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The theoretical approach developed here treats uniformly the direct and indirect mechanisms of
dissociative recombination (DR) in a diatomic ion. The present theory is based on electron scattering
calculations performed at several internuclear distances in the molecule. It is easy to implement
because there is no need to separately evaluate couplings and the bound dissociative states of the
neutral molecule. The theory can be applied to molecular ions with or without electronic resonances
at low energies. The approach is applied to compute the DR cross section in electron-CH+ collisions.
The computed cross section agrees generally well with recent state-resolved data from a cryogenic
storage-experiment, which validates the approach.

I. MOTIVATION

Dissociative recombination plays an important role
in molecular plasma environments, such as combustion,
plasma-based technologies, planetary atmospheres, the
interstellar medium, and other fields. Cross sections for
this process are needed for understanding, modelling,
predicting, and controlling (in technological applications,
for example) the plasma. Accurate cross sections can
be obtained experimentally in storage rings or afterglow
plasma experiments [1–4]. However, the experimental ap-
proach is expensive and not suitable for reactive species
and molecular ions in an excited state (rotational, vibra-
tional, or electronic). On the other hand, a theoretical
approach with now-available abundant computational re-
sources can provide the data for the situations where the
experiment is difficult or impossible.

Theory based on first principles has only recently
reached the point where it can, at least in principle, ac-
curately describe the DR process accounting for all de-
grees of freedom: electronic, vibrational, and rotational.
A recently demonstrated success was for the benchmark
system of HeH+ [5, 6]: the theory reproduces all details
of the experimental DR cross sections obtained in the
cryogenic storage ring (CSR). But for diatomic ions with
more complex electronic structure, the theory is still not
as accurate as for HeH+. However, for the molecular
ions having no electronic resonances at low collision en-
ergies (i.e., dominated by the indirect DR mechanism),
the theoretical approach based on quantum defect the-
ory [5–9] provides a satisfactory description of the pro-
cess. For molecular ions having one or a few electronic
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resonances at low scattering energies (dominated by the
direct DR mechanism), the time-dependent approach by
Orel et al. [10–13] and time-independent approaches de-
veloped by Giusti, Takagi, Guberman, and Schneider et
al. [14–23] are able to represent the process and pro-
vide rate coefficients that generally agree with experi-
mental results, with the exception of certain molecular
ions, such as CH+. The quantum defect theories, the
time-dependent, and the time-independent approaches
are not well adapted for treating DR of an ion having
many electronic resonances at low scattering energies.
This is the case, for example, for the ions having one
or several excited states at relatively low energies, 1-3
eV. In this situation, such a low excited state generates
a Rydberg series of electronic resonances, which could be
excited by a low-energy electron. Our recent study [24],
proposes a general approach that is able to describe that
situation. Additionally, the approach can be used for ions
in which the direct and indirect mechanisms are compet-
ing. In the previous study, the rotational structure of
the target ion was not accounted for, i.e. the approach
can be used in applications where rotational structure is
not important. In that study, the fixed-nuclei scatter-
ing matrix was evaluated at a relatively high scattering
energy, 3-5 eV (depending on the internuclear distance),
which means that it may not be accurate to represent
the scattering at very low energies, say, below 1 eV. In
the present study, we extend the approach to account for
the rotational structure of the molecule and also use the
fixed-nuclei scattering matrix obtained for low scattering
energies. The approach is applied to the CH+ molecu-
lar ion, a good example of a system having low-energy
excited states with available experimental data from two
different storage ring experiments.
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FIG. 1. Lowest potential energy curves of the CH+ ion. The
dashed line shows the wave function of one of the dissociative
vibrational states, obtained with the CAP.

II. FIXED-NUCLEI ELECTRON SCATTERING
MATRIX

The lowest potential energy curves of the CH+ ion are
shown in Fig. 1. In the storage-ring and low-temperature
plasma experiments, the target ion is in the ground elec-
tronic state, X1Σ+. The lowest excited a3Π and A1Π
states of the ion have relatively low energies, 1-3 eV above
X1Σ+ and, therefore, generate Rydberg series of elec-
tronic resonances, which can be excited in low-energy
collisions. These resonances have to be accounted for
in the model describing the electron scattering from the
molecular ion. In particular, the electronic resonances
provide pathways for a significant probability of electron
capture into dissociating states of CH and, therefore, the
process of dissociative recombination. As in the previous
study [24], the electron scattering calculations at fixed
geometries were performed using the UK R-matrix code
[25] and Quantemol-N suite [26].

