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Abstract
In discrete quantum systems, quantum decoherence is the disappearance of simple phase rela-

tions as a result of interactions with an environment. For many applications, the question is not

necessarily how to avoid (inevitable) system-environment interactions, but rather how to design

environments that optimally preserve a system’s phase relations in spite of such interactions. The

formation of system-environment entanglement is a major driving mechanism for decoherence, and

a detailed understanding of this process could inform strategies for conserving coherence optimally.

This requires scalable, flexible, and systematically improvable quantum dynamical methods that

retain detailed information about the entanglement properties of the environment, yet very few

current methods offer this combination of features. Here, we address this need by introducing

a theoretical framework wherein we combine the truncated Wigner approximation with standard

time-dependent perturbation theory allowing for computing expectation values of operators in the

combined system-environment Hilbert space. We demonstrate the utility of this framework by

applying it to the spin-boson model, representative of qubits and simple donor-acceptor systems.

For this model, our framework provides an analytical description of perturbative contributions to

expectation values. We monitor how quantum decoherence at zero temperature is accompanied by

entanglement formation with individual environmental degrees of freedom. Based on this entan-

glement behavior, we find that the selective suppression of low-frequency environmental modes is

particularly effective for mitigating quantum decoherence.
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I. INTRODUCTION

Discrete quantum systems serve as elementary building blocks of devices for quantum

information,[1] quantum sensing,[2] and optoelectronic technologies.[3, 4] The inevitable

presence of environmental interactions leads to a loss of coherence; simple phase relations

between system states. Understanding this process is crucial for applications ranging from

quantum computing[5, 6] to solar energy harvesting.[3, 7] In the former case it would be

desirable to approach the limit of indefinitely retained coherence.[8] This limit is commonly

envisioned as that of minimal environmental reorganization energy and minimal tempera-

ture, which, however, renders implementations of quantum computing devices impractical.

A major driving mechanism of decoherence is the formation of system-environment entan-

glement, and it is conceivable that decoherence can be suppressed by rationally controlling

how this entanglement evolves, although the number of studies exploring these principles has

remained limited.[9–17] This would suggest implementation strategies akin to those found

in natural light harvesting, where discrete quantum systems in the form of coupled chro-

mophores experience an environment tailored to their functioning: the efficient dynamical

localization of quantum excitations on an acceptor state.[18, 19]

Modeling the transient behavior of discrete quantum systems and their environments

can provide mechanistic insight on how details of an initial state preparation and system-

environment interactions impact their evolution, [20] while offering an opportunity to op-

timize function by engineering these factors. There has been an enormous effort in the

development of efficient nonadiabatic quantum dynamics techniques that are capable of

reliably modeling decoherence processes following preparation of an initial nonequilibrium

state. In spite of this, however, there remains a lack of modeling techniques offering ex-

plicit insight into how individual environmental modes become entangled with the system

states. Such explicit insight becomes lost in standard quantum master equation techniques

such as Redfield theory,[21] Förster theory, [22] and the Lindblad master equation [23] as

well as their subsequent extensions,[24–28] where a reduced density matrix of the system

is obtained by “projecting out” the environmental degrees-of-freedom (DOFs). This adds

to the inflexibility of such techniques with regard to a smallness parameter used in their

perturbative expansions. Environmental details are similarly inaccessible in influence func-

tional formalisms, such as the numerically exact hierarchical equations of motion[29, 30]
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(HEOM), which only capture how a system evolves under the influence of an environment.

Semiclassical and phase space methods [31–37] may provide an unreliable description of

environmental entanglement by approximating the involved DOFs as being classical, which

may additionally lead to spurious results[38] when there are high frequency environmental

modes involved.[39] When one considers a system that is linearly coupled to an environment,

the problem can be mapped onto an effective one-dimensional system that is amenable to

time-dependent density matrix renormalization group techniques that preserve full detail of

the time-evolving state of the environment.[40, 41] Arguably, the most versatile technique

capable of describing system-environment entanglement in detail is multi-configuration time-

dependent Hartree[42, 43] which, however, suffers from high computational cost, especially

with increasing number of environmental modes.

In this work, we present an approximate yet systematically-improvable framework for

modeling decoherence of a discrete quantum system interacting with an environment at low

computational cost while offering access to the entanglement formation of individual envi-

ronmental DOFs. The framework is based on the truncated Wigner approximation (TWA)

as derived through a phase space path integral analysis. We show for a ubiquitous harmonic

environment model how, under the TWA, one can obtain perturbative expressions to arbi-

trary order through a quantum momentum fluctuation analysis,[33, 34, 44] even when the

perturbative terms contain arbitrary order environmental operator dependence. This flexi-

bility allows one to consider, for example, non-Gaussian environments,[45] and to perform

rotations of the system basis, while being fully capable of capturing the resulting environ-

mental operator dependence of the associated Hamiltonian matrix elements. Our framework

also avoids the assumption that the initial density operator is of factorized form. This is in

contrast to many perturbative methods based on projection operator techniques, although

we note that certain examples have been extended to treat initial correlations.[46, 47] In-

stead, our framework only imposes that the initial environmental Wigner function be of

a Gaussian form that encompasses both the thermal density and (shifted) wave packets,

which may be utilized as a means to describe configurations of a single discrete quantum

system.[20] For the harmonic environment model considered here, our framework provides

a fully consistent avenue for deriving (nearly) analytical time-dependent expectation values

of operators in the system and environment Hilbert space, including that of entanglement

entropy.
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To demonstrate the capabilities of our framework, we consider various versions of the

spin-boson model, representative of qubits and simple donor-acceptor systems. Simula-

tions are presented for a qubit interacting with a continuous harmonic environment at zero

temperature, where the ability of our framework to compute expectation values in the envi-

ronment Hilbert space is utilized by monitoring the time-dependent entanglement entropy

of individual environmental modes. Through this, the entanglement formation accompany-

ing quantum decoherence of the qubit is demonstrated to particularly involve low-frequency

environmental DOFs. Directed by this result, we show that the selective suppression of

low-frequency modes significantly mitigates quantum decoherence compared to the selective

suppression of high-frequency modes for a fixed reorganization energy, showing that reorga-

nization energy itself is an incomplete metric for an estimate of quantum decoherence. We

further demonstrate the flexibility of our framework in treating perturbations regardless of

their environmental operator dependence by considering a weakly interacting environment

as well as an environment consisting of a single (discrete) mode. To this end, we derive per-

turbative reduced density matrix expressions where the Hamiltonian is represented in two

contrasting system bases that lead to environmental operator independent and dependent

perturbations. The importance of this flexibility is highlighted by considering parameters

where the two perturbative expansions result in different accuracies at second order.

The present manuscript is outlined as follows: In Section II we introduce the perturbative

expansion under the TWA that serves as the basis of our framework. Next, in Section III we

present a simple harmonic environment model for which we derive expressions for Nth order

perturbative contributions to the expectation value of operators in the combined system-

environment Hilbert space. In Section IV we evaluate the entanglement formation for a qubit

interacting with a continuous, harmonic environment, including the selective suppression of

environmental DOFs. In Section V we present results for the weakly interacting and single-

mode environments. Finally, in Section VI we provide concluding remarks and comment on

potential applications for the framework described here.
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II. PERTURBATION THEORY UNDER THE TRUNCATED WIGNER APPROX-

IMATION

We begin by considering a discrete quantum system in contact with an environment,

described by (diabatic) basis states {|n〉} and phase space operators (x̂, p̂), respectively.

