sources, which describes the radiation
by the quantum dipoles and their interaction with the
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FIG. 8. Numerical validation of the thermal equilibrium condition in for Case 1 and 2 where zo, = x5 = zp = Ls. The
surface integral term (LHS in (66)) is evaluated by using the analytic expression given in [44] whereas the BA term (RHS in

) is numerically calculated by FEM simulation.

host quantum system [45]. As a result, we can study the
behavior of quantum dipoles in a lossy dielectric environ-
ment, which will be explored in future work.
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Appendix A: Extraction of numerical normal modes
from the microscopic model

The vector wave equation for classical electromagnetic
(EM) fields in absorbing, dispersive, and inhomogeneous
dielectric media cannot be converted into a standard Her-
mitian eigenvalue problem; as a result, normal models (or
eigenmodes) neither have the nice orthonormal property
nor real eigenfrequencies.

The behaviors of such EM fields (i.e., in the presence
of lossy and dispersive media) can be modeled in the ex-
actly Hermitian fashion by using the microscopic model
[7]. In the microscopic model, we fill the infinite number
of matter oscillator fields in place of the lossy and dis-
persive dielectrics and let them interact with EM fields

collectively in the vacuum background. By properly en-
gineering coupling coefficients between matter oscillator
and EM fields, one can mimic both the EM energy loss
and fluctuation effects, which correspond to two energy
flows between the two sub-systems in opposite directions,
respectively, while the whole system remains exactly Her-
mitian.

Here we present a numerical framework for modeling
the microscopic model in 1D space for simplicity. The
main idea is to (i) coarse-grain infinite matter oscilla-
tor fields appropriately, (ii) derive a generalized Hermi-
tian eigenvalue problem for a canonical position vari-
able which includes vector potential and matter oscillator
fields [9], and (iii) apply numerical methods in Computa-
tional Electromagnetics to extract normal modes numer-
ically.

1. Details about the microscopic model [7]

Below are several remarks on the microscopic model
[a:
e Vector potential field, denoted by A, is defined over
1D space x.

e Matter oscillator field, denoted by X, is defined
over 1D space x and resonant frequency v, that is,
X = X(z,v,t).

e Matter oscillator fields are coupled to EM fields

%eoux (x,v)
where x;(z,v) is the imaginary part of susceptibil-
ity.

with coupling coefficient oz, v) =



e And we define conjugate variables as follows:

Iy (2,t) = Az, t) — /000 dva(z,v) X (z,v,t),

Mx(z,v,t) = X(x,v,t),

where IT 4 and Il x are canonical momenta of vector
potential and matter oscillator fields, respectively.

e All of the above field variables are polarized along
Y-axis.

e The corresponding Hamiltonian is given by

1
H=—
2/vdm

1 oo
+ 5/ dm/ dv (% (z, v, 1) + v X3 (2, v, t)]
o 0

L+ — (aaxA(:c,t)ﬂ

€0 Ho

1 (oo}

+— dx {HA(x,t)/ dva(z,v)X (z,v, t)]
€0 Jv,, 0
1 (o9}

+ dx (/ dva(z,v)X (z,v, t)) X
2¢0 Jv, 0

(/OOO dy'a(x,u')X(x,y',t)ﬂ (A1)

where V and V,,, denote the volumes of the entire
problem geometry and the region where the matter
oscillator fields are filled (to be modeled as lossy
dielectrics), respectively.

Fig. [illustrates a schematic of the microscopic model
in which vector potential fields are interacting with mat-
ter oscillator fields. The coupling map between dynami-
cal variables at each location (e.g., the i*" grid point ;)
is easily confirmed in the corresponding Hamilton equa-
tions of motion and is depicted in the figure inserted at
the bottom left.

2. Discretization of dynamical variables
via the finite-difference method

We define following field quantities sampled at x; and
I/jl

Ay (t) & Az, )V Az, (A2)
gy (t) £ a(2s, t)V AT, (A3)

fori=1,2,---, N, where N, is the total number of grid
points over V', and

Xp(t) 2 X (2, v, )V AzVAv, (A4)
Ix (i) (t) 2 x (2, v, )VAxvVAY,  (A5)

for i € Ny, and j € 1,2,--- | N, where 2 denotes a grid
point inside the lossy slab (i.e., 2’ € V,,), Ny, is the total
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number of grid points over V,,. Az and Av are grid
spacing for 1D space = and resonant frequency v.