To perform the scattering calculations, the
configuration-interaction method (CI) was employed: as
a basis to represent the electronic state of the target ion,
the correlation consistent polarized valence quadruple-
zeta (cc-pVQZ) basis set was used. In the CI expansion,
the lowest orbital 1σ2 was frozen, while the remaining
four electrons were distributed over the 2− 7σ, 1− 3π, 1δ
orbitals of the active space. Three σ and two π virtual
orbitals were used to augment the continuum orbital
set in the inner region scattering wave function. The
three lowest target states X1Σ+, a3Π, and A1Π were
retained in the closed-coupling expansion in the outer
region. The R-matrix radius was 13 bohr radii. The
calculations were performed for irreps of the C2v abelian
group, for 300 values of the internuclear distance R in
the interval from 1.200 to 2.695 bohr with a constant
grid step. The electronic scattering calculations, as well
as the cross section calculations, discussed below, were
performed in the coordinate system with the origin at

the center of mass CH+. The present treatment differs
significantly from the previous study [24] in the way

the reactance matrix K̂ is obtained. In the previous
study, the K-matrix was obtained by performing the
scattering calculations at energies above the second
excited state A1Π of the ion, where the three lowest
electronic states of CH+ are all open for ionization. The
K-matrix obtained at such relatively high energies (3-5
eV) does not have resonances associated with the closed
electronic channels (a3Π or A1Π) and is used, after the
rovibronic channel elimination procedure, to compute
the DR cross sections at much lower energies. However,
such a K-matrix is not expected to accurately represent
the scattering at low energies.

Here, this problem is solved as follows: the UK R-
matrix code is used to produce the full energy-dependent
R-matrix in the Wigner-Eisenbud-type form [25, 27], at
the R-matrix box radius (13 bohr) for some small en-
ergy Ermat, 0.075 eV above the ground electronic state
of CH+ for each value of R. When the reactance ma-
trix K̂ is computed from the R-matrix, some channels
associated with the first excited electronic state (a3Π) of
CH+, are treated as being open even if they are closed
asymptotically for 0.075 eV. In the language of multi-
channel quantum defect theory (MQDT), these are usu-
ally referred to as weakly closed channels. The K-matrix
obtained in this way does not exhibit electronic Rydberg
resonances produced by the excited states of the ion, al-
though that physics is implicitly contained in K̂, and it
describes more accurately the scattering of the electron
after the MQDT closed-channel elimination procedure is
applied.

Scattering channels with partial waves l = 0 − 2 for
the incoming electron attached to the X1Σ+ and dou-
bly degenerate a3Π state are considered open or weakly
closed, resulting in a fixed-R K-matrix in a representa-
tion of 27 scattering channels. Channels attached to the
A1Π state are treated as strongly closed. The K-matrix
elements exhibit strong discontinuities as a function of R
due to divergence when scattering eigenphase shifts ap-
proach π/2 (modulo π). Figure 2 demonstrates this for
a few elements of the K-matrix as a function of R. If the
vibrational frame transformation would be implemented
directly for the K-matrix, which would require an inte-
gration over R, the strong R-dependence of the K-matrix
would introduce inaccuracy. To circumvent this issue, we

construct the matrix δ̂(R) of scattering phase shifts from
the K-matrix. The two matrices are related formally to
each other as

K̂(R) = tan δ̂(R) . (1)

In practice, the matrix δ̂(R) in the above equation is

obtained in three steps. (1) The matrix K̂(R) is diago-
nalized for each value of R:

K̂(R) = UKe(R)U† , (2)

where K̂e(R) is a diagonal matrix of eigenvalues Ke
i (R)
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FIG. 2. Elements of the K-matrix and scattering-phase
matrix as functions of the internuclear distance. The notation
for each coupling’s partial waves is of the form l′λ′ ∼ lλ.
The plotted matrix elements labeled in (b) describe couplings
between channels in the same electronic target state in the
C∞v point group.

of K̂(R). (2) The eigenvalues are transformed to eigen-
phases δei (R) = arctan[Ke

i (R)] with continuity ensured
through appropriate branch choices. (3) Finally, the

matrix δ̂(R) is obtained by the same transformation as
Eq. (2),

δ̂(R) = Uδ̂e(R)U† , (3)

where δ̂e(R) is the diagonal matrix of the eigenphases.
Then the rovibrational frame transformation can be

carried out directly on the smoother phase matrix, analo-
gous to the quantum defect matrix frame transformation
method that was introduced in Ref. [28]. The transfor-
mation for the incident electron channel functions from
real-valued Ylλ to ordinary complex-valued ones Y λl is(

