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Quantum state transfer is one of the basic tasks in quantum information processing. We here
propose a theoretical approach to realize arbitrary entangled state transfer through a qubit chain,
which is a class of extended Su-Schrieffer-Heeger models and accommodates multiple topological
edge states separated from the bulk states. We show that an arbitrary entangled state, from 2-qubit
to N -qubit, can be encoded in the corresponding edge states, and then adiabatically transferred
from one end to the other of the chain. The dynamical phase differences resulted from the time
evolutions of different edge states can be eliminated by properly choosing evolution time. Our
approach is robust against both the qubit-qubit coupling disorder and the evolution time disorder.
For the concreteness of discussions, we assume that such a chain is constructed by an experimentally
feasible superconducting qubit system, meanwhile our proposal can also be applied to other systems.

I. INTRODUCTION

There are many possible platforms to realize quan-
tum computation [1–3], e.g., cold atoms [4–7], trapped
ions [7–15], and superconducting quantum circuits [16–
28]. On these platforms, quantum state transfer (QST)
in a controllable way [3, 29] is one of crucial requirements.
Though long-distance quantum communication has been
widely achieved in optical fibers and free-space [30–34], it
is still very important to find a promising way for trans-
ferring quantum states through solid-state devices or con-
densed matter [35–42]. A number of QST protocols have
been proposed for different solid-state medium [43–52].
In recent years, QST via a spin chain has attracted ex-
tensive attentions [35–37] and many technologies have
already been developed [50–58].

Perfect QST can be realized through well designed spin
chain with invariable couplings [59–63]. Meanwhile, it
can also be realized by precisely modulating the spin-
spin couplings [64–67]. For example, quantum states can
be transferred by simply applying a sequence of SWAP
operations implemented by π pulses between the pairs of
nearest neighboring sites [60], which needs only the spin-
spin couplings to be switched on and off periodically [68].
Nevertheless, these known methods require the accurate
design of the system Hamiltonian, thus are usually less
robust against disorders and imperfections in large-scale
implementations. To overcome this issue, adiabatic QST
protocols have been widely studied [37, 69–77], as the
QST exploiting the adiabatic theorem [78, 79] is inde-
pendent of the protocol operation details so long as the
evolution of the system is slow enough.
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Our QST method here is based on the spectral and dy-
namical features of a topological qubit chain. For topo-
logical insulators, robust conducting edge states are guar-
anteed by the nontrivial topology of bulk bands [80–83].
These edge states are insensitive to smooth changes in
the system parameters unless a topological phase transi-
tion occurs [80, 81]. Such robustness based on topological
protection provides topological quantum systems a great
potential for quantum information and quantum comput-
ing [84–89]. The Su-Schrieffer-Heeger (SSH) chain [90] is
the simplest model of the topological insulators and can
be realized by a qubit chain with staggered couplings
when the qubit chain is restricted to the subspace of sin-
gle excitation [91].

Building on the concepts of topological edge states and
adiabatic QST via a qubit chain, protocols for efficient
QST [55–58, 92, 93] have also been proposed, with more
robustness to disorder due to the underlying topologi-
cal protection. With specific design of topological qubit
chains, quantum states can be encoded in edge states of
the systems, and transferred from one end of the chain
to the other by adiabatically altering couplings between
qubits [55–57, 93]. However, most of these available pro-
posals focus on single qubit state transfer, and multi-
qubit state transfer with arbitrary entanglement is still
a challenging task. Recently, a more advanced proto-
col for QST via the so-called Floquet topological edge
modes was proposed [69]. In this protocol, some entan-
gled states are encoded in the edge states of quasienergy
zero and π modes, and the high-fidelity transfer of entan-
gled states can be achieved over a long distance. How-
ever, this method requires additional dynamical modu-
lation on the time-periodic couplings between the qubits
and may pose new experimental challenges.

In our method, arbitrary entangled state can be en-
coded in topological edge states, which are supported
by a generalized SSH chain. As the parameters of the
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system are slowly altered, the edge states can be adia-
batically transferred from one end of the chain to the
other. Thus the entangled state can be transferred along
this adiabatic passage. It is well known that the adia-
batic evolution leads to two phases, i.e, geometric phase
and dynamical phase. The geometric phase can be easily
wiped out with a chosen gauge in non-closed adiabatic
evolution [79], and the dynamical phase can be elimi-
nated when the evolution time is carefully chosen. Thus,
the quantum phases between different components en-
coding an entangled state can be well-controlled or recov-
ered, and the entangled state can be truly transferred.

For the concreteness of discussions, we assume that
the qubit chain is formed by the superconducting quan-
tum circuits, which have been developing rapidly [16–
18]. In particular, superconducting qubit chains have
been widely studied for simulating many-body quantum
physics [94–96]. There are several advantages to use su-
perconducting qubits as quantum simulators. First, su-
perconducting qubits are highly coherent with long co-
herence time (10 ∼ 100µs) [97, 98]. Second, most of
the parameters of superconducting qubits are highly con-
trollable [99–103], thus we can perform rather arbitrary
operation on the systems. Third, the superconducting
quantum circuits have high scalability and designability.
One quantum chip can support a large number of con-
trollable qubits with different connecting manners [104].
These advantages make superconducting quantum cir-
cuits one of the best platforms to perform quantum sim-
ulation and quantum computing. Moreover, the topo-
logical chain constructed by superconducting qubits has
already been experimentally demonstrated [105]. Thus,
for the state-of-the-art, superconducting qubit circuits
are very suitable to construct such a chain for QST. The
system parameters considered in this work are all based
on the existing experiments of Xmon qubits [99–101].

The paper is organized as follows. In Section II, we
introduce a generalized SSH model, in which each unit
cell contains three qubits, and the topology of the model
is characterized by winding number. We also use Xmon
qubits as an example to show how to form such general-
ized model. In Section III, we derive the edge states of the
Hamiltonian given in Section II for the generalized SSH
model, and then show that arbitrary two-qubit entangled
state can be encoded in these edge states and transferred
from one end of the chain to the other through adiabatic
process. The exact dynamical solution based on adia-
batic theorem is also given. Furthermore, we illustrate
the robustness of our proposal against disorder from two
parts, i.e., the coupling strength and evolution time. In
Section IV, we generalize QST from the entangled state
of the two-qubit to those of N -qubit with N ≥ 3. In
particular, the QST of three-qubit state is carefully ana-
lyzed. In Section VI, we further discuss our proposal and
analyze the experimental feasibility, and finally summa-
rize our results.
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Figure 1. (a) Schematic diagram of a one-dimensional qubit
chain. Each unit cell hosts three qubits, labelled as A1,m,
A2,m and Bm separately (The first subscript of A denotes the
intracell index. The subscript of B and the second subscript
of A denote the intercell index). The coupling strength g
between A1,m and A2,m is uniform along the chain, whereas
the hopping between A1,m and Bm is staggered, denoted as v
and w. Each qubit can also be labeled by one unique numer-
ical index x in order of A1,1A2,1B1A1,2 · · ·BM−1A1,MA2,M .
(b) Realization of the qubit chain with Xmon qubits. Each
qubit contains three basic superconducting circuits elements,
i.e, the josephson junction, the capacitance and the induc-
tance. Two adjacent qubits are coupled through a Josephson
coupler. The qubit-qubit coupling can be tuned via an ex-
ternal magnetic flux Φext with a dc control. The Josephson
junctions labeled LJ are each double junctions threaded by
additional fluxes (not shown) that tune the qubit frequencies.
Therefore, both the qubit frequencies and the couplings in the
qubit chain are tunable.

II. GENERALIZED SSH MODEL WITH THREE
QUBITS IN EACH UNIT CELL

The SSH model [90] is one of the simplest examples
hosting one-dimensional topological phases. This model
and its various extensions have been widely used to study
different physical phenomena [106–113]. In the standard
SSH model, each unit cell has two sublattices. By con-
trast, for one class of extended SSH models, each unit
cell contains 3 or more sublattices, thus called the SSH3
or SSHN models [114, 115]. As schematically shown in
Fig. 1(a), we first consider a extended SSH3 model con-
sisting of a qubit chain with M unit cells. Hereafter, we
use the unit cell number M to denote the length of the
chain. Each unit cell contains three sublattices labelled
as A1,m, A2,m, and Bm with m = 1, 2, · · · ,M . The sub-
lattice BM of theMth unit cell is removed from the right
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end of the chain. Sublattices A1,m and Bm are analogous
to those in the standard two-band SSH model with stag-
gered coupling strengths v and w. An extra sublattice
A2,m is coupled to A1,m with the coupling strength g
(g > 0). Thus, the Hamiltonian of such a qubit chain is
(~ = 1)

H =

M−1∑
m=1

(
vσ+

A1,m
σ−Bm + wσ+

A1,m+1
σ−Bm + H.c.

