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Nanodiamonds containing luminescent point defects are widely explored for applications in quan-
tum bio-sensing such as nanoscale magnetometry, thermometry, and electrometry. A key challenge
in the development of such applications is the large variation in fluorescence properties observed
between particles, even when obtained from the same batch or nominally identical fabrication pro-
cesses. By theoretically modelling the emission of nitrogen-vacancy colour centers in spherical
nanoparticles, we are able to show that the fluorescence spectrum varies with the exact position
of the emitter within the nanoparticle, with noticeable effects seen when the diamond radius, a, is
larger than around 100 nm, and significantly modified fluorescence profiles found for larger particles
when a = 200 nm and a = 300 nm, while negligible effects below a = 100 nm. These results show
that the reproducible geometry of point defect position within narrowly sized batch of diamond crys-
tals is necessary for controlling the emission properties. Our results are useful for understanding

the extent to which nanodiamonds can be optimised for bio-sensing applications.

I. INTRODUCTION

Understanding nanoscale effects is one of the most ex-
citing scientific endeavours. It underpins very diverse re-
search areas such as the mechanisms of life [1-5], quan-
tum information [6-8], and fundamental phenomena in
condensed matter systems [9-11]. Research in these ar-
eas requires nanoscale quantum sensors, and one of the
most mature room-temperature quantum nanoscale sen-
sor is nanodiamond containing the negatively-charged
nitrogen-vacancy (NV) center [12-14].  Such doped
nanodiamonds are a superb system for quantum sens-
ing. They are highly biocompatible [15, 16] and pho-
tostable [17, 18], and therefore are ideal for minimally
invasive biological experiments.

When using NV centers, readout is typically achieved
via optically detected magnetic resonance (ODMR),
where the resonances in the interaction of the electronic
spin of NV centers and a radio frequency (RF) electro-
magnetic field are detected by measuring the photo lu-
minescence intensity of the centers. In this way, NV cen-
ters have been used for nanoscale magnetometry [19, 20],
electrometery [21, 22], thermometry [23, 24] and pres-
sure measurements [25]. Alternatively, accurate measure-
ments of the photon luminescence spectrum (in particu-
lar its zero-phonon line) allows for all optical measure-
ments [26].
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A drawback of fluorescent nanodiamonds, in compari-
son to quantum dots and organic molecules, is their in-
trinsic heterogeneity. Large variations in fluorescence in-
tensities and lifetimes are observed between NV centers
in similar nanodiamonds [27-30]. Understanding the ori-
gins of such variations and the ways of reducing the het-
erogeneity is important for developing a reliable techno-
logical platform.

Deliberate modification of the NV fluorescence spec-
trum can be achieved by quantum electrodynamics pro-
cesses. When a quantum system is placed in a node of
a resonance mode of an optical cavity, the emission of
photons at the wavelength of the resonance increases. In
such a case, the overall emission spectrum will be differ-
ent from that in free space (that is in a bulk crustal). In
principle, this enhancement can be very significant and
the resonance can be fine-tuned to enhance zero-phonon
emission and suppress emission at other wavelengths by
changing particle size [31], or locating nanodiamonds on
a substrate [32, 33] or in a microcavity [34-36]. Struc-
tural resonances are also called whispery gallery modes
in a small regularly shaped particle such as a sphere are
examples of such modes. A strong effect can be achieved
if there is a control over the position of the center inside
the particle and the size of the particle. These condi-
tions are hard to satisfy for NV centers in diamond. In
this paper, we will not specifically address the problem
of the structural resonances and assume a random posi-
tion of the center. The effect is also reduced because the
size of the crystals considered is comparable or smaller
than the wavelength of emitted light. In this case, the
quality factor of the resonances is quite small. However,



the fluctuations of the spectra demonstrated here is a di-
rect consequences of weak coupling to broad structural
resonances of the sphere.

We show and analyse statistically the NV fluorescence
by modelling the emission of a point defect in spherical
nanodiamonds as a function of nanodiamond size, the de-
fect position within the crystal and the orientation of NV
relative to the plane of light collecting aperture. We treat
the NV coupled to phonons of the crystal lattice as a set
of electric dipoles with different oscillation frequencies
and emission probabilities [37, 38]. The electromagnetic
fields within and outside the diamond are calculated us-
ing Mie theory [39-42] and validated numerically [43].
In our calculations, modification of the density of states
close to the crystal surface [44] is not considered. Our
results show that noticeable variations in the shapes of
NV emission spectra are negligible when a, the radius of
the particle is below 100 nm but are significantly modi-
fied if @ =~ 200 nm and larger. Although our systems are
idealised for computational tractability, the results high-
light the sensitivity of fluorescence to the precise location
of the NV with diamond crystal, and are therefore im-
portant for understanding the experimentally observed
variations in fluorescence.

II. MODEL

To investigate how the NV center location within a
nanodiamond particle affects the far field fluorescence,
we consider a single NV in a spherical particle with a
refractive index of ny = 2.4 in air with a refractive in-
dex of n; = 1.0. The broad NV emission spectrum is
represented by emission by 12 point dipoles p = p; (i =
0,1,2...,11) corresponding to the NV emitting a single
photon and multiple phonons. This gives rise to a broad
emission spectrum with components at different wave-
lengths, as listed in Table I. We use the low temperature
emission probabilities from Ref. [37, 38] as the relative
intensity, R, emitted from the NV center at different
numbers of de-exciting phonons, but we expect similar
results for the room temperature case. Since intensity
R is proportional to the field power, it is then propor-
tional to the square of the strength of the represented
electric dipole for the NV center. To match the dimen-
sion, we have (c|p|?)/(4mege,A\*) ~ R where c is the speed
of light, €g is the vacuum permittivity, €, is the relative
permittivity and A is the wavelength of emission light.
Since ¢, €y and €, are constant in a homogeneous dia-
mond, for simplicity, we set |p|?> = AM*R. In Fig. 2 (c-d),
the square symbols display the relative intensity R at the
corresponding wavelengths.

