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Abstract

We present the results of a theoretical study of XUV superfluorescence from doubly excited
states of helium resonantly pumped by FEL pulses. Our model allows to predict both the spectrum
and angular distribution of emitted XUV radiation in a wide range of experimentally accessible
parameters. This is achieved by going beyond two key deficiencies of most previous models: the
one-dimensional treatment in space is upgraded to three dimensions with electromagnetic fields
treated in the paraxial approximation, and spontaneous emission is modeled by a recently developed
approach that avoids the unrealistic delayed response but preserves the expected characteristics
of the emitted field in the spontaneous emission limit. The case study of 3a P resonance in
helium with 63.66 eV excitation energy is presented for realistic parameters of seeded light pulses
from the FERMI FEL facility and a newly developed high-pressure gas cell. Results of numerical
simulations show that both the spectral width and angular divergence of emitted radiation vary

with gas pressure and pump pulse intensity in a complex way.



I. INTRODUCTION

The development of free-electron lasers (FELs) [1-3] has opened the way for studying
nonlinear interaction of extreme ultraviolet (XUV) and x-ray light with matter. One of
such processes is superfluorescence [4], where spontaneously emitted radiation is amplified
as it propagates through an inverted population of target atoms. Achieving a substantial
population of excited states which rapidly decay via fluorescence in the XUV or x-ray spec-
tral domain requires pumping by highly intense light pulses with duration on the order of
femtoseconds, that are currently produced only by FELs. Superfluorescence has in recent
years been observed in a range of different targets, for example in neon gas [5], copper foil [6]
and manganese solutions [7]. In all of these experiments, strong amplification of fluorescence
was observed along with an exponential dependence of the number of emitted photons on

pump pulse energy.

Since the emitted light pulses have high longitudinal coherence and a duration that is com-
parable to that of FEL pulses [8, 9], there has been interest in employing superfluorescence
as the basis for new implementations of x-ray lasers [10]. However, designing such elaborate
instruments requires reliable theoretical predictions. Modeling of superfluorescence is an
intricate problem, which has been extensively investigated in the optical domain [4], but
has recently also received attention at shorter wavelengths [8, 9, 11]. Despite the progress
in the theoretical description of XUV and x-ray superfluorescence, the agreement between
predictions and experimental results is still only qualitative. One of the problems is an ac-
curate description of spontaneous emission, which is the basis for subsequent amplification
of the emitted field. This has most widely been modeled by adding stochastic noise terms
mimicking fluctuations of polarization to the semiclassical Maxwell-Bloch equations [12, 13].
However, it has been shown [14] that the generally used form of the noise terms produces
a delay in the emitted pulse with respect to pumping, and is thus inadequate for modeling

systems in which pump pulse duration is comparable to the excited state lifetime.

Another reason for the poor agreement between theoretical and experimental results is
that field propagation is generally modeled in a single spatial dimension. This is justified by
the fact that typically in superfluorescence experiments the excited part of the target has the
shape of an elongated cylinder. However, even in this case, the system evolution depends on

the Fresnel number, which is proportional to the square of the target radius and inversely



proportional to the target length and emitted field wavelength, and is thus a measure of the
significance of diffraction effects [4]. Strictly speaking, the one-dimensional spatial approxi-
mation is only adequate when the Fresnel number of the system is approximately one. The
spatially one-dimensional approach also assumes that the intensity profile of pump radia-
tion in the plane perpendicular to its propagation direction is uniform with a cut-off at a
certain radius. Since the amplification of emitted radiation depends exponentially on the
local intensity of the pump pulse, such a model cannot directly describe the propagation of
pulses with a Gaussian lateral intensity profile, such as those produced by realistic FELs [1].
A Gaussian spatial intensity profile can be approximately accounted for by combining sim-
ulation results for the box-type intensity profile for different peak intensities [14]. However,
such spatial averaging does not provide information on transverse variations of the emitted
field intensity, and is only applicable if the Rayleigh range of the pump beam is much larger
than the target length, so that diffraction of the FEL pulse inside the target is negligible.
This is not the case in experiments with gas targets pumped by XUV pulses featuring focal

sizes of a few micrometers and the Rayleigh range on the order of milimeters [15].

The typical experimental setup for observation of superfluorescence is the following: pump
pulses are focused onto the target to create a long column of transiently excited atoms or
ions. Amplified emission in the forward direction is analyzed with a dispersive spectrometer,
diffracting the signal onto a 2D detector. The dispersive axis of the recorded images thus
reflects the energy spectrum of superfluorescence pulses, whereas the nondispersive direction
allows for observation of the spatial intensity profile of emitted radiation [5]. Recording
the zero-order image on a CCD camera after filtering out the pump signal also allows to
directly measure the transverse angular profile of superfluorescence with a resolution of
approximately the ratio of pixel size and distance between the target and detector. However,
due to the lack of 3D modeling, the latter aspect of the measurements has not yet been fully
investigated. Modeling the spatial dependence of the emitted field intensity is also crucial for
experiments in which the gain cannot be simply inferred from measurements of the emitted
pulse energy. Such an example is the observation of seeded Mn K/ stimulated emission [16],
where the target was irradiated with two-color FEL pulses. One color was used to create a
core-hole population inversion, and the other to stimulate the weak K/ emission. Because
of the lack of an upstream spectrometer that would measure the shot-by-shot seed pulse

energy before the target, amplification of K3 emission was detected based on the angular



divergence of the amplified field with respect to the seed.

In this work we present a theoretical study of XUV superfluorescence from the 3a'P°
doubly excited state of helium, resonantly pumped by FEL pulses with 63.66 eV photon
energy (Fig. 1). The evolution of the system is described in three spatial dimensions and
time, and the electromagnetic fields are propagated in the paraxial approximation. This
is applicable since due to the elongated shape of the excited medium, emitted radiation
primarily propagates along the cylinder axis even when taking into account its transverse
variations. The duration of pump pulses is comparable to the 80 fs lifetime of the excited
state, which predominantly decays via autoionization. To model spontaneous emission and
the onset of amplification, the recently introduced form of stochastic noise terms [17] is
added to the Maxwell-Bloch equations. We demonstrate that this approach reproduces the
expected temporal and spectral profile of spontaneously emitted radiation in the paraxial
approximation for the studied system.

