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Topological order, reflected in long range patterns of entanglement, is quantified by the topological
entanglement entropy v. We show that for gapped quantum spin liquids it is possible to extract
~ using two-spin local correlators. We demonstrate our method for the gapped Z, Kitaev spin
liquid on a honeycomb lattice with anisotropic interactions. We show that the v = log2 for Z2
topological order can be simply extracted from local two-spin correlators across two different bonds
that involve only majorana fermions, with an accuracy comparable or higher than the Kitaev-Preskill
construction. This implies that even though the ground state can be factorized into the product of
majorana and gauge sectors, the different superselection sectors of Z2 gauge theory determined by
global Wilson loop operators can be reflected locally in the majorana sector.

I. INTRODUCTION

Quantum entanglement has started to play an increas-
ingly important role in the understanding of quantum
many-body systems. It is well-known for its relation
with topological order [1-4], which is reflected in long
range patterns of entanglement that are quantified by the
topological entanglement entropy (TEE) [5]. One of the
simplest examples of topological order is the emergent Z,
lattice gauge theory [6-9] realized by the toric code (TC)
model on a square lattice[10]:

H=-Y A,-) B, (1)

whose topological nature is reflected in the ground state
degeneracy related to the different eigenvalues associated
with Wilson loops around the torus shown in Fig.1

Usually, the extraction of TEE of a lattice gauge the-
ory, like TC model, cannot be done by local operational
protocol such as quantum distillation [9, 11, 12]. The
essential obstacle in calibrating entanglement by local
operation is that the operators have to be locally gauge-
invariant, which cannot detect other superselection sectors
that therefore requires non-local operations. Also, from a
statistical point of view, TEE is an intrinsic non-dyadic
many-body correlation [5, 13], as is also reflected in the
fact that any local correlation function in TC model with
less than four qubits vanishes. Such non-dyadic nature
directly implies that TEE cannot be extracted by one
or two-point local measurements. Therefore the TEE
in the Zs lattice gauge field is usually extracted by a
careful scaling analysis of von-Neumann entropy of the
subsystem boundary length [14, 15]; or by carefully engi-
neered linear combinations of different subsystems such
that non-topological contributions to the entanglement
cancel [5, 16]; or, for integrable models like TC, by exact
derivation of S,y for large patches [17-20]. It is impor-
tant to note that all of these methods are highly non-local
operations on the many-body quantum system.

A different but related model, the Kitaev spin liquid
defined on a honeycomb lattice with bond-dependent spin-
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FIG. 1. Top: TC model defined on the square lattice that
gives Zo gauge field. Two types of excitations B, and A, are
marked in blue and red corresponding to that in Eq.1; and
two Wilson loops in corresponding to the big and small circles
in the torus shown on the bottom right. v = log 2 is related to
the eigenvalues of the two Wilson loops. Bottom: The effective
TC model in the honeycomb lattice, where a spin of flavor a
is fractionalized into two majoranas c® ~ ib%c. Here c is the
itinerant majorana sector (in purple) and b” is the localized
majorana that constitutes the emergent Zs gauge sector. The
vortices on the plaquettes emergent from the gauge sector
correspond to the TC excitation.

spin interactions is exactly solvable. It is also described
by a Zs gauge theory with matter majorana fermions,
with only the gauge sector responsible for the topological
Wilson loops [21, 22]. It shows a transition from a Zs
gapless quantum spin liquid (QSL) to a Zy abelian gapped
QSL as the strength of one of the bonds of the honeycomb
lattice is increased compared to the other two [21, 23-27].



For large anisotropy of the bond strengths, the gapped
Kitaev QSL (KSL) on a honeycomb lattice also maps to
the TC on an underlying square lattice.

In this paper, we show as a proof of concept, that when
a Zo lattice gauge theory is embedded into the gapped
QSL phase of Kitaev’s honeycomb lattice (Fig.1), the
information of long-range entanglement can be encoded
in local nearest-neighbor two-point correlators and it is
therefore possible to extract TEE of the pure gauge theory
from only a local measurement. Our central result for
TEE is derived in terms of two-point correlators along a
z-bond and an x-bond (or y-bond), as shown in Eq.26 and
schematically in Fig.1. It is important to note that the
two-point spin-spin correlators are given exactly by the lo-
cal correlators of the matter majorana fermions. Since the
matter majorana and gauge sectors are coupled [28], infor-
mation about the Zs non-local Wilson loops is imprinted
in the local correlators of majoranas. Our results have
important conceptual implications for the detection of
long-range entanglement in topologically ordered systems.