One can represent the above discrete vector potential
variables in simpler form, such as

Aa(t) = [Aa)(8), Ay (8), - Ay (0]

Similarly, one can express the matter oscillator field by

(A6)

Xa(t) = [Xey (), X o) (1), Xy (D] (A7)

where

X = [Xan®), Xen), - Xw,.»0)] . (AS8)

II4 4(t) IIx 4(t) are expressed in the same way as de-
scribed above.

The Hamiltonian Hy with the discrete field quantities
is given by

1 — 1 __
Hy = 51_‘[27(1 "M, g -laq+ §AZ Ka,a-Aqg

1 _ 1 4
+ I, Kiy o Oy g+ 5(—X2) Mg()d (—Xa)

2
‘ol .M Xy) + S(~X)t M, , T
+ 5 Minta - (=Xa) + 5(=Xa)" - My g - Tlaa
1 —(2
+ 5 (X)) My (—X) (A9)
where
Kad, - —2ug A2 if =i (A10)
Adlg) T pglAzT2 ifj =i
(M, 4 iy =L it =i (A11)
fOI‘ 7".] - 1a25"' aNI7
mnx,d}(Nm(j—l)+i,Nm(n—1)+m) =1 (A12)
i) ] A
= v, 13
{ Xd| N GO i N (ne1)em) Y (A13)
ift =mand j =n fori,;m=1,2,--- N, and j,n =
]-7 23 o 7Nw
(2 1
M ] =€, 4 i0m.y (Al4
[ Ko (N (=) i, Ny (n—1)m) O I (AL4)

ifi=mfori,m=1,2,--- , N, and j,n=1,2,--- /N,
and

[Mint.d] (1. N (n=1)4m) = OmnV AV, (Al5)

ifa; =a, fori,m=1,2,--- Ny andm=1,2,---, Ny,
n=12-- N,.

One can rewrite the above Hamiltonian compactly in
the block matrix form. To do this, generalized position
and momentum are defined by

>

a2 [ 1G] w2 | RG]
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FIG. 9. Schematic of the microscopic model in which vector potential fields are interacting with matter oscillator fields. The
coupling map at each site, e.g., i'" grid point x;, is depicted in the figure inserted at the bottom left. By properly engineering
the coupling strength, one can model the extent of loss of electromagnetic fields.

such that one can write the Hamiltonian more compactly

by

1[qq]" Ky ©

Hy= - Qa| |Ba Y 1dd|

2 |Pd 0 My| |pa
Note that the integration w.r.t. v can be automatically
performed when the matrix-vector multiplication is done
in the above Hamiltonian density since the generalized
position and momentum include matter oscillators over

all resonant frequencies. Thus, the “spring constant” and
“mass” matrices take the form of

= Kay 0
K, — |®4d _
! FO Knxﬂi] ’

M, = l g, td@)] - (A19)

(A7)

(A18)

— —1
M;nta My q+Mxy

The Hamilton’s EoMs can be also compactly rewritten
by
d |qa(t) 0 My| [qu(t)
= = - 9. . A20
dt [Pd(t) -Kyg; O pa(t) (A20)
From the above, one can arrive at the second order
derivative equations of motion for generalized position,
ie.,

ﬁqd(t) = Md . (*K(D - qa(t).

- (A21)

Moving the above time-domain equation to that in the
frequency domain, one can have a following generalized
eigenvalue problem (GH-EVP) which becomes a finite-
dimensional linear system:

— —_1 = .

Ki-Q =M, -Q; & (A22)
where Q, is unitary matrix of which p-th column vec-
tor corresponds to p-th normal mode used in the expan-

sion of qq(t). The total number of degrees of freedom
(DoF's) in ({A22) corresponds to Ngof = Ny + Ny X Ny;

hence, the size of Qd is Ngog X Ngop as well as the total
number of numerical normal modes and eigenfrequencies
is Nyo. Since Ky is Hermitian and M, is Hermitian
and positive-definite, the above GH-EVP always returns
countably-finite number of (complete) eigenmodes with
real eigenfrequencies. Consequently,

[Ad(t)} —qu(t) =Q, e~ ®.c+he.