The helium atom is the prototypical two-electron system, and as such it has been im-
mensely studied over the years. In particular, the measurement of the double excitation
spectrum [18] was one of the early ground-breaking applications of synchrotron radiation.
The advent of XUV FEL sources has enabled the study of nonlinear effects in helium, such as
resonant multi-photon excitation [19, 20] and superfluorescence at visible wavelengths [21].
While XUV amplified spontaneous emission from helium has not been observed before,
superfluorescence from the 3a'P° doubly excited state was theoretically investigated in
Ref. [22]. However, in this study, the system evolution was described in a single spatial
dimension, and spontaneous emission was modeled using noise terms that introduced an
artificial delay to the emitted field. This model could thus provide only qualitative pre-
dictions on the characteristics of superfluorescence. In the present work, we surpass the
most prohibiting limitations of the previous model by treating the system evolution in three
spatial dimensions with noise terms that adequately model spontaneous emission, as well
as including resonant coupling in He™, which will be shown to significantly affect the spec-
tral properties of emitted radiation after its amplification. The presented numerical results,
which are calculated for realistically achievable pumping and target parameters, could thus
be directly experimentally verified.

The paper is organized as follows: in Sec. II, the theoretical model of superfluorescence

from doubly excited states of helium is described along with the methods used to numer-
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FIG. 1. Schematic representation of the level scheme. Helium atom in the ground state (0) is
resonantly photoexcited to the selected doubly excited state (i), which is coupled to the continuum
and decays via fluorescence to a singly excited state (f) or via autoionization to Het 1s (a). The

latter is coupled to Het 2p (b) by the emitted radiation.

ically solve the obtained system of partial differential equations. Numerical results of the
simulations and characteristics of superfluorescence in different regimes are discussed in
Sec. III. Details of the derivation are presented in Appendix A, whereas the numerical val-
ues of photoionization cross sections used in the simulations are specified in Appendix B.
In Appendix C, simulation results for the case of spontaneous emission are discussed, and
the ability of stochastic noise terms to suitably describe spontaneous emission is verified.

Atomic units are used throughout the paper, unless states otherwise.

II. THEORETICAL DESCRIPTION AND MODELING

The target is helium gas which is pumped by linearly polarized FEL pulses with 63.66 eV
photon energy, resonant with the 115¢ — 3a'P° transition (]0) — |¢) in Fig. 1) [23]. This
particular doubly excited state was selected for the present case study because it is relatively
isolated in energy, so considering the pump spectral width, which is a few meV for seeded
XUV FEL pulses [1], it is the only state that is excited. It has a lifetime of 80fs [23]
and decays predominantly by autoionization, resulting in a natural linewidth of 8.2 meV.
The radiative decay contributes only 4.8 ueV [24] to the width, and the dominant radiative
decay channel is to the singly excited 315¢ state (|f)), with the emitted photon energy of
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40.74eV [25] and a fluorescence branching ratio of 72.7%. The final singly excited state
has a lifetime of 55ns [26]. Minor radiative decay channels of the doubly excited state are
neglected, as it has been shown that emission from the dominant fluorescence channel is
most strongly amplified and inclusion of minor channels does not significantly affect the
evolution of superfluorescence [22].

Transition dynamics in the helium atom are modeled by a three-level A system, which
is resonantly coupled to the 1sep continuum (Fig. 1). This is a good approximation, since
the linearly polarized pump field resonantly populates a single excited state, and this decays
radiatively to a single final state by emission of radiation having the same linear polarization
as the pump. The energy of photons emitted on the |i) — |f) transition is relatively close to
the 40.8 eV energy of 1s — 2p transition in He™ with a 6.6 ueV natural width. The ground
state of He™ (denoted by |a)) is strongly populated by autoionization of the doubly excited
state, so in the saturation regime, where the spectral width of emitted radiation is expected
to increase [9], significant field absorption due to the Het 1s — 2p transition could occur,
and the corresponding resonant coupling must be considered by the model. Spontaneous
emission on this transition is neglected, since the He™ 2p excited state (|b)) has a lifetime of
100 ps. Additionally, atomic and ionic states can be photoionized by the pump and emitted
field. State |c) denotes a single level that is included to account for field absorption due to
photoionization and effectively replaces excited states He™ nl with n = 3,4. The latter is a
reasonable approximation made to simplify the model, because resonant coupling of these
states to each other or to the atomic states is negligible, and their populations are expected

to be small.

A. Equations for atomic populations and coherences

Atomic states are coupled by the pump field F and emitted field E, with their main
propagation direction parallel to the z axis. The transverse electric fields can be written in

terms of their slowly varying amplitudes as
U = UMD elFuzz—wut) + U g ilkuzz—wut) (1)

Here U = F, E are the pump and emitted electric field, and UF = F&) €& their re-

spective positive- and negative-frequency components. Wave vector component along the



main propagation direction z and carrier frequency of the field U are denoted by &y, and
wy, respectively. When modeling spontaneous emission with the addition of stochastic noise
terms [17], the positive- and negative-frequency field amplitudes are not complex conju-
gate pairs. However, |0) — |7) transition is resonantly pumped by a strong FEL pulse and
branching ratio for the decay of the doubly excited state back to the ground state is about
50 times smaller than that for fluorescence into the final 315¢ state [27]. Stochastic noise
contributions to the |0) — |i) transition are thus negligible, and we can assume F(-) = FH)*,

Following the derivation in Refs. [22, 28, 29], which is also outlined in Appendix A, we
obtain a system of semiclassical Maxwell-Bloch equations that describe the evolution of the
density matrix and propagation of electric field amplitudes in the paraxial and slowly varying

envelope approximations [30]. In the retarded time frame, with 7 = ¢ — a2z, the evolution of

atomic populations is described by

0 () ~ i _ _ i
a0 =~ (0 + Lo)poo — iF ) fig; <1 - —) pio +1FH) iy (1 + —> Poi (2a)
T qoi dio
9] () ~ i () ~ i
9. i = (T + Tr + i) pii — 15 fiyg (1 - —) poi +iF ) fig; (1 + —) Pio
T dio qoi
. - 1 () ~ i
— i€ fiiy (1 = f) pri +1€ T iy, (1 + _,) pis = X (hpsi + i), (2b)
qif ari
9 o (L)~ i () ~ i
9P == (v +Tp)ppr + Tl o — 1€ fig (1 - —) pis + 1€ fiig (1 + —) Pfi
T qfi qif
+ x (W'pig + hpgi) + h*pig + B pyi. (2¢)