)
+

M∑
m=1

(
gσ+

A1,m
σ−A2,m

+ H.c.
)
. (1)

with m denoting the index of each unit cell. The ladder
operators in the mth unit cell is given by σ+

I = |eI〉〈gI |
(I = A1,m, A2,m, Bm), with |eI〉 and |gI〉 denoting the
excited and ground states, and the operator σ−I is the
Hermitian conjugate of the operator σ+

I .
We note that our proposal can be applied to any kinds

of controllable qubit systems. However, for the con-
creteness of the studies, we use superconducting qubit
circuits, e.g., Xmon qubits, to construct our theoreti-
cal model. This X-shape qubit has several advantages,
e.g., high-coherence, fast tunable coupling, and easy con-
nection [99–101], thus is more suitable for our proposal.
Our proposal is not limited to the Xmon qubit, and can
also be applied to other types of superconducting qubits,
e.g., transmon or flux qubit. For our setup, as shown
in Fig. 1(b), two Xmon qubits are connected with each
other by a Josephson junction coupler [99, 100]. An ex-
tra magnetic flux bias Φext is applied to tune the effective
linear inductance of the coupler junction. Thus, the cou-
pling constant between these two qubits is tunable with
controllable extra magnetic flux Φext (see details in Ap-
pendix A).

In the following studies, we only consider the single-
excitation of the chain, thus the Hamiltonian can be
rewritten as

H =

M−1∑
m=1

(v|A1,m〉〈Bm|+ w|A1,m+1〉〈Bm|+ H.c.)

+

M∑
m=1

(g|A1,m〉〈A2,m|+ H.c.) (2)

in the single-excitation subspace {|A1,m〉, |A2,m〉, |Bm〉},
with |A1,m〉 = σ+

A1,m
|G〉, |A2,m〉 = σ+

A2,m
|G〉 and |Bm〉 =

σ+
Bm
|G〉. Here |G〉 denotes that all qubits in the chain are

in the ground state, i.e., |G〉 = |gA1,1
gA2,1

gB1
· · · gA2,M

〉,
which is written as |G〉 = |gg · · · g〉 for simplicity.

For the standard two-band SSH model, the topologi-
cally nontrivial phase is characterized by a nonzero wind-
ing number. Two topological in-gap edge modes are de-
generate at zero energy in the thermodynamic limit [82].
However, for a finite lattice size, the two edge states
hybridize due to finite-size effect and so that their en-
ergy eigenvalues are shifted by an exponentially small
amount. Dynamics-wise, this edge-state hybridization

would then induce Rabi oscillation between two topolog-
ical edge modes if the initial state is prepared by exciting
the leftmost or rightmost qubit only [116]. To obtain a
steady edge state in a finite-size system, one may remove
one edge qubit from the standard SSH chain [55, 105].
In this case, this imperfect SSH chain only supports one
edge state. This is useful for our considerations here since
we are considering the same platform. Indeed, applying
this idea of eliminating one edge qubit from an extended
SSH model, we can likewise engineer steady edge states
in the extended SSH setting, as shown below.

For our extended SSH3 model shown in Fig. 1(a), the
Hilbert space of the Hamiltonian is enlarged by the ex-
tra qubits A2,m compared with the standard SSH model.
The edge states are expected to form from two renormal-
ized branches of the qubit chain, thus resulting in the up-
per and the lower edge states with positive and negative
eigenenergies, as discussed further in Appendix B. To see
the topological aspect of these edge states, we first con-
sider the case with g = 0, where sublattices A1,m and Bm
are decoupled from A2,m. In this case, the imperfect SSH
model with an odd number of qubits is formed, where v
and w are the intra- and inter- cell couplings. In the stan-
dard SSH model, edge states appear when the coupling
strength at the edge is weaker than the coupling next to
it. Similarly, for the imperfect SSH model, a weaker cou-
pling strength appears at the left (right) edge and gener-
ates an edge state there when v < w (v > w). Therefore,
in the presence of an odd number of sites, the system
always has one edge state in the topologically nontrivial
regime [55]. That is, in our extended SSH3 model, either
the left or the right edge state corresponds to a wind-
ing number of 1 for the Fourier transformed Hamiltonian
(in momentum space), with unit cells defined either as
sites (A1,m, A2,m, Bm) or as sites (Bm, A1,m+1, A2,m+1)
in Fig. 1(a) respectively. When g = 0, the edge state is
only located at the sublattice A1,m, which returns to the
case of the standard SSH chain. When g > 0, the edge
states are expected to occupy both sublattices A1,m and
A2,m, because they take the role of the A-type sublattice
in the standard SSH chain (see Appendix C). With this
understanding, we can see that the edge states in our ex-
tended SSH model do originate from the topological edge
states in the standard SSH model, and hence should be
robust to local disorder.

Below we show how such edge states in the extended
SSH chain can be used to robustly transfer arbitrary en-
tangled states. We here emphasize that the parameters
used for the following numerical simulations are taken
from superconducting qubit circuits, e.g., Xmon qubit
circuits [99–101].
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III. 2-QUBIT ENTANGLMENT STATE
TRANSFER

A. Edge states of the qubit chain

In our extended SSH model, there are L = 3M − 1
qubits in the chain when one B-type qubit at the right
end of the chain is removed. Let us first give an ansatz
that the resultant edge state in our system exclusively
occupies sublattices A1,m and A2,m (see appendix B),
i.e., the associated wavefunction can be written as

|Ψedge〉 =

M∑
m=1

λm
(
aσ+

A1,m
+ bσ+

A2,m

)
|G〉. (3)

As energy-eigenstates of the system’s Hamiltonian, the
wavefunction in Eq. (3) must satisfy the stationary
Schrödinger equation

H|Ψedge〉 = E|Ψedge〉. (4)

Combining Eq. (1) with Eq. (3), we have

E
(
aσ+

A1,m
+ bσ+

A2,m

)
|G〉 = a (v + wλ)σ+

A2,m
|G〉 (5)

+ g
(
bσ+
A1,m

+ aσ+
A2,m

)
|G〉.

It is straightforward to get v + wλ = 0, i.e., λ = −v/w,
and the coefficients a and b satisfy the following equation
as (

0 g
g 0

)(
a
b

)
= E

(
a
b

)
. (6)

Thus, the energy eigenvalues of the edge states are given
by E± = ±g, with coefficients (a, b) being (1/

√
2, 1/
√

2)
or (1/

√
2,−1/

√
2) respectively. This explicit edge state

solution indicates that there are two edge states with the
form of the Bell state |χm,±〉 = (|A1,m〉 ± |A2,m〉) /

√
2 in

each unit cell. The wavefunctions corresponding to the
edge states hence take the following form (unnormalized)

|Ψ±〉 =

M∑
m=1

λm

(
σ+
A1,m

± σ+
A2,m√

2

)
|G〉, (7)

where both the upper (labeled as +) and lower (labeled
as −) edge states only occupy the A-type qubits. When
|λ| = v/w � 1, i.e., v � w, the edge states are mostly
localized in the left end of the chain as

|Ψ±〉 ≈ |L±〉 =
1√
2

(
σ+
A1,1
± σ+

A2,1

)
|G〉. (8)

In the limit of v = 0, the qubit chain degenerates into
M − 1 trimers and an additional dimer, an exact edge
state |L±〉 can be obtained at the left end of the chain.
When |λ| = v/w � 1, i.e., v � w, the edge states are
mostly localized in the right end of the chain as

|Ψ±〉 ≈ |R±〉 =
1√
2

(
σ+
A1,M

± σ+
A2,M

)
|G〉. (9)

In the limit of w = 0, an exact edge state |R±〉 can be
obtained at the right end of the chain.

In Fig. 2(a), as an example, the energy spectrum of
a 14-qubit chain with 5 unit cells is plotted for |λ| =
v/w ∈ [0,∞]. It clearly shows that the two topologi-
cal edge modes (color-dashed lines) exist in the gaps of
three bulk bands. The bulk band in the middle of two
edge modes is 4-fold degenerate as shown in Fig 2(b).
As the parameter λ changes from 0 to ∞, the localized
topological edge states as a function of λ also change
their qualitatively behavior, namely, from being localized
at the left end (red) to being localized at the right end
(green). Meanwhile, the eigenvalues E± corresponding
to these two edge states keep constants all along.

B. QST process for arbitrary two-qubit entangled
states

According to the quantum adiabatic theorem, if the
parameters of the qubit chain in Eq. (1) can be changed
slowly enough, it will remain in its instantaneous eigen-
state. At v = 0, the leftmost two qubits A1,1 and A2,1 are
isolated and the edge states are |L±〉 = |χ1,±〉|gg · · · g〉.
At w = 0, the rightmost two qubits A1,M and A2,M are
isolated and the edge states are |R±〉 = |gg · · · g〉|χM,±〉.
It is obvious that the coupling strengths

v = J [1− cos (ωt)] , w = J [1 + cos (ωt)] , (10)

can be changed slowly, then the state of the left end can
be transferred to the right end of the chain. Where ω
and J are the frequency and strength of the control field,
respectively. For example, as shown in Fig. 2(a), if the
system is initially prepared to the state |L±〉 for the time
t = 0, then this state adiabatically evolves from |L±〉 to
|R±〉 when the time t slowly varies from 0 to π/ω. The
adiabatic following is feasible here because the considered
state is the system’s edge state, which is gapped from the
bulk states.