TLi(t)
= [QA’d } e ™. ¢c+he. (A23)
QHx,d
where modal amplitudes are stored in
T
CcC= [C17C27"' )CNd,Of} (A24)

For example, the vector potential of our interest can be
found by

Ad(t) = QA,L[ . eiiat -C+ h.c. (A25)
Finally, it can be easily shown that the Hamiltonian is
diagonalized by

Hd:%[CT~a2

T =2

c+c’w” ] (A26)

3. Canonical quantization via numerical mode
decomposition (CQ-NMD)

We proceed the subsequent canonical quantization
with numerical mode-decomposition. First, let us elevate
conjugate variables to operators as

q—4q, p—p (A27)

while satisfying the canonical commutator relations
Uéﬂi ) [f)]j] = ihdi ;,

(A28)



for i = 1,---, Ngos. Quantization by elevating modal
amplitudes to bosonic ladder operators

h

2w'ﬂl,

em(t) ém(t) (A29)

The resulting Hamiltonian operator without the zero-
point energy is given by

Hy=he' @ ¢ (A30)
where and
; J T
¢=é1,e eNaos ] (A31)
e = [5{,@@, N (A32)
e h —iwt
Ait)=Quyq ¢ ¢+h.c (A33)
- d - o o
Eq(t) :faAd( ) =1iQuq- - € t.¢+he.
(A34)

When writing the above explicitly, one have the same
expression to (54 below:

duf
r 7" -
B(a,t)~i Y En(a)y) o eme™mt + he.  (A35)

m=1

where

Em( z)

{Q } (i,m)’

Wm = [ ](m,m) :

(A36)
(A37)

Appendix B: Operator-form dyadic-dyadic Green
theorem

One can formally prove the dyadic-dyadic Green the-
orem ([41)), as shown by our recent work [21], by writing
in an operator form as

(s _ “M) G_7 (B1)
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where § and M are operator forms of V x p () Vx
and €,(r,w), respectively, G is an operator form of the
dyadic Green’s function G(r,r’,w), and Z is an operator
form of §(r — r')I. When (5’ - ‘;’—22
invertible,

) is non-singular or

2
A ~ w ~
Gl=85- M (B2)

Thus, one can derive an interesting expression for a spec-
tral function operator A similar to [211 [32] such as

A =i {(G“)l - Q‘l]

i [(Sa_s) - (MG_M)}
— 2Im (s) - 2%21m (M) (B3)

where superscript a denotes the adjoint operator. It
should be emphasized that

m (s) £0 (B4)

due to open boundary condltlons even if there is no mag-
netic loss. Multiplying (B3] by G and G° from the left
and right, respectively, one can have

i[6-67] =26 m ()6 - 2‘”—29 tm (A1) 6. (B5)

Since 1 {C; — Q“] = —2Im (Q), one can retrieve (41)) in

an operator form as
tm () = —G tm (8) 6 + 5.6 1 (M) 6. (BO)

which is the correct dyadic-dyadic Green theorem when
dielectric medium and radiation losses are present.

Previous works [I1], [12] assumed Im (S) = 0 such that
the identity below

Im (g) - %jg Im (M) Go. (B7)

This identity has been then accepted without reason-
able arguments nor specification of boundary conditions.
As clearly shown, when radiation boundary conditions
(causing radiation losses) are used, should be modi-
fied into . This also implies that the previous electric
field operators in (/1) should be modified by including the
boundary-assisted fields as in .

[1] C. J. Ryu, E. Kudeki, D.-Y. Na, T. E. Roth, and W. C.
Chew, Fourier transform, dirac commutator, energy con-

servation, and correspondence principle for electrical en-
gineers, IEEE Journal on Multiscale and Multiphysics


https://doi.org/10.1109/JMMCT.2022.3148215

Computational Techniques 7, 69 (2022).

[2] L. Knoll, W. Vogel, and D. G. Welsch, Action of passive,
lossless optical systems in quantum optics, Phys. Rev. A
36, 3803 (1987).

[3] R. J. Glauber and M. Lewenstein, Quantum optics of
dielectric media, Phys. Rev. A 43, 467 (1991).

[4] W. C. Chew, A. Y. Liu, C. Salazar-Lazaro, and W. E. L.
Sha, Quantum electromagnetics: A new look-Part I, J.
Multiscale and Multiphys. Comput. Techn. 1, 73 (2016).