To monitor the emission, we model a detector with
circular entrance aperture (NA=0.9). The axis of the
point dipole is assumed either parallel or perpendicular
to the plane of the aperture, as sketched in Fig. 1. In a
homogeneous medium, the intensity of each wavelength
would be proportional to the photon emission probability
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FIG. 1. Four cases under consideration for the photon col-
lections by a circular optical objective with NA=0.9 emitted
from a single NV center, which is represented by an electric
dipole with moment p, implemented in a spherical nanodi-
amond when the NV center is located at different position
along the z-axis: (a) Case A, p = (p,0,0) and side view; (b)
Case B, p = (p,0,0) and top view; (c) Case C, p = (0,0,p)
and side view; and (d) Case D, p = (0,0, p) and side view.

in the actual spectrum at the same wavelength, which in
turn is derived from the emission probabilities. However,
the electromagnetic fields transmitted to the surround-
ing medium (air in this work) are modified due to the
boundary conditions on the surface of the particle and
can be obtained by solving Maxwell’s equations which are
solved using the Mie theory (see Appendices A and B).
After obtaining the electromagnetic fields, we can cal-
culate the observed far-field intensity for each dipole as
measured through the aperture located either at the top
view position or the side view position. This is done by
integrating the time-averaged Poynting vector over the
corresponding aperture area:

Lav) = [ B < @Y a8 )
Sobj
with ¢ = 0,1,2...,11. The above formulations gives the
photon count rates relative to the intensities of a NV
center in bulk diamond listed in Table I in which A; is
the wavelength of the corresponding dipole, superscript
asterisk indicates the complex conjugate, and L in the
subscript shows that the component of the vector product
perpendicular to the plane of the aperture.
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FIG. 2. The normalised photon counts at zq/a = 0 for (a) Case A and (b) Case D, which almost fully represent the relative
intensities of a NV center in bulk diamond at the low-temperature condition listed in Table I.

We also calculated

() S I

the normalised spectra which emphasise changes in the
shape of the spectra rather than emission strength of the
entire spectral band.

(2)

III. RESULTS

To demonstrate how the position of the NV center in a
spherical nanodiamond can affect the photon collections
at the far field, we locate the NV center at varying po-
sitions along the z-axis, €4 = (x4, 0, 0) and |z4| = d.
The equivalent electric dipole moment, p, can be either
along x-axis or z-axis. Together with two observation
spots, the top view and the side view, as shown in Fig. 1,
we studied four cases: (i) Case A, p = (p,0,0) and side
view; (ii) Case B, p = (p, 0,0) and top view; (iii) Case C,
p = (0,0,p) and side view; and (iv) Case D, p = (0,0, p)
and side view. Corresponding to Case A to D, the ani-
mations of the overall and normalised photon counts for
a = 10 nm to a = 300 nm when the NV center is located
from the left to the right of the particle are presented, see
Supplemental Material at [45]. Also, the detailed analy-
sis for different size of particles is demonstrated below.

We start with the case of a small nanodiamond with
a radius of ¢ = 10 nm. When the particle size is small
compared to the wavelength of the emitted light from
the NV center, the relative position of the NV center to
the surface of the diamond particle has insignificant ef-
fects on the photon collection by the optical objective
(the pin hole) [46], as displayed in Fig. 2. One main
reason for that is that as the particle size is small, the
fields inside the particle is dominated by the near field of

the represented electric dipole, and the particle surface
is polarised nearly uniformly by such near field profile
of the electric dipole. As such, the relative position of
the NV center has negligible effects on photon collection
by the optical objective. In Fig. 2, we only show the
overall and normalised electromagnetic intensity profiles
for Case A and Case D as a function of the number of
de-exciting phonons, which almost fully represent the rel-
ative intensities of a NV center in bulk diamond at the
low-temperature condition listed in Table I. For Case B
and Case C, the profiles are same as what are presented
in Fig. 2, and hence are not repeated here.

When the radius of the diamond particle is 100 nm,
the effects on the photon counts emitted from the NV
center due to its location relative to the nanodiamond
surface start to present. As the particle size increases, the
near field phenomenon from the electric dipole becomes
a local effect, and the coupling between the radiation
wave from the dipole and particle cavity starts to merge.
For example, when the equivalent electric dipole moment
direction is along the z-axis, the overall electromagnetic
field intensity collected by the objective from side (Case
A) and top (Case B) view is stronger when the dipole is
located in the center of the diamond particle relative to
when it is close to the diamond surface, as shown in Fig. 3
(a-b). However, if the dipole moment direction is along
the z-axis, the overall electromagnetic field intensity is
stronger when the dipole is close to the diamond particle
surface on the left for the side view, as shown in Fig. 3
(¢). With the top view for z-oriented NV center, the
overall electromagnetic field intensity profile is symmetric
with respect to the center of the diamond center. The
emission is weaker when the dipole is near the center of
the particle relative to when it is close to the particle
surface, as displayed in Fig. 3 (d).