In above, we analyze QST when the edge state is the
initial state. Let us now consider the general situation
that the system is initially prepared to an arbitrary en-
tangled state

|Ψin〉 =
(
ασ+

A1,1
+ βσ+

A2,1

)
|G〉, (11)

at the left end of the chain, which can be decomposed as

|Ψin〉 =
α+ β√

2
|L+〉+

α− β√
2
|L−〉. (12)

For such more general situation involving the superposi-
tions of two edge states, one must carefully analyze the
quantum phases. In an adiabatic process, if the system is
initially prepared to an eigenstate |Φ (0)〉, then the final
state at the time t is given as

|ψad (t)〉 = eir(t)eiθ(t)|Φ (t)〉, (13)
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Figure 2. Two-qubit state transfer via a 14 qubits chain with
5 unit cells, i.e., M = 5. The system parameters are J = 5g
and g/2π = 10MHz. (a) The energy spectrum for an extended
SSH3 model. Black-solid lines represent the bulk states and
color-dashed lines represent the edge states. Three bulk bands
are divided by two edge states, the middle bulk is 4-fold de-
generate. As ωt changes from 0 to π, edge states are trans-
ferred from the left end (red) to the right end (green). (b)
Schematics for eigenstates distribution at ωt = π/6. Each
point represents one eigenstate. Blue and red dots repre-
sent bulk and edge states, respectively. (c) The variation of
|〈Φr(t)|Φ̇l(t)〉| with the time evolution. Here Φl(t) takes the
lower edge state, i.e., l = 5. (d) Time evolutions of the tar-
get state occupations |〈ΨF |Ψ (t)〉| for different initial states.
Red-solid and blue-dashed curves denote theoretical solutions.
Red dots and blue stars denote the numerical simulations.
The red-solid curve and red dots correspond to the initial state
(|A1,1〉+ |A2,1〉) /

√
2. Meanwhile, the blue-dashed curve and

blue stars correspond to the initial state |A1,1〉. (e) Time-
dependent population distribution on each qubit in the chain
when the initial state is prepared to single-qubit state |A1,1〉.
(f) Time-dependent population distribution on each qubit in
the chain when the initial state is prepared to two-qubit Bell
state (|A1,1〉+ |B2,1〉) /

√
2.

where θ (t) = −
∫ t

0
E(t′)dt′ is the dynamical phase and

r (t) = i
∫ t

0
〈Φ (t′) |Φ̇ (t′)〉dt′ is the geometric phase, which

can be gauged out unless the evolution path is closed.
The normalization of |Φ (t′)〉 implies that 〈Φ (t′) |Φ̇ (t′)〉
is imaginary, which guarantees that r (t) is real [79].
In our protocol, with the chosen gauge as shown in
Eq. (7), |Ψ±〉 only contains real parameters along λ (t) =

[1− cos (ωt)] / [1 + cos (ωt)], thus 〈Φ (t′) |Φ̇ (t′)〉 is real,

which guarantees that r (t) is imaginary. Therefore,
the geometric phase r (t) must be zero and is naturally
gauged out.

We thus only need to consider the dynamical phase as-
sociated with the adiabatic process. If we adiabatically
change the parameters v and w to the final time t, fol-
lowing the quantum adiabatic theorem, the initial state
in Eq. (12) should evolve to the state

|Ψ (t)〉 =
α+ β√

2
|Ψ+(t)〉e−i

∫ t
0
E+dt

′

+
α− β√

2
|Ψ−(t)〉e−i

∫ t
0
E−dt

′
. (14)

As discussed above, E± in our model are both constants
due to the nature of the topological edge state. As such
the final state at the time t is

|Ψ (t)〉 =
α+ β√

2
|Ψ+(t)〉e−igt +

α− β√
2
|Ψ−(t)〉eigt. (15)

Indeed, by solely observing the values of E± = ±g, we
find that the phase factors e−igt and eigt for two involved
edge states (from upper and lower branch respectively)
have the same period T = 2π/g. Therefore, if the time
evolution takes the dynamical period T , the dynamical
phase difference between the two involved edge states in
Eq. (15) will be zero. Hereafter, we name this dynami-
cal period as an evolution cycle, which is different from
the pumping cycle of Thouless pump, during which the
center of mass of a state moves exactly the same number
of unit cells as the system’s Chern number [117–119]. In
our case, the evolution cycle is to lift the concern of dy-
namical phases, which can be done by choosing the total
adiabatic protocol time as a multiple of evolution cycles.

As shown in Fig. 2(a), if the control field applied to
the coupling strength involves from t0 = 0 to tf = π/ω,
then the edge state is transferred from the left end to the
right end. In this case, Eq. (15) becomes

|Ψf 〉 =
α+ β√

2
|R+〉e−iπ

g
ω +

α− β√
2
|R−〉eiπ

g
ω . (16)

Here we choose the evolution time tf to be a multiple of
evolution cycles, i.e., tf/T = g/2ω = n. n should be a
large integer number to satisfy the adiabatic condition.
Thus, the dynamical phases become zero and the state
in Eq. (16) is involved to

|ΨF 〉 =
(
ασ+

A1,M
+ βσ+

A2,M

)
|G〉. (17)

Here, the subscript F denotes the state transferred per-
fectly, i.e., the final state. Therefore, an arbitrary two-
qubit entangled state can be encoded by two edge states
and perfectly transferred from the left end to the right
end via an adiabatic passage. Notice that all along the
protocol, only the A1,m- and A2,m-type qubits are occu-
pied by the edge states, and the Bm-type qubits serve as
the invariable medium. Thus the qubits A1,m and A2,m
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can be considered as the transport qubits, and the qubits
Bm can be considered as the mediated qubits.

We here have two remarks. First, for the special case
of two-qubit state transfer, the evolution time can be half
of the evolution cycle defined above. In this case, the fi-
nal state acquires a global phase factor −1, which does
not affect the task of entangled state transfer. Second,
one may worry about the robustness of such adiabatic
protocol as we need a precise timing. This is unneces-
sary because along the way, the eigenvalues of the edge
states are pinned at special constant values due to topo-
logical features and hence we still expect to have robust
protocols.

C. Analysis on adiabatic condition and two
examples of QST

We now analyze the condition of the adiabatic evo-
lutions. The adiabatic approximation requires a small
changing rate of the Hamiltonian Ḣ (t) and a large en-
ergy gap |Er − El| between the rth and lth eigenstates.
For our protocol, if we assume that the lth eigenstate
|Φl (t)〉 is the edge state, then the adiabatic condition is
given by

∣∣∣〈Φr (t) |Φ̇l (t)〉
∣∣∣ =

∣∣∣∣∣ 〈Φr (t) |Ḣ (t) |Φl (t)〉
Er (t)− El (t)

∣∣∣∣∣� 1, (18)

where Er (t) is the instantaneous eigenenergy correspond-
ing to the instantaneous state |Φr (t)〉 for the time t.
The eigenstates are sorted according to the corresponding
eigenenergies (lowest to highest), and the 5th eigenstate
in Fig. 2(a) is the lower edge state. Here we make the
14-qubit chain evolve 5 evolution cycles, i.e., ω = 0.1g.
As shown in Fig. 2(c), for the lower edge state (l = 5),
the adiabatic conditions are checked to be satisfied with
r = 3, 4, 6, 7, 8, 9. For the bulk state between two edge
states (r = 6, 7, 8, 9), the results are not continuous due
to the numerical instablity of degenerate eigensolutions
of the system.

To interpret our protocol, we choose the final state
occupation |〈ΨF |Ψ (t)〉| as the dynamical indicator. In
Fig. 2(d), we compare the analytical and numerical re-
sults of this indicator. The analytical solution for |Ψ(t)〉
is given in Eq. (15), while the numerical solution is cal-
culated with ordinary differential equation (ODE) solver
for small and fixed step size. Here, ω = 0.1g, and the
evolving time is tf = 0.5µs, i.e., exact 5 times of the
dynamical period (T = 2π/g = 0.1µs). We typically
choose two initial states to be transferred. The first one
is single-qubit state

|Ψ (1)
in 〉 = σ+

A1,1
|G〉 ≡

√
2

2
(|L+〉+ |L−〉) (19)

which can be obtained from Eq. (12) by setting α = 1

and β = 0. The other one is two-qubit Bell state

|Ψ (2)
in 〉 =

√
2

2

(
σ+
A1,1

+ σ+
A2,1

)
|G〉 ≡ |L+〉 (20)

with α = β = 1/
√

2. For the first one of single-qubit state
transfer, the analytical evolution of the state is given as

|Ψ(1)(t)〉 =

√
2

2

(
|Ψ+〉e−igt + |Ψ−〉eigt

)
(21)

The analytical solution (blue-dashed line) and numeri-
cal simulation (blue stars) for the dynamical indicator
|〈ΨF |Ψ (t)〉| are plotted as a function of the evolution time
t in Fig. 2(d). In this case, the indicator |〈ΨF |Ψ (t)〉| has a
periodic variation due to the dynamical phase difference
between the two edge states. The analytical result agrees
well with numerical one, this confirms that the chosen
parameters have fulfilled the adiabatic conditions. For
two-qubit Bell state transfer, the adiabatic evolution of
the state is

|Ψ (2) (t)〉 = |Ψ+〉e−igt. (22)

In this case, the dynamical phase can be gauged out as
one global phase, so the dynamical indicator does not
oscillate and increases smoothly with the time. Again,
the analytical result (red line) agrees well with numerical
(red dots) one.

The first case for single-qubit state transfer of
Eq. (21) is further analyzed in Fig. 2(e), where we
show the population distribution |〈Pm|Ψ(1)(t)〉| (Pm ∈
{|A1,m〉, |A2,m〉, |Bm〉}) on each site of the state |Ψ(1)(t)〉
during the adiabatic protocol. The state distribution
shifts from the left to the right with rapid oscillations,
due to coherent effect caused by the dynamical phase
difference between the two involved edge states as men-
tioned above. However, for the second case shown in
Eq. (22), Fig. 2(f) demonstrates the smooth transfer of
the state |Ψ(2)(t)〉 without any oscillation.