The Hamiltonian can be partitioned as

Ĥ(t) = Ĥ0 + V̂ (t), (1)

with a reference Hamiltonian, Ĥ0, that is chosen to be diagonal in the system basis as

Ĥ0 =
∑
k

p̂2
k

2
+
∑
n

Un(x̂) |n〉 〈n| . (2)

Here, p̂k is the mass-weighted momentum operator of the kth environmental DOF. For now,

we leave the system state-dependent potentials, Un(x̂), arbitrary with the understanding

that they are analytic functions of the environmental position operators, x̂. The remaining

term in the Hamiltonian, which accounts for off-diagonal contributions in the system basis,

is considered to be a perturbation of the form

V̂ (t) =
∑
m6=n

Vmn(x̂, t) |m〉 〈n| . (3)

Here, Vmn(x̂, t) is a perturbation operator matrix element in the system basis and is, in

general, a function of environmental position operators and time. With these definitions, all

transitions between system states are dictated by the perturbative operation. [48]

The time-dependent density operator can be expanded in a perturbative series as

ρ̂(t) =
∞∑
N=0

ρ̂N(t), (4)

where the Nth order density operator, for N ≥ 1, is provided by

ρ̂N(t) =

(−i
~

)N { N∏
j=1

∫ τj+1

0

dτj

}
e−

i
~ Ĥ0t

[
V̂I(τN), [V̂I(τN−1), . . . [V̂I(τ1), ρ̂(0)] . . . ]]

]
e
i
~ Ĥ0t.

(5)

Here, V̂I(τj) = e
i
~ Ĥ0τj V̂ (τj)e

− i
~ Ĥ0τj is the perturbation operator in the interaction represen-

tation and τN+1 = t. The 0th order contribution is given by ρ̂0(t) = e−
i
~ Ĥ0tρ̂(0)e

i
~ Ĥ0t.
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Given the definitions of the reference Hamiltonian and perturbation provided above, we

can express the time-dependent expectation value of an operator as a sum over perturbative

contributions, 〈Ô(t)〉 = Tr[Ôρ̂(t)] =
∑∞

N=0〈Ô(t)〉N . In defining this, we have simply used

Eq. (4) for the definition of the time-evolved density operator, so that 〈Ô(t)〉N = Tr[Ôρ̂N(t)].

Since we have chosen the reference Hamiltonian to only contain contributions that are di-

agonal in the system basis, we can apply the truncated Wigner approximation (TWA) as

described elsewhere[44, 49, 50] along with a quantum momentum fluctuation analysis [33, 34]

(as outlined in Appendix A) to recover a generally-approximate functional form for the Nth

order contribution to the operator expectation value as

〈Ô(t)〉N ≈
(−i

~

)N { N∏
j=1

∫ τj+1

0

dτj

} ∑
{nj ,n′j}

∫
dx0dp0

(2π~)D
Wn0,n′0

(x0,p0)

×
[
Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
O
n′N ,nN
W (x

(N)
δp (t),p

(N)
δp (t))

× e−
i
~
∑N
j=0

∫ τj+1
τj

ds

[
Unj (x

(j)
δp (s))−Un′

j
(x

(j)
δp (s))

]]
δp=0

,

(6)

where we have taken τ0 = 0 and τN+1 = t to represent the initial and final times, respec-

tively. Here and throughout, forward (backward) propagator matrix elements are labeled

with unprimed (primed) system state indices, and indices within curly brackets involve the

complete set j = 0, 1, . . . , N , unless noted otherwise. We further have that

Wn,n′(x,p) =

∫
dz 〈x +

z

2
, n| ρ̂0 |n′,x−

z

2
〉 e− i

~p·z (7)

is the system state-dependent Wigner function,[35, 51] and On,n′

W (x,p) is the system state-

dependent Weyl symbol[52] of the operator Ô that is defined analogously to the Wigner

function (with the operator, Ô, in place of the density operator).

In Eq. (6), we have introduced shifted environmental trajectories, x(j)
δp (s). These shifted

trajectories describe “classical” evolution supplemented with infinitesimal momentum fluc-

tuations that accumulate each time a perturbation operator acts on (and changes the state

of) the system. Their time-evolution during the jth time segment, between the jth and

(j + 1)th perturbative interaction, is obtained by integrating Hamilton’s equations under

the influence of an average quantum force as [53]

ẋ
(j)
δp (s) = p

(j)
δp (s) (8)
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ṗ
(j)
δp (s) = −1

2
∇xδp

(
Unj(x

(j)
δp (s)) + Un′j(x

(j)
δp (s))

)
. (9)

Here, the initial point in phase space for the jth evolution segment is provided by the

endpoint of the previous (j − 1)th segment supplemented with an additional infinitesimal

momentum fluctuation, δpτj , as (x
(j)
δp (τj),p

(j)
δp (τj)) = (x

(j−1)
δp (τj),p

(j−1)
δp (τj)+δpτj). However,

phase space initial conditions for the first time segment are distributed according to the

partial Wigner transform of the initial density operator as defined in Eq. (7), and they do

not contain any explicit momentum fluctuation dependence.

Each Liouville space pathway (sequence of system state transitions) that contributes to

Eq. (6) through a series of perturbative interactions is weighted proportionally to a tensor

element, Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
. In general, these weights take on a different value

for each contribution to the nested sum over system states in Eq. (6). Each element, in

general, depends both on the times at which each perturbation operator acts as well as

time-dependent Bopp operators defined as[34, 54]

x̃
(j)
Bopp(τj) ≡ x

(j−1)
δp (τj)− Sj

i~
2

∂

∂δpτj
. (10)

The emergence of Bopp operators within this perturbative framework is necessary in order

to completely describe the impact of the perturbation’s environmental operator dependence,

as shown in Appendix A. This analysis reveals that one must evaluate the phase factors and

Weyl symbol in Eq. (6) along shifted trajectories as defined in Eqs. (8) and (9), while the

perturbation operator at time τj is evaluated along time-dependent Bopp operators as

Vmn(x̂, τj)→ Vmn

(
x̃

(j)
Bopp(τj), τj

)
. (11)

In this expression, the Bopp operators given in Eq. (10) are to be evaluated at Sj = +1

when the perturbation operates on the left (ket) and at Sj = −1 when it operates on the

right (bra).

In the implementation of Eq. (6), the derivatives in the definition of the Bopp operator are

allowed to operate on everything containing dependence on the corresponding momentum

fluctuation. This, in general, consists of the phase factor and Weyl symbol as well as

any later-time perturbative operator’s dependence on the shifted environmental trajectory.

When the perturbation is chosen to be solely off-diagonal in the system basis, a tensor
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element is of the simple form

Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
=

N∏
j=1

(
Vnjnj−1

(x
(j−1)
δp (τj)−

i~
2

∂

∂δpτj
, τj)δn′j−1n

′
j
− Vn′j−1n

′
j
(x

(j−1)
δp (τj) +

i~
2

∂

∂δpτj
, τj)δnjnj−1

)
.

(12)

The result is then evaluated at δpτj = 0 for all τj.

