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We propose a photonics-based, continuous-variable (CV) form of remote entanglement utilizing
strictly second-order nonlinear optical interactions that does not require the implementation of a
state-projective measurement (i.e. remote entanglement without conditioning). This scheme makes
use of two separate down-converters, wherein the corresponding nonlinear crystals are driven by
strong classical fields as prescribed by the parametric approximation, as well as a fully quantum-
mechanical model of nondegenerate second harmonic generation (SHG) whose evolution is described

by the trilinear Hamiltonian of the form ffshg = ifm(di)éf — dTl;Té). By driving the SHG process
with the signal modes of the two down-converters, we show entanglement formation between the
generated second-harmonic mode (SH-mode) and the non-interacting joint-idler subsystem without
the need for any state-reductive measurements on the interacting modes.

I. INTRODUCTION

Remote entanglement can encompass a broad range of
techniques in which separate parties can be made to be
entangled without ever directly interacting with one an-
other and serves as an important tool in the develop-
ment of future quantum networks where entanglement
between spatially separated parties beyond the reach
of direct transmission becomes especially important [1-
3]. Onme such example of this is the original entangle-
ment swapping experiment performed by Pan et al. [4]
using spontaneous parametric down-conversion (SPDC)
sources. In their experiment they subject two pairs of
polarization-entangled photons to a Bell-state measure-
ment, projecting the remaining photons into an entangled
state. Similarly, and more recently, Park et al. [5] de-
vised an entanglement swapping scheme using two pairs
of polarization-entangled photons generated via sponta-
neous four-wave mixing (SFWM) in a Doppler-broadened
8"Rb atomic ensemble. They went on to show a vio-
lation of a Clauser-Horne-Shimony-Holt (CHSH) Bell’s
inequality using the entanglement-swapped pair of pho-
tons. Two-photon interference has also been exploited
in entanglement-swapping schemes to entangle spins [6],
atoms [7] and using photons generated via quantum dots
[3].

We propose a means of forming unconditional entan-
glement (i.e., without heralding or post-selection) be-
tween non-interacting optical modes using a second-order
nonlinear interaction. More specifically, we consider per-
forming (spatially) non-degenerate second-harmonic gen-
eration (SHG) using the signal modes of independent
two-mode squeezed vacuum states generated via SPDC.
We show entanglement formation between the SH-mode

and the spatially-separated non-interacting joint-idler
subsystem. This entanglement occurs without the need
for any state-projective measurements, persists for exper-
imentally accessible interaction times, and scales reason-
ably with input average photon number.

There has been extensive work done detailing a quan-
tum model of SHG. Typically one considers the degen-
erate case in which two photons of frequency w, occupy-
ing the same optical mode, are annihilated to produce
a single photon with frequency 2w. The correspond-
ing Hamiltonian driving this interaction is of the form
Hyng = ihs (a2t — af 2¢) which has no exact solution [8],
nor can a direct application of the Perelomov formalism
be applied [9], owing to the lack of a finite-dimensional
Lie algebra [10]. Still, SHG has been studied perturba-
tively [11, 12], numerically [13] resulting in the generation
of sub-Poissonian light [14, 15], in terms of a factoriza-
tion of photon-number moments [16, 17] and within the
analogous case of the Dicke model [18]. For our pur-
poses, however, the interaction we consider is the (spa-
tially) non-degenerate case in which two photons, each
with frequency w, are annihilated from two different spa-
tial modes to generate a second-harmonic photon of fre-
quency 2w.

In this model of SHG, the trilinear Hamiltonian that
drives the interaction between the three field states is
given by

Hy = ilir(abet — atbie), (1)

where {a,a’} and {b,b'} operate on the two input modes
while {¢,¢é7} operates on the SH-mode and where the
parameter K is a coupling constant proportional to the
x? nonlinear susceptibility [19].

Although a complete quantum model characterizing
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FIG. 1: A schematic representation of the procedure
being implemented. Two down-converters, each
producing a TMSV (two-mode squeezed vacuum) state
as defined by Eq. 4, are oriented such that the signal
modes of each are driving the spatially non-degenerate
SHG process. For our purposes, the second-harmonic
b-mode is initially in a vacuum state.

interactions driven by the trilinear Hamiltonian is gen-
erally computationally intractable [20-22], it has been
investigated numerically as early as the 1960s both
in the context of SPDC [23-28] as well as emission
from super-radiant Dicke-states [29, 30]. The former,
[23]—[28], investigated the eigenvalues of the tri-diagonal
matrix representation of Eq. 1 in the computational
‘logical’ basis |n); formed from the three-modes of a
down-converter |n); = |ny,),[n)|n);, where n,, are
the initial number of photons occupying the pump
mode. The latter, [29][30], employed the Schwinger re-
alization of the SU(2) Lie algebra [31] to convert the
pump-idler modes into the spin-boson representation
such that the trilinear Hamiltonian can be written as
H; = ihm(jip’l)d — JAEP’Z)EL). They went on to develop
differential-difference equations for the state probability
amplitudes ¢, =p, (n|e™11/"|yy,) of the output state
1Y) out = 2oneo Cn M) L -