II. TORIC CODE IN HONEYCOMB LATTICE

We begin with the mapping of the Kitaev honeycomb
model to the TC model on a square lattice. The Hamil-
tonian of the Kitaev model is given by:

H=K, Z ojoi + Ky Z olo! + K, Z oio; (2)
(ig)

(ig), (7).

where i, j label the sites of a hexagonal lattice, (ij), with
a = x,y, 2z denoting the nearest neighbor bonds in the
a—th direction. It is known to have a gapless QSL at
low anisotropy and a gapped Zs QSL at K,/K > 2 with
K = K, = K,;, as is shown in Fig.2(a,c,d). The gapped
phase harbors abelian anyons and is connected to toric
code gauge theory for K,/K > 2 [3, 29]. The toric code
is defined on the effective square lattice as shown in Fig.2

Hre =—Jrc Y Wi, Wi=14am 0, _a, (3)
P

with Jpc = ﬁ and 7 = (0 — 0f)/2, where

a,b are sublattice indices and di,dy are lattice vectors.

Upon performing a unitary rotation we have the fa-

miliar form of the TC Hamiltonian, given by Hpc =

—Jrc [Zb Ao+ Zp Bp], discussed above but now ob-

tained as the large K, limit of the Kitaev honeycomb
model.

For the gapped Z; phase one can map A and B, op-
erators of the square lattice TC model to fluxes in the
honeycomb model according to Fig.2(b) [10]. Our aim
here is to study the entanglement properties of Zs topo-
logical order from the perspective of local measurements
on the gapped Zs KSL. As we demonstrate below, the
correlation function between local degrees of freedom in
the KSL is rich enough that non-trivial information is
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FIG. 2. (a) The phase diagram of Kitaev model. (b) The
Kitaev honeycomb lattice. For large anisotropy K./K > 2,
the low energy physics is effectively captured by a square
lattice where new spin—% degrees of freedom 7 (black bullets)
live on the bonds of the honeycomb lattice, defining the Toric
Code model. The excitations of the TC A, (e-charge), B,
(m-charge) or the flux W; are marked by the colored plaquette
and star in Fig.1. (c¢) The evolution of energy gaps of different
excitations in the Kitaev model as a function of anisotropy,
shown on different scales. The phase transition from a gapless
to a gapped QSL occurs at the K, /K = 2. Data are obtained
by diagonalizing the majorana Hamiltonian at zero-flux sector
with 28 x 28 unit cells. (d) Analytical results of the two-point
correlation function (solid blue line) and its derivative (dashed
red line) as a function of bond anisotropy, also shown on
two different scales; the inset shows the cut along the bond
anisotropy in the phase diagram.

contained in local one and two-point density matrices; but
also simple enough that only a few of all possible combi-
nations of two-point correlators are needed to extract the
TEE. Thus while TEE for the TC which is a pure gauge
theory can only be obtained through non-local Wilson
loops, the TEE for the KSL which has coupled matter
and gauge degrees of freedom can be obtained by local
correlators.



IIT. LOCAL DENSITY MATRIX

We start by constructing the reduced density matrix
(RDM) of small subsystems. The smallest subsystem is
a single spin. In the QSL ground state it has a den-
sity matrix of size 2 x 2 from which we obtain the local
magnetization according to:

p =diag(a,1 —a) + bo® + ca¥, (o) = Tr(po®) (4)

Since a QSL ground state necessarily has zero on-site
magnetization along all axes, this immediately gives

1+4(o) 1 c_(ay B

2272
11

= p= dlag(2 2) = S,y =log?2 (6)

In order to construct a two-point RDM we need to de-
termine all free parameters in the 4 x 4 density matrix

by measuring Tr(pc®) and Tr (pcrf“af). In general, a

two-point system defined on sites ¢ and j can be captured
by a 4x4 RDM with Tr(p) = 1 and pf = p:

1 o @ .
P=7 Z<O’i O'§>O'i af, with o, 8 € {0,1,2,3}  (7)
a,B
where 0® = (I,0%,0Y,0%) are the Pauli matrices and

identity matrix and (c%c” /) is the ground state expecta-

tion value of the correspondlng operator Uf‘af for the
two-point system.

In the TC square lattice of Hpc the two-point correla-
tor is always zero [18] which gives a trivial RDM similar to
that of the one-point system. However, it is non-zero when
embedded in the honeycomb lattice whereby information
of entanglement can be extracted. The computation can
be greatly simplified in the Kitaev model by noting that
only the majorana sector contributes to local correlation
functions [30]. The correlation functions in the general-
ized Kitaev honeycomb model are highly anisotropic and
extremely short ranged; the only non-zero correlators are
(050, 5) Oa,p, Where 0,5 denotes the nearest-neighbor
qubit connected by the 8 bond. This can be made ex-
plicit if we separate an eigenstate into gauge and matter
sectors, i.e. |) = |Mg,G) with G denoting the Zs gauge
configuration and Mg the matter majorana fermions on
the gauge background. In this representation, the spin
is fractionalized into majoranas o = ibjc;, and the
Hamiltonian in a particular |G) sector becomes quadratic
H = iZ@j)a Ko ugjy cicj, where ugj;) = £1 gives the
Zs gauge field |G) which constrains the configuration of
gauge fluxes. This allows us to define the bond fermions
Ny, = (b2 + ib$') such that