When the radius of the diamond particle is 200 nm, the
subtle effects that were predicted for the 100 nm particles
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FIG. 3. The overall photon counts emitted from a NV center embedded in a nanodiamond with radius of a = 100 nm at
selected NV center locations for (a) Case A, (b) Case B, (c¢) Case C and (d) Case D. For the z-oriented dipole [(a) side view
and (b) top view] the emission is higher when zq/a = 0. For the z-oriented dipole, the emission is higher when the dipole is
close to the diamond particle surface on the left for the side view (Case C) while for the top view (Case D), the emission is

weaker when zq/a ~ 0.

become far more pronounced. Large changes in both the
overall and relative (normalised) spectra are observed.
The spectra for the overall electromagnetic field inten-
sity for the four cases are shown in Fig. 4. If the equiva-
lent electric dipole moment direction is along the z-axis,
the overall electromagnetic field intensity collected from
both the top and side views indicate that, when the NV
center is deep in the nanodiamond particle, the fluores-
cence signals are much stronger than that when it is close
to the particle surface, as shown in Fig. 4 (a-b). Unlike
the symmetric fluorescence profile from the top view, the
nanodiamond is much brighter when the NV center lo-
cates in the left part of the particle (z4/a < 0) from
the comparison between z4/a = —0.3 and z4/a = 0.5 in
Fig. 4 (a). Whereas if the dipole moment direction is in
z-direction, for example, Case C and D in Fig. 4 (c-d),

emission signals from the NV center is significant when
it is either close to the particle surface or near the center
of the diamond particle.

The normalised electromagnetic field intensity profiles
of a single NV center implemented in a nanodiamond
with radius of 200 nm are shown in Fig. 5. For Case A
when the dipole moment is along z-axis and the photon
collection is along the side view, the normalised electro-
magnetic field intensity almost represents the relative in-
tensities of a NV center in bulk diamond when the NV
center is located in the left part of the nanodiamond par-
ticle (z4/a < 0). Nevertheless, if the NV center is placed
to the right part in the nanodiamond when z4/a > 0,
compared to the relative intensities of a NV center in bulk
diamond, dominant wavelength of the normalised elec-
tromagnetic field intensity collected from the side view
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FIG. 4. The overall photon counts emitted from a NV center embedded in a nanodiamond with radius of a = 200 nm at
selected NV colour center locations for (a) Case A, (b) Case B, (c¢) Case C and (d) Case D. From the side view [Case A and C],
the emission is stronger as zq/a < 0 with both z- and z-oriented dipoles. From the top view, the emission is much enhanced

when z4/a = 0 for the z-oriented dipole [Case B].

is firstly changes from A = 708 nm to A = 736 nm at
around z4/a = 0.5 and then changes again to A = 659 nm
at around x4/a = 0.6, as shown in Fig. 5 (a). Also, at
xq/a = 0.6, there is a second peak of the normalised
electromagnetic field intensity at A = 765 nm, while the
signal at 708 nm is significantly reduced. Regarding to
the top view as presented in Fig. 5 (b) for Case B, the
normalised electromagnetic field intensity profile is sim-
ilar to that of a NV center in bulk diamond when the
NV center is located from side to side in the particle.
If the dipole moment direction is z-oriented, both the
side and top views show that the emission signal is en-
hanced significantly when the NV center is close to the
surface of the particle (|xq|/a > 0.5) for the wavelength
at A = 708 nm, as shown in Fig. 5 (c-d). When the
z-oriented NV center is deep in the particle, from the
side view, the dominant number of de-exciting phonons

changes from three (A = 708 nm) to five (A = 765 nm)
around z4/a = 0.4, as shown in Fig. 5 (c).

As the diamond radius increases to 300 nm, the spec-
tra become richer. This is because there are numer-
ous opportunities for resonances over the various wave-
lengths. For a diamond particle with radius of 300 nm,
if the equivalent electric dipole moment direction is in
the z-direction, the overall electromagnetic field inten-
sity at A = 708 nm is much stronger when the NV cen-
ter is around z4/a = —0.5 in the particle from the side
view, as shown in Fig 6 (a) for Case A. From the top
view, the symmetric profile of the field intensity with
respect to the particle center is obtained when the NV
center is located from one side to the other of the par-
ticle, and the strongest fluorescence signal happens at
|z4|/a = 0.55 for A = 708 nm, as shown in Fig 6 (b)
for Case B. When the dipole moment direction is point-
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FIG. 5. The normalised photon counts emitted from a NV center embedded in a nanodiamond with radius of a = 200 nm at
selected NV colour center location for (a) Case A, (b) Case B, (c) Case C and (d) Case D. For the z-oriented dipole from the
side view [Case A], when zq/a = 0.6, the original emission peak at 709 nm disappears while two peaks appear at 659 nm and

765 nm.

ing along the z-axis, the highest fluorescence signal hap-
pens at z4/a = —0.4 for A = 708 nm from the side
view, as shown in Fig 6 (c), while from the top view,
the electromagnetic field intensity profile is symmetric to
the particle center and the strongest appears at around
|zq|/a = 0.4 for A = 708 nm and A = 736 nm. Also, for
these two cases, when z4/a = —0.75 from the side view
and |z4|/a = 0.85 from the top view, there are two peaks
of the fluorescence signals at A = 683 nm and A = 832 nm
while the original peak signal at A = 708 nm for a NV
center in bulk diamond is significantly reduced.

On the normalised fluorescence signals when a NV cen-
ter is located at different position in a diamond particle
with radius of 300 nm, for Case A and B when the elec-
tric dipole moment direction is along z-axis, the domi-
nant emission fluorescence is the same as a NV center
in bulk diamond at A = 708 nm when the NV center
locates close to the surface of the diamond particle, as

shown in Fig 7 (a-b). When the NV center locates at
xq/a = 0.3, the dominant emission wavelength changes
to A = 736 nm, as shown in Fig. 7 (a). For Case C and
D as the dipole moment direction is in z-direction, when
the position of the NV center is close to the surface of
the diamond particle, the strongest emission happens at
A = 683 nm relative to a NV center in bulk diamond at
A = 708 nm, as shown in Fig 7 (¢) and (d). If the NV
center location locates deeper in the diamond particle at
around z4/a = 0.45, the dominant emission is changed to
A =736 nm. Also, when xz4/a = —0.75 from the side view
and at |z4|/a = 0.8 from the top view for a z-oriented
NV center, there are the two peaks of the normalised flu-
orescence signals at A = 683 nm and A = 832 nm while
the original peak signal at A = 708 nm for a NV center
in bulk diamond is significantly reduced.