For general potentials and Wigner functions, Eq. (6) clearly has very limited utility

owing to an exponential scaling with respect to the perturbative order provided by the

nested time integrals. In fact, it would be significantly less efficient than simply mapping

the system projection operators onto bosonic raising and lowering operators and computing

the appropriate matrix elements as prescribed by the so-called Meyer-Miller-Stock-Thoss

mapping procedure.[55, 56] The resulting Hamiltonian is then amenable to semiclassical

algorithms, where the system and its environment are treated on an equal footing (i.e.,

through an ensemble of classical trajectories with quantum mechanically-distributed initial

conditions).[35, 36, 49, 55] However, any nonzero coupling between the system and its envi-

ronment is at least cubic in phase space operators and therefore not treated exactly within

a semiclassical framework. Because of this, the accuracy of such semiclassical treatments

relies on an inherent assumption that the system-environment coupling is weak or that the

coupled DOFs are sufficiently “classical”.[34, 57] While one may potentially describe quantum

corrections to such approaches through a quantum fluctuation analysis similar to that de-

scribed here,[34] the associated numerical convergence for large systems including hundreds

(or more) environmental DOFs has proven challenging in our preliminary studies. The ben-

efit of approaching the time evolution within a perturbative framework becomes apparent

when one is interested in solving problems with system state-dependent potentials, Un(x̂),

that foster analytical expressions for the classical time-evolution of the environmental DOFs.

This significantly simplifies the problem of solving Eq. (6) and yields analytical insight into

time-dependent observables of quantum systems and their environments. [44] The expres-

sion in Eq. (6) thus serves as the starting point for subsequent analyses in this manuscript

and, in what follows, we utilize it to derive perturbative contributions to expectation values

for a discrete quantum system coupled to a harmonic environment.
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III. HARMONIC ENVIRONMENT MODEL

For the harmonic environment model considered here, we define the system state-

dependent potential as

Un(x̂) = εn +
1

2

∑
k

ω2
k

(
x̂k − x(n)

0k

)2

, (13)

where εn is the energy of the nth system state evaluated at its potential energy minimum, ωk

is the frequency of the kth environmental mode, and x(n)
0k

is the potential energy minimum

for the kth mode when in the nth system state. This bi-linearly coupled harmonic model

is ubiquitous in condensed matter and chemical physics, with the shifted potentials often

representing the interaction of a molecular normal mode (or phonon) with, for example,

electronic state n. When the system state-dependent potential is of the form above, where

any pair of harmonic potentials differ only by a relative shift in their minima (i.e., their

frequencies are independent of the system state), the time-evolution of environmental DOFs

as obtained through the TWA is given analytically and exactly as a trajectory in phase space

evolving on the mean potential of the active (forward and backward) system states.[44, 49,

50, 58] In Figure 1, we provide a pictorial representation of two system state-dependent

environmental potentials and highlight the key parameters that contribute to expressions in

this our framework.

For a given sequence of system state transitions (or Liouville pathway), the time depen-

dent position of the kth environmental DOF during the jth time segment (i.e., the evolution

following j perturbative interactions) is found to be

x
(j)
δpk

(s) = x
(j)
clk

(s) +
1

ωk

j∑
l=1

δp(k)
τl

sin(ωk(s− τl)). (14)

Here, the classical evolution following j system state transitions is given as

x
(j)
clk

(s) = x0k cos(ωk(s− τ0)) +
p0k

ωk
sin(ωk(s− τ0)) + x̄

njn
′
j

0k
[1− cos(ωk(s− τj))]

+

j−1∑
l=0

x̄
nln
′
l

0k
[cos(ωk(s− τl+1))− cos(ωk(s− τl))],

(15)

where s ≥ τj, x̄
njn
′
j

0k
= 1

2
(x

(nj)
0k

+ x
(n′j)

0k
) is the mean potential minimum between system

states nj and n′j, and the momentum is given by p(j)
clk

(s) = ẋ
(j)
clk

(s). We remind the reader

that state labels without (with) a prime indicate states that are visited along the forward
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FIG. 1. Two potential energy surfaces contributing to the dynamics of the kth environmental

mode given by Uj = εj + 1
2ω

2
k(xk−x

(j)
0k

)2. Key quantities entering the expressions in the framework

described in this manuscript are the mode frequency ωk, potential minimum x
(j)
0k

, the mean potential

minimum x̄jl0k = 1
2(x

(j)
0k

+x
(l)
0k

), the potential minimum difference ∆xjl0k = x
(j)
0k
−x(l)

0k
, and the energy

of system state-dependent potential when evaluated at the potential minimum εj .

(backward) evolution of the system. For this shifted harmonic oscillator model, the evolution

expressions for the environmental DOFs are obtained exactly within the TWA, irrespective

of the perturbation operator’s dependence on environmental operators.

With analytical expressions for the time-evolution of the environmental positions in-hand,

along with the definitions of the system state-dependent potentials, one can readily evaluate

the phase factors in Eq. (6) as

− i
~

N∑
j=0

∫ τj+1

τj

ds
[
Unj(x

(j)
δp (s))− Un′j(x

(j)
δp (s))

]
= − i

~

N∑
j=0

[
(ε̃nj − ε̃n′j)(τj+1 − τj)−

∑
k

ω2
k∆x

njn
′
j

0k

∫ τj+1

τj

ds x
(j)
clk

(s)

]

− i

~
∑
k

N∑
j=1

δp(k)
τj

N∑
l=j

{
∆x

nln
′
l

0k
[cos(ωk(τl+1 − τj))− cos(ωk(τl − τj))]

}
,

(16)

where ε̃nj = εnj + 1
2

∑
k ω

2
kx

(nj)2
0k

is the energy of system state nj evaluated at the origin (i.e.,

Unj(x)|x=0), and ∆x
njn
′
j

0k
= x

(nj)
0k
− x(n′j)

0k
is the difference between potential minima that the

kth environmental mode experiences when states nj and n′j are occupied. We readily find
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that∫ τj+1

τj

ds x
(j)
clk

(s) =
x0k

ωk
[sin(ωkτj+1)− sin(ωkτj)]−

p0k

ω2
k

[cos(ωkτj+1)− cos(ωkτj)]

+

j−1∑
l=0

x̄
nln
′
l

0k

ωk
[sin(ωk(τj+1 − τl+1))− sin(ωk(τj+1 − τl)) + sin(ωk(τj − τl))− sin(ωk(τj − τl+1))]

− x̄
njn
′
j

0k

ωk
sin(ωk(τj+1 − τj)) + x̄

njn
′
j

0k
(τj+1 − τj),

(17)

where we have used that τ0 = 0. Breaking the phase factors down into parts depending on

momentum fluctuations and on environmental correlation functions, Eq. (6) is reformulated

as

〈Ô(t)〉N =

(−i
~

)N { N∏
j=1

∫ τj+1

0

dτj

} ∑
{nj ,n′j}

e
− i

~
∑N
j=0(εnj−εn′j

)(τj+1−τj)
e

Φ
(N,H)

{nj,n′j}
({τj}N+1

j=0 )

×
∫
dx0dp0

(2π~)D
e
i
~
∑
k

(∑N
j=0 ∆x

njn
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
ωkx0k

× e
− i

~
∑
k

(∑N
j=0 ∆x

njn
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p0k

×
[
Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
O
n′N ,nN
W (x

(N)
δp (t),p

(N)
δp (t)) e−

i
~φN (δp)

]
δp=0

Wn0,n′0
(x0,p0).