(03

of = ici(ny)., +772fij)a)v o = ci(nug), _”Iijm) (8)

where i and j belong to different sublattice. Note that the
flux-free ground state corresponds to a full-filling of bond

fermions; local spin spin correlators can then be written
as 0 oc ¢jy, (id)a o,¢iz).. by Eq.(8), where 7y (5 and
72,(i5y, Hip a pair of adJacent fluxes that share the same
link (ij),. Then it can be readily seen that the only
non-zero correlators are those sharing a link; those that
don’t share a link must vanish due to orthogonality of
different flux configurations. Furthermore, only three
nearest neighbor correlators (of o’j o for a € {x,y,2})
give non-zero values because for o0, 5, 3 # «, we have

(0507,2) = <C83 Mg MQ§C8:>> (9)

which must be zero due to orthogonality of states with
and without Z, flux. The remaining non-zero correlators
can be calculated analytically in the c-majorana sector
by

iCjCj+z

<UJ UJ+Z> {iejcitz) = 1672 /BZ \/Ek'i‘—Az
€r and Ay on the R.H.S. are defined by

2(Kycosks + Kycosks + K)
Ak = Q(Kx sin k‘1 + Ky sin kg)

(11)
(12)

where k; = k-dy, ko = k-do, and d » = Le, + Le,
are unit vectors along x and y type bonds. The detailed
derivation of Eq.10 as well as for the case with a weak TR-
breaking perturbation are presented in the AppendixVIB.
At the point K, = K, = K. we have (o707, ) = 0.52;
and as K, — oo, we expect (0707, ) — 1. (0f07) and
(o/0) can be obtained from Eq.10 by the substitutions
K, - K, - K, - K, and K, - K, - K, = K,
respectively. From this information and the fact that
QSL states have (o) = 0, we can readily construct the

two-point RDM for each type of dimer along the different

bond directions. Let (of0f,,) = 44, (0/0,,) = —4B
and (ofof,.) =1—4C, by Eq.7 we have:
1 A
=L+ 2 1
P 1 4+ 4J4 (13)
1
Py = 11[4 + anti-diag(B, —B, —B, B) (14)
. 1 1
p. = diag (2 -C,C,C, 5~ C> (15)

where J; is the 4 x 4 anti-diagonal unit matrix. These
also show that the measurement of a local p, only re-
quires (c%0®) on an a-type bond. It is worth pointing
out that even though the aforesaid p, is determined by
the correlation in the majorana sector according to Eq.10,
it nevertheless contains information of gauge sector re-
flected in the zeros of the matrix which is relevant for
the topological nature of entanglement [22]. This means
it is in principle possible to extract the information of
orthogonality in the gauge sector by computing only ma-
jorana correlations if Zy charges remain (approximately)



conserved. The RDM of an a-bond subsystem has two
unique eigenvalues and two pairs of doubly degenerate
eigenvectors, which immediately gives the von-Neumann
entropy of an « bond:

1+ (c%c®
Syn () = —QZAi log()\i), g = %
+

(16)
Such degeneracy is directly a consequence of TR symmetry.
The two-point p, has two pairs of two-fold degenerate
eigenvalues if TR symmetry is present, and thus flux
is conserved; any perturbation respecting the symmetry
will not lift the degeneracy unless a phase transition
occurs. Indeed, any perturbation to the Kitaev model
which preserves TR symmetry leaves the system in the
same spin liquid phase [21]. As shown in Fig.2(d), the
two-point correlators, and therefore the two-point RDM,
directly reflects the majorana sector, and is able to detect
the opening of the majorana gap at K,./K = 2. Indeed,
this directly explains the singular behavior of the local
fidelity susceptibility at the phase transition reported in
Ref.[31]. But, as we show in the section below, there
is more information in majorana sector that allows us
to extract TEE from local correlators of the majorana
particles.

IV. BIPARTITE AND TOPOLOGICAL
ENTANGLEMENT ENTROPY

In this section we show how to extract TEE using local
measurements as defined in the previous section. This
explicitly demonstrates that local degrees of freedom can
contain information of non-local long-range entanglement.
Thereafter we calculate arbitrary bipartite entanglement
entropy from local measurements. In a gapped system
the total von-Neumann entropy is written as

Sun(S) = aldS| — v + O(e~1951/¢) (17)

where OS is the boundary of area S, and & the correlation
length of the system. The first term in Eq.17 is the
non-topological area-law entropy. Usually the TEE ~ is
extracted by the Kitaev-Preskill construction shown in
Fig.3(a) as a linear combination of entropies of different
subsystems:

- :S'PA + S'PB + SPC

- SPAB - SPAC - SPBC + SPABC (18)
with & = Papc = Pa UPr U Pe. Indeed this is equiva-
lent to a tripartite mutual information which is obtained
by sampling multiple random variables of different sub-
systems. Hence it calibrates higher-order covariance and
requires measurements on seven different subsystems. The
non-topological, non-area-law O(e~!951/¢) can depend on
the specific partition and subsystem size |0S|, but van-
ishes as |0S| — oco. For computations on a finite lattice,

subtracting area-law contribution from S,y may result
in the calculated TEE # to deviate from the true ~.