D. Robustness analysis for two-qubit state transfer

Any realistic implementation of the theoretical proto-
col unavoidably involves disorders from many aspects,
e.g., the environmental effect, the time inaccuracy of the
control field applied for the adiabatic evolution, nonuni-
form of the prepared qubits and imprecise couplings be-
tween the qubits in the chain. Here, we consider two
main imperfections: one is the disorder of the qubit cou-
plings and the other one is inaccuracy of the evolution
time to achieve perfect state transfer.

The first kind of the disorders can be analyzed by mod-
elling it as external perturbation terms in our system
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Hamiltonian, i.e.,

δH =

M−1∑
m=1

(
δµA1,mσ

+
A1,m

σ−Bm + δµBmσ
+
A1,m+1

σ−Bm + H.c.
)

+

M∑
m=1

(
δµA2,m

σ+
A1,m

σ−A2,m
+ H.c.

)
, (23)

where δµA1,m
, δµA2,m

, and δµBm are the disorder coef-
ficients, and assumed to satisfy the the Gaussian distri-
bution as ∼ exp[(−δµ)2/2ξ2], with ξ being the standard
deviation of the disorder in the coupling strength, i.e.,
the coupling disorder strength. Note that all these dis-
orders are related to the control field. Thus, with the
variation of the adiabatic parameters, it is more realis-
tic to assume these disorders to be time-dependent, i.e.,
the temporal noises. If the initial state is prepared to
|Ψin〉 =

(
ασ+

A1,1
+ βσ+

A2,1

)
|G〉, then the adiabatic evolu-

tion can be derived as

|ψ (t)〉 = U (t) |Ψin〉 = T e−i
∫ t
0
H(t′)+δH(t′)dt′ |Ψin〉, (24)

where T is the time order operator. The numerical
simulation of this process can be written as U (t) =

T
∏
e−i[H(t′)+δH(t′)]∆t (∆t � T ). When t = tf , the

state described in Eq. (24) evolves to |ψf 〉. Thus, the
fidelity is given as

F = |〈ΨF |ψf 〉| , (25)

where |ΨF 〉 is the perfectly transferred state given in
Eq. (17).

To verify the protocol robustness against these disor-
ders, we first determine the proper evolution cycles n
under the ideal condition without disorder. As shown
in Fig. 3(a), we have numerically calculated the fidelity
F given in Eq. (25) for the right edge state transferred
with different evolution cycles and different lengths of the
chain. These results help us to determine what extent we
are working in the adiabatic regime. Indeed, the fidelity
rises rapidly with the increases in the number of evolution
cycles. As shown in Fig. 3(a), when the number of unit
cells of the chain varies from 2 to 8, the necessary num-
bers of evolution cycles to achieve good fidelity increase
from 5 to 10. Therefore, to guarantee the adiabatic con-
dition and obtain good fidelity for the transferred state,
we choose n = 10 as the number of evolution cycles for
the following discussions, i.e., tf = 10T = 1µs.

In our numerical simulations, we do 100 repetitions
of the adiabatic evolution for a given time tf , and each
repetition has its different random choice of disorder. We
here consider the average fidelity F = F over these 100
calculations. In Fig. 3(b), we plot the distribution of
fidelities for 100 repetitions of one chosen state transfer
protocol. Here, the number of unit cells is taken as M =
4, and the coupling disorder strength ξ is taken as ξ =
0.5g. The distribution of fidelities for each simulation
run is highly concentrated around the average fidelity, so
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Figure 3. Robustness of our protocol for two-qubit state
transfer. (a) The right edge target-state occupations (fidelity
F ) with different evolving cycles. As the qubit number of the
chain becomes larger, the evolving cycles demanded for the
adiabatic evolution increase from 5 to 10. For a qubit chain
containing 23 qubits, i.e., 8 unit cells, it needs at least 10
evolving cycles to guarantee the adiabaticity. (b) The distri-
bution of fidelities for one settled state transfer process with
100 repetitions where ξ = 0.5g and M = 4. (c) The average
fidelities of two-qubit entangled state transfer with the cou-
pling disorder. The numbers of unit cells are 2, 4, 6, and 8 for
each curve, separately. (d) The average fidelities of two-qubit
entangled state transfer with the imperfection of the evolution
time.

the average fidelity here is a proper representation for the
protocol fidelity.

In Fig 3(c), the effect of the coupling disorder on the
protocol fidelities is shown for different lengths of the
chain, i.e., M = 2, 4, 6, 8, respectively. For each length
of the chain, we find that the average fidelity F for 100
repetition calculations decreases from 1 to 0.92, as the
coupling disorder strength ξ changes from 10−3g to g.
We also find that there is a plateau near F = 1 for each
case when ξ is taken from the range ξ ∈

[
10−3g, 10−1g

]
.

Therefore, for our protocol, the fidelity F will remain
above 99% as long as the coupling disorder strength ξ is
less than 0.1g, which should be experimentally accessible.

The second kind of the disorders is the inaccuracy of
protocol execution time. Unlike a usual adiabatic pro-
cess, our protocol demands the total evolution time be
exact multiple of the dynamical period. However, the
control inaccuracy for the evolution time may lead to
the imperfection of the target state. This kind of im-
perfection can be examined by an external perturba-
tion time δt, which satisfies the Gaussian distribution
as δt ∼ exp[(−δt)2/2η2]. η is the standard deviation of
the evolution time. In this case, the modified transferred
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state can be derived as

|ψf 〉 = U (tf + δt) |Ψin〉 = T e−i
∫ tf+δt

0 H(t′)dt′ |Ψin〉, (26)

with the time inaccuracy δt. Figure 3(d) depicts the im-
pact of the evolution time imperfection. We find that the
average fidelity F for each chain decreases from 1 to 0.94
as the time disorder strength η changes from 10−3T to
10−1T . For our protocol, the fidelity will remain above
99% when the time disorder strength η is less than 0.01T .

Therefore, we conclude that our protocol is robust
against both the qubit coupling disorder and the inac-
curacy of the protocol execution time.

IV. EXTENDED PROTOCOLS FOR N -QUBIT
STATE TRANSFER

{{3


BA1,1 1 BM-1B2

A2,1

A3,1

A ,1

A1,2

A2,2

A3,2

A ,2

A1,M

A2,M

A3,M

A ,M

Figure 4. Schematic of the extended SSH chain for 3-
qubit and N -qubit state transfer. Each unit cell hosts 4
to N + 1 qubits. The edge states are localized among the
transport qubits from A1,m to AN ,m with m = 1, · · · ,M .
The rest qubits are mediated qubits labeled as Bm with
m = 1, · · · ,M − 1. v denotes the coupling between qubits
A1,m and Bm, w denotes the coupling between qubits A1,m+1

and Bm.

Our protocol for arbitrary two-qubit entangled state
transfer through extended SSH chain can be easily gen-
eralized to N -qubit state transfer. For N -qubit transfer
process, as schematically shown in Fig. 4, the extended
SSH model has N + 1 sites (N transport qubits and 1
mediated qubit) in each unit cell, and the whole qubit
chain with M unit cells has L = (N + 1)M − 1 qubits.
With the increase of the site number in each unit cell,
more edge states emerge. Thus it is not an easy task
to find a proper evolution time to cancel all dynamical
phase differences between these edge states in our proto-
col. As such, the couplings between the transport qubits
should not simply be the constant g. To this end, we

may consider the following modified Hamiltonian

H =

M−1∑
m=1

(
vσ+

A1,m
σ−Bm + wσ+

A1,m+1
σ−Bm + H.c.

)
+

M∑
m=1

(
g1σ

+
A1,m

σ−A2,m
+ g2σ

+
A2,m

σ−A3,m
+ · · ·

+ gN−1σ
+
AN−1,m

σ−AN ,m + H.c.
)
. (27)

In each unit cell, these N transport quibts form an array
with coupling constants g1, · · · , gN−1, and all of the me-
diated qubits Bm are used to couple the arrays of trans-
port qubits with coupling constants v and w, respectively.

Analogously, we can extend our proposal from 2-qubit
state transfer to N -qubit state case. Similar to Eq. (3)
for the two-qubit entangled state transfer, the edge states
corresponding to the Hamiltonian in Eq. (27) do not oc-
cupy the mediated qubits B and can be expanded as

|Ψedge〉 =

M∑
m=1

λm
(
χ1σ

+
A1,m

+ · · ·+ χNσ
+
AN ,m

)
|G〉.

(28)
Substituting Eq. (27) and Eq. (28) into the Schrödinger
equation H|Ψedge〉 = E|Ψedge〉, then we can have

E
(
χ1σ

+
A1,m

+ χ2σ
+
A2,m

+ · · ·+ χNσ
+
AN ,m

)
|G〉

=
(
g1χ2σ

+
A1,m

+ · · ·+ gN−1χNσ
+
AN−1,m

)
|G〉

+
(
g1χ1σ

+
A2,m

+ · · ·+ gN−1χN−1σ
+
AN ,m

)
|G〉

+ χ1

(
vσ+

Bm
+ wλσ+

Bm

)
|G〉. (29)

From Eq. (29), it is straightforward to get λ = −v/w,
and the coefficients χ1, χ2, · · · , χN satisfy the following
equation

0 g1 0 0 0
g1 0 g2 0 0

0 g2 0
. . . 0

0 0
. . . . . . gN−1

0 0 0 gN−1 0




χ1

χ2

χ3

...
χN

 = E


χ1

χ2

χ3

...
χN

 .