(18)

The momentum fluctuation-dependent phase factor is given by

φN(δp) =
∑
k

N∑
j=1

δp(k)
τj

N∑
l=j

{
∆x

nln
′
l

0k
[cos(ωk(τl+1 − τj))− cos(ωk(τl − τj))]

}
, (19)

while the influence of the harmonic environment is partially encoded through the combina-

tion of environmental correlation functions through

Φ
(N,H)

{nj ,n′j}
({τj}N+1

j=0 ) = − i
~

N∑
j=0

Hnjn
′
j

njn′j
(τj+1 − τj)

+
i

~

N∑
j=1

j−1∑
l=0

{
Hnjn

′
j

nln
′
l
(τj+1 − τl+1)−Hnjn

′
j

nln
′
l
(τj+1 − τl) +Hnjn

′
j

nln
′
l
(τj − τl)−H

njn
′
j

nln
′
l
(τj − τl+1)

}
.

(20)

Here, the environmental correlation functions are given by

Hab
cd(t) =

1

π

∫ ∞
0

dω
1

ω2
(Jac(ω) + Jad(ω)− Jbc(ω)− Jbd(ω)) sin(ωt), (21)
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with spectral densities (summarizing the interaction of a system with a harmonic environ-

ment) defined in terms of the frequency and contributing potential minima of each environ-

mental mode as

Jab(ω) =
π

2

∑
k

ω3
kx

(a)
0k
x

(b)
0k
δ(ω − ωk). (22)

We note that, with the definition of the correlation function in Eq. (21), we get no contri-

bution when a = b, but when c = d (while a 6= b) we retain finite contributions. Moreover,

under permutation of indices, the correlation function satisfies Hab
cd(t) = −Hba

cd(t) = Hab
dc(t) =

−Hba
dc(t). We further recognize that Hab

cd(0) = 0 and Hab
cd(−t) = −Hab

cd(t). The expression in

Eq. (18) serves as the starting point for the derivation of all subsequent perturbative ex-

pressions in this manuscript, and step-by-step instructions on how to proceed are provided

in Appendix B.

To proceed analytically, one must specify details about the initial density operator, the

functional form of the perturbation operator defined in Eq. (3), and the operator whose

time-dependent expectation value one is interested in computing. For the analyses presented

here, although one can straightforwardly treat correlated initial conditions, we consider a

factorized initial density, ρ̂(0) = ρ̂sys(0) ⊗ ρ̂env(0), such that its partial Wigner transform

assumes a Gaussian form and is given by

Wn0,n′0
(x0,p0) = ρ(n0,n′0)

sys (0)
∏
k

~
σxkσpk

e
−

(x0k
−x′k)2

2σ2
xk

−
(p0k

−p′k)2

2σ2
pk , (23)

where ρ(n0,n′0)
sys (0) = 〈n0| ρ̂sys(0) |n′0〉. We further impose that σpk = ωkσxk . This seemingly-

restrictive specification encompasses two widely-used choices for initial densities where in

thermal equilibrium [59] one would impose that σxk =
√

~
2ωk tanh(β~ωk/2)

for all k, or to

describe a minimum uncertainty wave packet centered at (x′k, p
′
k) one would choose σxk =√

~
2ωk

. We note that polynomial terms (for example, the Laguerre polynomials used to

describe particular harmonic eigenstates) in the initial distribution can be incorporated

rather straightforwardly.[44]

IV. APPLICATION TO QUBIT DECOHERENCE AND ENTANGLEMENT

Since the perturbative framework introduced here is amenable to expectation values in

the combined system and environment Hilbert space, it serves as a consistent, systematically

12



improvable means of monitoring how decoherence is accompanied by system-environment

entanglement formation. To this end, we consider a spin-boson model as a representation

of a qubit embedded in a harmonic environment. The Hamiltonian is given by

Ĥ =
ε

2
σ̂z + ∆σ̂x +

1

2

∑
k

(
p̂2
k + ω2

k(x̂k − x0k σ̂z)
2
)
, (24)

where {σ̂j} are the usual Pauli spin operators, ε = ε↑ − ε↓ = 50 cm−1 is the detuning

energy between the spin-up (↑) and spin-down (↓) states, and ∆ = 10 cm−1 is the tunneling

parameter. The qubit-environment coupling is governed by a spectral density of the Drude-

Lorentz form,

J(ω) = 2λ
ω/ωc

1 + (ω/ωc)2
, (25)

where λ = 50 cm−1 is the total reorganization energy and ωc = 100 cm−1 is the so-called

cutoff frequency that is inversely proportional to the environmental correlation time. Here,

the spectral density does not have system state-dependence, as it is taken to be coupled to

the spin states in an anti-correlated fashion, proportional to σ̂z.

Within the present model the perturbation operator is environment independent and

given by

V̂ = ∆σ̂x. (26)

As a result, we can factor Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
out of the integral over environmental

phase space initial conditions and immediately evaluate the expression in Eq. (18) at δp(k)
τj =

0 for all environmental modes k and perturbation operation times τj. We then find that the

Nth order contribution to an expectation value is given by

〈Ô(t)〉N =

(−i∆
~

)N { N∏
j=1

∫ τj+1

0

dτj

} ∑
{nj ,n′j}

e
− i

~
∑N
j=0(εnj−εn′j

)(τj+1−τj)
e

Φ
(N,H)

{nj,n′j}
({τj}N+1

j=0 )

×
{

N∏
j=1

(
σ(njnj−1)
x δn′j−1n

′
j
− σ(n′j−1n

′
j)

x δnjnj−1

)}

×
∫
dx0dp0

(2π~)D
O
n′N ,nN
W (x

(N)
cl (t),p

(N)
cl (t))Wn0,n′0

(x0,p0)

× e
i
~
∑
k

(∑N
j=0 ∆x

njn
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
ωkx0ke

− i
~
∑
k

(∑N
j=0 ∆x

njn
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p0k ,

(27)

where σ(njnj−1)
x = 〈nj| σ̂x |nj−1〉 is a Pauli spin operator matrix element.

13



In our analyses, we consider a zero-temperature initial density for the environment, as

described in Eq. (23), while assuming the spin system has initially been prepared in a

symmetric linear combination of the spin-up and spin-down states. The initial density is

then given by ρ̂(0) = |ψ0〉 〈ψ0| ⊗
∏

k |0k〉 〈0k| with |ψ0〉 =
√

1
2
(|↑〉 + |↓〉) so that the initial

environmental Wigner function is given by Eq. (23) with (x′,p′) = (0, 0) and σxk =
√

~
2ωk

.

Given our choice of pure state initial conditions for the environment, qubit decoherence

is entirely driven by qubit-environment entanglement formation, which can be quantified

in terms of a decay of the purity of the qubit reduced density matrix as Pur(ρsys(t)) ≡
Tr[ρ2

sys(t)] = 1
2
(1 + |a(t)|2). Here, ρsys(t) is the qubit (system) reduced density matrix and

|a(t)|2 ≡ 〈σ̂x(t)〉2 +〈σ̂y(t)〉2 +〈σ̂z(t)〉2 is the squared length of the Bloch vector characterizing

the state of the qubit. The purity reaches a value of 1
2
for a maximally entangled state.