When comparing the fluorescence profiles from a
300 nm diamond to those from the smaller diamonds,
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FIG. 6. The overall photon counts emitted from a NV center embedded in a nanodiamond with radius of a = 300 nm at selected
NV colour center locations for (a) Case A, (b) Case B, (c) Case C and (d) Case D. For the z-oriented dipole, the emission is
strongly enhanced when z4/a = —0.5 from the side view [Case A] and when z4/a = 0.55 from the top view [Case B]. For the
z-oriented dipole, the emission is highly enhanced when z4/a = —0.4 from the side view [Case C] and when z4/a = 0.4 from
the top view [Case D]. Also, the emission spectrum profiles are changed significantly when z4/a = —0.75 from the side view

and when z4/a = 0.85 from the top view.

the emission from longer wavelengths are enhanced in
the 300 nm case. This is because the particle size at ra-
dius of 300 nm is comparable to the longer wavelengths
when the high refractive index of diamond is taken into
consideration, which leads to the enhanced cavity effects
of the diamond particle for the emission at the higher
order lines [47].

IV. DISCUSSION

There are basically two effects on the emission spec-
tra. One of them is the change of the integrated inten-
sity, represented in Eq. (1), and the other is the change
of the normalized spectra, represented in Eq. (2). Both

effects depend on the position of the NV center within
the crystal defined by x4, orientation of its transition
dipole moment, and on the crystal particle size a. Quali-
tatively, the variation of the overall intensity is negligible
if 2ral < 1 and the variation of the normalized spec-
tra is negligible if 2rad\/A? < 1 where J) is the width
of the luminescence spectrum of the center. For NV-
centers, the value A/\ ~ 1/7 and therefore the change in
the normalised spectra is observed for significantly larger
crystals.

It would be worth monitoring how the normalised
emission spectra of a NV center in a diamond particle
differ from that in a bulk diamond crystal. To charac-
terise the difference, we calculate a value D defined as
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FIG. 7. The normalised photon counts emitted from a NV center embedded in a nanodiamond with radius of a = 300 nm
at selected NV colour center locations for (a) Case A, (b) Case B, (c) Case C and (d) Case D. For the z-oriented dipole,
the emission spectrum profiles are changed significantly relative to that of a NV center in a bulk diamond, for example when
zaq/a = —0.75 from the side view [Case C] and when z4/a = 0.85 from the top view [Case D].

follows
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D(xg,a) =) (N, za @) = )], (3)
i=0

in which I7;(X\;, zq) is defined in Eq. (2), and the values
of I 1. (X;) are the relative intensity R listed in I. In
the simulation, we assume that no NV centers are found
within 2 nm distance from the surface of the particle [48]
and the concentration of the centers is uniform in the
remaining volume (that is the probability of a particu-
lar value of rqis proportional to r2). For each particle
with radius of a, we compute the mean value and the
stand derivation of D using a random set of x4 to char-
acterise how different the normalised emission spectra is
from that of a bulk diamond.

As shown in Fig. 8, the mean value of D starts to
deviate from zero at x4 of about 50 nm. The relative de-

viation reaches 0.15 at 100 nm and oscillates significantly
along with particle size for cases C and D (the dipole mo-
ment is perpendicular to the radial line of the sphere). In
case B the mean relative deviation is below 0.05 up to 250
nm. The geometry of case B generates spectra which are
least sensitive to the size of the crystal and the position
of the center. The standard derivation of D correlates to
and has a similar trend as its mean value. In practice, the
photoluminescence of the NV centers is associated with
two orthogonal dipoles arranged in a plane perpendicular
to the NV defect symmetry axis. This means that the
Cases A-C and B-D cannot be completely separated in an
experiment. By reducing the numerical aperture of the
detector, we can reduce the contribution of Case A and
D. Photo excitation through the same optics also favours
Case B and C because the excitation beam is polarized
in a transverse direction.
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FIG. 8. Comparisons of the normalised emission spectra of a NV center in diamond particles to that in a bulk diamond, (a)

the mean value and (b) the standard derivation of D defined in Eq. (3).

As the diamond particle size increases, the overall

trend of the mean value of D grows indicating that the normalised emission spectra of a NV center are more likely different in
larger particles than smaller ones relative to the emission spectrum of a NV center in bulk.

V. CONCLUSION

We performed theoretical modelling of the fluorescence
profiles of a NV colour center in a spherical nanodia-
mond, exploring the effects of the center location, orien-
tation of its transition dipole moment, and nanodiamond
size on the emission probabilities of NV center together.
Changes in the emission probabilities lead to variations
in the expected fluorescence profile. Our calculations
indicate that the deviation of the fluorescence spectra
from the spectra in the bulk is less than 1% for crystals
with radii smaller than 50 nm but sharply increases to
about 10% when the radius increases from about 75 nm
to about 150 nm. When the particle radius changes be-
tween 150 nm and 300 nm, the deviation of the spectra
from the bulk case averaged over center location tends
to increase slowly from about 10% to about 15%. For
a single center, this deviation strongly depends on the
location of the center and orientation of its dipole mo-
ment. The spectra corresponding to the geometry when
the transition dipole is perpendicular to the radial line
of the sphere and the emission is collected in the direc-
tion perpendicular to the dipole is least dependent of the
size of the crystal and the position of the center. Our
results indicate that the information of the exact geome-
try of NV-diamond system is critical to understand and
control the fluorescence profile, which is of importance to
optimise such systems for quantum bio-sensing applica-
tions.
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Appendix A: Theoretical model