(30)
Solving this eigen-equation, we can obtain the eigenen-
ergies of the edge states as E1, · · · , EN . The explicit
eigenstates can also be derived, and then edge states
can be obtained. Similar to Eq. (10), when the time
t is adiabatically changed from 0 to π/ω, the coupling
constant v (w) is changed from 2J (0) to 0 (2J), and
the edge states initially at the left end of the chain can
be adiabatically transferred to the right end. We know
that an arbitrary N -qubit entangled state can be rep-
resented by these edge states, thus N -qubit entangled
state can also be perfectly transferred from the left end
to the right end of the chain if the total evolution time
tf = π/ω is exact multiple of all the dynamical periods
corresponding to all eigenenergies E1, · · · , EN . That is,
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Figure 5. The energy spectrums of the qubit chain when
ωt changes from 0 to π. Edge states can be transferred from
left edge (red) to right edge (green) along the dashed energy
levels. (a) Spectrum of the qubit chain for 3-qubit state trans-
fer. Here, M = 6 and L = 23. The color-dashed lines rep-
resent the edge states and the black-solid lines represent the
bulk states. (b) Schematics for eigenstate distribution of the
SSH4 chain in a topological nontrivial regime (v � w) when
ωt = π/6. Four bulk bands (blue dots), are divided by three
edge states (red dots). (c) Spectrum of the qubit chain for
4-qubit state transfer. Here, M = 5 and L = 24. The color-
dashed lines represent the edge states and the black-solid lines
represent the bulk states. (d) Schematics for eigenstates dis-
tribution corresponding to (c) in a topologically nontrivial
regime (v � w) when ωt = π/6. Four red dots denote four
edge states. The blue dots denote the bulk bands. The four
blue dots in line between two red dots denote a bulk band
with 4-fold degenerate. (e) Spectrum of the qubit chain for 5-
qubit state transfer. Here,M = 5 and L = 29. (f) Schematics
for eigenstates distribution corresponding to (e) in a topolog-
ically nontrivial regime (v � w) when ωt = π/6. Five red
dots denote five edge states. The blue dots denote the bulk
bands. The four dots in line between two red dots denote a
bulk band with 4-fold degenerate.

there must be a least common period of all dynamical
periods T1 = 2π/E1, · · · , TN = 2π/EN corresponding to
the N edge states. This common period can only exist
for specific set of parameters {g1, · · · , gN−1}.

It seems that the generalization is straightforward,
however the main problem is how to engineer the proper
series of parameters {g1, · · · , gN−1} to get a common

period. It is highly challenging to find a general solu-
tion for any N , because the solution varies case by case.
However, for given qubit states, we can always engineer
the coupling constants between the transport qubits such
that these states can be transferred through the extended
SSH chain. Below, three examples for N = 3, 4, 5 are
further shown in Fig. 5. For N = 3, the parameters
{g1, g2} can be set as g1 = g2 = g and the correspond-
ing eigenenergies are

{√
2g,−

√
2g
}
. In Figs. 5(a) and

(b), we show the spectrum of the qubit chain for 3-qubit
state transfer with a number of 23 qubits. Four bulk
bands are divided by three edge states, and the two bulk
bands between edge states are 5-fold degenerate. The
least common oscillation period of these edge states is√

2π/g, which can be taken as the ideal time evolution cy-
cle. This particular case for 3-qubit QST is exhaustively
discussed in Appendix D. For N = 4, the parameters
{g1, g2, g3} can be set as

{√
2g, g,

√
2g
}

and the corre-
sponding eigenenergies are {2g, g,−g,−2g}. In Figs. 5(c)
and (d), we show the spectrum of the qubit chain for 4-
qubit state transfer with a number of 24 qubits. Five
bulk bands are divided by four edge states, and the three
bulk bands between edge states are 4-fold degenerate.
The least common oscillation period of these edge states
is 2π/g. For N = 5, the parameters {g1, g2, g3, g4} can
be set as {g, 2g, 2g, g} and the corresponding eigenener-
gies are {3g, g, 0,−g,−3g}. The spectrum of the qubit
chain in this case is plotted in Figs. 5(e) and (f) for the
total number 29 of the qubits in the chain. Six bulk
bands are divided by five edge states, and the four bulk
bands between edge states are 4-fold degenerate. The
least common period is also 2π/g. Similarly, for the case
of N -qubit state transfer, we can find a proper set of pa-
rameters to get a common period as the time evolution
cycle. By use of such time evolution cycles, the involved
edge states will not suffer from mutual dynamical phase
differences at the end of our adiabatic protocol, and hence
an arbitrary N -qubit entangled state can be transferred
from the left end to the right end.

V. DISCUSSIONS

A. General discussions

We have proposed a QST approach along an extended
SSH qubit chain. However, several issues should be fur-
ther discussed. First, we consider only the neighbor-
couplings and on-site potentials are not included as
shown in Eq. (1). This is because the on-site poten-
tials only result in a global dynamical phase if all the
qubits are tuned to resonate with each other, and thus
this global phase can be dropped out. Second, we note
that the gap between the edge states and the bulk states
decreases with the increase in length of the qubit chain.
This indicates that the adiabatic condition is highly de-
manded for very large systems. However, as shown by
Fig. 10(c) in Appendix D, for an extended SSH4 chain
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consisting of 8 unit cells, the adiabatic condition is still
well met for an execution time of only 20 evolution cycles.
Let us further discuss the adiabatic condition of a large
system in our protocol. Using the extended SSH3 model
as an example, the band gaps between the adiabatic pas-
sage and other bulk states are plotted in Fig. 6(a). The
minimum evolution cycles nmin to execute adiabatic evo-
lution are plotted in Fig. 6(b). Because the energy gap
in Fig. 6(a) is plotted in log scale, the bending of the
curve indicates a decrease slower than exponential de-
crease. After the number of unit cells M is larger than
100, the energy gap slowly approaches 10−3. As shown
in Fig. 6(b), the minimum evolution cycles increase from
3 to 50 as the number of unit cells changes from 2 to 16,
and this is similarly not the exponential growth. When
the length of the chain becomes much larger, one pos-
sible solution is hinted in Ref. [69]. That is, our QST
protocol realized by one-step adiabatic evolution can be
decomposed into multi-step process to achieve a better
performance.
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Figure 6. (a) The band gap between the edge states and bulk
states changing with the system scale. The red-solid line rep-
resents the the energy gap between edge states and the middle
bulk states, which as shown in Fig. 2(a) must be constant with
the system scale. The blue-dashed line represents the energy
gap between edge states and the upper or lower bulk states,
which gets smaller with the system scale. (b) The minimum
evolution cycles to execute perfect adiabatic evolution (Fi-
delity F > 0.99). Here we only exhibit the result for less than
16 unit cells restricted to the computational complexity.

To verify the topological protection of our QST proto-
col, one may compare our approach with QST protocols
independent of topology. Using mirror symmetry, one
can think of an obvious non-topological QST protocol in
a qubit chain as follows. At the beginning, the leftmost
qubit is decoupled from other part of the chain, and at the
end the couplings of the qubit chain is slowly changed to
the reversed form, i.e., the rightmost qubit is decoupled
with other qubits. With this adiabatic process, the quan-
tum state initially prepared to the leftmost qubit can be
transferred from the left end to the right end. Ref. [93]
has shown that such topologically-unrelated QST proto-
col is not robust to disorder. Hence, our topology-based
protocol does have an advantage, accounting for the fairly
good fidelity presented above in the presence of disorder.

Another well-known multi-step QST protocol is the
Thouless pump [117]. For example, an array of nonlin-

ear resonators formed of optical superlattices or circuit-
QED architectures has been investigated to transfer Fock
states [120] and bound bosonic pairs [121]. After each
pumping cycle, the bound state prepared in the mid-
dle of the lattice can move across exactly one unit cell.
This QST protocol utilizes bulk topological properties,
and is very efficient and powerful as long as boundary ef-
fects are avoided. However, our QST protocol uses topo-
logical edge states to transfer quantum states, via edge
state pumping. Our work is also different from a few
other studies of topological pumping of quantum corre-
lations [122, 123]. There the pumping protocols may be
achieved by mapping some highly correlated states to un-
correlated ones and the entanglement of these correlated
states can be strongly modified during the pumping pro-
cess. By contrast, our edge state pumping protocol can,
in principle, perfectly transfer a class of entangled states
by use of a superposition of topological edge states.

B. Discussions for implementations using
superconducting qubit circuits

In principle, our proposal can be implemented in vari-
ous platforms, e.g., cold atoms [124], trapped ions [125],
or coupled waveguides [126, 127]. However, with the
significant development in recent years, superconducting
qubit circuits, e.g., transmon or Xmon qubits [99], seem
to be a more promising platform [128]. Also, a fast and
high-fidelity transfer of arbitrary single-qubit state in a
chain of superconducting qubits has been achieved in ex-
periment recently [129].