The time evolution of the qubit can be fully characterized in terms of expectation values

of the Pauli spin operators, which serve as a mapping of the time-evolving quantum state of

the qubit onto the Bloch sphere. In Fig. 2, we present the time-evolution of the qubit and its

environment, where the originally-factorized state is allowed to relax toward an equilibrium

state with finite entanglement between the qubit and its environment. Fig. 2(a) shows the

participation of individual environmental modes in the total entangled state, which is ob-

tained by computing a single-mode entanglement entropy as Sk = −kBTr[ρ(k)
env(t) log ρ

(k)
env(t)],

where ρ(k)
env(t) is the reduced density matrix for the kth environmental mode. For our ini-

tial density, where each environmental mode is in its ground state, this quantity reports on

deviation away from that initial state through the formation of entanglement between the

kth environmental mode and all other DOFs in the coupled system. That is to say that,

for each computation, we define a new partitioning for a bipartite system in which the kth

environmental mode constitutes one subsystem, while the qubit and all other environmental

modes constitute the other. However, the formation of entanglement between two indepen-

dent environmental DOFs can only occur as mediated through mutual interactions with the

qubit.

In order to calculate the reduced density matrix of an environmental mode, ρ(k)
env(t), we

compute expectation values of projection operators within a basis of harmonic oscillator

eigenstates (including populations and coherences). For the simulations presented here, trun-

cating the environmental basis at the second excited harmonic oscillator eigenstate turns out

to be sufficient to characterize the time-evolved state of each mode under consideration. If

14



one were to consider, for example, finite temperatures, stronger qubit-environment coupling,

or lower frequency environmental modes, then the truncated Hilbert space would need to be

expanded further. The reduced density matrix of an environmental mode can be computed

through direct application of Eq. (27) by using the Weyl symbol of the harmonic eigenstate

projection operator for a mode with frequency ω, as given by

(|n〉 〈m|)W (x, p) =
2m+1

√
n!m!

n∑
j=0

min{j,m}∑
k=0

k!

(
n

j

)(
j

k

)(
m

k

)(−1

2

)k
(a∗)n−kam−ke−2a∗a. (28)

Here, a ≡ √ ω
2~(x + i p

ω
) and

(
n
k

)
= n!

k!(n−k)!
. The detailed derivation of this expression is

presented in Appendix C. Computing these reduced density matrix elements amounts to

inserting this Weyl symbol, evaluated at the classical trajectory endpoints, into Eq. (27)

and analytically performing the simple Gaussian integrals over phase space initial condi-

tions. Here, we have computed the environmental reduced density matrices at second order

in perturbation theory. Note that each order in the perturbative expansion describes an

additional transition between states of the qubit and is not related to the strength of the

qubit’s interactions with its environment. Because of this, our analysis provides an exact

description of the environment’s time-evolution in the absence of coupling between qubit

states, regardless of the strength of coupling between the qubit and its environment.

The entanglement between the qubit and its entire environment[16] is understood in terms

of the aforementioned purity of the qubit reduced density matrix. In Fig. 2(c), we present

the time-dependent purity and spin operator expectation values (that fully characterize the

qubit reduced density matrix). As is clear by the rapid decrease of both quantities and

damping of the oscillatory behavior of spin operator expectation values, the qubit decoheres

and becomes nearly maximally entangled with its environment on the t ≈ 100 fs timescale.

The qubit expectation values have been computed up to third order in perturbation theory.

Since the third order result is nearly identical to the second order result on this timescale,

we safely assume that the second order expansion used for the environmental mode reduced

density matrices is at least qualitatively accurate.

The mode-specific entanglement entropy presented in Fig. 2(a) reveals that the formation

of entanglement between the qubit and its environment is dominated by low frequency

modes. The formation of entanglement between the qubit and its environment leads to a

rapid loss of the qubit’s purity, which quickly approaches a maximally entangled state on

the ∼ 100 fs timescale, as shown in Fig. 2(c). We note, however, that the qubit begins
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FIG. 2. Time evolution of a qubit coupled to a harmonic environment as described by our per-

turbative framework. In panel (a) we compute an environmental mode-specific time-dependent

entanglement entropy as Sk = −kBTr[ρ(k)
env(t) log ρ

(k)
env(t)] with kB = 1. In panel (b) we illustrate the

form of the spectral density describing qubit-environment coupling and highlight (through shaded

regions) the spectral ranges where qubit-environment coupling may be suppressed in our applica-

tions. In panel (c) we characterize the time evolution of the qubit through spin operator expectation

values, 〈σ̂z(t)〉 (black line), 〈σ̂x(t)〉 (red line, initially upper), and 〈σ̂y(t)〉 (blue line, initially lower).

We also compute the purity of the qubit reduced density matrix as a measure of the entanglement

that it forms with its environment (grey line). In panels (d) and (e) we present the time evolution

of the qubit under a modified spectral density where certain environmental modes are completely

decoupled to the qubit. In panel (d), all modes above νh = 173 cm−1 are decoupled, while in panel

(e), all modes below νl = 58 cm−1 are decoupled. In panels (c-e), lines represent the second order

approximation for the qubit dynamics, while the points represent the third order approximation.

to recover purity as it relaxes toward its equilibrium state, which is simply a result of the

equilibrium state’s large projection onto the qubit spin-down state.

As a simple demonstration of the potential impact of qubit-environment engineering, and

to understand how different environmental DOFs contribute to the loss of qubit purity, we

consider the cases where the qubit-environment coupling is selectively suppressed below and
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above certain threshold frequencies. We define a suppressed reorganization energy, λ̃, which

we choose to be preserved among the two different environment engineering schemes. By

completely decoupling the qubit from high frequency environmental DOFs, we express the

suppressed reorganization energy as λ̃ = 1
π

∫ νh
0
dω J(ω)

ω
= 2λ

π
arctan(νh/ωc) where the spectral

density J(ω) is given in Eq. (25). As a result, the qubit experiences an effective spectral

density (defined for positive frequencies) of the form J̃(ω) = J(ω)Θ(νh−ω) with Θ(x) as the

Heaviside step function. One can then extract the upper bound, νh, for a given suppressed

reorganization energy as

νh = ωc tan(
π

2
α), (29)

where α = λ̃/λ. Similarly, we can define an effective spectral density where the low frequency

environmental DOFs are decoupled as λ̃ = 1
π

∫∞
νl
dω J(ω)

ω
= λ − 2λ

π
arctan(νl/ωc) so that the

effective spectral density can be expressed as J̃(ω) = J(ω)Θ(ω − νl) and the lower bound,

νl, for a given suppressed reorganization energy is found as

νl = ωc tan(
π

2
(1− α)). (30)

In our application, we have chosen α = 2
3
so that the suppressed reorganization energy is

λ̃ ≈ 33.33 cm−1. The resulting spectral density is depicted in Fig. 2(b) alongside the original

version. In Figs. 2(d) and 2(e) we compute the time-evolution of the qubit in the presence

of these engineered spectral densities. Since the reorganization energy is preserved between

the two suppression schemes, differences in the qubit dynamics are simply a matter of which

environmental modes are decoupled from the qubit rather than a relative difference in the

total reorganization energy. In Fig. 2(d), where high frequency environmental DOFs above