Y
|λ|
l

Y
−|λ|
l

)
=

1√
2

(
(−1)λ i(−1)λ

1 −i

)(
Yl|λ|
Yl−|λ|

)
, (4)

where λ is the projection of angular momentum of the
electron on the molecular axis. The transformation for
the electronic states of the target ion is(

Π+

Π−

)
=

1√
2

(
−1 −i
1 −i

)(
ΠB1

ΠB2

)
, (5)

where indices B1 and B2 refer to the two degenerate com-
ponents of the 1Π or 3Π states, transforming in the C2v

group according to the corresponding irreducible repre-
sentations.

The fixed-R S-matrix is obtained from the phase-shift
matrix using the eigenvalue basis via the following rela-
tion

ŜΛ(R) = e2iδ̂Λ(R) , (6)

which is unitary and symmetric by construction and also
block-diagonal with respect to Λ.

III. ROVIBRONIC FRAME
TRANSFORMATIONS

The R-dependent scattering matrix ŜΛ(R) is trans-
formed into the MQDT scattering matrix with the rovi-
bronic channel indices of CH+ using the rovibronic frame
transformation. The rovibronic channels for any chosen
angular momentum and parity are enumerated with the
quantum number n = 1− 5 labeling the electronic state
of the ion, i.e. one of the five states (X1Σ+, a3Π, and
A1Π) including the (non-spin) degeneracies, with the vi-
brational quantum number v, the angular momentum of
the ion j, and its projection µ of the molecular axis. The
transformation is made in two stages, vibrational and ro-
tational. As in previous studies [7, 29], for the vibrational
frame transformation, bound and continuous-spectrum
vibrational states of the ion are needed. The continous-
spectrum states are chosen with outgoing-wave boundary
conditions to represent outgoing dissociative flux. Such
states are obtained by solving the vibrational Schrödinger
equation with the Hamiltonian including a complex ab-
sorbing potential (CAP) [30] for each electronic state (n)
of CH+. The CAP is nonzero only outside of the inter-
action region, for R > R0, where it has the form

VCAP = −iηNe−
2L

R−R0 . (7)

Here N is a normalization constant equal to 13.22 [30],
η is the CAP strength (0.06 atomic units), L is the CAP
length (1.2 bohr), and R0 is where the CAP begins (4.8
bohr).

(n′v′|nv) =

∫
dR φn′v′(R) φnv(R) = δn′,n δv′,v . (8)

Due to the unusual properties of the vibrational scalar
product for the states φnv(R) obtained with the CAP,
without complex conjugating the vibrational part of the
complete channel wave functions, in the space of eigen-
states φnv(R), the formulas of unitarity of the scatter-
ing matrix are slightly different from those for the states
with zero-boundary conditions. The fixed-R S-matrix of
Eq. (6) is unitary, i.e. matrix product of its Hermitian-
conjugate with the matrix itself gives an identity ma-
trix. Physically, it means that the summed probabilities
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of scattering (at a fixed R) from a given channel to all
other possible channels is unity. The scattering matrix
in the basis of vibrational states, called hereafter ŜΛ, i.e.
after the vibrational frame transformation, should also
be unitary, if we consider the frame transformation as a
unitary operation. One can show that the matrix prod-
uct ŜΛ‡ŜΛ gives an identity matrix, where elements of
matrices in the product are computed as

SΛ
n′v′l′λ′,nvlλ =

∫
dR φn′v′(R) SΛ

n′l′λ′,nlλ(R) φnv(R)

and

SΛ‡
nvlλ,n′v′l′λ′ =

∫
dR φnv(R) SΛ∗

n′l′λ′,nlλ(R) φn′v′(R) .