The good scalability and flexible tunability for the cou-
plings make our extended SSH chain easy to be real-
ized by the superconducting qubit circuits. In partic-
ular, the coupling strengths can be tuned from topo-
logically trivial to non-trivial regime. Thus topologi-
cal and non-topological phenomena can be studied in
one quantum circuits. Moreover, the coherent time is
a very important for realizing our proposal. As shown
in Appendix A, the coupling coefficient g can be cho-
sen as g/2π = 10Mhz by using the parameters of cur-
rent superconducting qubit circuits for realizing our pro-
posal. Therefore, for two-qubit state transfer, one evo-
lution cycle can be T = 2π/g = 0.1µs. The total evo-
lution time is 10 evolution cycles, i.e., tf = 1µs. For
three-qubit state transfer, one evolution cycle can be
T = 2π/

√
2g = 0.0707µs. The total evolution time is

20 evolution cycles, i.e., tf = 1.414µs. In superconduct-
ing qubit circuits, the coherence time of single qubit is
about 10 ∼ 100µs [97, 98], which is much longer than
the adiabatic time in our proposal. Meanwhile, steady
topological edge states have already been observed in su-
perconducting qubit circuits, which can last more than
1µs [105]. Therefore, the decoherence effect is not ex-
pected to be troublesome in our protocol.

To make sure that the adiabatic evolution time for our
proposal is indeed integral multiple of the evolution cy-
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cle, one needs to measure the exact value of g, which is
equivalent to determining the eigenenergy of edge states.
This can be achieved by the reflection spectrum of a weak
probe light through a waveguide coupled to the extended
SSH chain (see Appendix E). The reflection peaks of the
input weak signal can reveal the energy spectrum of the
qubit chain with appropriate parameters, and the value
of coupling g can be obtained with the energy shift be-
tween the edge states.

VI. CONCLUSION

In summary, we have proposed an experimentally fea-
sible approach for transferring arbitrary entangled state
through an extended SSH chain. The entangled states
are encoded in the edge states of a class of extended
SSH chains, and then they are transported via an adi-
abatic protocol. Due to the topological protection of the
edge states, our protocol is robust against the the tempo-
ral noise caused by the imperfection in the control field.
We have numerically confirmed this robustness against
two kinds of disorders, i.e, the coupling strength disorder
and the execution time disorder. Compared with most
contemporary studies realizing QST in qubit chains, this
work represents an exciting advance that a general sce-
nario is proposed to achieve QST of arbitrary N -qubit
entangled state. Our proposal is easy to be realized by
using superconducting qubit circuits and the parameters
required in our protocol are estimated according to the
recent experiments. Given the feasibility and tunability
of the proposed protocal, our idea can also be extended
for realizing QST in two dimensional quantum networks.
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Appendix A: Xmon qubit chain with tunable
couplings

For our state transfer protocol, the feasibility comes
from the precise tuning of the coupling between qubits
in the topological qubit chain. We manage to realize
such setup with superconducting qubits. A supercon-
ducting qubit chain with tunable couplings is presented in
Fig. 1(a). The details of the coupler circuit are schemati-
cally shown in Fig. 1(b), where two Xmon qubits are cou-
pled by a tunable Josephson junction coupler. Such cou-

pling scheme has been experimentally realized in Ref. [99]
and theoretically analyzed in Ref. [100].
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Figure 7. (a) The change of δ versus φext. The parameters
we use here are Lg = 300 pH and LT = 1 nH. (b) Coupling
strength varies with φext. The parameters are LJ = 8 nH and
ωq = 5.5 GHz. Other parameters are the same as above.

The junction connecting two qubits provides a tun-
able effective inductance Leff to tune the coupling, and
a magnetic flux bias Φext is used to tune the coupler’s
effective inductance Leff = LT/ cos δ [100], where δ is the
phase difference across the coupler. For the coupler loop,
we have Φ = (Φ0/2π)δ, where Φ is the total magnetic
flux and Φ0 = h/2e. LT = Φ0/2πIc is the zero-bias in-
ductances of the Josephson coupler and Ic is the critical
current of the coupler junction. The circuit flux has the
relation Φ = Φext−2LgIc sin δ and therefore we can have

φext = δ +

(
2Lg

LT

)
sin δ (A1)

where φext = 2πΦext/Φ0. In the the weakly coupled limit
the effective coupling strength is approximately [99]

g = −ωq
2

M

LJ + Lg
, (A2)

where M = L2
g/ (2Lg + Leff) is the mutual inductance

and ωq is the qubit frequency. Thus the coupling strength
can be finally given by [100]

g = −
L2
g cos δ

2 (LJ + Lg) (LT + 2Lg cos δ)
ωq. (A3)

In Fig. 7(a), we present the relation between Φext and
δ. The phase δ can be tuned from −2π to 2π when the
external magnetic flux Φext is continuously changed. In
Fig. 7(b), we show how the coupling between qubits can
be tuned with Φext. As φext is changing from −2π to
2π, the coupling can be tuned from −20MHZ to 60MHZ,
which meet the requirement of the system parameters to
realize our proposal.

Appendix B: A straightforward diagram for exact
solution of the edge states

As for standard SSH model, there are only approxi-
mated solutions for hybridized edge states [82], but for
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our imperfect SSH model, one can obtain the exact so-
lution of the edge states [55]. To illustrate this process
straightforwardly, let us rewrite the qubit array with spe-
cific set of basis. As shown in Fig. 1, we here analyze
2-qubit state transfer, and the formula can be extended
to 3-qubit and N -qubit cases.
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(b)

g g
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Figure 8. Schematic diagram of the renormalization process
on qubit array with orthogonal basis of transport qubits. (a)
For each unit cell of the qubit chain, the renormalization leads
to two on-site potentials as g and −g, due to the coupling
strength g between the transport qubits A1,m and A2,m. (b)
Renormalization of the whole qubit array. All the transport
qubits are decoupled with each other, and the hopping am-
plitudes are staggered through the mediated qubits Bm. The
qubit array now can be distinguished into two branches by
the on-site energy: the upper branch with the hybrid qubit
A1,m + A2,m and the lower branch with the hybrid qubit
A1,m −A2,m.

For 2-qubit state transfer, the Hamiltonian of the qubit
chain is

H =

M−1∑
m=1

(
vσ+

A1,m
σ−Bm + wσ+

A1,m+1
σ−Bm + H.c.

)
+

M∑
m=1

(
gσ+

A1,m
σ−A2,m

+ H.c.
)
, (B1)

same as Eq. (1). As shown in Fig. 8(a), for a single unit
cell of the qubit chain, the Hamiltonian is

Hcell = vσ+
A1,m

σ−Bm + wσ+
A1,m+1

σ−Bm + H.c.

+ gσ+
A1,m

σ−A2,m
+ gσ+

A1,m+1
σ−A2,m+1

+ H.c.. (B2)

In the single-excitation subspace, the Hamiltonian in

Eq.(B2) can be rewritten as

Hcell = v|A1,m〉〈Bm|+ w|A1,m+1〉〈Bm|+ H.c.
+ g|A1,m〉〈A2,m|+ g|A1,m+1〉〈A2,m+1|+ H.c..

(B3)

The term of g|A1,m〉〈A2,m| + H.c. in matrix form

is
(

0 g
g 0

)
, and can be renomorlized as

(
g 0
0 −g

)
with basis of |χm,+〉 = (|A1,m〉+ |A2,m〉) /

√
2 and

|χm,−〉 = (|A1,m〉 − |A2,m〉) /
√

2. In the basis
{|χm,+〉, |χm,−〉, |Bm〉}, the Hamiltonian Hcell of the sin-
gle unit cell can be rewritten as

HR
cell = v

|χm,+〉+ |χm,−〉√
2

〈Bm|+ H.c.

+ w
|χm+1,+〉+ |χm+1,−〉√

2
〈Bm|+ H.c.

+ g|χm+1,+〉〈χm+1,+| − g|χm+1,−〉〈χm+1,−|
+ g|χm,+〉〈χm,+| − g|χm,−〉〈χm,−|. (B4)

The coupling between A1,1 and A2,1 in the unit cell leads
to two on-site potentials g and −g. The total Hamilto-
nian of the qubit chain in such new basis is

HR =

M−1∑
m=1

(
v
|χm,+〉+ |χm,−〉√

2
〈Bm|+ H.c.

)

+

M−1∑
m=1

(
w
|χm+1,+〉+ |χm+1,−〉√

2
〈Bm|+ H.c.

)

+

M∑
m=1

g (|χm,+〉〈χm,+| − |χm,−〉〈χm,−|) . (B5)

That is, as shown in Fig. 8(b), the renormalized qubit
chain can be divided into two different branches by on-
site potential. The upper branch’s transport qubits now
are A1,m +A2,m and lower branch’s transport qubits are
A1,m − A2,m. Two branches have the same mediated
qubits Bm. The edge states for the upper and lower
branches can be written as

|Ψ±〉 =

M∑
m=1

λm|χm,±〉

=

M∑
m=1

λm
(
|A1,m〉 ± |A2,m〉√

2

)
, (B6)

which is the same as Eq. (7). The extension of this anal-
ysis for 3-qubit and N -qubit state transfer is straightfor-
ward, thus we will not elaborate here.