The trilinear Hamiltonian can also be expressed in
terms of the SU(1,1) Lie Algebra, whereby the signal-
idler modes are written in terms of the SU(1,1) ladder op-
erators K_(f’z) =atbt and K = ab [31] such that Eq. 1
becomes f[[ = ihm(éTIA{(f’Z) —éf{(f’z)). This was the form
of the interaction Hamiltonian considered by Nation and
Blencowe [32] and Alsing [33] in their long-time approxi-
mation of the state statistics with a pump field taken as
an arbitrary pure state. Simulations of non-degenerate
parametric down-conversion were performed by Ding et
al. [34] using a linear trapped three-ion crystal simulating
light-atom interactions described by the Tavis-Cummings
model. Moreover, Yanagimoto et al. [35] explored the
dynamics of broadband parametric down- conversion in
the context of nonlinear nanophotonics in the regime in
which the pump occupation is very small (few photons).
They went on to demonstrate Fano interference in lin-
early coupled x®) waveguides. In an effort to circum-
vent the intractable nature of the Hamiltonian due to
the immense size of the Hilbert space, they provided a
diagonlized form of the trilinear Hamiltonian in a trun-

cated space in which single-photon down-conversion oc-
curs. The fully quantum model of nondegenerate SHG
has also been utilized by Qin et al. [36] to demonstrate
squeezing beyond the 3dB limit for cavity-fields. The
authors went on to apply their scheme to nondemolition
qubit readout where they report an exponential increase
in signal-to-noise ratio with higher degrees of squeezing,
corresponding to an improvement of the measurement
error by many orders of magnitude.

Second order nonlinearities have also been utilized in
the context of entanglement formation. Podoshvedov et
al. [37] devised a means of heralding macroscopic en-
tanglement from a coherent pump beam; while more
recently, Birrittella et al. [38] considered coherently-
stimulated down-conversion with a quantized pump field
and investigated the phase-dependent photon statistics
of-, and entanglement properties between-, the three
fields. Entanglement formation between non-interacting
modes has also been studied in evanescently-coupled x(?)
waveguides operating in the degenerate down-conversion
regime [39][40].

This paper is organized as follows: In Section II we dis-
cuss the setup and provide a perturbative analysis of the
time-evolved system. We also include a qualitative anal-
ysis of the photon statistics of the second-harmonic and
signal modes as well as a numerical and qualitative anal-
ysis of the entanglement properties within the system.
We close the paper in Section III with a brief discussion
of our findings and some closing remarks. For complete-
ness, we also include a derivation of the state-evolution
for short interaction times in Appendix A and as well as
an investigation into the effect of heralding on the second-
harmonic mode on the entanglement formation between
the non-interacting idler modes in Appendix B. In this
section, we show that entanglement can form between the
non-interacting idler modes through heralding on a sin-
gle photon in the second-harmonic mode, albeit for low
initial average photon number in the signal fields. This
scheme is more akin to the usual entanglement swapping
schemes discussed in the literature. To aid in motivat-
ing the time scales used in our findings, in Appendix C
we discuss experimentally reasonable values of the scaled
dimensionless time 7 by deriving an approximate range
for the coupling constant .

II. FORMATION OF UNCONDITIONED
REMOTE ENTANGLEMENT

a.) The two-mode squeezed vacuum state

As is well known, non-degenerate parametric down-
conversion has been for years a reliable source of two-
mode non-classical states of light in the laboratory [41].
In the parametric approximation wherein the pump field
is assumed undepleted, the interaction Hamiltonian for
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the down-conversion process is given by [41][42]

Aoy = ih (’y&l; - faﬁﬂ) . (2)

The parameter « is proportional to the second-order
nonlinear susceptibility x? and to the amplitude and
phase of the pump laser field, assumed here to be suffi-
ciently bright to be treated as a classical amplitude such
that depletion and fluctuations in the field can be ig-
nored. The quantized field modes a and b are taken to
be the signal and idler fields, respectively. The two-mode
squeeze operator S (z) is realized as [41][42)]

§(2) = -iflat/h _ grlabemealbiene) (g

J

ﬁtotal = <¢m|§T (Z) de + ZA)TIA)) SA' (Z) |’(/}in>

where we have written v = |y|e?*® and where r = ||t is
the squeezing parameter. Typically the signal and idler
beams are initially in vacuum states, and thus the out-
put state will be the two-mode squeezed vacuum state
(TMSVS) &) given by

S(2)10), 100, = (1= =) 2 S 2" n), [n),

€)=
n=0
1 = n _2in n
= hr Z (=1)" e*™® tanh"™ r |n), |n), . (4)
n=0

Note that v and 2¢ are the amplitude and phase of the
classical pump field, respectively, and z = €?2? tanh ()
contrained to 0 < |z| < 1. The total average photon
number is given by