However, we show that even though ~ is defined in
Kitaev-Preskill construction as the information shared be-
tween three subsystems, it can nevertheless be extracted
in a finite, or even two-point subsystem. This is possible
if excitations relevant for short range entanglement are
gapped enough, and the length scale of the interaction
between (approximately) conserved gauge charges can be
ignored. The gap A is inverse proportional to charac-
teristic length scale &; for the gapped KSL under weak
perturbation we effectively have £ ~ 1/A ~ 0 for majo-
ranas at high anisotropy, as is shown Fig.2(c). Also, the
Zso charges in the gapped KSL are conserved and do not
interact with each other, hence there is no length scale
associated with Zs charges. Therefore the area-law and
topological effects dominate over the O(e~1951/¢) and the
approximation 4 ~ v and S, n ~ «|dS| — v become accu-
rate even in a finite subsystem with weak perturbation;
we justify its applicability below with direct computation.

We can formally decompose the non-topological entan-
glement of a multi-spin subsystem into several entangled
pairs. In particular, we assume that the system is gapped
enough and the short range entanglement remains sig-
nificant up to next nearest neighbor spins. Then, the
majority of the short range entanglement can be captured
within a two-site subsystem. For a subsystem made of a
z or x-bond dimer, we propose that the non-topological
entanglement can be represented by bond-dependent en-
tangled pairs separated across different bonds on the
boundary shown pictorially:

o Q
A At o._ pre) Y i
T’ é
—_— s SNy [
LA > \O* “~o
/’. ‘\\

: (19)

[¢]

Let S5y denote the von-Neumann entropy of an entangled
pair separated by an « bond, then the von-Neumann
entropy is of the form

Sun (I) =28V, +257y — 7 (20)
Sov (“pAo) =2t 2sin - (2)

where the dotted circles denote relevant environmental
degrees of freedoms. The structure of Eq.20 and Eq.21 is
based on the lattice symmetry which describes the local
contributions from the bonds that are cut on the bound-
ary and the additional non-local topological contribution.
The local contributions can be viewed as a microscopic
area law”; in addition, we include the topological con-
tribution through ~ which cannot be described locally.
Indeed, topological entropy is not subjected to quantum
distillation or dilution into Bell pairs [9]. These equations



immediately give
te= S (1) +0] =5t 22
__ . 1 N\
oN T 5PuN <%) 70N (I) + 1 (23)

where we have exploited the C§ symmetry. We would like
to point out that in this representation, Sg, of entangled
pairs is considered to have approximately incorporated
the correction from O(e~1251/¢) on a two-site scale, which
is made explicit by the the formulation that entanglement
entropy in R.H.S. are to be determined by the measured
value of nearest neighbor correlators according to Eq.16,
instead of the a priori area-law entropy.

In particular in the TC limit |K,/K| — oo, we have

<crfaf+z> — 1 and <Jf0f+m> — 0, thus Syn (#) —

2log2, Syn (I)

Neumann entropy of entangled pairs of x and z type in
a TC ground state: Sy (TC) = SYy(TC) = +(log2 +7),

2v(TC) = 2log 2 + 1, which have both pair-wise con-
tribution in the form of the scaled log 2, and a topological
contribution contained in 7.

This picture provides a simple way to calculate en-
tanglement entropy for arbitrary bipartite lattice, and
simplifies the extraction of the topological entropy for
applicable systems. Assuming a bipartite cutting SU &
with n, x-bonds, n, y-bonds and n. z- bonds, the total
von-Neumman entropy can be written as

Sun(&) = Y na®Sn) 7 - (24)

— log2. This gives the von-

Its differential with respect to the subsystem S gives:

AS,n = AngSgn(7) (25)

where AS,y = Syn (S + AS) — Syn(S). The L.H.S. of
Eq.25 can be evaluated numerically in bipartite systems
that are amenable to diagonalization, or calculated di-
rectly from single and two-point correlators for subsystems
of less than two sites; and An, is known from distinct
subsystems in different partition schemes. One can read-
ily extract the topological entropy v knowing the form of
the local entropy contribution S$y () from the entangled
pairs, which, in the case of Kitaev QSL, is given in Eq.22
and Eq.23. These give the key equation for TEE in terms
of two distinct two-point correlators:

y :ZalAna (185, — 2805, <¢)
— (An, + Any — An.)S, (I) ]

Here one has the freedom to choose the area of each
subsystem with different sets of n,. S,y can be com-
puted as a contribution from bonds of using two-point