Appendix C: Topological invariant for our extended
SSH model

In the standard SSH model with an even number of
qubits, edge states appear when the coupling strength at
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Figure 9. Topological invariant and edge states for our ex-
tended SSH model. (a) SSH model with an even number of
qubits. When v < w, the qubits at two end are insulated and
edge states appear. When v > w, all qubits are included in
bulk states and edge states disappear. (b) SSH model with
an odd number of qubits. we can see the system always has
an edge state whether if v < w or v > w. (c) Energy spec-
trum for extended SSH model with complete 3M qubits. Two
edge states are denoted with blue- and red- lines. Topologi-
cal phase transition occurs with the increasing of v, and edge
states join the bulk band when v � w. (d) Energy spectrum
for our extended SSH model with 3M − 1 qubits, i.e., lacking
of one qubit at the right end of the chain. The system always
has two edge states with the variation of couplings. (e) Wind-
ing number in dx-dy plane. When v < w (v > w), the centre
of the integral cycle is located at v (w) on dx axis. (f) Edge
states for our extended SSH model, i.e., (|A1,1〉 ± |A2,1〉) /

√
2.

the edge is weaker than the coupling at bulk. As shown
in Fig. 9(a), if v < w, the qubits at two ends are isolated
from bulk and form two edges. If v > w, all qubits are
included in bulks. For our extended SSH3 model, with
g = 0, sublattices A1,m and Bm are decoupled from A2,m,
forming the SSH model with an odd number of qubits.
The Hamiltonian of such SSH model is (A1,m is redefined
as Am)

HSSH =

M−1∑
m=1

(
vσ+

Am
σ−Bm + wσ+

Am+1
σ−Bm + H.c.

)
. (C1)

As shown in Fig. 9(b), if v < w, the weaker coupling
strength is v at the left edge. Otherwise, if w < v, the

weaker coupling strength is w at the right edge.
For a standard SSH model which can be obtained by

setting g = 0 of the SSH3 model, edge states are sup-
ported by the topological invariant defined in the phase
space. We first assume v < w and the unit cell is
(Am, Bm). Due to the translation invariance of the bulk,
we can make Fourier transforms to the vectors |Am〉 and
|Bm〉 as

|Ak〉 =
1√
M

M∑
m=1

eimk|Am〉, (C2)

|Bk〉 =
1√
M

M∑
m=1

eimk|Bm〉, (C3)

for k ∈ {δk, 2δk, · · · ,Mδk} with δk = 2π/M . Here k is
the wavenumber of the first Brillouin zone [82]. The bulk
momentum-space Hamiltonian H (k) is defined as

H (k) =
∑

ı,∈{Ak,Bk}

〈ı|HSSH|〉|ı〉〈|. (C4)

By choosing a fixed momentum k, we can get the matrix
form of the bulk momentum-space Hamiltonian h (k) as

h (k) =

(
0 v + we−ik

v + weik 0

)
. (C5)

Thus the total Hamiltonian can be written as H (k) =∑
k Ψ
†
kh (k)Ψk, with Ψ

†
k = (|Ak〉, |Bk〉) and we have

h (k) = dx (k)σx + dy (k)σy, (C6)

where dx (k) = v+w cos k, dy (k) = w sin k. The winding
number as the topological invariant hence can be defined
in dx-dy plane as

Winding =
1

2πi

∫ π

−π

d

dk
logh (k) , (C7)

where h (k) = dx (k) + idy (k) = v + weik.
Meanwhile, if w < v, the unit cell is (Bm, Am+1). Thus

the bulk momentum-space Hamiltonian of the system be-
comes

h (k) =

(
0 w + ve−ik

w + veik 0

)
, (C8)

and we have h (k) = dx (k) + idy (k) = w + veik where
dx (k) = w + v cos k, dy (k) = v sin k.

Fig. 9(e) shows that the winding number of this SSH
model with an odd number of qubits is always 1 whether
v < w or v > w. The wavefunctions of two edge states
are presented in Fig. 9(f).
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Appendix D: 3-qubit state transfer

Let us now further illustrate our proposal for 3-qubit
entangled state transfer, i.e., N = 3 as an example. In
this case, the qubit chain contains L = 4M − 1 qubits
and the corresponding Hamiltonian is given by Eq. (27)
with N = 3 as

H =

M−1∑
m=1

(
vσ+

A1,m
σ−Bm + wσ+

A1,m+1
σ−Bm + H.c.

)
+

M∑
m=1

(
gσ+

A1,m
σ−A2,m

+ gσ+
A2,m

σ−A3,m
+ H.c.

)
.(D1)

The edge states are only localized in all A-type qubits
(i.e., A1,m-, A2,m-, and A3,m-type) and can be expanded
as

|Ψedge〉 =

M∑
m=1

λm
(
aσ+

A1,m
+ bσ+

A2,m
+ cσ+

A3,m

)
|G〉.

(D2)
Substituting this equation into eigen-energy function
H|Ψedge〉 = E|Ψedge〉, we have

E
(
aσ+

A1,m
+ bσ+

A2,m
+ cσ+

A3,m

)
|G〉

= g
(
bσ+
A1,m

+ aσ+
A2,m

+ cσ+
A2,m

+ bσ+
A3,m

)
|G〉

+ a
(
vσ+

Bm
+ wλσ+

Bm

)
|G〉. (D3)

Here, for this special case of 3-qubit entangled state
transfer, we have assumed that the coupling constant g1

between A1,m-qubit and A2,m-qubit equals to that g2 be-
tween A2,m-qubit and A3,m-qubit, i.e., g1 = g2 = g.

It is straightforward to obtain λ = −v/w, and the
coefficients a, b, and c satisfy the following eigen-equation 0 g 0

g 0 g
0 g 0

 a
b
c

 = E

 a
b
c

 . (D4)

Solving Eq. (D4), we can obtain three eigenvalues
E± = ±

√
2g and E0 = 0, corresponding to three

eigenstates
(
1/2,±

√
2/2, 1/2

)
and

(
1/
√

2, 0,−1/
√

2
)
,

respectively. These three eigenvalues are also
eigenenergies of three edge states. Thus, three
edge states are constructed by the eigenstates, i.e.,
|χm,±〉 =

(
|A1,m〉 ±

√
2|A2,m〉+ |A3,m〉

)
/2 and |χm,0〉 =

(|A1,m〉 − |A3,m〉) /
√

2 associated with the mth unit cell.
As shown in Eq. (D2), then these edge states can be given
as

|Ψ±〉 =

M∑
m=1

λm

(
σ+
A1,m

±
√

2σ+
A2,m

+ σ+
A3,m

2

)
|G〉

|Ψ0〉 =

M∑
m=1

λm

(
σ+
A1,m

− σ+
A3,m√

2

)
|G〉. (D5)

When |λ| � 1, i.e., v � w, the edge states are mainly
localized at the left end of the chain, and when |λ| � 1,
i.e., v � w, the edge states are mainly localized at the
right end of the chain. In particular, when v = 0, these
edge states are written as |L±〉 = |χ1,±〉|gg · · · g〉 and
|L0〉 = |χ1,0〉|gg · · · g〉, supported by the transport qubits
on the left end of the chain. However, when w = 0,
the edge states are |R±〉 = |gg · · · g〉|χM,±〉 and |R0〉 =
|gg · · · g〉|χM,0〉, supported by the transport qubits on the
right end of the chain.

As discussed above, we can change the coupling
constants slowly as v = J [1− cos (ωt)] and w =
J [1 + cos (ωt)], then the edge states of the system will
adiabatically evolve from the left end to the right end of
the chain. As shown in Fig. 5(a), using a qubit chain
with M = 6 unit cells (i.e., 23 qubits) as an example, we
plot the variations of the instantaneous eigeneneries from
t = 0 to π/ω. We find that there are four bands of bulk
states, separated by three topological edge states. The
bulk bands outside of the edge states are not degenerate,
however, each bulk band inside the gap of the edge states
has five-fold degenerate. This has been further illustrated
in Fig. 5(b) by arranging 23 eigenenstates by the corre-
sponding eigenenergies (from the lowest to the highest),
when the time t is taken as t = π/6ω. Figure 5(a) also
shows if the system is prepared to one of the left edge
states (|L±〉 and |L0〉) at t = 0, then the state will evolve
to the corresponding right edge state (|R±〉 or |R0〉) when
tf = π/ω.