= (i [ (ATa n 8*6) cosh 2r — (622'%*13* n e*%‘i’az}) sinh 2r + 2sinh? 7 | [1hin) (5)

where we have used the operator relations

5t (2) (Z) $(s) = <€Lcosh7‘ — %t sinhr) R

beoshr — e29aT sinh r

obtained by use of the Baker-Hausdorff lemma [43]. For
the case of an input double vacuum state |[¢in) = [0,0),,
the total average photon number is that of the TMSVS,
given by 7 = 2sinh®r, which is notably independent
of the pump phase. The Fock states of each mode are
tightly correlated and the state as a whole is highly non-
classical due to the presence of squeezing in one of the
two-mode quadrature operators. The joint-photon num-
ber probability distribution for finding n; photons in the
a-mode and ny photons in the b-mode is

tanh?™

X 571 nos 7
cosh? r v @

P (ny,n2) = | (n1,nal€) |* =

such that only the diagonal elements satisfying n; = ng
are nonzero. The photon-number statistics are super-
Poissonian in each mode; tracing over either mode yields
a single-mode mixed state with a thermal distribution
[44] [45].

b.) Short-time approximation of the state,
post-SHG

A schematic of the proposed setup can be seen in Fig. 1.
We start with a pair of TMSVS, |¢;), j = 1(2), of equal
average photon numbers such that the signal modes of
each are given by ns, = fs, = ns. The signal modes
are then used to seed SHG (with the SH-mode initially
in a vacuum state). We develop the theory assuming an
initial state given by

(W(0)) = [€1)s, i, @ 1&2)5,.5, @ 10Dy (8)

oo o0 o0
0
= Z Z Zcrg,zu,m |n,n/, m>sl,52,b ® ‘n7n/>i1,i2

n=0n’'=0 m=0

where the s;,4;-modes denote the signal and idler modes
of the j* down-converter and the b-mode represents the
SH-mode. The state coefficients in Eq. 8 above are given
by

Citrom = (L= 2P) 2 A, (9)
where we have used the TMSVS coefficients of Eq. 4 set-
ting 21 = 2o = 2z, without loss of generality. In writing
Eq. 8 we allowed for the possibility of an arbitrary pure
state seeding the SH-mode; for the case we are consider-
ing (i.e. the SH-mode initially in a vacuum state), the
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coefficients in Eq. 9 are given by A, = d;5,,0. The Hamil-
tonian that drives the three-field interaction is given by

H; = zhn(aslaSQb —ala 213) = ihkH, (10)

where 7 = kt is the scaled dimensionless time and where
b (b') is the annihilation (creation) operator acting on
the SH-mode. For a more comprehensive discussion on
what physical factors determine 7, see Appendix C. The
full state after SHG is then |¥ (7)) = Uy |¥ (0)), where
the time evolution operator is the usual Up = e wHr =
e, While an exact solution for the time-evolved state
can be worked out numerically, some insight into the
short-time state evolution can be gleaned from perturba-
tion theory. The state to I*" order O (Tl), can be written
as

l

! T Tk
|y (7 Z? 0)) :Zgwwa (11)
—~ !

k=0

where [¢0) = |¥ (0)) and, by definition, [ty 1) = H |1x).
This can be written in a compact form in terms of the
ktP-order corrections to the joint-idler subsystem as

Wy (7 Z ZT’“l‘Pnn m); @I @|m), (12)

n,n’ m k=0

where the designations ¢ — i1,i2 and s — s1,s2 have
been made for notational convenience; the corrections to
the time-evolved state are explicitly worked out in Ap-
pendix A. Tracing out the signal modes, we find for the
reduced i1i9; b system to {*P-order

Tr, [|; (7)) (¥ (7)]]

Tr [|W; (7)) (W (7)]]
oo oo l

3 ST e, @) ), o,

n,n'm,m’k+k’'=0

l
P (T) (13)

where d,4 is the usual Kronecker delta function and
where the multiplicative factor normalizing the reduced
density matrix is understood to be time-dependent. The
short-time state statistics can be investigated numerically
through computation of the Mandel @ factor given for the
jt-mode by

A2h — (A) Af;a_ | (14

| —— 1t-order State Perturbation
Exact Numerical

i1i>; b Logarithmic Negativity

0.04 0.06 0.08 0.10

T

0.00 0.02

FIG. 2: A comparison of the i1i2;b logarithmic negativ-
ity obtained through full numerical computation of the
state and 1%%-order state perturbation with initial aver-
age photon numbers 7is, (0) = 715, (0) = 1.5.