(26)
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FIG. 3. (a) Kitaev-Presill construction. (b) Partition scheme
where subsystem P4 has two qubits living on a z bond, and
‘Ps has three qubits living on a z bond and an x bond, and .
(c) Pa as a single qubit subsystem, and Pp as two-point dimer
on a z bond. (d) v extracted from different partition schemes
using Eq.26, in comparison with that by the Kitaev-Preskill
method. n+m in legends stands for n-site P4 and m-site
Pr, partly shown in the top row. The horizontal dashed line
marks log2 in base e. The inset is a zoom-in near log 2 with
a larger scope of K. (e) v extracted by the same method at
K./K = 4.0 when the system is subjected to an out-of-plane
magnetic field h. The inset shows the expectation of W, as
an indicator of flux conservation.

correlators that invariably incorporate the correction from
O(e~1951/€) and ~. Note that, in a QSL state, single-qubit
entanglement entropy is unaffected by the short-range en-
tanglement and O(e~1951/€) since it is fixed to be log2 by
zero on-site magnetization. With this information, there-
fore, determining the entanglement entropy of another
subsystem with more than one site suffices to extract v
according to Eq.26.

As an example, we now present this construction in the
gapped Zy QSL of Kitaev model using the scheme defined
in Fig.3(c), which requires only local measurements on a
single qubit and a pair of two-point correlators on different
bonds. Entanglement entropy for the z-bond dimer can
be easily retrieved directly from the nearest-neighbor



correlator from Eq.16. In the TC limit, measurement
of two-spin correlation gives S,n(Pg) = Syn ( I > =

log 2 according to the previous discussion, and rgsuifs in
AS,N(Pa,Pp) = 0 where P4 is a single qubit; and by

the same token S,y <%> = 2log2. After counting

the number of boundary bonds for each cutting, Eq.26
gives

~v(TC) = log 2 (27)
which agrees exactly with the result derived from the
Kitaev-Preskill construction for L — oo and as well as
with previously reported methods using large non-local
partitions [17-19] or non-trivial projections of wavefunc-
tion [20]. This exact derivation of v in TC limit relies on
two facts (i) the majorana particles are highly gapped out,
as is shown in Fig.2(c), whose relevant length scale van-
ishes accordingly; (ii) The conserved charges A, and B,
do not interact with each other (unlike the non-Abelian
phase which is discussed in Appendix.VIB), hence there
is no length scale associated with the fluxes. The alterna-
tive derivation of v(TC) = log 2 presented above makes
explicit the intuition that topological order can be en-
coded even in local degrees of freedom, whose feature can
be extracted by local two-point correlators.

V. DISCUSSION

To what extent is the construction in Eq.26 applicable
to QSL states with smaller majorana gaps and finite-size
systems used in numerical diagonalization? To address
this question, we numerically diagonalize a finite 24-site
cluster of the Kitaev honeycomb Hamiltonian with dif-
ferent K, /K in the gapped Zs phase. Figure.3(d) shows
~ extracted by different methods, including the Kitaev-
Preskill construction and our local-measurement method
defined in Eq.26 with some of the partitions shown in
Fig.3. These results provide a calibration of the appli-
cability of the local-measurement method in comparison
with the known analytical result. We demonstrate that it
is possible to extract v by locally measuring single and
two-point expectation values which is remarkably capable
of capturing the topological entropy. Furthermore, the
accuracy improves as K, /K increases towards the TC
limit where the gap A of majoranas becomes large. The
exponentially suppressed error for large K, reflects the
linear growth of the majorana gap as a function of K, as
shown in Fig.2(c). Also, for a fixed K, /K, the accuracy of
extracted v can be greatly improved by slightly increasing
the size of local subsystems, with comparable or smaller
error than for v calculated by the Kitaev-Preskill con-
struction which requires S,y of large patches. Knowing
the topological entropy, it is straightforward to calculate
arbitrary bipartite entanglement entropy using Eq.22-
Eq.24, as shown in Fig.4, where the calculated entropy

y-bond cut

FIG. 4. (a) Bipartite entanglement entropy of the subsystem
enclosed by two z-bond cuts that traverse 8 z bonds. (b)
Bipartite entanglement entropy of the subsystem enclosed by
two y-bond cuts that traverse 6 y bonds. The solid blue lines
show the results calculated by Eq.22-Eq.24 with two-point
correlator; and the red triangles are obtained numerically in
24-site lattice (4 X 3 unit cells) with torus geometry.

agrees with that obtained by exact diagonalization for
large anisotropy.

It is worth pointing out that the construction is no
longer accurate under larger TR-breaking perturbations
whereby fluxes are not approximately conserved and hy-
bridize strongly with majoranas [32], or in the non-abelian
phase with 0 < K, /K < 2 where fluxes interact with each
other [33]. As is shown in Fig.3(e), when the expectation
of fluxes W, begins to deviate from unity, finite-range
interaction between fluxes emerge, and non-topological
contributions between gauge degrees of freedom to entan-
glement can contaminate the TEE.