Because the S-matrix elements before the frame trans-
formation are complex, but the vibrational states on the
left in the integrals are not complex conjugated, the two
matrices SΛ‡ and SΛ are not Hermitian conjugate to each
other. On the other hand, submatrices of SΛ‡ and SΛ,
corresponding to the set of all bound vibrational states
(with zero boundary conditions), which are real-valued,
are Hermitian conjugate to each other. Therefore, the
generalized unitarity of the scattering matrix with the
states with outgoing-wave boundary conditions is consis-
tent with previous theories of frame transformation. Af-
ter the vibrational frame transformation, the rotational
frame transformation is applied as follows:

SJn′v′j′µ′l′,nvjµl =
∑
Λ

∑
λ′λ

(−1)l
′+λ′+l+λ Cj

′µ′

l′−λ′,JΛ SΛ
n′v′l′λ′,nvlλ C

jµ
l−λ,JΛ (9)

SJ‡nvjµl,n′v′j′µ′l′ =
∑
Λ

∑
λ′λ

(−1)l
′+λ′+l+λ Cjµl−λ,JΛ SΛ‡

nvlλ,n′v′l′λ′ C
j′µ′

l′−λ′,JΛ , (10)

where ~J = ~j + ~l is the total angular momentum of the
CH+ + e− system. Here, it should be stressed that the
rotational frame transformation is performed using the
standard scalar product rules, with the complex conjuga-
tion because the rotational functions are normalized with
the standard scalar product. This transformation is also
unitary, i.e. matrix product of the two S-matrices is an
identity matrix. The rovibronically resolved S-matrices,
ŜJ and ŜJ‡, are block-diagonal with respect to J and
total parity, of course.

IV. CROSS SECTION OF DISSOCIATIVE
RECOMBINATION

The total energy Etot of the CH+ + e− system is the
sum of a given collision energy Eel and the energy of
the initial state of the ion Envjµ . As in previous stud-
ies, when some of the channels are closed asymptotically
for ionization, the corresponding scattering matrix is ob-
tained from the one ŜJ discussed above using Seaton’s
channel-elimination procedure. Matrices ŜJ and ŜJ‡ are
partitioned into blocks defined by energetically open and
closed channels:

ŜJ =

(
Ŝoo Ŝoc
Ŝco Ŝcc

)
, ŜJ‡ =

(
Ŝ‡oo Ŝ‡oc
Ŝ‡co Ŝ‡cc

)
. (11)

Channels are sorted with ascending real part of their en-
ergies, with no open channels and nc closed channels.

The diagonal nc × nc matrix β̂ is defined

βi′cic(Etot) =
π√

2(Eic − Etot)
δ̂i′cic (12)

where Eic is the energy (complex for vibrational contin-
uum states) of a given closed rovibronic channel |nvjµl)
indexed by ic. The closed-channel elimination procedure
should be applied separately to both matrices ŜJ and
ŜJ‡ as [8]

ŜJ,phys(Etot) = Ŝoo − Ŝoc
[
Ŝcc − e−2iβ

]−1

Ŝco, (13)

ŜJ,phys‡(Etot) = Ŝ‡oo − Ŝ‡oc
[
Ŝ‡cc − e2iβ∗

]−1

Ŝ‡co (14)

In equation (14), the sign of the real part of the expo-

nential matrix changes between the ŜJ,phys‡v and ŜJ,physv

matrices. The probability for DR to take place, if the
initial state of the ion is |nvjµ) and the total angular
momentum is J :

P Jnvjµ(Etot) =
∑
l

[
1−∑

l′

∑
n′v′j′µ′

SJ,physn′v′j′µ′l′,nvjµl(Etot) S
J,phys‡
nvjµl,n′v′j′µ′l′(Etot)

]
,

(15)

where the sum over l runs through the possible values of
l for each value of J and j. The DR cross section for a
given J is

σJnvjµ(Eel) =
π

k2

2J + 1

2j + 1
P Jnvjµ(Etot) , (16)

where k =
√

2meEel is the magnitude of the incident
electron wave vector. The total DR cross section starting



5

10-16

10-15

10-14

10-13

10-12

10-11

10-4 10-3 10-2 10-1 100

σ 
(c

m
2 )

collision energy (eV)

raw data, j = 0
raw data, j = 1
raw data, j = 2

convolved, j = 0
CSR, j = 0

FIG. 3. Comparison of the DR cross section obtained in
the present study with the recent CSR experiment data [31].
Three thin solid lines of different color represent cross sections
for the CH+ being in the ground vibronic state X1Σ+(v = 0)
in three different rotational states j = 0, 1, 2. The thick
solid line represents the j = 0 theoretical cross section, ac-
counting for uncertainties in collision energy distribution in
the experiment. The experimental cross section, obtained for
v = 0, j = 0, is shown with circles.

from the initial state |nvjµ) is given by the sum over J

σnvjµ(Eel) =
∑
J

σJnvjµ(Eel) . (17)