Here I', = 8.2meV is the autoionization decay width of the doubly excited state, I', = 4.8ueV
its fluorescence width, I'/ = 3.5ueV partial radiative rate to the final state, and v ; are field-
induced widths of the ground and final state (see Appendix A). Nonresonant photoionization
processes are encompassed in I';, j = 0,4, f, that are added to the density matrix equations

via a rate-equation approach and are defined as

FO = Fgo, (3&)
[y = Tgi+ e, (3b)
Ff = Fgf. (3C)

Here TI'y; denotes the photoionization rate of state |j) with field U and can be expressed as
I'yj = oyjJu, where Jy = UHUS) / (2rawy) is the flux of field U and oy; the photoionization

cross section specified in Appendix B. Ionization of the ground state with the emitted field
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populates He™ 1s, whereas ionization of the final state with the pump field and ionization
of the doubly excited state with both fields populate the combined ionic state |c) (see
Appendix B).

The modified dipole matrix elements fi;; = fi;;, 7 = 0, f, describe transitions to and
from the discrete excited state modified by an admixture of the continuum [22], and ¢;; are
the real-valued Fano parameters [31]. For the present atomic system, the values of dipole
moments are ji;o = 0.0143 a.u. and fi;; = 0.279 a.u.. For the pumping transition g;o = —2.57,
so the resonant part of the absorption coefficient for the pump field exhibits an asymmetric
Fano profile, whereas for the |i) — |f) transition ¢;; was calculated to be 310, hence in the
spontaneous emission limit the emitted field spectrum is modeled as a Lorentzian. Fano
parameters ¢;; and dipole matrix elements fi;; were calculated using the method of complex
rotation [32].

The terms proportional to A" A(V* on the r.h.s of Egs.(2b) and (2c) are stochastic
noise terms mimicking spontaneous emission on the |i) — |f) transition, with x being a
normalization factor [17, 33]. The derivation of stochastic terms for the studied case is
presented in Appendix A, whereas in Appendix C we numerically demonstrate the validity
of simulating spontaneous emission with this approach by comparing the numerical and
analytical results in the limit of low target pressures and pump pulse intensities.

Coherences describing the pumping transition |0) — |i) evolve according to

9 I'; . . . 1 . - i
a_Pio = — <—0 + Fz% - 1A9> pio — 1F P 0 (1 - _) poo + 1F P fig (1 + _> Pii

87' 2 dio dio
) 5 1
— i€ iy, <1 — E) pro — xhpyo, (4a)
0 I . () 1 )~ 1
AP0 = — <—0 +T0+ 1A?> poi — 1F ) fig; (1 - —) pii +1F ) fig; (1 + —> Poo
or 2 qoi Qoi
VR 1
+ 18( )/Lfi (1 + E) Pof — Xthof, <4b>

where I';; = Iy + I + 1, + T +~; for j =0, f, and Ay = wy — (E; — Ep) is the pump
field frequency detuning (E; are energies of atomic levels). The last two terms on the
r.h.s of Eqs. (4) are proportional to pof, pro, and are significant only when the emitted field
intensity is large. In the studied system, this only occurs after field amplification, when the
contribution of spontaneous emission is already negligible and the emitted field amplitude
can be described classically with &) ~ &®)*  Consequently, stochastic noise terms in

Egs. (4) can be neglected, and we can assume p;o = pg;-
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The Doppler line broadening is accounted for in an approximate way [34] by adding an
extra decay rate I‘g = vp|E; — E;| to the equations for nondiagonal density matrix elements,
where vp = [8 ln(Q)/{IBT/(MCQ)]l/Q ~~ 6.15 x 107% at room temperature with M being the
mass of helium atoms and 7' the gas temperature. Collisional processes are neglected, since
for the gas pressures of interest both the elastic collisional rates between atoms [35] as well as
electron-impact excitation and ionization rates [36] are much smaller than the autoionization
or photoionization rates.

The time dependence of other nondiagonal matrix elements is described by

9 ¥ : . . 1 : . i
Ao Pif = — ( ! + Fgc — IAE) Pif — 18(+)Nif (1 - q—> Prf + 18(+),LLif (1 + q—> Pii

67' 2 if if
. . i .
— iF iz (1 - a) pos + xh (pii — prr) + B pi, (5a)
a Ff D . . o i . ~ i
5.7 (2 + 1+l €>Pf 1 w( qﬁ)p +1C Ty +Qi Psf
o) ~ i .
+1F ) fig; (1 + QT) pro + xh' (pii — prs) + 1 pas, (5b)
8 To; . o i o i
5. P0s ( 5 +i[Ag e]) poy —iF " fig ( qu>Pf+1 flif +Qif Po
+ (xh + h™) poi, (5¢)
gp - _ M_'[AS,_AE] pro — i€ s 1_L pio +1F M i, 1+L i
or' 10 2 79 /i qfi © 0 qio &
+ (xh' + ") pio, (5d)

with Ag = we — (B; — Ey) being the emitted field detuning, and oy = >, (I'; + 7).
Since in our case the only contribution to the emitted field stems from resonant fluorescence,

Ae = 0.