VI. CONCLUSION

In contrast to the TC model, for which the topological
entanglement entropy is encoded in Wilson loops or non-
local correlations, making it unfeasible to extract TEE
by local measurement, we show that the same is not true
for the gapped Kitaev QSL on the honeycomb which
allows for greater fine structure in terms of both matter
and gauge sectors. We find that by measuring local two-
point correlators in the Kitaev model that target only
the matter majorana fermions, it is possible to retrieve
the exact topological entanglement entropy v = log 2 of
the Zs topological order. Indeed this implies that the
emergent majorana particles also contain the topological
information about emergent Zo gauge field as is contained
in the gauge sector. In other words, while it is known that
the entanglement entropy of Kitaev QSL can be factorized
into Syn = S + Sg with only the Sg(L) ~ (L — 1) log2
of the gauge sector responsible for the TEE = log 2 [22],
the entanglement in the gauge sector is not completely
independent of the majorana sector. This is at the core of
why two-point correlations of only the majorana sector is
nevertheless able to detect topological entanglement. This
construction is accurate away from the TC limit if K, /K
is significantly larger than 2 and can be improved by
increasing the subsystem size. The proposed construction



remains valid under weak TR-breaking perturbation if
fluxes are approximately conserved. This makes explicit
the intuition that topological order, though being a non-
local property, can be informed by local measurements.

Recently, randomized measurement protocols have been
developed to measure entanglement and out-of-time-order
correlators using two-point correlated noise spectroscopy,
including an experimental demonstration in a trapped-
ion quantum simulator [34-36]. There has also been a
report of an experimental realization of the Toric code
[37, 38] using Rydberg atoms. We expect our ideas and
calculations can give useful insights for extraction of TEE
via local measurements in relevant experiments.
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APPENDIX
A. Two-point reduced density matrix

In general, a two-point system living on site i and j
can be captured by a 4x4 reduced density matrix (RDM)
with Tr(p) = 1 and pf = p:

1
p=7> (ofo))oto], with a8 €{0,1,2,3} (28)
4,J

where 0? = (Iy,0%,0Y,07) are the Pauli matrices, and

<Uf‘af ) is the expectation value of the corresponding

operator Uf‘of for the system. Therefore such a density
matrix consists of fifteen free real parameters (all the
expectation values except (Isl5)). If the two-points system

is in a pure state, the second Renyi entropy will vanish:

Sy = —log Tr(p?) = —log Z(a?a?)Q =0 (29)
1,7

This equation would eliminate one free parameter out of
all these fifteen parameters, so we still have fourteen free
parameters left. However, a pure state for a two-point
system can be written as:

T = al00) + bj01) + ¢[10) + d|11) (30)

where a, b, c,d are complex numbers satisfying the nor-
malization condition. After eliminating the global phase
factor by setting a to be real and using normalization
condition, there are only six free real parameters left for a

pure two-points system. However, after applying the sec-
ond Renyi entropy condition, there are fourteen free real
parameters left in the reduced density matrix, and we still
need eight equations to eliminate all the remaining free
correlation functions to get only 6 free real parameters as
in the wavefunction.

Indeed, there is a stronger condition than the second
Renyi entropy to fully determine the pure state of a two-
point system, that is the condition that the density matrix
is a projector: p? = p. This constraint would further
reduce the fifteen free parameters down to six, which
can recover all the information of a pure state without
redundancy. p? = p gives 9 independent equations for
all possible correlation functions of the two-point system
(including Sz = 0), so these 9 independent equations will
provide the necessary direct checks on physical observables
(all correlation functions) to see if a two-point system is
pure.

However, p? # p for reduced density matrices of mixed
states, and those correlation functions don’t have very
clear relationships among themselves. Hence in principle
it is always possible to determine if a system is entangled
or not via local measurements. Furthermore, correlation
functions contain more information about the underlying
system than entanglement entropy alone, since the former
also contains information of special geometry in its matrix
elements which entanglement entropy, as a scalar, does
not. This establishes the possibility that the correlation
functions provide sharper resolution into the entanglement
structure, so that one can distinguish the long-range
topological entanglement from the non-topological ones
by local measurements. Therefore, as is shown in the
main text that a standalone correlator is relevant for
TR-symmetry protected degeneracy and is able to detect
phase transition between gapless and gapped QSL phases,
but does not contain long-range entangled information;
However, the combination of two local correlators can be
used to extract topological entanglement entropy in the
gapped Zy QSL phase with very good accuracy.

B. Derivation of correlation function in Kitaev
model

The Kitaev model can be split into gauge and mat-
ter sectors [21], i.e. |¢) = |Mg,G) with G denoting the
Zo gauge configuration and Mg the matter majorana
fermions on the gauge background. In this representa-
tion, spin is fractionalized into majoranas o} = ic;b,
and the Hamiltonian in a particular |G) sector becomes
quadratic and integrable as H = iZ(ma Kq ugyjy, cicj,
where w(;;) = £1 are good quantum numbers that deter-
mine |G) by pinning down a particular configuration of
gauge fluxes {W, = £1}.