where @); = 0 denotes Poissonian statistics and Q; <
0, @; > 0 denotes sub- and super-Poissonian statis-
tics, respectively. At short interaction times, the term
in Eq. 10 responsible for generating a photon at second-
harmonic frequency dominates the evolution and the SH-
mode begins to thermalize, resulting in a photon num-
ber distribution with super-Poissonian photon statistics.
Consequently, the signal modes, which remain peaked at
the vacuum, becomes less super-Poissonian. For very
large interaction times, outside what is experimentally
accessible with current technologies, the @ factors for
both the signal modes as well as the SH-mode fluctuate
around a fairly linear increase; thus the modes will ul-
timately become broader (more super-Poissonian). For
short interaction times however, the SH-mode sharply
becomes super-Poissonian as the distribution begins to
look thermal-like. It is also worth noting that all modes
remain Gaussian as a result of this evolution (i.e. all
modes have positive Wigner functions).
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c.) Entanglement properties of the system
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FIG. 3: Full numerical computation of the logarithmic
negativity for several bipartite divisions of modes for the
cases of 7iz, (0) = 7is, (0) = 2.5. The 41i2;b entangle-
ment is enhanced with increasing initial average photon
numbers as evidenced by the solid-cyan and dashed-cyan
curves. Note that for n5(0) = 0.5, the s;(2);i1(2) entan-
glement (not shown) remains nearly constant at the value
~ log,e?™1 for the time frame of the figure, where T1(2)
is the squeeze parameter of the first(second) TMSVS.

As a means of quantifying entanglement between the SH-
mode and the joint-idler subsystem, we consider the log-
arithmic negativity [46], which for a bipartite division of
subsystems A and B is given by

Ex (pa.p) =10gy [L+ 2N (pa,5)] = log o], (15)

where N (pqp) is the negativity, which stems from the
PPT (positive partial transpose) criterion for separability
[47], expressed as

s

N(pap) = lloasll =1 _ ST (16)
2 - v

where ||pP5|| is the trace norm of the partial transpose
with respeét to the B-subsystem of the density operator
Pa,p and where )\1(7) represents the negative eigenvalues
of piBB.

The negativity, and subsequently the logarithmic nega-
tivity, does not increase under local operations and clas-
sical communications (LOCC), making it an entangle-
ment monontone [48][? ]. However, the negativity does
not constitute an entanglement measure as it is zero for
entangled states that have a positive partial transpose.
Note though, that entanglement measures are in general

N P-hard to compute. For reference, between the signal
and idler modes of a TMSVS, there is a logarithmic neg-
ativity of Ex (p) = log,e?” where r is the squeeze param-
eter, related to the average photon number of the two-
mode state by Ngmsvs = 2 sinh? 7. Note that for the pure
two-mode squeezed vacuum state, the entanglement can
be derived directly from the marginal eigenvalues, where
the photon number basis is the Schmidt basis, and the
probabilities P (n,n) from Eq. 7 are the Schmidt eigen-
values. Since the distribution of Schmidt eigenvalues is
geometric, the entropy of entanglement can be found to
be E = cosh®r x ho (tanh2 r), where hg () is the binary
entropy function [49]. In the limit of large squeezing, this
becomes E =~ log,(e/4) +1og,(e?"), which is the logarith-
mic negativity up to a constant offset.

The partial transpose with respect to the SH-mode
of the reduced density matrix of Eq. 13 amounts to
flipping the indices on the b-mode |m), (m/| — |m’), (m].
The partially-transposed reduced density matrix is
given explicitly in Eq. 26. Note that tracing over
the SH-mode yields two separable thermal states in
the idler modes; to first-order, this corresponds to
the simplification Zm Qnon/mm = 0 and likewise to
second order >, Bpn/mm =0 and >, Qpn/mm =0
(see Appendix A). In fact, this will be true for all
corrections to the joint-idler subsystem: the SHG
interaction alone is not sufficient enough to entangle
the idler modes. We do note that the idler modes can
be made to be entangled with a single-photon number
resolved (1-PNR) detection, without the need for any
local operations, but only for very short interaction
times and low initial average photon numbers and with
a very low probability of detection. For all intents
and purposes, a projective measurement alone will not
result in entanglement between idler modes. We briefly
discuss in Appendix B a means of remotely entangling
the idler modes, through a projective measurement on
the SH-mode, however this requires beamsplitting the
signal modes, effectively introducing correlations be-
tween the two down-converters prior to performing SHG.

The i1i9;b logarithmic negativity is plotted in Fig. 2
using first-order perturbation for initial average pho-
ton numbers 7, (0) = 7g, (0) = i, = 0.5. Interest-
ingly, first-order perturbation is sufficient to accurately
witness-, and capture the trend of-, the i1i9; b entangle-
ment for fairly reasonable interaction times of around
7 ~ 0.04. We plot the logarithmic negativity based on
a full numerical computation of the state in Fig. 3 for
different values of initial average photon numbers and
for several different bipartite divisions of modes. We
find the peak of the i1i9;b logarithmic negativity very
nearly corresponds to the minimum in the sy(2);i1(2) log-
arithmic negativity (not explicitly shown in Fig. 3); this
can be interpreted as an example of entanglement redis-
tribution as the inherent entanglement between the two
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FIG. 4: (left) Logarithmic negativity plotted against scaled time 7 for initial signal average photon numbers
fis, (0) = 715, (0) = 75(0) = {0, .., 7}. (right) The logarithmic negativity plotted at time 7 = 0.05 corresponding to the
black dotted points in the left plot. The degree of entanglement as measured by the logarithmic negativity increases
nearly linearly (i.e. the negativity increases exponentially) as a function of initial average photon number and
persists for feasibly large initial squeezing.

modes of a TMSVS is leveraged to entangle the generated
second-harmonic field with the non-interacting spatially-
separated joint-idler modes. Note from Fig. 3 that the
entanglement is not perfectly redistributed, however a
measure of entanglement (rather than a monotone) may
yet show full equivalence. The drawback to this approach
is that measures are N P-hard to compute in general.
An argument can be made on the interplay of entan-
glement between these two bipartitions by defining the
entanglement measure between these two subsystems as
E, (i112|s182b). Since the trilinear Hamiltonian is local
with respect to the s1, so, b-modes, the entanglement be-
tween this bipartition must remain constant, i.e.