B. Equations for ionic populations and coherences

lonic states |a) and |b) effectively act as a two-level system, however, the equation gov-
erning the lower state population contains additional terms due to its resonant coupling to

the doubly excited state:

0 16 '
§yPaa =~ T5aPaa + (o + Te0) poo + Tapii + 11055 — 1€ ptavpra + 1€ tipapan
+ 2B 50 g, 4 2R GO ol 0y i (6a)
qio qoi if ok



0

P =~ (Tgp + Tep) pov + 1€ tavppa — 1€ i pas, (6b)
a Fab : A lon o (—

Epab = - (7 + 1A8 ) Pab — 18( )Mab (/Obb - paa) ) (6C)
a Pa : A lon .

or =T <Tb —iAg > Pra + 1€ i (o — Paa) - (6d)

Here Hab = Hba = 0.372 a.u., Pab = Pga + ng + ng, and Aison, = Weg — (Eb — Ea> with Ea and
E, being the energies of the He™ 1s and 2p states, respectively. Other levels of He™ are only
coupled to the rest of the system through nonresonant photoionization, so the population

of state |c), in which they are combined, evolves according to

0

P =~ (Dge + Tee) pec + L + Lei) pii + Dappys. (7)

C. Field propagation equations

In the paraxial approximation, propagation of the slowly varying pump field amplitude
is described by (see Appendix A) [4, 37]
9 _ LV2 FH = g _oriaw njitg; | 1 — L Pi (8)
Oz ng 1 9 F 07 Qoi 10

where V2 = (9%/0x* + 0%/0y?), n is the number density of atoms, and

Ky =1 (501000 + Z U?jﬂy‘y‘) (9)

j=i,f.ab.c

is the pump field absorption coefficient. The FEL pump pulse impinging on the target is
assumed to have an axially symmetric Gaussian transverse intensity profile with the focal
point at longitudinal position zy (see Appendix A). The input parameters are the pulse
energy Epg, and spotsize dy in focus (FWHM of the intensity profile). The temporal profile
of the pump pulse is also assumed to be Gaussian with a FWHM duration 7, in accordance
with temporally coherent pulses produced by the seeded FEL FERMI [1] that operates in
the XUV spectral range.

Equations for the emitted field amplitudes are

9 i ke . . i\ pir+ 05
— = V2] EM = e _9 (1-—)—= h
) R L () R

+nuabpba] (10a)
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Due to the stochastic noise terms (terms proportional to h, h') the positive- and negative-
frequency amplitude components are not hermitian conjugates. The form of coherence terms
(second term on r.h.s of each equation) arises from the regularization necessary because of
divergent noise trajectories [17]. The absorption coefficient

Ke =1 (5'fpff + ) 06ij;'>

§=0,i,b,c

is the same for both amplitudes, as it only depends on the field flux and diagonal density

matrix elements.

D. Numerical implementation

The system of differential equations is solved numerically on a discrete grid of points
(ks Yty 2my Tn) = (KAz, 1Ay, mAz,nAT). Differential equations for the density matrix are

propagated as

reg. + AT Pij, ziyrzmTn ’noise7 (11>

Pij, zpyizmmne1 — Pij, zpyizm i1

where pij 2,y zmmmin is the regular part of the density matrix equations (without stochas-

reg.

tic terms), which is propagated from time 7, to 7,41 using the 4th order Runge-Kutta

method [38], and pij,xkylzmm‘ is the stochastic part. On the discretized grid, the noise

noise

normalization factor is x = Tawe|jif;|*Az and the stochastic terms are defined as [17]

Pz, = V XA‘lfAT [ Pii fiiiﬂff]xkylzmm Seimmre (128)
Mo = V XA‘l/AT { Pii iZ‘Z‘Pfkayzzan Eoaman (120)
W mr = \/ N {\/ L ;Mpf | G (12c)
Mhzmrs = \/AX;(AT [\/p“ f;z’pff_ P i (12d)

where AV = AzAyAz, and & ¢ are complex random numbers drawn from a standard
normal distribution at each grid point. Equations for the field propagation are solved by a

split-step finite-difference beam propagation method [39, 40] (see Appendix A for details).
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III. RESULTS AND DISCUSSION

Previous studies have shown [22] that the crucial parameter for achieving superfluores-
cence in gasses is a sufficiently high target density. This is usually achieved by using an open-
end stationary or pulsed gas cell, or an Even-Lavie or Parker valve as the source [5, 41, 42,
however, in these cases the spatial profile of gas density is generally unknown. Moreover,
density along the pump pulse propagation direction rises and falls off slowly, causing un-
wanted absorption of the pump pulse where gas density is too small to achieve amplification.
Another option is to use the recently developed microfluidic glass cells produced by fem-
tosecond laser irradiation followed by chemical etching [43, 44], which allow to achieve a high
gas density with a flat profile in a localized region. Such cells have been used for example
to demonstrate the generation of few-cycle deep ultraviolet pulses via frequency upconver-
sion [45], and to efficiently generate high-order harmonics in helium gas [46]. These devices
appear ideal for superfluorescence experiments, since the gas density inside the cell can be
finely tuned and pressures of up to 1bar can be achieved [46]. As the aim of this study is to
reproduce a realistic experimental setup as closely as possible, we will use a density profile
that can be produced by a simple version of such a cell [45] and is shown on the left-hand
side plot of Fig. 6. The (target or gas) pressure p specified throughout this section refers to
the backing pressure in the reservoir that is connected to the cell by an injection channel.
Gas density inside the cell scales linearly with backing pressure [46], and its maximum value
is about 1% smaller than the density calculated from the ideal gas law using the value of
the backing pressure. The length of the microfluidic cell is around 10 mm, and we assume
that the focal point of the FEL beam is at the middle of the cell with a focal FWHM spot
size of dy = 6 um and 79 = 50fs FWHM pulse duration, in line with parameters achiev-
able at FERMI FEL [15]. Numerical results presented in this section are averaged over 300

repetitions of the simulation, unless stated otherwise.

In experiments with gas targets, it is possible to investigate the dependence of the super-
fluorescence yield from a given excited state on two parameters: target pressure and pump
pulse energy. The number of emitted photons as function of these two parameters for the
3a 'P° resonance in He is shown in Fig. 2. Increasing either of the two parameters produces
the same characteristic curve. At low pressures or pump pulse energies, the density of ex-

cited states is small and emission is spontaneous with a linear increase of the number of
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FIG. 2. Number of emitted photons as function of gas pressure and pump pulse energy. Dashed

lines denote the corresponding number of pump photons impinging on the target.

emitted photons. When either of the two parameters is sufficiently high, the emitted field
starts to amplify and the photon number increases exponentially, until the system reaches
saturation at high gas pressures and/or pump pulse energies. In the latter regime, the de-
pendence of the photon number on the two parameters can be anywhere from constant to
linear, depending on the fraction of atoms that is excited from the ground state, or can
even start to decrease at very high gas pressures, when emitted field absorption becomes the
dominant process. At the highest investigated gas pressures, the number of emitted photons
is only about and order of magnitude smaller than the number of photons in the FEL pulse
impinging on the target.