In our model, we represent a single NV in a spherical
particle with a refractive index of no = 2.4 by an electric
dipole. The broad NV emission spectrum is represented
by emission by 12 point dipoles p = p; (i = 0,1,2...,11)
corresponding to the NV de-exciting via a single photon
and multiple phonons as listed in Table I. All electric
dipoles are co-located at x4 but each of them oscillates
at a specific angular frequency w = w; (i = 0,1,2...,11)
as exp (—iwt). The emitted electric and magnetic fields
from such a dipole are, respectively,

1 exp(ikera) Td: P

Ta

Ed _
- 3
4meges Ty

{(—kgrfl — 3ikorg + 3) T4

+ (k373 + ikorg — 1)p}, (Ala)

ko 1 1 exp(ikarq)
4 [ra > p] (Td ikﬂ‘i) T4

(A1b)
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TABLE I. Probabilities (Relative intensity R) to emit photons and phonons of a NV center in bulk diamond as a function of
the number of phonons at low temperature calculated in Refs. [37]. The zero phonon line is indicated by ZPL, and the phononic
sideband arises from the summation from 1 to 11 phonons.

No. of phonons|Wavelength \|Emission probabilities| Dipole moment strength (arb. u.)
(nm) (Relative intensity R) (Ip] = \*VR)
0 (ZPL) 637 0.0270 66674.65
1 659 0.0951 133924.83
2 683 0.173 194028.02
3 708 0.209 229160.45
4 736 0.191 236740.36
5 765 0.140 218971.14
6 797 0.0856 185846.13
7 832 0.0441 145367.04
8 870 0.0211 109946.08
9 912 0.00931 80253.60
10 957 0.00343 53637.80
11 1008 0.000980 31807.83

where ry = & — x4 with « being the field location of
interest and rq = |rq|, ko is the wavenumber, €y is the
permittivity in vacuum, and e; = n2 is the relative per-
mittivity of diamond with no = 2.4 the refractive index
of diamond.

In a homogeneous medium, the intensity of each wave-
length would be proportional to the photon emission
probability in the actual spectrum at the same wave-
length, which in turn is derived from the emission proba-
bilities. However, the electromagnetic fields transmitted
to the surrounding medium (air in this work) are mod-
ified due to the boundary conditions on the surface of
the particle and can be obtained by solving Maxwell’s
equations. In the frequency domain, the Maxwell’s equa-
tions in the internal domain of the nanodiamond and the
external domain are

Appendix B: Solution for the electromagnetic fields
emitted from a NV center in a spherical diamond
particle

The solution procedure to calculate the electromag-
netic fields emitted from a NV center in a spherical dia-
mond particle is given. It is worth noting that to easily
and clearly show the calculation procedure and apply the
usual setup of a spherical coordinate system, the equiva-
lent electric dipole for the NV center is chosen to locate
along the the axis of symmetry (z axis) from which the
polar angle is measured in this appendix. It is straight-
forward to use the solution given here to get the results
presented in the main text via simple coordinate trans-
form and rotation.

V x B = iwpop; HY, (A2a) . To obtain the .electromag.;netic. field radiat§d from a
; single NV center in a spherical diamond particle to the

V- B =0; (A2b) external domain, it is convenient to use the spherical co-
V x H = —iweoejE'j, (A2c) ordinate system, (r,0,¢), which origin is at the center
V.HI -0 (A2d) of the diamond particle. As shown in Fig. 9, we assign

where g is the permeability in vacuum, j refers to the ex-
ternal domain and the nanodiamond domain with j =1
and j = 2, respectively, and p; is the relative permeabil-
ity of each domain which is set as 3 = po = 1 in this
work.

Together with the boundary conditions,

t,- (E>+EY=t,-E', t, (E>+E% =t,-E;

the symmetric axis is along the z-axis which is the polar
angle 6 measured from. The equivalent electric dipole for
the NV center is positioned along the axis of symmetry
at de, = dcosfe, —dsinfey. Two situations are consid-
ered separately: (i) the vertical dipole when the dipole
moment direction is along the symmetric axis (z-axis) as
p = pe, = pcosbe, —psinfey as shown in Fig. 9 (a) and
detailed in Sec. B1 and (ii) the horizontal dipole when
the dipole moment direction is perpendicular to z-axis
as p = pe, = psind cos pe, + pcosf cos pey — psin pe,

(A3a) a5 shown in Fig. 9 (b) and detailed in Sec. B2. Here,
t,-(H>*+HY =t,-H', t,-(H>+HY =t, -H* e, ey, e, are the unit vector along r, 8, ¢ direction in
the spherical coordinate system, respectively. All the

(A3b)

where t; and t, are the two independent unit tangential
directions on the diamond surface, the Maxwell’s equa-
tions (A2) are solved using the Mie theory, which is de-
tailed in the Appendix B.

other dipole location and polarisation scenarios, such as
the cases presented in the main text, can be easily ob-
tained through coordinate rotation and linear superposi-
tion from the above two basic cases.

In the spherical coordinate system, the Maxwell’s



equations in Eq. (A2) are in the form of

1 o OE] | ,
—(ELsing) — —2| =i H Bl

rsin 6 80( o sin ) Op wpop Hy,  (Bla)
1[ 1 0F, 0 ; ,
2|2 Y Y piy| Nee

r [sin@ Op 87‘(T ‘P)_ iwpop; Hy, — (BIb)
170, .. 0 ,

- {ar(r 7) — 50 | = iwpop; H; (Blc)
1 o, . oHl] _

pp l@@ (H sinf) — (3(,06 = —lwepe; EY,  (B2a)
171 eH o, ] |
S| YR Y gy = 1

. Lin@ 9o or (r so)_ iwepe; By,  (B2b)
1[0 . OHI ) ,

. {m(r 7)) — 50 | = —iwepe; B (B2c)

In the above equation, the continuity equations of the
electric and magnetic fields are not given as they are sat-
isfied straightforwardly when the Mie solution procedure
is used, as demonstrated below.