E. (i192]8182b) = const. V. (17)

Given the initial state is a product of two TMSVSs, we
can expand Eq. 17 at 7 = 0, where E,_y = FE, accord-

ingly

E (i1i2|8182b) =F (leg‘b) + E (i1i2|8182)
=F (2122‘1)) + E (i1|31) + E (i2|82)
=F

(leg‘b) -+ 2F (2.1‘31) , (18)

where here, these approximate relations come from the
hypothetical entanglement measure E, being additive
over tensor products (the state factors this way at 7 = 0),
and many entanglement measures have this property. To
the extent that this relation holds for later times 7 > 0
will depend on how well the correlations can be decom-
posed in this way. From this, a reasonable yet approx-
imate argument can be made as to why the logarith-
mic negativity for the two bipartitions in the last line of

Eq. 18 appear strongly correlated in Fig. 3. Most no-
tably is that the i1i5;b entanglement is also enhanced
by increasing values of initial average photon numbers.
In Fig. 4 we plot the iyi5; b logarithmic negativity as a
function of scaled time 7 for different values of initial sig-
nal average photon number up to s, , = 7 and show
how the logarithmic negativity increases near-linearly as
a function of initial average photon number. Stated dif-
ferently, the negativity grows exponentially as a function
of initial average photon number. For low average photon
numbers these two bipartitions constitute the only entan-
glement within the system, while for larger initial aver-
ages, entanglement between the joint-signal modes and
the SH-mode begins to form at shorter times, however
this entanglement remains small relative to the i1i9; b and
51(2);i1(2)-

The counter-intuitive nature of this i1i2;b entangle-
ment formation should not be overlooked. Interaction
between the signals and SH-mode, initially in a vacuum
state, does not produce entanglement between the sig-
nal modes, between the joint-signal and SH-modes (for
short times), nor between either signal mode and the SH-
mode. Instead, the entanglement that forms is between
the SH-mode and the non-interacting idler modes. Inter-
estingly, for no times 7 nor for any value of initial average
photon number will the SH-mode become entangled with
either idler mode individually, i.e., entanglement i;(2);b
never forms, at least as indicated by the negativity which
cannot identify entanglement for states with a positive
partial transpose.

Other entanglement metrics have successfully been
able to detect the i1i5;b entanglement such as the re-
duction criterion [50] which requires computation of the
spectrum for the quantity pi, i, (7) — piyinp (7); 4182;b
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FIG. 5: Purity Difference between reduced density
matricies p;, 4,5 and p;, ;, for several different initial
average photon numbers 75 (0). Values > 0 indicate
entanglement between the joint-idler system and the

SH-mode. For short time evolution, larger initial
averages correspond to greater purity differences.

entanglement is necessitated by the presence of negative
eigenvalues, which occur for all times 7 > 0. Similarly
we consider the difference in purity between the two re-
duced systems 7y (i1, t2,b) — 7y (i1, i2), where the purity is
given by the usual v (j) = Tr [p?], because determining
the purity requires fewer resources than the reduction or
PPT criterion. Note that by virtue of the initial state
being composed of a tensor product of two TMSVS, the
reduced density matrix p;, i, 1, already represents a mixed
state; however, the (positive) non-zero difference seen for
increasing values of 7is, (0) = fig, (0) = 75 (0) in Fig. 5
indicates a higher degree of mixedness for the joint-idler
system when tracing out the SH-mode. This is sufficient
enough to conclude entanglement between the SH-mode
and the joint-idler system. Note that when it is straight-
forward to obtain and compute the eigenvalues of the
partial transpose, the negativity will encompass all states
whose entanglement is witnessed by the purity difference
[51]. However this is at the cost of requiring more re-
sources to determine.

III. CONCLUSION

We have demonstrated a form of passive remote en-
tanglement using continuous-variable (CV) states of
light utilizing second-order nonlinear interactions whose
evolution is described by the trilinear Hamiltonian
that does not require the implementation of any state-
reductive measurements. More specifically, our scheme
allows for the formation of entanglement between the
generated second-harmonic field and the non-interacting

spatially-separated joint-idler fields. @~ We have veri-
fied this entanglement through both a perturbative
treatment of the state evolution as well as through
full numerical calculation of the state. We note this
entanglement persists for experimentally accessible in-
teraction times and scales reasonably with initial average
photon numbers seeding the interaction. Experimental
applications for leveraging this form of unconditional re-
mote entanglement is still an ongoing subject of research.