A quantity that is generally measured in superfluorescence experiments is the spatially-
integrated frequency spectrum of emitted radiation. In the spontaneous emission limit, the
spectral profile is approximately Lorentzian with a width corresponding to the excited state
lifetime (see Fig. 7(a)). The spectral shape remains roughly equal also in the amplification
regime. While gain narrowing, i.e. a decrease in the bandwidth of emitted radiation, is
expected to occur simultaneously with field amplification in high-gain systems [47], this
is not observed here because the pump pulse duration is comparable to the excited state
lifetime, and pumping modifies the excited state population as it decays. Increasing the

pressure even further leads to a broadening of the spectral line, which also becomes highly
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FIG. 3. Spectral intensity of radiation emitted from the target exit integrated over transverse
dimensions for different backing pressures and 40 uJ pump pulse energy. Dashed vertical line

denotes the |i) — |f) transition energy.

asymmetric. Figure 3 shows spatially-integrated frequency spectra of radiation emitted by
the target for different backing pressures after the onset of saturation. Broadening of the
spectral line is caused by the Autler-Townes effect and is characteristic of the saturation
regime of superfluorescence [9, 22], however, its asymmetry is specific to the presented case.
In part, the asymmetric profile is a consequence of the fact that radiation stems from an
autoionizing resonance. This leads to a modified Autler-Townes effect producing a complex
spectral shape [48], which can be observed in Fig. 3 for pressures below 20 mbar, when
the emission line is still relatively narrow. Additionally, as the spectral line widens with
increasing gas pressure, the high-energy part of the emission spectrum starts to overlap
with the energy of Het 1s — 2p transition at 40.8 ¢V. The emitted field is re-absorbed around
this transition energy due to resonant excitation of He' ions in the ground state. Depending
on the pressure and pump pulse energy, this absorption can be only partial; coupling of ionic
states to the strong electric field produces Rabi oscillations in the time domain (see Fig. 6)
and the corresponding broadening or splitting of the emission line in the spectral domain.
In line with this, the spectral region of partial field re-absorption is not limited to a few peV
around 40.8 eV photon energy, as expected in the case of non-driven He™ 1s — 2p transition
governed by the natural width.

In the XUV spectral region, directional radiation emitted from the target is usually ana-
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FIG. 4. Single-repetition and average time-integrated angular spectra of radiation emitted from
the target exit for 5 mbar (first row) and 25 mbar backing pressure (second row), and 10 xJ pump

pulse energy.

lyzed using a grating spectrometer. In the Fraunhofer approximation, the zero-order image
measured on a 2D detector typically positioned several meters from the target approxi-
mately corresponds to the time-integrated angular spectrum of emitted radiation. Examples
of single-shot 2D angular spectra along with spectra averaged over 300 repetitions of the
simulation for two different backing pressures are shown in Fig. 4. For the considered pump
pulse energy of 10 uJ, the lower pressure of 5mbar corresponds to the amplification regime
of superfluorescence, whereas at the higher pressure of 25 mbar the system is in saturation.
Single-shot angular spectra differ substantially between different repetitions of the simula-
tion and can be highly asymmetric, with the peak of intensity positioned off-axis. This
reflects the randomness of spontaneous emission which initiates the amplification process.
On the other hand, average spectra exhibit cylindrical symmetry with maximum intensity
at 0, = 0, as expected when pumping the target with a Gaussian beam. Average spectra
differ for the two gas pressures, both in their shape as well as angular divergence.

More detailed changes of the angular spectral shape and divergence with varying gas
pressure are demonstrated in Fig. 5. We define the angular divergence as the FWHM
of average angular spectral intensity at either 6, = 0 or §, = Omrad (average spectra
are axially symmetric). At the lowest depicted pressures corresponding to initial stages

of the amplification regime, the angular spectrum is approximately Gaussian, but angular
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FIG. 5. (a) Scaled angular spectra of emitted radiation at 6, = 0 for different backing pressures
and 10 uJ pump pulse energy. (b) Angular divergence of the emitted field (see text) as function of
backing pressure for two different pump pulse energies. Dashed gray lines denote the (a) angular

spectrum and (b) angular divergence of the pump pulse.

divergence decreases with increasing pressure. This is a consequence of gain guiding; contrary
to the case of spontaneous emission, which is approximately isotropic, in stimulated emission
the field modes that are amplified are those propagating at small angles with respect to the
pump propagation direction, because those are the modes that encounter a large population
inversion and can thus be amplified. Moreover, the spatial profile of population inversion
mimics that of the pump pulse, and thus has a Gaussian transverse profile. Since the rate
of amplification is exponentially dependent on the local population inversion, its spatial

distribution additionally contributes to the overall reduction of divergence.

As the gas pressure increases, parts of the gas close to the axis of pump pulse propagation
enter saturation. However, field modes propagating off-axis might still undergo exponen-
tial amplification, since away from the target axis the overall field intensity is smaller and
population inversion can remain positive. Consequently, in latter parts of the target, am-
plification of off-axis modes is relatively stronger than of those propagating at very small

angles, hence the angular spectrum changes shape and divergence increases.

Depending on the combination of gas pressure and pump pulse energy, the transverse

profile of population inversion can differ substantially from the Gaussian profile of the pump
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pulse, and the maximum density of excited states can also vary longitudinally. The former
occurs if the pump pulse is strong enough to completely deplete the ground state in some
finite transverse region, whereas the latter takes place if the gas pressure is large and the
pump pulse is significantly absorbed as it propagates through the target. Both cases can
lead to a more complex dependence of the angular divergence, as shown for the 40 uJ case
in Fig. 5(b).

Overall, the angular divergence of the emitted pulse is significantly larger than that of
the pump pulse. For all investigated gas pressures and both pump pulse intensities, angular
divergence of the pump pulse after transition through the target is approximately 1.4 mrad.
In terms of the angular spread of a Gaussian beam, which is defined in terms of its waist, this
corresponds to 2.5mrad, which is approximately in agreement with the expected angular
spread of a Gaussian beam for the given focus size and wavelength (2.43 mrad) [49].