Before we solve for the reflection and radiation electro-
magnetic fields in Domain 1 and 2, we need to write the
fields due to the electric dipole in the spherical coordinate
system. From Eq. (A1), we have

1 exp(ikarq) . Tq-p
d _ 2.2
E* = pr— 7"3 {( ksri — 3ikarg + 3) 7"3 rq
2.2 | -
+ (k5rg + ikarg — 1)p}
N [pV2G(z,z4) — (p- V)VG(z, z4)]
Ameges ’ ’ ’
(B3a)
ko 1 1 exp(ikarq)
HY = wha — _
A [ra x p] <rd ik‘g’l"?i) rq
iw
=~ [VG(z,z4) X p) (B3b)

x=(r,6,9)

Domainj =2

Domain j =2
er C2, N2, €, Uy

k3, 2,1, €2, 12

Domainj=1 Domainj=1
ki, c1,my, €, ki, c1,my, €1,

(2) (b)

FIG. 9. Sketch of the calculation model for the internal and
external electromagnetic fields driven by (a) a vertical or (b)
a horizontal electric dipole embedded in a dielectric sphere.
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where G(x, x4) is the Green’s function for the Helmholtz
equation as

Gl ) = exp (ika|x — :cd|).

(B4)
|z — x4

As shown in Fig. 9, g = |x — x4 = V72 + d2 — 2rd cos 0
based on the cosine theorem. In this case, the free
space Green’s function for the Helmholtz equation can
be rewritten in terms of (r, d, 8) and asymptotically rep-
resented in terms of free spherical multipolar waves, re-
spectively, as

G(x,zq) =G(r,0;d)
_exp (ikoV/r? + d? — 2rdcos 0)

V12 +d% —2rdcosd (B5)
=ik, f:@n + DAY (kors ) jn (kar <) Po(cos 6)
" (B6)
where rs = max(|z|, d), r« = min(|z|, d), and N =

kia + 4(k1a)'/? + 2 is the transacted number for the
summation [41]. Introducing Eq. (B5) or Eq. (B6) into
Eq. (B3) and using the vector calculus formulae in the
spherical coordinate system, the fields due to the electric
dipole in the spherical coordinate system are obtained.

1. Vertical electric dipole

Let us firstly consider to solve for the electromagnetic
fields as the case illustrated in Fig. 9 (a). Introducing
Eq. (B5) into Eq. (B3) and using the vector calculus for-
mulae in the spherical coordinate system, the electric and
magnetic fields induced by a vertical electric dipole, when
p = pcosfbe, — psinfey, are

b1 p{wvama@1

+%rcm&dﬁ,

r = dreges d Or?
(B7a)
1 p &*[rG(r6;d)]

Ef = = = B7b
O dmeges rd oroo ’ (B7b)
d_q.

Eg =0; (BT7c)

H? =0, (B7d)

Hi =0, (BTe)
¢ iwpdG(r,0;d)

Hy = ——=————". (B7f)

4 d o0

Based on the Mie theory [39] by using Debye potentials
u and v that satisfy the Helmholtz equation [40, 41], we
can write the electric and magnetic fields as

E = Ey (M, —iN,), (B8a)
€0€Er

Mo fr

H=F,

(—iN, — M,,) (B8D)



where Ey = p/(4mepa®),

M, =V x (ru),

M, =V x (rv),

V x M, = w(eoerpiofir) N,

V x M, = w(eoerpiopir)? Ny,

V x N, = w(eoerpiofir)? My,

V x N, = w(eoerptopr)? My,

V x E =iwpgu, H,

V x H = —iwepe, E. (B9)

The full components of M,, and IN,, are, respectively,

B 1 0(ru)
My, =0, Mu, = rsind dyp ’
_10(ru)
M,, = o8 (B10a)
1 0% (ru) 1 02(ru)
Nu, =y =gz Thru Nuw =105 50
2
N, =L oy (B10b)

¢ krsing Ordp

The above formulations can also be used to get the com-
ponents of M, and N, when potential u is replaced by
potential v.

As Debye potentials v and v satisfy the Helmholtz
equation, let us consider a scalar wave equation for func-
tion ¢ with wavenumber k:

V2 +E*p=0 (B11)
where ¢ represents either potential u or v. Eq. (B11)
is variable separable in the spherical coordinate system,
and its elementary solutions are

oo l=n

b,n) :Z Z Cipn cos (lcp)PfL(cosﬁ)zn(kr), (B12a)
n=0[=—n
Z Z Dy sin (1) P (cos 0)z, (kr)  (B12b)
n=0[]=—n

where [ and n are integers (n > | > 0), P!(cos#) is an
associated Legendre polynomial, and z,,(kr) is the spher-
ical Bessel function of any kind. The following rules
are applied to determine the choice of function z,(kr).
In the bounded domain with origin within it, j,(kr),
the spherical Bessel function of the first kind, is used
as jn(kr) is finite at origin. In the bounded domain
excluding origin, both j,(kr) and y,(kr), the spheri-
cal Bessel functions of the first and second kinds, are
needed. In the unbounded external domain, for the scat-

tered or radiation field, A% = Jn(kr) + iy, (kr) is used
as ikhi ~ i" exp (ikr)/r.