We note that while this scheme is not akin to the usual
entanglement swapping schemes discussed in the litera-
ture, it does carry utility in determining, for example,
how the generation and detection of a photon at second-
harmonic frequency may change the statistics and quan-
tum properties of the non-interacting idler modes. To
bring our scheme more in line with what is typically stud-
ied, we consider in Appendix B the case in which we in-
troduce quantum correlations prior to SHG via a beam
splitter and then herald off the generation of a photon at
second-harmonic frequency. Our findings indicate that
remote entanglement between idler modes is possible, al-
beit with low heralding probabilities, for experimentally
feasible interaction times.
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APPENDIX A: SHORT-TIME TRILINEAR
STATE EVOLUTION VIA PERTURBATION

Here we will provide a more thorough description of the
perturbative approximation employed in describing the
state evolution driven by the trilinear Hamiltonian of
Eq. 10. The time-dependent state is given by |¥ (7)) =
Ur |¥ (0)), where 7 = st and where the time evolution
operator can be expanded out as
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Action of the Hamiltonian H on an arbitrary term com-
prising the initial state Eq. 8 can be worked out straight-
forwardly as

In—1,n" —1,m+1),,[n,n'), -

(n' +1)meZOn w10 +1m—1)  n,n'),;

= \/(n + 1) (nl + 1) m Cr(gzl,n’+1,m71 ‘nﬂn >m>s,b |?’L + 17n/ + 1>'L -

—v/nn/ (m + 1) Cr(zof)l,n’fl,m+1 ‘In“ n/7 m>s,b |7’L -

- [\/(n+ 1) (' +

1,n" —1),

1) m CT(L(El,n’+1,m—1 |TL =+ lvnl + 1>i -

—/nn/ (m+1) Cy(z()—)l,n’—l,m+1 ‘n —1,n — 1>i ® |n, n, m)s,b
= \(I)illzl,m)l ® |n,n’, m)s,b , (20)

where the designations ¢ — 41,72 and s — s1,s2 have
been made for notational convenience and where the term

J

(

in the square brackets constitutes the first-order correc-
tion to the joint-idler modes for the initial state

B30 by = VA D @M CL s It Ll 4 1) = e+ 1) Oy gy In = 10" = 1),
= An,n/,m |7?, + 1,71/ + 1>i + Bn,n/,m |TL — 1,7”[, — 1>i . (21)
(
In working out the state perturbatively, we note that In similar fashion the third order correc-

all higher-order corrections can be cast in terms of
the first-order corrections derived in Eq. 21. Following

Eq. 11, and utilizing the relation |¢g11) = H |¢x) we can
write

0
C’,(L’ZL,,MHQ In,n/, m)s’b |n,n'), =H \@n - m) In,n/, m}s’b

=| (2)

n,n’ 7n> |’I’L, Tl/, m>5)b 9

(22)

where the second-order correction can now be written in
terms of the first-order correction as

|(I) \/(’I’L+1) (n/+1 |q)n+1n+lm 1>

— Vo (m+ 1) [0, ) (23)

nn m>

2)

tion can be found via ’H|<I>nn m

> |n7n/7m>s,b =

|‘I’n n/ m> |n, n' ,M>S’b, or more generally
k k+1
HIDY), ) Inon im), = @D |nn/ m), . (24)

Combmlng terms, we write the time-evolved state to
[*"-order in the compact form

|y (7 Z ZT”‘P% m)

n,n’ ,m k=0

;® In,n’ m>sb, (25)

where the zeroth-order correction is clearly given by
|(I>(O) ), = o, This is leading to the

n,n’,m n,n’ m|n?n/>i'
derivation of the perturbed state of Eq. 12. For first-order
corrections to the state, we can work out the partial-

transposed reduced density matrix in the Fock basis to
find
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where the correction coefficients are given by
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_ * * *
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Qn n! m,m’ = An n’ mC(OL*mI + Bn n m/C(O)

/Bn,n’,m,’m' = An+1,n/+17mBn+1,n’+1,m’ .

Note that second order corrections of the form
x |92 ) (@2021 | and its Hermitian conjugate do
not contribute to the logarithmic negativity and have
thus been disregarded in writing Eq. 26. This is the form
of the state used in the approximation of the logarithmic

negativity and purity-difference plots in the main body
of the text.

APPENDIX B: REMOTE ENTANGLEMENT
BETWEEN IDLER MODES

Usual methods of CV entanglement swapping that em-
ploy two SPDC sources require one mode (signal) from
each source to first fall upon a beamsplitter. Subse-
quently, opposite quadratures are measured from each
output port of the beamsplitter, {Zs,,ps,}, and then
one of the remaining (idler) modes is displaced by 8 =
Zs, +9Ps,. This results in the teleportation of the initial
SPDC entanglement. Such a scheme is typically used
in conjunction with continuous-variable measurement-
device-independent quantum-key-distribution (cv-mdi-
qkd) protocols [52]. More recently, a similar scheme
was proposed using two-mode squeezed coherent states
[53]. They went on to find that photon subtraction of
the source states dramatically enhanced transmission dis-

tances while suffering only a slight decrease in the maxi-
mum achievable secure key rate.