νh = 173 cm−1 are suppressed, we see that the purity is largely unchanged relative to the

unsuppressed case. Notably, even though the reorganization energy is reduced by a third rel-

ative to the unsuppressed result, the only significant difference between the two cases occurs

on the sub ∼ 50 fs timescale, where the high frequency (fast) modes are responsible for the

early-time entanglement formation and the rate of purity loss in the suppressed simulation is

slower than in the full simulation. In Fig. 2(e), however, where low frequency environmental

DOFs below νl = 58 cm−1 are decoupled from the qubit, we instead see a significant mit-

igation of the longer-time purity decay, including oscillations reflecting a sustained system

coherence. This is presumably because, even though the range of suppressed environmental

modes is smaller (ω ∈ (0, νl] for the low frequency suppression compared to ω ∈ [νh,∞) for
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the high frequency suppression), the lower frequency environmental modes are the dominant

source of qubit-environment entanglement at timescales beyond ∼ 100 fs. This much can

be seen in Fig. 2(a), where the modes below νl have the largest entanglement entropy after

t ≈ 100 fs. Our analysis thus reveals that, while the high frequency environmental DOFs

are responsible for the early-time formation of qubit-environment entanglement, they don’t

contribute substantially on the longer timescale, where lower frequency environmental DOFs

are the dominant source of qubit decoherence. Concerted with the purity behavior, the de-

coherence is also significantly suppressed upon decoupling the low frequency environmental

modes, as the qubit dynamics remains coherent throughout the entire timescale after an

initial drop at short times. Since purity scales as the square of spin operator expectation

values, it is seen to decay more dramatically than the magnitude of the sustained oscilla-

tions in individual spin operator expectation values. The comparative difference relative to

the high frequency suppressed case indicates that the total reorganization energy does not

represent a reliable metric for predicting qubit decoherence timescales. Rather, to under-

stand the impact of qubit-environment coupling on different timescales, one must consider

how the total reorganization energy is distributed among environmental modes of different

frequencies.

V. ENVIRONMENTAL OPERATOR-DEPENDENT PERTURBATIONS

In the previous section, the perturbation operator was taken to be independent of envi-

ronmental position operators and, because of this, the momentum fluctuation analysis was

never utilized. Oftentimes, the coupling between system states cannot be chosen to be inde-

pendent of environmental position operators. Alternatively, even if one is able to construct a

model Hamiltonian that has environment-independent couplings, reformulating the problem

in a basis that yields environment-dependent coupling may foster a perturbative expansion

that converges more rapidly. In these cases, we can implement the momentum fluctuation

analysis, as described in Appendix A, to fully treat the environmental operator dependence.

In what follows, so that we can directly compare the environmental operator-dependent

and environmental operator-independent perturbative analyses, we consider a simple basis

rotation that allows us to perform these analyses in a fully consistent manner.

We first consider the Hamiltonian in a representation amenable to the environmental
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operator-independent perturbative expansion as

Ĥ =
∑
k

p̂2
k

2
+
∑
n

(
ε̃n +

∑
k

1

2
ω2
kx̂

2
k − ω2

kx
(n)
0k
x̂k

)
|n〉 〈n|+

∑
m6=n

∆nm |n〉 〈m| , (31)

so that one may quickly recognize the system state-dependent potential to be of the

form given in Eq. (13). Naturally, the perturbation operator can be chosen as V̂ =∑M
n 6=m ∆nm |n〉 〈m|, which contains no environmental dependence. We refer to this repre-

sentation as the local basis moving forward.

Another choice of perturbation operator follows directly from a change of system

basis. Within the eigenbasis of an isolated system Hamiltonian, ĥ =
∑

n ε̃n |n〉 〈n| +∑
n 6=m ∆nm |n〉 〈m|, we find that

Ĥ =
∑
k

p̂2
k

2
+
∑
α

[
Ẽα +

1

2
ω2
kx̂

2
k − ω2

kx̂kx
(α,α)
0k

]
|α〉 〈α| −

∑
α 6=β

[∑
k

ω2
kx

(α,β)
0k

x̂k

]
|α〉 〈β| , (32)

where Greek letters, i.e., α and β, label system eigenstates (where we note that the envi-

ronmental reorganization energy is included in the diagonalized Hamiltonian), and x(α,β)
0k

=∑
n c

α
nc
β∗
n x

(n)
0k

, where cαn is a wave function expansion coefficient from the eigenvectors of the

isolated system Hamiltonian. Moving forward, we refer to this basis as the eigenbasis. With

this choice, we still obtain a system state-dependent potential of the form in Eq. (13), but

now the natural choice for the perturbation operator is V̂ = −∑α 6=β

[∑
k ω

2
kx

(α,β)
0k

x̂k

]
|α〉 〈β|,

which is a linear function of the environmental position operators. We note that we are not

restricted to linear environmental operator dependence and can, for example, apply arbi-

trary order polynomials in the bath operator in a consistent way by inserting Eq. (12) into

Eq. (18).

As a concrete example, let us first consider the case where the operator whose expectation

value we seek is simply the system projection operator, Ô = |n′N〉 〈nN |, so that, following

integration over phase space initial conditions, we recover the Nth order perturbative con-
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tribution to a reduced density matrix element in the local basis as

〈nN |ρ̂(N)
sys (t) |n′N〉 =

(−i
~

)N { N∏
j=1

∫ τj+1

0

dτj

} ∑
{nj ,n′j}

N−1
j=0

ρ(n0,n′0)
sys (0)e

− i
~
∑N
j=0(εnj−εn′j

)(τj+1−τj)

× e
Φ

(N,Tot)
{nj,n′j}

({τj}N+1
j=0 )

{
N∏
j=1

(∆njnj−1
δn′j−1n

′
j
− δnjnj−1

∆n′j−1n
′
j
)

}

× e
i
~
∑
k ωk

(∑N
j=0 ∆x

njn
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
x′k
e
− i

~
∑
k

(∑N
j=0 ∆x

njn
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p′k
.

(33)

This choice of operator is appropriate whenever one is interested in computing expectation

values of operators that act solely on the Hilbert space of the system, since 〈Ôsys(t)〉 =

Tr{Ôsysρ̂(t)} = Trsys{Ôsysρ̂sys(t)}, where ρ̂sys(t) = Trenv{ρ̂(t)} is the system reduced density

operator.

In Eq. (33), we have used Eq. (23) for the environmental Wigner function and we have

defined

Φ
(N,Tot)
{nj ,n′j}

({τj}N+1
j=0 ) = Φ

(N,H)

{nj ,n′j}
({τj}N+1

j=0 ) + Φ
(N,G)

{nj ,n′j}
({τj}N+1

j=0 ), (34)

which describes the total influence of the environment on the time-evolved reduced density

matrix element with

Φ
(N,G)

{nj ,n′j}
({τj}N+1

j=0 ) =
1

~

N∑
j=0

[
Gnjn

′
j

njn′j
(τj+1 − τj)− G

njn
′
j

njn′j
(0)
]

− 1

~

N∑
j=1

j−1∑
l=0

{
Gnjn

′
j

nln
′
l
(τj+1 − τl+1)− Gnjn

′
j

nln
′
l
(τj+1 − τl) + Gnjn

′
j

nln
′
l
(τj − τl)− G

njn
′
j

nln
′
l
(τj − τl+1)

}
.