Analyzing the spatio-temporal dependence of emitted field intensity and population inver-
sion shows that the dynamics of light-matter interaction are indeed highly nonuniform across
the target, making 3D spatial modeling crucial for studies of superfluorescence. Figure 6
shows the (x,7) dependence of these variables at y = 0 um and two different propagation
distances z. The dependence of the emitted photon number on z is similar to the curves
in Fig. 2, with a clearly discernible amplification and saturation region. Hence, the first
longitudinal point z = —2.8 mm corresponds to the amplification regime, and the second
point z = 2.8 mm to the saturation regime. Even though the quantities depicted in Fig. 6
cannot be directly measured, they can support the interpretation of results in Figs. 2 and
3, which can be experimentally verified.

At z = —2.8mm, population inversion in atomic helium p; — pss, which is created by
resonant pumping with the FEL pulse, is positive and relatively large at short times. The
main decay channel of the doubly excited state is autoionization to state |a), causing the
population inversion in He™ to be negative in the whole (x,t) region, since here the emitted
field intensity is relatively small and resonant transfer of population to He™ 2p is negligible.
The ground state of Het can be further photoionized to He?t by the strong pump pulse,
making the spatio-temporal dependence of population inversion more complex. The emitted
field is delayed with respect to the pump pulse, as amplification requires some time to build
up [9]. Since Fig. 6 shows results for a single repetition, the transverse dependence of the

emitted field intensity is not symmetric with respect to x = 0 um. However, this allows us
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FIG. 6. Results of a single repetition of the simulation for 25 mbar backing pressure and 10 pJ
pump pulse energy. Left-hand side of the figure shows the number of emitted photons as function of
propagation distance, along with the scaled longitudinal density profile of gas inside the microfluidic
cell. Transverse (x,y) dependence of gas density is assumed to be constant. Plots on the right-hand
side show the scaled emitted field intensity, population inversion in neutral helium p;; — pyr, and
He™ population inversion py, — pae at ¥ = 0 um for two propagation distances, i.e. z = —2.8mm
(bottom row) and z = 2.8 mm (top row), indicated by black dots on the left-hand side plot. Time

7 = 0fs coincides with the peak of pump pulse intensity.

to observe that the regions of (z,7) space where the emitted field intensity is significant
coincide with the regions where p; — pys becomes negative; these are the regions where
due to stimulated emission population is transferred to the final state |f) by emission of an
additional photon.

In the amplification regime at z = 2.8 mm, Rabi oscillations are clearly visible both in
the emitted field intensity and p;; — pfs population inversion, where again the high-intensity
regions coincide with a larger population of the final state. In the spectral domain, these
oscillations correspond to a broadening of the emission line, as seen in Fig. 3. At long times,
He population inversion around the target axis is more negative than in the amplification

regime, which indicates that transfer of population to state |f) is stronger resulting in a
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larger number of emitted photons. A clear manifestation of Rabi oscillations also in the He™
population inversion confirms that the emitted field is indeed partially reabsorbed around the
resonant energy of the |a) — |b) transition. The spectral line there is broadened beyond the
natural width due to coupling with strong electric fields, leading to the non-trivial calculated

spectral shapes at high gas pressures (Fig. 3).

IV. CONCLUSIONS

We presented the results of a theoretical model of XUV superfluorescence emitted by
helium atoms in a doubly excited state that is resonantly pumped by FEL light pulses. The
model provides quantitative predictions that could be directly verified in an experimental
campaign. The evolution of light-matter interaction is described in three spatial dimensions
and time, and electric fields are treated in the paraxial approximation, which is a realistic
3D approximation due to the elongated shape of the active medium. Spontaneous emission,
which initiates superfluorescence and thus crucially determines its evolution, is modeled by
a recently developed form of stochastic noise terms that reproduce the expected properties
of emitted radiation at low density of atoms in the resonant state.

The developed model enables the study of both the frequency and angular distribution of
the emitted electric field, which are observables that could be measured with spectroscopic
setups adapted to superfluorescence experiments. Characteristics of the emitted field are
investigated for a wide range of experimentally achievable gas pressures and pump pulse
energies. Simulation results show that the spectral width of emitted radiation increases
significantly with increasing excited state density, and the distribution of spectral intensity
exhibits a complex profile resulting from several processes. The angular divergence of the
emitted field also varies with increasing gas pressure or pump pulse energy, and is calculated
to be significantly larger than that of the pump beam. The latter is in line with experimental
observation of seeded Mn K/ emission [16], where field amplification was detected based on
the large angular divergence of emitted radiation.

While the model takes into account a wide array of atomic processes, some approxima-
tions are still made in the derivation of Maxwell-Bloch equations that limit the usability
of the presented theoretical description. One of them is neglecting the minor radiative de-

cay channels of the doubly excited state that could potentially get amplified after emission
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on the dominant radiative transition becomes saturated [9], although it has been shown in
the frame of a spatially one-dimensional model that this should not significantly alter the
simulation results [22]. Another limiting approximation is neglecting the shifts associated
with autoionization and field-induced ionization (see Appendix A). These could become sig-
nificant at very large pump pulse energies or target pressures, and hence limit the range
of parameters that can be studied with the presented model. Finally, at large gas pres-
sures, plasma effects and electronic collisional processes could alter the dynamics of the
system evolution, or the propagation length at which the system reaches saturation could
become comparable to the transverse extent of the target, which would make the paraxial
approximation no longer applicable. Experimental investigation of resonantly pumped XUV
superfluorescence, which has not been observed before and is feasible for the studied atomic

system, is thus crucial for the evaluation of the presented theoretical results.
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Appendix A: Derivation of Maxwell-Bloch equations

The effective Hamiltonian which describes the atomic system interacting with resonant

electromagnetic fields (Fig. 1) in the rotating wave approximation is [50-52]

H= ) B+ /(Ej + ) [je) (jelde + F iobs ) (O] + F 10,6050) (il +
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where E; is the unperturbed energy of state j, E, + € (E}, + €) energy of the lsep (2pep)
continuum state, p;r = (j|ft|k) are the dipole matrix elements with /i being the projection
of electric dipole moment onto the field polarization vector, and for shorter notation we
introduced 6y = exp (iky.z — iwyt), U = F, €. Continuum states above the N = 1 ionization
threshold are coupled to the doubly excited state via interaction V, with Vj, = (j|V]k).
Tonic state |c) is only populated through nonresonant processes, so it is omitted from the
Hamiltonian and will be coupled to the atomic system at a later stage via the corresponding
photoionization rates [30].