In an arbitrary eigenstate of the Kitaev Hamiltonian
in some fixed gauge field configuration G, we write the



two-point spin correlation as
(05 ()05,.) = (Mg| (G| of (t)a3(0) [G) [Mg)  (31)

Let i,j be on the same z bond. Since fluxes in gauge
sectors are conserved, with the majorana representation,
the static two-spin correlation function for the bond (ij),
becomes

(0507,.) = (Mglicjey |Mg) (32)
that is, the correlation is attributed to the matter fermion
sector only. Recall that the zero-flux sector Hamiltonian
is

=2 (0-a b-q) (_ifﬂ(q) ifé@) (Z:> (33)

or H =73, Uih(q)¥, where a and b are momentum-
space majorana operators on different sublattices. The
off-diagonal elements for each majorana mode is related to
flq) = Kyeft™ 4 K™ 4 K, = Kyelds + Kye'ts + K,
where we've defined ¢, = q-n; and g, = q-ny. Splitting
its real and imaginary parts gives:

fl@) = eq +1ilq (34)

with
€q = Ky cosq, + Ky cosgy + Jz (35)
Aq = K, sing, + K, sing, (36)

To diagonalize the Hamiltonian, note the block ma-
trix can be written as h(q) = d - &, withd =
(dy,dy,0) = (—Aq,—€q), so the eigen energy is just

Eq+ = £\/|fI? = £4/e2 + A2. Let Eq = Eq > 0,
the diagonalized Hamiltonian becomes

H =3 Bq (Cf1Car — ClaCaz) (37)
qa

where Cy 1, Cy2 are operators for the lower and upper
complex majorana band respectively. Therefore the groud
state is given by filling the lower band majorna:

o) =[] Cd210) (38)

It is straightforward to find:

1 q q “h
q,2 V2 \ Aq—ieq aq T 0q | »

39

1 62 +A2 ( )

where we used the fact that Aq being anti-symmetric while
€q is symmetric. From Eq.39 the two-point majorana
correlator in momentum space can be written as

. {
icjck = Z a—qbq + aqb_q
a

1 €q — 1Aq
== ——— | C_q.2C
N Xq: 2Eq4 ( a2ra2 (40)
- C;QCT,%Q + C—q,2c’iq72 - 03’20%2)
+ h.c.
Then by Eq.32, Eq.38 and Eq.40 we have
. s 1 €q
(050520 = % N (41)
N q€BZ Eq

In order to transform the correlator to Fourier space, we

define the unit vectors of the lattice n; = (@, 1), ng =
(@, —1) with |n;| = 1 and the corresponding reciprocal

lattice vectors by = 2—\/%(17 V3), by = 2—\/%(1, —/3). Note
that N is the total number of sites (number of unit cells is
N/2), we can rewrite the sum into integral by > qeBz =
N#&z fBZ d?q where §q is the volumn per allowed q. dq is

related to the real space volume V by dq = % = \1/6;1\2[,

where we used V = #u x 0 x np| = ¥ x 23 = V3N,

with #u = N/2 the number of unit cells. So we finally
have

V3 [ e
fo, V= —— [ AP 42
<U] UJ+Z> 1672 57 Eq q ( )

as shown in the main text (See also Ref.[30]).
In the case of broken TR-symmetry, to leading order,
the Hamiltonian takes the form [21]:

B D(q) if(a)) (aq
H_%:(a’q bl (—if*(q) D<q>> <b> )
+/If (@) + D(a)*.

whose eigenvalues are +FE(q) =
This immediately gives:

Cq1 = (44)

1 n D—-if-F b
—|a R
V2\?Y D+ifr—E1

1 (D+if*+E

Cqo=—7| —=——""+— b 45

q,2 \/§<D—Zf+an+ q) ( )
In the ground state, only the lower band is occupied, so
we need only to focus on Cq 2 and its conjugate operator.

For simplicity we define P(q) = % for Cqy 2, hence
we have
V2 n
=————————(Cq2—-C 46
0= P P (Car = Cas)s (9
2P*
by = —&C (47)

P(q) - P*(—q) **

P*(q) t
(14 g ) O
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FIG. 5. (a) The gap of itinerant majoranas at different
anisotropy and TR-breaking perturbation h that preserves
flux conservation. In the non-Abelian phase the gap increase
with A but is upper-bounded by A,, = 2. (b) v extracted by
2+3 and 2+4 construction introduced in the main text. The
accuracy does not improve with increasing h since the fluxes
do interact with each other which introduces a length scale
and short range entanglement. The inset is a schematic plot

of energy splitting of two fluxes separated by a distance d.