n,n’,m
(27)
[
1.0 \ j= (su.i1)
lll —== j= (s2,i3)
1o — j= (s1,i?)
0.8 '\ j= (s2i1)
S \
>~0.69 |\
Fin \
am— \
5 \
a 0.4 \
0.2
00 02 04 06 08 1.0

Beamsplitter Reflectivity, R

FIG. 6: Purity v(j) for several different reduced density
matrices of the composite 1), ; ®|82),, ;, system after
beam splitting of the signal modes. Note that for a reflec-
tivity R = sin? Z = 0.5, corresponding to a beam splitter
angle of § = /2, the reduced density matrix ps, , i, ., is
as mixed as ps,i, and ps,i,. The average photon number
for each signal mode is 715 (0) = 1.5

Other works investigating CV entanglement swapping
using SPDC sources are: Jia et al. [54] considered the
use of two nondegenerate optical parametric amplifiers
(OPAs) and employed a Bell-state measurement on one
mode from each source, entangling the remaining opti-
cal modes. They report quantum correlation degrees of
1.3dB (1.12dB) below the standard quantum limit for
the amplitude (phase) quadratures resulting from this
unconditional entanglement formation. Further, Takei et
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al. [55] used EPR states generated via beamsplitting two
opposite-quadrature-squeezed optical parametric oscilla-
tors (the output of which is the single-mode squeezed
vacuum state; upon beam splitting, the two-mode state
is the two-mode squeezed vacuum state) to demonstrate
teleportation of entanglement. Their detection scheme
likewise employed Bell-state measurements. For a more
comprehensive reference on CV entanglement swapping,
see Marshall and Weedbrook [56].

While our proposed scheme for i1,i2;b entanglement
does not result in true entanglement swapping since the
modes that are subsequently entangled are not teleported
as a consequence of this interaction, remote entangle-
ment does form between the joint-idler and SH-modes,
as discussed in Section II. A natural extension to the
aforementioned entanglement formation would be to ap-
ply our system to a well known CV entanglement swap-
ping protocol that uses SPDC sources [52][53]. To start,
consider a 50:50 J,-type beam splitter B, [31] (which
can be realized experimentally using a Mach-Zehnder in-
terferometer with a variable phase between beam paths)
with a scattering matrix resulting in the Boson operator
transformation

a 111 1f]a
— | = — o, (28
[QSJ out V2 {_1 1} |:a32:| in ( )
resulting in a transformation of the trilinear Hamiltonian
of Eq. 10 given by

f; = BiH, B, = ihx(Bla,, as, B,b" — Blal al B,b)
= ihk(Blas, ByBlas, B,b" — Blal B,Blal B,b)
=i ((a2, —a2,) bt + (al2 - al2)d)
= a5y~ A5, (29)

where ﬁ:ﬂ; = ihk (dffﬁ — d;r- 25) is the degenerate SHG
Hamiltonian in which two photons are annihilated from
the j-mode to create a second-harmonic photon (and con-
jugate operation corresponding to the reverse process).
This makes Eq. 29 a sum of degenerate SHG terms each
with /2 efficiency. This transformation is realized phys-
ically by beam splitting the signal modes prior to seeding
the nonlinear crystal such that

U (8) = e T By W (0)) = B, B

= B,e 51 (W (0), (30)

A Y
or B; |W (t)) = e~ "aH1 | W (0)). This amounts to placing a
beam splitter between the output signal modes, which in

turn does not affect entanglement formation between the
idler modes (but does affect the entanglement between
51(2);%1(2))- For this reason, we neglect the beam splitter
operation in the last line of Eq. 30 and instead work with
the transformed Hamiltonian of Eq. 29, in our analysis.

The effect of initially beam splitting the signal modes
prior to SHG is to create cross correlations between
the two down-converters. More specifically, for a 50:50
beam splitter, entanglement is formed between the two
TMSVSs in the form of sji1;s2i2 entanglement and
$112; S211 entanglement. Note that neither the signal nor
idlers will be entangled after beam splitting. This can be
demonstrated via computation of the purity as shown in
Fig. 6.

For a fully transmitting beam splitter, tracing out
either of the TMSVSs results in unit purity, as the
TMSVS is pure and initially not entangled with the sec-
ond TMSVS. However, once the signals mix at the beam
splitter, tracing out one TMSVS results in a mixed re-
duced density matrix for the remaining TMSVS. While
the beam splitter will not create entanglement between
the signal modes nor the idler modes, it does create en-
tanglement between the composite states of the individ-
ual down-converters. This should not be confused with
the classical correlations that beam splitting creates via
computation of the state covariances.

For the case of equal initial averages, no cor-
relations exist between the signal modes nor be-
tween the idler modes for any beam splitter an-
gle. However signal mode correlations (s1;s2) will
manifest for unequal initial averages such that
lcov(Xs,, Xs,)| = Jeov(Ys,,Ys,)| = |ng — R, for
a 50:50 jy—type beam splitter. Here, Xk, Y, are the
usual quadrature operators X, = %(dk + &2) and

Y, = Llak — &L), respectively.