More generally, if the initial state is prepared to an
arbitrary 3-qubit entangled state at the left end of the
chain as

|Ψin〉 =
(
ασ+

A1,1
+ βσ+

A2,1
+ γσ+

A3,1

)
|G〉, (D6)

which can be rewritten as

|Ψin〉 =
α+
√

2β + γ

2
|L+〉+

α−
√

2β + γ

2
|L−〉+

α− γ√
2
|L0〉,

(D7)
by using the left edge states, then the state will adiabat-
ically evolve to

|Ψ (t)〉 =
α+
√

2β + γ

2
|Ψ+ (t)〉e−i

∫ t
0
E+dt

′

+
α−
√

2β + γ

2
|Ψ− (t)〉e−i

∫ t
0
E−dt

′

+
α− γ√

2
|Ψ0 (t)〉e−i

∫ t
0
E0dt

′
, (D8)

at the moment t. As we learn from the case of the two-
qubit state transfer, E± = ±

√
2g and E0 = 0 here are

still constant during the adiabatic protocol, thus the final
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state at tf = π/ω is

|Ψf 〉 =
α+
√

2β + γ

2
|R+〉e−i2π

g√
2w

+
α−
√

2β + γ

2
|R−〉ei2π

g√
2w

+
α− γ√

2
|R0〉. (D9)

Again, let us consider the evolution time to be exact in-
tegral multiples of the dynamical period T = 2π/

√
2g,

i.e., tf/T = g/
√

2ω = n (n � 1), then the final state
becomes

|ΨF 〉 =
(
ασ+

A1,M
+ βσ+

A2,M
+ γσ+

A3,M

)
|G〉. (D10)

Clearly then, as time t changes from 0 to π/ω, arbitrary
3-qubit entangled state can be transported from the left
end to the right end of the chain.
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Figure 10. 3-qubit state transfer with extended SSH4 chain.
The parameters are taken as J = 5g and g/2π = 10MHz. (a)
Target-state occupation probabilities F (nT ) = |〈ΨF |Ψ (nT )〉|
as a function of the number of evolution cycles n. Each
point represents a complete adiabatic evolution from t = 0
to t = π/ω. Various colors from red to green represent dif-
ferent lengths of the chain, where M = 2, 4, 6, 8. (b) Time
evolution of the whole qubit-chain state with initial state pre-
pared to a three-qubit W state (|A1,1〉+ |A2,1〉+ |A3,1〉) /

√
3

when the total evolution time is 20 evolution cycles n. The
color from dark-red to bright-yellow represents the population
distribution of the state on each qubit site. (c) The average
fidelities of 3-qubit W-state transfer with different coupling
disorder strength. M = 2, 4, 6, 8 for each curve, separately.
(d) The average fidelities of 3-qubit W-state transfer with
different execution time disorder.

Same as the case of 2-qubit state transfer, we choose
different numbers of evolution cycles to examine the adi-
abaticity. In Fig. 10(a), target-state occupation probabil-
ities F (t) = |〈ΨF |Ψ (t)〉| are plotted as a function of the

number of evolution cycles when a W-state is transferred
from the left edge to the right one for different lengths of
the chain. We find that the evolution cycles to achieve
high fidelity increase with the lengthM of the chain when
the qubit number in the unit cell is given. For example,
Fig. 10(a) shows that 20 evolving cycles are required to
achieve fidelity one when M = 8, however 5 evolving
cycles are enough to achieve fidelity one when M = 2.
For a specific case shown in Fig. 10(b), the W state is
shown to be transferring from the left to the right with a
rapid oscillation within the execution time (20 evolution
cycles). In Fig. 10(c), we have also evaluated the average
fidelities of the 3-qubit W-state transfer with different
disorder strengths ξ for the coupling strengths. There
is also a plateau at ξ ∈

[
10−3g, 10−1g

]
for each qubit

chain. However, different from the two-qubit transfer,
these plateaus are pinned at different values of fidelity
with the increase of the qubit number. We find that the
average fidelity for all the qubit chains considered here
is far beyond 96% so long as the disorder strength is
ξ < 0.1g. Meanwhile, the effect of the disorder of the
time evolution is presented in Fig. 10(d). The average
fidelity F is also good enough for state transfer as the
disorder strength η is less than 0.01T . Figs. 10(c) and
(d) clearly show that our proposal is also promising for
transferring 3-qubit state along a long qubit chain.

Appendix E: Energy spectrum detecting with
Input-output theory

To estimate the dynamical period in our QST proto-
col, one can measure the eigen-energy spectrum of edge
states with input-output theory for our extended SSH
chain. Specifically, for the 2-qubit state transfer as dis-
cussed above, the energy difference between the two edge
states of the chain is 2g. Meanwhile, for the 3-qubit state
transfer protocol, the energy difference between the three
edge states of the chain is

√
2g. To measure the energy

spectrum of the extended SSH chain, we assume that a
weak probe field is applied to the qubit chian via a trans-
mission line. Thus, the energy spectrum can be detected
by the transmission or reflection of the probe light. This
setup is schematically shown in Fig. 11(a).

For the convenience of derivation, we here consider a
generic qubit chain with arbitrary qubit-qubit couplings.
The Hamiltonian of this qubit chain can be written as

Hqubits =

L∑
x=1

ωxσ
+
x σ
−
x +

x 6=y∑
x,y

(
Ωx,yσ

+
x σ
−
y + H.c.

)
(E1)

Here ωx is the frequency of the xth qubit, and Ωx,y (x, y ∈
{1, · · · ,L}) is the coupling strength between xth and yth
qubits. When coupled with the transmission line, the
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Figure 11. (a) Schematic diagram for the SSH qubit array
detected by a microwave transmission line. The transmission
line here is coupled to the qubit chain with a set of josephson
couplers, and the coupling strength between each qubit and
the waveguide is tunable by the coupler. The transmission
line can be seen as a long waveguide with infinite microwave
modes. The frequency of input probe light is tunable and
we can get the energy spectrum of the qubit chain by detect-
ing the transmission of the probe light. (b) Inhomogeneous
couplings between the waveguide and qubits for the extended
SSH chain in Fig. 2(a). (c) Energy spectrum of the qubit chain
for 2-qubit state transfer with waveguide-qubit couplings in
(b). (d) Inhomogeneous couplings between the waveguide and
qubits for the extended SSH chain in Fig. 10(a). (e) Energy
spectrum of the qubit chain for 3-qubit state transfer with
waveguide-qubit couplings in (d).

Hamiltonian of whole system will become

H = Hqubits + ωca
†a+

L∑
x=1

Gx
(
σ+
x a+ σ−x a

†)
+ ε

(
aeiωpt + a†e−iωpt

)
, (E2)

where ωc is the frequency of waveguide mode, Gx is
the coupling strength between waveguide and xth qubit,
and ε is the driving strength of the probe light. After
rotating-wave approximation by applying a unitary op-

erator U = exp

(
ωpa

†at+
L∑
x=1

ωpσ
+
x σ
−
x t

)
, we get the ef-

fective Hamiltonian as

Heff =

L∑
x=1

4xσ+
x σ
−
x +

x 6=y∑
x,y

(
Ωx,yσ

+
x σ
−
y + H.c.

)
+4ca†a+

L∑
x=1

Gx
(
σ+
x a+ σ−x a

†)+ ε
(
a+ a†

)
,

(E3)

where 4x = ωx − ωp and 4c = ωc − ωp are the de-
tuning frequency for qubits and waveguide, respectively.
The waveguide naturally has infinite modes and only the
mode resonating with the probe light has contribution
to the Hamiltonian, i.e., ωc = ωp. Thus we can have
4c = 0. We here consider the low-excitation limit, so
the evolutions of operators’ average value can be derived
as

˙〈a〉 = − (κ+ i4c) 〈a〉 − i
L∑
x=1

Gx
〈
σ−x
〉

+ ε (E4)

˙〈σ−x 〉 = −i4x
〈
σ−x
〉
− iGx 〈a〉 − i

L∑
y=1

Ωx,y
〈
σ−y
〉

− Γx
〈
σ−x
〉
, (E5)

where κ is decay rate for the waveguide and Γx is the
decay of xth qubit. The evolution equations above can
be written into matrix form as

˙〈a〉 = − (κ+ i4c) 〈a〉 − iGTσ + ε (E6)
˙〈σ〉 = −i (4 + Ω− iΓ) 〈σ〉 − iG 〈a〉 , (E7)

where σ =
(〈
σ−1
〉
,
〈
σ−2
〉
, · · ·

〈
σ−L
〉)T , 4 =

Diag (41,42, · · · ,4L), Γ = Diag (Γ1,Γ2, · · · ,ΓL) ,
G = (G1, G2, · · · , GL)

T and Ω has the matrix form of
the coupling terms in Hqubits, i.e., Ωx,y = Ωx,y. Here,
notice that for our measurement setup as shown in
Fig. 11(a), the transmission line only couples to the top
half of the chain. This feature can be reflected by the
coupling coefficient Gx as shown in Fig. 11(b) and (d).

When the system is stable, i.e., ˙〈a〉 = σ̇ = 0, we can
get the steady solution of the equations as

σ = −iM−1G 〈a〉 (E8)

〈a〉 =
ε

κ+ i4c +GTM−1G
(E9)

whereM = i4+ iΩ+Γ. From the input-output theory,
the transmission of the probe field is

tp = 1− κ

ε
〈a〉

= 1− κ

κ+ i4c +GTM−1G
, (E10)
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and therefore the reflection of the probe field is

rp =
κ

κ+ i4c +GTM−1G
. (E11)

For the 2-qubit state transfer protocol with 14 qubits
chain in Fig. 2(a), all the qubits are resonating with each
other, i.e., ωx = ωq for x = 1, 2, ...,L. Therefore we have
4 = Diag (4q,4q,4q, · · · ,4q) and 4q = ωq − ωp. Ω
is the matrix form of the Hamiltonian shown in Eq. (2).
The decay of the waveguide is κ = 2.5g and all the qubits
have the same decay rate as γ = 0.01g. The coupling

strengths G between qubits and waveguide are shown in
Fig. 11(b). From Eq. (E11) we can get the reflection
spectrum of the qubit chain for different probe light as
shown in Fig. 11(c), where the vertical coordinates repre-
sent the detuning frequency4q and also the eigen-energy
of the system. Two edge states are clearly shown in the
figure and we can get the energy shift as 2g. Another
case we show here is the 23 qubits chain for 3-qubit state
transfer, and we can also get the energy shift as 2

√
2g in

Fig. 11(e).
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