By writing the solutions of the time-dependent Schrodinger equation in terms of the

slowly varying probability amplitudes of resonantly coupled states u; as

|¢> = eiiEot <UO|O> + U19§’Z> + Uf&f&é‘f) + /d€ (ua€93|ae> + Ubeeff@g‘bd)) s (A2)

we arrive at the following equations for the time evolution of probability amplitudes:

0
ol = —1F ) pgsu; — i/degj()MOauaea (A3a)
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—u; = iAgu; — 1F P pgue — 1€ pipup — i | deViguee, 3b
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0
auf =1 (EO + Wy — Ef - (,Ug) Up — 18(_):ufzuz - i/deg(_):ufauae? (A3C)

0
auag = 1A, (€)Uge — i97<+)ua0u0 —iVu; — i8(+)pafuf - 18(_>uabub€, (A3d)

%ubE = 1Ap(€)upe — i8(+)p,bauae (A3e)

and analogous equations for complex conjugate amplitudes, with A,(€) = Ey+wg — (E, +€)
and Ay(€) = Ey + wy + we — (Ey + €). By using the Born-Markov approximation [53] for the
terms coupling continuum and atomic states, equations for amplitudes wu,, v}, at time ¢ can

be formally solved to obtain (spatial coordinates are omitted)

FE () praoo(t) + EF () pragur(t) + Vagui(t) ¢ , )
aet _ al a ai Wi s dt/ —1Aa(e)(t—t)8(_) t/ . . t/
tac(t) Aq(e) +in 1/0 € () tapupe (')
(Ada)
FO ) pgauis () + E( ) s (1) + Vigu(t t ,
g (t) = (Dt A )( Jrai®) + Viril) / At 2Ot e () (1) it (1),
a\€) — 17} 0

(Adb)

where we assume the limit n — 07.

After inserting these solutions into Egs. (A3) and analogous equations for the complex
conjugate amplitudes, and neglecting the coupling of atomic states through the 2pep contin-
uum (terms proportional to Vigpie and fijapias, 7 =0, f), we can make use of the Sokhotski-
Plemelj theorem [54] to define the autoionization width I, = 27T|Via|2Aa(e):o and the associ-
ated shift [50], as well as the field-induced ionization widths vy = &¢J5, 7 = 7¢Je and their
associated shifts [55]. Tonization cross sections of the ground state with the pump field and
final state with the emitted field are defined as 7; = 47r2awu|uja|2Aa(6):0 with j = 0, f and

U = F, €, respectively. In a similar way we can define the modified dipole matrix elements

~ ‘/ia/laj .
MZJ_MZ]+T/d6Aa(€)7 j_07f7 (A5)

that describe coupling of the ground or final state to the doubly excited state modified by the
admixture of the continuum (P denotes the Cauchy principal value). The Fano asymmetry
parameters are then defined as ¢;; = fi;;/ (W‘/;a,uaj)Aa(E):O [31].

Density matrix equations for the atomic part of the system are obtained after neglecting

the autoionization and field-induced shifts [48], as well as coupling of the ground and final
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state through the 1sep continuum (terms proportional to fi;qtek, Where j =0, f and k = £, 0,
respectively) [22], and using pj = u;juj as the definition of density matrix elements. Adding
the rates due to nonresonant photoionization and fluorescence from the excited to final
state leads to Egs. (2-5). Ionic density matrix elements are defined as pj, = [ wjeuj de with
J,k = a,b, from which Egs. (6) are obtained after performing the same approximations as
above.

The noise contribution to equations for the time evolution of density matrix elements is
(see Refs. [17, 33, 56, 57])

0

Epij‘noise = - Z X [psjﬂsa (sth - Hsth) - pisTsja (Hsjh - HjshT)]

0,8 (A6)
+ Z [psjﬂsaHsih* + pisTsjUHsth*} )

0,8
where H;; = O(E; — E;) with ©(x) being the Heaviside step function. Tensor T}y, describes
the relative strength of dipole transitions between atomic states. Index ¢ runs over the
field polarization modes, and s over the states of the system. In our case, since the pump
field is linearly polarized, a single excited state is populated, and this decays radiatively to
a single final state, so the emitted field contains only one polarization mode and index o
can be omitted. As mentioned in the main text, spontaneous decay to the ground state is

neglected, thus
000

Tiw= 1001}, (A7)
010
where the sequence of states is (0,4, f). Inserting Eq. (A7) into Eq. (A6) leads to the noise
contributions in Egs. (2), (4) and (5).

Field propagation equations are derived in the paraxial and slowly varying envelope
approximations [30]. The former consists in assuming that |ky,|, |kuy| < |kuz| ~ |ku|, where
ky = (kuw, kuy, kuz) is the wave vector of field mode U, whereas the latter prescribes that
the spatial and temporal variations of field amplitudes are small, i.e. |OU®) /0z| < ky|UD)|
and [OU®) /0t| < wy|UF)|. Equations (8) and (10) can be written in the form

0
o U= LU+C. (A8)

where L = iV?2 / (2ky) — ku/2. Propagation due to the operator L is approximated using

a second order factorization [39], where the differential operator is evaluated using a two-

26



dimensional Fourier transform over the transverse directions z,y [40]. There are several
options to evaluate the last term of Eq. (A8) [58], but for its simplicity and stability the
implicit backward Euler method was chosen. The field at longitudinal point z + Az is thus

evaluated as

Az Az

U(z—i—Az) _ e—%fiu(z—&-Az)FT;yl e—ékfu(kg-i-kg)FTmy [G_TRU(Z)U<Z)i|:| + AZC(Z+AZ), (A9>

where FT,, denotes the Fourier transform over transverse directions and k,, k, are the
associated spatial frequencies. The boundary condition for the pump FEL field at target

entrance (z = 0) is defined as

7, 2 4 g2 t —to)?
FH(z,y,2=0,t) = zoexp (ikg‘x +Y ) exp <—Q> , (A10)

2q 402

where ¢ = —zy — ikgd?/ (4In2) is the complex beam parameter, o, = 79/ (2\/2111 2), to is
a temporal offset, and JFy is the normalization constant related to the pump pulse energy

EFEL-

Appendix B: Photoionization cross sections

Numerical values of photoionization cross sections for all processes included in the simu-
lation are presented in Table I. Cross sections ¢; connected to the dipole matrix elements for
resonant excitation to the doubly excited state are calculated using the method of complex
rotation [32], and cross sections for ionization of the doubly excited state are calculated
using the methods from Refs. [59, 60].