We are interested in investigating the potential en-
tanglement formation between the spatially-separated
non-interacting idler modes upon performing a state-
projective measurement on the SH-mode. We consider
both a ‘click’ detection corresponding to the projection
operator Po = oo 1), (n] as well as a 1-PNR detec-
tion with corresponding projector P; = 1), (1]. In Fig. 7
we plot the i1;io logarithmic negativity heralded from
both a ‘click’ detection as well as a 1-PNR detection.
We also include the heralding probability for reference.
For short interaction times, both detection methods are
in agreement owing to the probability of obtaining > 1
photons in the SH-mode being effectively zero. As the
SH-mode becomes more populated, the ‘click’ probability
increases though at the expense of smaller degrees of en-
tanglement formation between modes. We do point out,
however, that this only occurs for experimentally inac-
cessible interaction times; for realistic interaction times,
the heralding probability is closer to ~ 0.5%. Further
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FIG. 7: (left) Logarithmic negativity between 41;is modes and (right) the corresponding heralding probability. Both
figures are based on a numerical computation of the state evolution for ns, (0) = fis, (0) = 2.5 for both
click-detection (dashed) and 1-PNR detection (solid).

still, this entanglement formation is a low-average pho-
ton number effect wherein the entanglement scales poorly
with initial average photon number 7i5(0). Unlike the pre-
viously mentioned CV entanglement swapping schemes
[52][53][54][56], no post-processing of the measurement
results needs to be performed for our proposed experi-
mental set-up. If such an experiment were to be per-
formed, entanglement forms upon either a ‘click’ or 1-
PNR detection.

APPENDIX C: PHYSICAL DETERMINATION
OF SCALED DIMENSIONLESS TIME 7

As discussed shortly after equation (10), the full state
after SHG is |¥(7)) = Ur|¥(0)), where:

Up = e~ Jo a1, (31)

Using the formalism in [57] describing the Hamiltonian in
x@ nonlinear-optical interactions, we can obtain a more
verbose trilinear hamiltonian coupling modes (s1, $2) to
modes b:

A h3wpws, w ) N
Hy =2idespy | a2 O(Ak,)e™ % 4,01 + hec. 32
1= 2t 1\ | ey TanZnZ 2, (Akz)e™ " as, a5,b" + hec (32)
where ®(Ak,) is the spatial overlap integral:
B(ak) = [ (X g4l 000 (z)e ) (33)

From this, we see that much of H 1 1s consolidated into
the coupling constant x

uopws, w ;
=0,y | 52 AL ) iAW 34
r 11 2e0L3nin2 n2 ( Je (34)
so that
Hy = ihk(as, a5, bt — af af b) (35)

Where t is effectively the duration over which the pulse
of signal light interacts with the nonlinear medium, we
have sufficient information to determine the scaled di-
mensionless time 7 = kt.

(

For completeness, we define the rest of our parameters:

) )ng)f (7) is a scaled function for the nonlinearity of
the material. It is zero outside the material, and
is assumed to be unity inside the material for a
constant nonlinearity overall. If the material is pe-
riodically poled, then )’(ch)f flips between 1 and —1
within the material as the poling flips.

e gy(z,y) is the transverse mode amplitude of the
SHG mode (b). It is normalized so that its mag-
nitude square integrated over all transverse space
gives unity. gs, (z,y) and gs, (x,y) are similarly de-
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fined for signal modes s; and so. We will typically
take these to be simple gaussian functions with ef-
fective diameter corresponding to the effective di-
ameter of the beam of light incident on or exiting
the crystal.

e Ak, is the longitudinal momentum mismatch such
that Ak, = kp, — ks,» — ks,~, where these momen-
tum values are dependent on the frequency of the
light and the dispersion of the material. Similarly,
we have that Aw = wp — ws, = ws,.

® dcsr is the effective nonlinearity of the material,
which is a constant of the material when accounting
the orientation of the crystal axes relative to the
polarization of the incident and generated light.

e [, is the length of the nonlinear medium through
which the light is propagating.

® 1, N, , and ng, are the indices of refraction at the
SHG frequency and at the signal mode frequencies,
respectively.

e For SHG, we have that the the two signal angular
frequencies wg, and ws, are equal to each other, and
to half the SHG angular frequency wy.

Because we are performing SHG, we have that Aw = 0,
making H; constant in time.

Using the assumption that the spatial modes are gaus-
sian with radii o1 = 04 = 03v/?2, and that for SHG
ws;, = wWs, = wp/2, we can solve the overlap integral to
find:

de hw? Ak,L,
k= <t b sinc( 5 > (36)

2,2 2
20y \| meoL.ning n;,

If we further consider only pairs of frequencies that are
nearly perfectly phase-matched, we may approximate the
sinc function as unity.

In this simplified case, we can find a typical value [58]
of k ranging from 102 to 105, which, when multiplied by
a pulse duration ¢ of 1ns produces scaled dimensionless
times 7 of the order 107% to 1073.
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