[5] B. Huttner and S. M. Barnett, Quantization of the elec-
tromagnetic field in dielectrics, Phys. Rev. A 46, 4306
(1992).

[6] L. G. Suttorp and M. Wubs, Field quantization in in-
homogeneous absorptive dielectrics, Phys. Rev. A 70,
013816 (2004).

[7] T. G. Philbin, Canonical quantization of macroscopic
electromagnetism, New J. Phys. 12, 123008 (2010).

[8] V. Dorier, J. Lampart, S. Guérin, and H. R. Jauslin,
Canonical quantization for quantum plasmonics with fi-
nite nanostructures, Phys. Rev. A 100, 042111 (2019).

[9] D.-Y. Na, J. Zhu, and W. C. Chew, Diagonalization of the
Hamiltonian for finite-sized dispersive media: Canonical
quantization with numerical mode decomposition, Phys.
Rev. A 103, 063707 (2021).

[10] The coarse-graining technique is widely used in computa-
tional plasma science, more specifically the “Particle-in-
Cell” algorithm [46H48], e.g., coarse-graining few millions
of actual charged particles into a single superparticle (or
computational particle) over the phase space.

[11] T. Gruner and D.-G. Welsch, Green-function approach
to the radiation-field quantization for homogeneous and
inhomogeneous Kramers-Kronig dielectrics, Phys. Rev.
A 53, 1818 (1996).

[12] H. T. Dung, L. Knoll, and D.-G. Welsch, Three-
dimensional quantization of the electromagnetic field
in dispersive and absorbing inhomogeneous dielectrics,
Phys. Rev. A 57, 3931 (1998).

[13] A. Drezet, Quantizing polaritons in inhomogeneous dis-
sipative systems, Phys. Rev. A 95, 023831 (2017).

[14] O. D. Stefano, S. Savasta, and R. Girlanda, Mode ex-
pansion and photon operators in dispersive and absorb-
ing dielectrics, Journal of Modern Optics 48, 67 (2001),
https://doi.org/10.1080/09500340108235155.

[15] D.-Y. Na, J. Zhu, W. C. Chew, and F. L. Teixeira, Quan-
tum information preserving computational electromag-
netics, Phys. Rev. A 102, 013711 (2020).

[16] D.-Y. Na and W. Chew, Quantum electromagnetic finite-
difference time-domain solver, Quantum Reports 2, 253
(2020).

[17] T. E. Roth, Development of potential-based time domain
integral equations for quantum electrodynamics modeling,
Ph.D. thesis (2020).

[18] T. E. Roth and W. C. Chew, Macroscopic circuit quan-
tum electrodynamics: A new look toward developing full-
wave numerical models, [EEE Journal on Multiscale and
Multiphysics Computational Techniques 6, 109 (2021).

[19] T. Xia, P. R. Atkins, W. E. Sha, and W. C. Chew,
Casimir force: Vacuum fluctuation, zero-point energy,
and computational electromagnetics, IEEE Antennas
and Propagation Magazine 63, 14 (2021).

[20] W. C. Chew, D. Y. Na, P. Bermel, T. E. Roth, C. J.
Ryu, and E. Kudeki, Quantum Maxwell’s equations made
simple: Employing scalar and vector potential formula-
tion, TEEE Antennas and Propagation Magazine 63, 14

17

(2021)!

[21] W. C. Chew, W. E. I. Sha, and Q. I. Dai, Green’s dyadic,
spectral function, local density of states, and fluctuation
dissipation theorem, Progress In Electromagnetics Re-
search 166, 147 (2019).

[22] A. Drezet, Equivalence between the Hamiltonian and
Langevin noise descriptions of plasmon polaritons in a
dispersive and lossy inhomogeneous medium, Phys. Rev.
A 96, 033849 (2017).

[23] V. Dorier, J. Lampart, S. Guérin, and H. R. Jauslin,
Canonical quantization for quantum plasmonics with fi-
nite nanostructures, Phys. Rev. A 100, 042111 (2019).

[24] W. E. 1. Sha, A. Y. Liu, and W. C. Chew, Dissipative
quantum electromagnetics, J. Multiscale and Multiphys.
Comput. Techn. 3, 198 (2018).

[25] S. M. Barnett, J. Jeffers, A. Gatti, and R. Loudon, Quan-
tum optics of lossy beam splitters, Phys. Rev. A 57, 2134
(1998).