It is worth noting that the two Debye potentials, u
and v, correspond to cos(lp) and sin(ly) formulations
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in Eq. (B12), respectively. Nevertheless, according to
Eq. (B7), the fields driven by a vertical electric dipole in
a sphere do not depend on ¢. As such, only terms with
[l = 0 in Eq. (B12) are needed, which means only one
potential is needed for each domain. Let us use potential
u:

N
oy = D Clo.ny Palcos )R (kar), (B13a)
n=0
N
oy = D Clony Pu(cos 0)ju(kar) (B13b)
n=0

for the external and internal domain, respectively, where
the C(o ) and C(o n) are determined by the boundary

conditions. Introducing Eq. (B13) into Eq. (B8) and us-
ing Eq. (B10), we obtain

N

n+1
E} =F, Z of (0,m)(— )%h(l)(klr) ) (cos ),
n=0

(Bl4a)
N
1
E}=E Y 0(107”)(_1)5 [(n + DD (k)
n=0

- klrhn+1(k1r)} Pl(cosf), (B14b)

N

K
1 = (1) 1
Cl h (k1) Pl (cos @ B14
w‘uo Z (0 n 1T) (COS ) ( C)
and E} = H} = Hyj = 0. Also,
nn+1) .
E; =Eq nZOC(On )7 Jn(kar)Py(cos ),

(B1ba)

N
N1 .
Ej =Ey Z C(Qo,n)(—l)kjr [(” + 1)jn(kar)
n=0

- k2rjn+1(k27")} Pl(cosf), (B15b)

5. N
2 0
n(k 0 B15
=t 2 Z o, n) (kar) Pa(cos0), (B15c)
andE2:H2:H2:O
To get C(o ) and C(20 )’ the boundary conditions

across the sphere surface:

Ey =E; + Ej when r =a,

1 _ 772 d
Hw_Hw"_Hso

(Bl6a)

when r=a (B16b)

are used. Introducing Eq. (B6) into Eq. (B7) and setting



r = a, we have

N
1 P .
EY = P, o+ 1 Pl
?|r=a 4eges adll€2 7;)( n + 1) jn (ked) P, (cos 0)
RG]
- B1
x dr - ) ( 7&)
. N
iwp. ‘
Hy| == dika > (2n+ DAY (ka)jn (kad)

n=0

x Pl(cos#). (B17b)
Letting r = a in Egs. (B14) and (B15), and introducing
the results and Eq. (B17) into Eq. (B16), we obtain a 2x2

linear system to solve for the unknown coefficients C(lo n)

and Cf ) which can be then introduced into Eqs. (B14)

and (B15) to calculate the fields inside, outside the sphere
and on the sphere surface.

2. Horizontal electric dipole

Let us turn to solve for the electromagnetic fields as
the case illustrated in Fig. 9 (b). Introducing Eq. (B5)
into Eq. (B3) and using the vector calculus formulae in
the spherical coordinate system, the radial components
of the electric and magnetic fields induced by a horizontal
electric dipole when p = psin 6 cos pe,. +p cos 6 cos peg —
psin e, are
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Following the same solution procedure shown in the
previous section and considering that the electromagnetic
fields given in Eq. (B18) are functions of sin ¢ and cos(¢),
only the terms when [ = 1 from the elementary solutions
in Eq. (B12) are needed for the Debye potentials. As
such, the following Debye potentials

N
u%lm) =cosp Z C(ll,n)hg) (kyr)P(cos6), (B19a)
n=1
N
Vlimy = —sing Y Dy (D (kir) Py (cos6);  (B19b)
n=1
N
u%lm) =cos p Z C'(le)jn(kﬂ‘)Pﬁ (cosb), (B19c)
n=1
N
v?l)n) = —siny Z D?l,n)jn(k‘lr)Pﬁ (cosf) (B19d)
n=1

for the external (with superscript 1) and internal do-
main (with superscript 2), respectively, are used where

. 5 (9[Croid)] 1 C’(l1 ) D(l1 ) C(21 ) D(21 n) are unknowns to be deter-
D r,0; L) PN i b
J ol — Ll ~Q(r.0:d mined via boundary conditions.
" T dneoea r 06 { aa T gt )}COS‘P’
(B18a)
iw pdG(r,0;d) Introducing BEq. (B19) into Eq. (B8) and usi
i — wp ) U5 . Bisb ntroducing Eq. into Eq. and using
" Adrmr 00 S ( ) Eq. (B10), we obtain
J
al n(n+1)
E} = Egcosg Y C(ll’n)(—i)Thg)(klr) Pl(cos#), (B20a)
n=1
o . N ol 1 B () @ (g dPL(cos®)
o = OCOS%’; (1,n)(—l)m {(”Jrl) n (kir) = kirhg, £ ( 17")} a0
N
P}(cosf
+ Egcosgp » D(llyn)(—l)hgll)(klr)%, (B20b)
n=1
1 . al 1o 1 ) (1) Pl(cos )
E,= Epsing ; Ol W) [0+ DAL (k) — harh (2 (har) | =220
al dP}(cosf)
+ Egsing D(llm)hg})(klr)"T; (B20c)

n=1
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FIG. 10. Good agreement has been found for the electromagnetic fields between the results obtained by the asymptotic
approximations shown in Section B (solid lines), by the in-house built field only surface integral method [43] (symbols) when
a =200 nm, d = 50 nm, nq = 1, np = 2.4, By = p/(4ncoa®) and X = 708 nm: (a) a vertical electric dipole and (b) a horizontal
electric dipole. The curves plotted are the magnitudes of the electromagnetic fields along the circle concentric with the spherical
particle with radius as 4a on the zz plane (as shown in the inset of Fig. 10a).