V. COMPARISON WITH EXPERIMENT

Figure 3 shows the comparison of the DR cross section
obtained in the present study with the recent CSR exper-
iment data [31]. The thin solid lines are the theoretical
cross sections for the CH+ being in the ground electronic
state X1Σ+ and ground vibrational v = 0 states but in
different rotational j = 0, 1, 2. For the v = 0, j = 0
experimental data shown in the figure, the abscissa rep-
resents the averaged value E‖ of the longitudinal collision
energy in the experiment, while the cross section values
(ordinate) are obtained from the experimental rate coef-
ficients dividing them with velocity corresponding to E‖.
The theoretical cross section exhibits many resonances
associated with energetically closed rovibronic channels
of the ion. To compare with the experimental data, the
theoretical results should account for uncertainties in the
collision energies in the experiment. The electron en-
ergy distribution in the experiment is quite complicated
and depends on the detuning energy between the elec-
tron and ionic beams. However, constants for longitu-
dinal (0.27 meV) and transverse (2 meV) uncertainties
[31] and the convolution procedure, employed in previous
studies [8, 32], should represent the major effect of the
distribution. The same convolution procedure as in the
previous studies [8, 32] is employed here. The thick solid
line represents the theoretical data convolved with the
longitudinal and transverse electron-energy uncertainties
for the j = 0 cross section. The abscissa and ordinate

FIG. 4. “Reduced” cross section, Eelσ(Eel). The present the-
oretical data are shown with the solid (black) line. The exper-
imental data are shown with circles [31], triangles [33], squares
[34]. The previous theoretical data are shown by dashed (ma-
genta) [23], dot-dashed (green) [22], double-dot-dashed (red)
[17], and dot-double-dashed (indigo) [35] lines.

of the convoluted theoretical cross section have the same
meaning as in the shown experimental data and, there-
fore, can be directly compared to the data.

The convolved theoretical cross section agrees with the
experimental cross section generally well, especially when
compared with the previous theoretical results. The next
figure, Fig. 4, compares the present convolved cross sec-
tion with all available previous experimental and theoret-
ical data. For a more detailed comparison, the ordinate
axis shows the cross section multiplied with energy so
that the data does not span several orders of magnitude
as in Fig. 3. In addition to the CSR experimental data
[31], there is a previous room-temperature storage ring
experiment [33] and a single-pass merged-beam experi-
ment [34]. In these experiments, unlike the CSR, the ions
were also hot, at least, rotationally and, most likely, vi-
brationally in [34]. At low energies, the two storage-ring
experiments agree with each other and the present the-
ory. The merged-beam data are somewhat larger, possi-
bly, due to excited vibrational levels that could be present
in the ion beam. Among the previous theoretical results,
the best agreement with the experiment at low energies
was demonstrated by the study by Takagi [17], where the
rotational structure was accounted for, and the study by
Mezei et al. [35], where the rotation was not included.

VI. CONCLUSION

We stress the following major findings and develop-
ments reported here in the theory of dissociative recom-
bination.

• The theoretical approach, presented in the study,
is able to treat the direct and indirect DR mecha-
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nisms using the same approach. There have been
previous studies [17, 23] where the two mechanisms
were accounted for at the same time; the present
theory appears to be easier to implement because
it does not require computing bound dissociative
states of the neutral molecule and couplings associ-
ated with them. In an earlier study of DR in HeH+

[36], a similar approach was employed.

• The theory can be applied to molecular ions with
or without electronic resonances at low energies, in
particular, to open-shell ions, such as N+

2 or O+
2 .

The DR process in electron collisions with open-
shell ions is particularly difficult to treat using pre-
vious theoretical approaches.

• The approach can be immediately applied to study
rotational, vibrational, and electronic excitations
of diatomic ions, including open-shell ones. Cross
sections for these processes are important for many
plasma applications, but only rarely can they be
measured in an experiment.

• The present cross section of DR in CH+ agrees
generally with the recent, most accurate (state-
resolved) data from the CSR experiment [31], which
validates the approach. The theory reproduces not
only the overall magnitude of the measured cross
sections, but also positions of major resonances re-
solved in the experiment.

• One of the limitations of the present study, which
could be improved in the future, is the use of
energy-independent body-frame scattering matri-
ces. It was recently demonstrated [5] by two of
us for the example of HeH+ DR that accounting
for the energy dependence of the scattering matrix
improves the agreement with the experiment.

• Also, in the present theory, the residual long-range
coupling between channels caused by the charge-
dipole interaction in the e−-CH+ potential is ne-
glected. A future theory should account for the
coupling.
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