[26] S. M. Barnett, C. R. Gilson, B. Huttner, and N. Imoto,
Field commutation relations in optical cavities, [Phys.
Rev. Lett. 77, 1739 (1996).

[27] G. Slepyan and A. Boag, Super-operator linear equations
and their applications to quantum antennas and quantum
light scattering, Appl. Sci. 12, 8498 (2022).

[28] J. Jin, The Finite Element Method in Electromagnetics,
2nd ed. (John Wiley & Sons, Nashville, TN, 2002).

[29] W. C. Chew and W. H. Weedon, A 3D perfectly
matched medium from modified Maxwell’s equations
with stretched coordinates, Microwave and Optical Tech-
nology Letters 7, 599 (1994).

[30] F. Teixeira and W. Chew, General closed-form pml con-
stitutive tensors to match arbitrary bianisotropic and dis-
persive linear media, IEEE Microwave and Guided Wave
Letters 8, 223 (1998).

[31] H. H. Gan, Q. L. Dai, T. Xia, L. Sun, and W. C. Chew,
Hybridization numerical Greenes function of anisotropic
inhomogeneous media with surface integral equation, Mi-
crowave and Optical Technology Letters 59, 1781 (2017).

[32] S. Datta, (Quantum Transport: Atom to Transistor
(Cambridge University Press, 2005).

[33] C. Gerry and P. Knight, Introductory Quantum Optics
(Cambridge University Press, Cambridge, UK, 2004).

[34] M. Fox, Quantum Optics: An Introduction, Vol. 15 (OUP
Oxford, Oxford, UK, 2006).

[35] W. C. Chew, Lectures on electromagnetic field theory
(2020).

[36] S. Scheel, L. Knoll, D.-G. Welsch, and S. M. Barnett,
Quantum local-field corrections and spontaneous decay,
Phys. Rev. A 60, 1590 (1999).

[37] C. Van Vlack, P. T. Kristensen, and S. Hughes, Spon-
taneous emission spectra and quantum light-matter in-
teractions from a strongly coupled quantum dot metal-
nanoparticle system, Phys. Rev. B 85, 075303 (2012).

[38] Y. P. Chen, W. E. I. Sha, W. C. H. Choy, L. Jiang, and
W. C. Chew, Study on spontaneous emission in com-
plex multilayered plasmonic system via surface integral
equation approach with layered medium Green’s func-
tion, Opt. Express 20, 20210 (2012).

[39] J. Hakami, L. Wang, and M. S. Zubairy, Spectral
properties of a strongly coupled quantum-dot—metal-
nanoparticle system, Phys. Rev. A 89, 053835 (2014).

[40] M. Pelton, Modified spontaneous emission in nanopho-
tonic structures, Nat. Photonics 9, 427 (2015).

[41] The higher loss makes the propagation of MA fields


https://doi.org/10.1109/JMMCT.2022.3148215
https://doi.org/10.1103/PhysRevA.36.3803
https://doi.org/10.1103/PhysRevA.36.3803
https://doi.org/10.1103/PhysRevA.70.013816
https://doi.org/10.1103/PhysRevA.70.013816
https://doi.org/10.1103/PhysRevA.100.042111
https://doi.org/10.1103/PhysRevA.103.063707
https://doi.org/10.1103/PhysRevA.103.063707
https://doi.org/10.1103/PhysRevA.53.1818
https://doi.org/10.1103/PhysRevA.53.1818
https://doi.org/10.1103/PhysRevA.95.023831
https://doi.org/10.1080/09500340108235155
https://arxiv.org/abs/https://doi.org/10.1080/09500340108235155
https://doi.org/10.1109/JMMCT.2021.3112808
https://doi.org/10.1109/JMMCT.2021.3112808
https://doi.org/10.1109/MAP.2021.3073118
https://doi.org/10.1109/MAP.2021.3073118
https://doi.org/10.1109/MAP.2020.3036098
https://doi.org/10.1109/MAP.2020.3036098
https://doi.org/10.2528/pier19111801
https://doi.org/10.2528/pier19111801
https://doi.org/10.1103/PhysRevA.96.033849
https://doi.org/10.1103/PhysRevA.96.033849
https://doi.org/10.1103/PhysRevA.100.042111
https://doi.org/10.1103/PhysRevA.57.2134
https://doi.org/10.1103/PhysRevA.57.2134
https://doi.org/10.1103/PhysRevLett.77.1739
https://doi.org/10.1103/PhysRevLett.77.1739
https://doi.org/https://doi.org/10.1002/mop.4650071304
https://doi.org/https://doi.org/10.1002/mop.4650071304
https://doi.org/10.1109/75.678571
https://doi.org/10.1109/75.678571
https://doi.org/10.1017/CBO9781139164313
https://engineering.purdue.edu/wcchew/ece604f20/EMFTAll.pdf
https://doi.org/10.1103/PhysRevA.60.1590
https://doi.org/10.1103/PhysRevB.85.075303
https://doi.org/10.1364/OE.20.020210
https://doi.org/10.1103/PhysRevA.89.053835