(35)

Here, we have defined additional correlation functions, Gabcd(t), that are also related to spectral

densities as

Gabcd(t) =
2

π

∫ ∞
0

dω
σx(ω)σp(ω)

~ω2
(Jac(ω)− Jad(ω)− Jbc(ω) + Jbd(ω)) cos(ωt), (36)

where σx(ω) and σp(ω) denote the continuous-frequency standard deviations for environ-

mental phase space initial conditions. In contrast to the correlation function Hab
cd(t) defined

in Eq. (21), Gabcd(t) is zero any time a = b or c = d and we note that Gabcd(t) = −Gbacd(t) =

−Gabdc(t) = Gbadc(t) with Gbacd(−t) = Gbacd(t) and, in general, Gabcd(0) 6= 0. Moreover, these correla-

tion functions depend on the details of the initial environmental density through the widths
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of the position and momentum distributions defined in Eq. (23). In total, the Nth order

perturbative contribution to the time-evolved reduced density matrix element is computed

by evaluating the contributing correlation functions at time delays between perturbative

operations, and is proportional to the product of perturbation matrix elements as given in

Eq. (33). Finally, the midpoints of the Gaussian Wigner functions describing the initial

environmental density contribute according to the phase factor in Eq. (33).

While the reduced density matrix for this model in the local basis can be written down

immediately to arbitrary order in the expansion (see Eq. (33)), the eigenbasis requires

an order-specific derivation (although one could likely generalize the result to arbitrary

order). This is simply because the phase space initial condition integrand now contains a

polynomial that is unique to each order in the expansion. Nonetheless, the derivation of

reduced density matrix elements within the eigenbasis closely mimics that of the local basis.

Proceeding analogously to the local basis result, we immediately arrive at Eq. (18) upon

the substitution (nj, n
′
j)→ (αj, α

′
j). In fact, Eq. (18) is general for arbitrary choices of the

system basis. In the present case, it is given by

〈Ô(t)〉N =

(−i
~

)N { N∏
j=1

∫ τj+1

0

dτj

} ∑
{αj ,α′j}

e
− i

~
∑N
j=0(Eαj−Eα′j

)(τj+1−τj)

× e
Φ

(N,H)

{αj,α′j}
({τi}N+1

i=0 )
∫
dx0dp0

(2π~)D
Wα0,α′0

(x0,p0)

×
[
Θ
{αj ,α′j}
N

({(
x̃

(j)
Bopp(τj)

)})
O
α′N ,αN
W (x

(N)
δp (t),p

(N)
δp (t))e−

i
~φN (δp)

]
δp=0

× e
i
~
∑
k

(∑N
j=0 ∆x

αjα
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
ωkx0ke

− i
~
∑
k

(∑N
j=0 ∆x

αjα
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p0k ,

(37)

where Eα = Ẽα−1
2

∑
k ω

2
kx

(α,α)2
0k

and the correlation functions contributing to Φ
(N,H)

{αj ,α′j}
({τj}N+1

j=0 ),

denoted as Hαβ
γδ (t), are of the same form as Eq. (21), but where the spectral densities are

now given by Jαβ(ω) = π
2

∑
k ω

3
kx

(α,α)
0k

x
(β,β)
0k

δ(ω − ωk) with x
(α,β)
0k

=
∑

n,m c
α
nc
β ∗
m x

(n,m)
0k

. We

further define x̄αβ0k
= 1

2
(x

(α,α)
0k

+ x
(β,β)
0k

) and ∆xαβ0k
= x

(α,α)
0k
− x(β,β)

0k
as the eigenbasis mean and

difference potential minima, respectively.

To make connection with the local basis reduced density matrix given in Eq. (33),

we consider an expansion of the expectation value of the system projection operator in

the eigenbasis, Ô = |α′N〉 〈αN |, corresponding to the time-evolved reduced density matrix

element, 〈αN | ρ̂sys(t) |α′N〉, and we again assume the environmental Wigner function is given
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by the form in Eq. (23). With our choice of operator, the momentum fluctuation derivatives

in Eq. (37) only operate on the phase factor, φN(δp), and the shifted classical trajectories

that appear as arguments in the ΘN tensor. The result for the Nth order contribution to the

projection operator expectation value is obtained after taking the appropriate derivatives,

evaluating the resulting expression at δp(k)
τj = 0 for all modes k and times τj, and then solving

the integrals over phase space initial conditions, which are simply polynomials multiplied

by a Gaussian and which can therefore be solved analytically. Here, we derive explicit

expressions up to second order in the perturbative expansion.

At 0th order, where the perturbation does not contribute and we only get contributions

when (α0, α
′
0) = (αN , α

′
N), one simply finds

〈αN | ρ̂(0)
sys(t) |α′N〉

= ρ
(αN ,α

′
N )

sys (0)e
− i

~ (EαN−Eα′N
)t
e

Φ
(0,Tot)
αN ,α

′
N

(t)
e
i
~
∑
k ωk∆x

αNα
′
N

0k
sin(ωkt)x

′
ke−

i
~
∑
k ∆x

αNα
′
N

0k
[cos(ωkt)−1]p′k ,

(38)

where we remind the reader that (x′k, p
′
k) describes the center for a minimum uncertainty

wave packet describing the initial state of the kth environmental DOF.

The linear order (N = 1) contribution, where the perturbation acts only at time τ1, can

be found following simple Gaussian integration as

〈αN | ρ̂(1)
sys(t) |α′N〉 =

−i
~

∫ t

0

dτ1

∑
α0,α′0

ρ(α0,α′0)
sys (0) χ

(1)

{αjα′j}
({τj}2

j=0) e
− i

~
∑1
j=0(Eαj−Eα′j

)(τj+1−τj)

× e
Φ

(1,Tot)
{αj,α′j}

({τj}2j=0)
e
i
~
∑
k ωk

(∑1
j=0 ∆x

αjα
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
x′k

e
− i

~
∑
k

(∑1
j=0 ∆x

αjα
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p′k
,

(39)

where we note that (α1, α
′
1) = (αN , α

′
N) and τ2 = t in the expression above. The (now

explicitly time-dependent) Liouville pathway weight at linear order is found to be

χ
(1)

{αjα′j}
({τj}2

j=0) =

−
∑
k

ω2
k[x

(αN ,α0)
0k

δα′0,α′N − δαN ,α0x
(α′0,α

′
N )

0k
]

(
θ

(k)
1,1({τj}2

j=0)− 1

2
S1ζ

(k)
1,1 ({τj}2

j=1)

)
.

(40)

Here, the sign function that is determined by whether the perturbative operation acts on

the left or right is given for the purely off-diagonal perturbation operators considered here
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as Sj = (δα′j−1α
′
j
− δαjαj−1

). The terms contributing to Eq. (40) are given, in their general

form, by

θ
(k)
j,N({τl}N+1

l=0 ) =

(
i

~
σxkσpk

N∑
l=0

∆x
αlα
′
l

0k
[sin(ωk(τl+1 − τj))− sin(ωk(τl − τj))]

+ x′k cos(ωkτj) +
p′k
ωk

sin(ωkτj) + x
(j−1)
k,nl (τj)

)
,

(41)

which is a result of the classical trajectory component of the ΘN tensor’s argument in Eq.