The n = 3,4 excited states of singly ionized helium, which are replaced with a single
state |c) in the model, are populated in the following way: ionization of the doubly excited
state with the pump and emitted field predominantly populates He™ 3p and 4p ionic states,
whereas ionization of the final state with the pump field mainly produces ions in the He™ 3s
and 4s states. The ratio between the largest and smallest cross section for ionization of these
states with a given field is around 3. Since the overall populations of these states are small
and hence simulation results are not sensitive to their respective cross sections, we take as
Og¢, 0¢. the cross sections for photoionization of He™ 4s, which lie between the values for

other states.
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Parameter Value |Parameter Value

&0 0.044 O5i 1.7x 1073
Gy 44x107%  og 5.8 x 1073

oo 0.10 oy 9.8 x107*
oFf 0.032 oy 4.5 x1073
054 0.037 o5.  4.3x1074

Oce 1.3 x 1073

TABLE I. Values of photoionization cross sections (in atomic units) used in the simulations.
Appendix C: Verification of stochastic noise terms

In the spontaneous emission limit, where the contribution of stochastic terms in Egs. (2,5)
is dominant and stimulated emission is negligible, simulation results can be compared to
known analytical solutions. To verify that the electric field produced by the noise terms
exhibits the expected characteristics, we consider a simplified three-level system, where
photoionization is neglected (oy; = 0, W = F, €, j = 0,4, f,a,b,c) and resonant coupling
between the ground and excited state of He™ is set to zero (e = 0). Additionally, we omit
terms proportional to &™) in the density matrix Eqs. (2,4,5), which produce stimulated
emission on the |i) — |f) transition. This allows us to increase the target density without
producing amplification of the emitted field, and effectively increase the spontaneous emis-
sion signal. This in turn reduces the number of repetitions of the simulation over which the
results have to be averaged to obtain convergence [17]. The target pressure of 0.3 mbar is set
to be constant throughout the 8 mm long target, and FWHM focus size of the pump pulse
with 120 fs duration and 5 pJ pulse energy is set to 10 um, so that pump pulse divergence
inside the target region is negligible.

Under these conditions, the correlation function of the spontaneously emitted field has

the discretized form

E(Z) 18(;) . 2mawe|flif]?n < 7
_ Cuayzm Coyzra 7 z : —2ri—m2| ~ .
JS(£71/7277'177'2) - 27T06wg - AxAy AZG 2 2 Pzz,xyzrmin@(’ﬁ T2|)7 (Cl)

z=0

where T, = min(m, ), v =Ly —|—2Ff} is the decoherence rate, and ©(z) the Heaviside step

function. Due to the properties of stochastic noise terms, field intensity in the spontaneous
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emission limit has to be regularized [17], and is calculated as

Ie(z,y,2,7) = <8§;yrngiyi (r—AT) + EIZingyZ (t+AT) + ES:Z(FAT)E;ZQT + E;Zi(erA‘r)agﬁ;z’«T) :
(C2)
The expected temporal profile of the emitted field intensity can thus be obtained from the
field correlation function by setting 7 = 7 + A7. The expected number of emitted photons
is
Ng® Z ATAxAy Je(z,y, 2,7, 7T + AT) = 27rawg|ulf| nATAz Z Z Piizyir€ —VAT/2

YT zyT z=0

(C3)

Since spontaneous emission is a linear process, the intensity of emitted radiation at a
given time and position is proportional to the cumulative number of atoms in upper states
and the probability for radiative decay, which in Eq. (C1) are encompassed in factors np;
and 2mawe || ~ '/, respectively, with I'/ being the spontaneous radiative decay rate from
the doubly excited to the final state. The spectral profile of the emitted field is obtained
through the Wiener-Khinchin theorem as the Fourier transform of the time-integrated field
correlation function. Exponential factor exp (—2|m — 72|) in Eq. (C1) thus reproduces the
expected Lorentzian spectral profile of spontaneously emitted fields with width equal to the
decoherence rate 7, however, this profile is modified since the upper-state population varies
in time. The temporal profile of emitted field intensity thus resembles a convolution of the
exponential decay of upper states and temporal dependence of the pumping rate [61]. As
shown in Fig. 7(a), the expected spectral profile is slightly wider than the Lorentzian with
more rapidly decreasing tails.

Figure 7 presents numerical results averaged over 2 x 10° repetitions of the simulation,
along with expected analytical results. The integrated field intensity and spectral intensity
at target exit are shown, as well as the number of emitted photons. There is good agreement
between numerical and analytical results, with small discrepancies due to averaging over a
limited number of repetitions. The imaginary parts of the emitted field intensity and number
of photons indicate the level of field fluctuations remaining after averaging, and decrease with
increasing number of repetitions.

It is worth noting that a very large number of repetitions is required to obtain approxi-
mately smooth average results in the spontaneous emission limit. However, the number of

necessary repetitions is drastically reduced when the emitted field starts to amplify and the
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FIG. 7. (a) Left: temporal profile of the pump pulse intensity Iy, excited state population p; and
emitted field intensity Re([¢) at target exit integrated over transverse dimensions. Right: spectral
intensity of emitted radiation at target exit (num.), along with the expected spectral profile (an.)
and Lorentzian profile of width v = 9meV (Lorentz). (b) Numerically and analytically calculated

number of emitted photons as a function of propagation distance.

contribution of noise terms becomes less significant. In the spontaneous emission limit, only
results averaged over a large ensemble of simulation repetitions can be compared to physical
observables, whereas after the initialization of field amplification, individual realizations be-
come relevant and can be related to single-shot experimental results. Since in this paper we
are mainly interested in the amplification and saturation regime of superfluorescence, the
number of repetitions over which numerical results are averaged can be reduced to a few
hundred. Moreover, after amplification the field intensity no longer needs to be regularized,

as it coincides with the intensity calculated in the standard way as I¢(x,y, 2, 7) = EQZ;T&(@T.
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