18

quickly attenuated. [46] J. M. Dawson, Particle simulation of plasmas, Rev. Mod.

[42] J. D. Jackson, Classical FElectrodynamics (Wiley-VCH Phys. 55, 403 (1983).
Verlag GmbH & Co. KGaA, 2003). [47] M. C. Pinto, S. Jund, S. Salmon, and E. Sonnendriicker,
[43] A. Sambale, S. Y. Buhmann, D.-G. Welsch, and M.-S. Charge-conserving FEM-PIC schemes on general grids,
Tomas, Local-field correction to one- and two-atom van Comptes Rendus Mécanique 342, 570 (2014), theoretical
der Waals interactions, Phys. Rev. A 75, 042109 (2007). and numerical approaches for Vlasov-maxwell equations.
[44] V. Dorier, S. Guérin, and H.-R. Jauslin, Critical re- [48] D.-Y. Na, Y. A. Omelchenko, H. Moon, B.-H. V. Borges,
view of quantum plasmonic models for finite-size media, and F. L. Teixeira, Axisymmetric charge-conservative
Nanophotonics 9, 3899 (2020). electromagnetic particle simulation algorithm on un-
[45] W. C. Chew, A.Y. Liu, C. Salazar-Lazaro, and W. E. I. structured grids: Application to microwave vacuum elec-
Sha, Quantum electromagnetics: A new look-Part II, J. tronic devices, |[Journal of Computational Physics 346,

Multiscale and Multiphys. Comput. Techn. 1, 85 (2016). 295 (2017).


https://doi.org/10.1103/PhysRevA.75.042109
https://doi.org/10.1103/RevModPhys.55.403
https://doi.org/10.1103/RevModPhys.55.403
https://doi.org/https://doi.org/10.1016/j.crme.2014.06.011
https://doi.org/https://doi.org/10.1016/j.jcp.2017.06.016
https://doi.org/https://doi.org/10.1016/j.jcp.2017.06.016

	Numerical Framework for Modeling Quantum Electromagnetic Systems  Involving finite-size Lossy Dielectric Objects in Free Space
	Abstract
	Introduction
	Modified Langevin noise formalism: Boundary- and Medium-Assisted fields
	Boundary-assisted fields
	Hamiltonian operator diagonalized by  and 

	Numerical solutions of BA/MA fields Using Finite Element Method
	Plane-wave-scattering problems for BA fields
	Point-source-radiation problems for MA fields

	Connecting BA/MA Field Correlation to Spectral Function Approach
	Spectral function
	Field Correlation of BA/MA Fields at T=0

	Simulation results: Purcell factor of a two-level atom located either inside or outside a lossy dielectric slab
	Problem description
	Spontaneous emission rate based on the Fermi's golden rule
	Method 1: Spectral Function Approach (SFA)
	Method 2: Second quantization of the microscopic model via numerical mode decomposition (MM-NMD)
	Method 3: Original Langevin noise formalism (MA fields)
	Method 4: Modified Langevin noise formalism (BA/MA fields)

	Comparison of Purcell factors calculated by four different methods
	Numerical validation of thermal equilibrium condition (46)

	Conclusion
	Acknowledgments
	Extraction of numerical normal modes from the microscopic model
	Details about the microscopic model Philbin2010canonical
	Discretization of dynamical variables  via the finite-difference method
	Canonical quantization via numerical mode decomposition (CQ-NMD)

	Operator-form dyadic-dyadic Green theorem
	References