H}! = —smgo ZD 1,n) kl n(zi—i_l)h;l)(klﬂpﬁ (cosd), (B21a)
1r
P}(cosf
H} = —smgo ZC(ln) O (ky )#
N
E, . L k1 1 dP}(cosf)
— D UEEL DAY (kyr) — krhl) (k) | =222 B21b
+WM0 sin 2 (1’")(1)M1 o [(nJr Yhp? (k1) — kirhy, |4 ( 17")} 10 ) ( )
kl dP2(cosf)
M= B 3 i A0
E, ko1 Pl(cos®)
Ey Dl N RN Tncost) B21
" oo Cownzl am 0717 [0+ DR (har) = karhl2 (o) | =200 (B21<)
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al n(n+1)
» 1
E? =F cosp nzl C? (1,n) )7 Jn(kar) P, (cos8), (B22a)
2 al 2 o 1 . ) dP}(cos )
Ej = Epcosep nzz:l C(Ln)(—l)—kzr [(n+ 1)jn(kor) — korjni1 (kar)] 0
N
Pl(cos0)
E D2 (—1)jn (kor) =22 B22b
+ Lo cos ¢ ; (1,n) (1) dn(kar) S g ( )
N
1 P}(cos0)
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E%2= Eysing nzlc(ln) )k [+ V)i (kar) = Karjn 1 (or)] ===
. , dP!(cos0)
+ Eysing ; DY (o)== (B22¢)
[
k n(n+1) .
1_ 2 1
H =— smap Z D(1 (i 7 Jn(kar) P, (cos ), (B23a)
Pl(cos®)
1 _ n
Hi= s ZCM Cera
1 , dP}(cosf)
+ o sing Z B (052 1 [ Vi) = Karn (k)] S22, (B23b)
E, k dP}(cos )
1 _ 0 . 2 2 . n
H, = oo cos ¢ Z Chin —an(k‘gr)T
, Pl(cosh)
—|— — COS(p Z (1,m ,u kg?“ [(n+ 1)jn(kar) — ka2rjni1 (kar)] —m (B23c)

Once the coefficients 0(1 n)> D(an), 0(21,77,)’ D(Ql’n) are
found, the electromagnetic fields in both domains are de-
termined. To get those coefficients, the boundary con-
ditions for the tangential components of the electric and
magnetic fields due to electric dipole on the sphere sur-
face when r = a are need, which can be found by using
the Maxwell’s equations and the radial components in
Eq. (B18) [42]. Introducing Eq. (B1lb) in Eq. (B2c), for
the sphere domain, we get

0% 0, 1 0 (0E? OH?
ﬁ(TE“’) +ha(rEy) = sin 6 Or ( Oy ) T 20 -
(B24)

The right-hand-side of Eq. (B24) can be obtained by us-

(

ing the results from introducing Eq. (B6) into Eq. (B18):
1 9 (9B
sinf Or \ OJy

psmap1k222 +nd d [h%l)(k2r)1
— r

dmeges d
) Pl(cos 6
X [(n + 1)jn(kad) — kod jni1(kad)] n ),
sin 6
(B25)
and
OH?  ipk3singp al hl )(k27")
—lwpop 00  dmegen n:1(2 n+l) r Jn(k2d)
dP}(cos0)
bl A Sl B26
X g (B26)



in which the situation for the fields on the sphere surface
when r — a > d is implied. When comparing the left-
hand-side of Eq. (B24) and Egs. (B25) and (B26), we
notice that we can get the tangential component, Eg, by
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tively,

1 d

g1(r) = o (b0 (kar)|

solving the following two ordinary differential equations: 1)dr
= (n+ DAWD (kar) — kar h(), (kar)]|
Agi(r) |, d [n) (kor) n(n + [ (kar) = kar i )
o2 + k2g1 (7") = 5 r ) (B27> (B29)
1
— (1)
d292(,r.) ) hsll)(kz,r) gg(’l‘) = 717’]7% (kQT‘). (B?)O)
o2 T k392(r) = - (B28) n(n+1)
The solutions to the above two equations are, respec- As such,
|
psin g ikg 2n+1 d ) ) Pl(cos )
El = hY (k D)jin(kod) — kad jns1(kod)] =
@ 47‘(6062sz (n+1) [ n(QT):|[(n+ )in(kad) — kad jni1(kad)] snd
N
psing. 5 2n4+1 dPl(COSH)
hy ! (kor)jn (kod) ———— B31
471-6062 Z + 1) ( QT)] ( 2 ) de ( )
[
Introducing Eq. (B6) into Eq. (B18) and substituting  that result and Eq. (B31) into Eq. (B1b), we have
|
Hi— 1 1 OE¢ B la(rEg)
o iwpops [rsin® dp  r  Or
. N
pwsinp 1 2n+1 1) ) , Pl(cos0)
= — 7kh k 1)jn(kad) — kod jpy1(kad)] ———
T rd 2 ) 27y, (k2r) [(n 4 1)jn (k2d) = kad 1 (kod)] ==
pwsinp ky 2n+1 d ) , dP2(cos )
— —_— hy /(K kod) —"——. B32
A7 7 ; n(n+1)dr [ ( 271)} In(k2d) dé (B32)

As the tangential components of the electric and mag-
netic fields are continuous across the sphere surface, we
have

E}O = Ei + Eg when r=a, (B33a)
Hy = H + H} ~ when 7r=a. (B33b)
Comparing the expressions in Egs. (B20c), (B21b),

(B22c¢), (B23b) and those in Eqgs. (B31), (B32), we obtain
a 4 x 4 linear system to solve for the unknown coefficients

(

C(117n), D(11,n)a C( oy and D(1 ny that can be introduced
back into Egs. (B2()) and (B23) to calculate the fields
inside, outside the sphere and on the sphere surface.

In Fig. 10, we showed the electromagnetic fields ob-
tained by the asymptotic approximations detailed in Sec-
tion B, and compared them with the results gotten by the
in-house built field only surface integral method [43, 49—
53]. Good agreement has been found between the results
obtained by the different methods mentioned above.
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