Detailed calculation are reported in Ref.[33].

then the two-majorana correlator becomes:

, i
(icjer) = N Z (a_qbq + aqb—q)
q

V3 2[P*(q) + P*(—q)| d’q
~ 1672 [y [P(—q) — P*(q)][P(q) — P*(*(élé)l]8

This result, however, cannot be used to retrieve the TEE
in the non-Abelian phase of Kitaev spin liquid. The reason
is two-fold. Even though the majoranas are gapped out
while retaining the conservation of fluxes, the gap of these
itinerant majoranas are bounded hence there is an finite
lower bound of £ which contradicts the assumption that
& — 0, as is shown in Fig.5(a). Moverover, even though
the fluxes in the non-Abelian phase are conserved, they
still interact with each other so that the energy band is not
flat, as shown in Fig.5(b), which introduces an interaction
length scale [33] and contaminates the TEE by finite range
entanglement, adding an additional contribution to the
local two-point measure.

C. Degeneracy of Entanglement Spectrum

In the Kitaev model, the degeneracy of the entangle-
ment spectrum is protected by TR symmetry, or by the
conservation of Zy flux, or both. To make this point ex-
plicit, consider a TR-symmetric two-point density matrix
p2, where |S| = 2. Tt can be represented in its diagonal
basis as

p2 = UP2UT = dia‘g(av b, c, d) (49)

where the tilde is used to denote the diagonal representa-

tion. Upon tracing out one of the qubits, either the first

one or the second one, we obtain,
Tre—1(p2) = (a+1b) |0) (0] + (c + d) |
Tre—1(p2) = (a+¢)|0) (O] + (b+d) |

D) (1]
1) (1]

According to TR symmetry, the one-qubit density matrix
must be g1 = p1- = diag(3, 3), hence we must have b = ¢
and a = d. Therefore, p; will have two pairs of two-fold
degenerate eigenvalues if TR symmetry is present; and
any perturbation respecting the symmetry will not lift
the degeneracy unless a phase transition occurs. Indeed,
any perturbation to Kitaev model which preserves TR
symmetry leaves the system in the same spin liquid phase.

In fact, the degeneracy is present in a subsystem of
arbitrary size. Consider a bipartite system S U &, where
S includes n particles. The reduced density matrix of the
n-point subsystem is

pn = Trice [¢) (Y] (52)

The ground state |¢)) of Kitaev model respects time-
reversal (TR) symmetry such that |p) = O [¢), where

p1 (50)
p1 (51)

0=a,0; Oi=ewp(-izol)k  (53)

with K denotes complex conjugation, ©% = —1 (fermionic
condition) and @Z-G);-r = 1. This is true regardless of fixing
a particular gauge sector since ©® commutes with the
Wilson loop operator. The n-qubit RDM of a Kitaev
ground state can then be written as

pn = Trice [¥) (U
= Trice © |¢)) (¥ ©F (54)
= 05 Trice (O [¥) (¥ ©}) OF = ©3,0}

where Os = ®;c50; and © = Os®0O¢. Hence [Og, p,] =
0. Therefore the eigenvalues of RDM can be identified
by the eigenvalues of ©gs. Assume n € odd and |v) is
an arbitrary eigenvector such that p, [v) = v|v). Then
we must also have p,[Os|v)] = v[Os |[v)], Os|v) L |v)
due to ©%2 = —1, so v must be a two-fold degenerate
eigenvalue according to Kramers’ theorem. Therefore,
there is a double degeneracy of the entire entanglement
spectrum of ppecoqq Which characterizes its topological



nature [39]. Such degeneracy of p,codd remains intact in
the presence of perturbations that respect TR symmetry.
This also holds for n = 1 for a single qubit subsystem:
in order to respect the degeneracy, the reduced density
matrix p; must represent a maximally entangled state,
so that p; = diag(%, %) and S,n(p1) = log2. However,
for n € even this argument generally does not hold, for
Kramers’ theorem does not apply to even number of
qubits whereby ©s = 1. Yet as we see in the two-fold
degeneracy of p; , ., the degeneracy is still present due to
TR symmetry in the absence of the fermionic condition.
Indeed, it is straightforward to prove by induction that
such degeneracy is present for both n € even and n € odd.

In the absence of time-reversal (TR) breaking pertur-
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bations, the short-range contamination of the long-range
entanglement of the Zs KSL is attributed solely to the
majorana sector, which, interestingly, turns out to be a
strength for extracting the TEE, and exhibits a two-fold
degeneracy of the two-point RDM reflecting the emergent
Zo gauge field. In particular, extraction of TEE from
local correlators is not viable in the TC lattice where
the two-point correlation matrix vanishes [10, 18]; in con-
trast, the non-zero correlation in the gapped Zs phase
of KSL, which is attributed only to the majorana sector,
can through local measurements inform the long-range
entanglement of Zs topological order that is attributed
to the gauge sector.
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