(37), with the term

x
(N)
k,nl(t) =

N∑
j=0

x̄
αjα

′
j

0k
[cos(ωk(t− τj+1))− cos(ωk(t− τj))]. (42)

As a direct result of the derivative operation acting on the momentum fluctuation-dependent

phase factor, φN(δp), in Eq. (37), we have that

ζ
(k)
j,N({τl}N+1

l=j ) =
N∑
l=j

∆x
αlα
′
l

0k
[cos(ωk(τl+1 − τj))− cos(ωk(τl − τj))]. (43)

At second order (N = 2), one readily finds

〈αN | ρ̂(2)
sys(t) |α′N〉 =

−1

~2

∫ t

0

dτ2

∫ τ2

0

dτ1

∑
α0,α′0
α1,α′1

ρ(α0,α′0)
sys (0) χ

(2)

{αjα′j}
({τj}3

j=0)

× e
− i

~
∑2
j=0(Eαj−Eα′j

)(τj+1−τj)
e

Φ
(2,Tot)
{αj,α′j}

({τj}3j=1)
e
i
~
∑
k ωk

(∑2
j=0 ∆x

αjα
′
j

0k
[sin(ωkτj+1)−sin(ωkτj)]

)
x′k

× e
− i

~
∑
k

(∑2
j=0 ∆x

αjα
′
j

0k
[cos(ωkτj+1)−cos(ωkτj)]

)
p′k

(44)

with (α2, α
′
2) = (αN , α

′
N), τ3 = t, and where the second order Liouville pathway weight is

given by

χ
(2)

{αiα′i}2i=0
(t, τ2, τ1) =

∑
k,k′

ω2
kω

2
k′

[
x

(αN ,α1)
0k′

x
(α1,α0)
0k

δα′0,α′1δα′1,α′N − x
(αN ,α1)
0k′

δα1,α0x
(α′0,α

′
1)

0k
δα′1,α′N

− δαN ,α1x
(α1,α0)
0k

δα′0,α′1x
(α′1,α

′
N )

0k′
+ δαN ,α1δα1,α0x

(α′0,α
′
1)

0k
x

(α′1,α
′
N )

0k′

]
×
[(

θ
(k′)
2,2 ({τj}3

j=0)− 1

2
S2ζ

(k′)
2,2 ({τj}3

j=2)

)(
θ

(k)
1,2(t{τj}3

j=0)− 1

2
S1ζ

(k)
1,2 ({τj}3

j=1)

)
+

(
σxkσpk
ωk

cos(ωk(τ2 − τ1))− i~
2ωk

S1 sin(ωk(τ2 − τ1))

)
δk,k′

]
.

(45)
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This analysis can be systematically applied to higher order perturbations, but we restrict

ourselves here to the second order expansion.

The Liouville pathway weights, χ(1)

{αjα′j}
({τj}2

j=0) and χ(2)

{αjα′j}
({τj}3

j=0), can be represented

entirely in terms of two-point autocorrelation functions related to generalized environmental

spectral densities. This has the distinct computational advantage of allowing one to calcu-

late these correlation functions one time, and then simply evaluate them at different time

delays while performing the necessary temporal integrals in Eqs. (39) and (44) numerically.

The generalized spectral densities defining the correlation functions are proportional to the

delocalization of the system-bath coupling strength between eigenstates, and the Liouville

pathway weights can be expressed in terms of them as demonstrated in Appendix D.

We note that, even though these expressions are derived for Nth order in perturbation

theory, they generally contain terms up to 2Nth order in system-bath coupling due to the

explicit equations-of-motion of the environmental modes as well as the result of Gaussian

integration over phase space initial conditions. Moreover, we emphasize that the preceding

analysis is not in any way restricted to the eigenbasis and rather can be considered as a

general method for incorporating linear order environmental operator dependence in the

coupling between system states in any basis. In fact, it would be quite straightforward to

extend this analysis to account for perturbation matrix elements that have higher order

dependence on environmental position operators using the momentum fluctuation analysis

presented in Appendix A and subsequently performing the necessary Gaussian integrals.

In Fig. 3 we demonstrate the application of each of the described perturbative expansions

in a parameter regime where one would expect reasonable agreement with exact results, due

to the existence of a well-defined smallness parameter. We consider a spin-boson model

with an energy gap of ε1 − ε2 = 100 cm−1 and a coupling of ∆12 = ∆21 = 10 cm−1. Each

state is coupled weakly to its own independent harmonic environment described by a Drude-

Lorentz spectral density, as given in Eq. (25), with ωc = 53.08 cm−1 and λ = 1 cm−1. Such

a model is appropriate for describing a donor-acceptor pair where each are weakly coupled

to their environments. We assume that the initial density is of factorized form, and that the

environmental Wigner function is thermal with (x′,p′) = (0, 0) and σxk =
√

~
2ωk tanh(β~ωk/2)

for all k at a temperature of T = 300 K.[26] Because of the weak environmental coupling,

the eigenbasis expansion outperforms its local basis counterpart when compared to the

numerically exact HEOM result.[60] However, the local basis result still provides a good
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FIG. 3. Time-evolution of reduced density matrix elements for a model spin-boson system with

weak system-environment coupling. In the top panel, we present the time-dependent expectation

value of the operator σ̂z = |1〉 〈1| − |2〉 〈2|. In the bottom panel, we present the real and imaginary

parts of the ρ(2,1)
sys (t) reduced density matrix element. In all cases, the solid black line corresponds

to the numerically exact HEOM result, the dashed blue line corresponds to the second order local

basis expansion result, and the dash-dotted red line corresponds to the second order eigenbasis

expansion result.

description of the time-evolved density matrix even as λ� ∆12.[26]

As previously mentioned, the described framework does not inherently make any assump-

tions about the decay times of the environmental correlation functions that are central to

the derived equations. As such, one is not restricted to unstructured environmental spec-

tral densities; something we have already exploited when modifying the spectral density in

Fig. 2(b). For demonstrative purposes, we proceed by considering the limiting case of a

single (discrete) environmental mode that is coupled to the acceptor state of a two-level

system at T = 300 K. In this application, we consider the mode to have a frequency of

ω0 = 500 cm−1, a reorganization energy of λ = 25 cm−1, and the local basis energy gap is

given as ε1 − ε2 = ~ω0 so as to be resonant with the single environmental mode. In Fig. 4

we plot the time-dependent donor (state 1) population for multiple choices of the tunneling
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FIG. 4. Time-dependent donor population for a donor-acceptor pair with a single vibrational mode

coupled to the acceptor state for various choices of the donor-acceptor coupling strength. All other

parameters are described in the main text. In each plot, the numerically exact HEOM result is given

by the solid black line, the dashed blue line corresponds to the second order local basis expansion

result, and the dash-dotted red line corresponds to the second order eigenbasis expansion result.

parameter, ∆, scanning from a small value, where the local basis perturbative expansion

provides good agreement with exact results, to a large value, where this expansion breaks

down at second order due to secular divergences, while the eigenbasis perturbative expansion

continues to provide qualitative agreement.

VI. CONCLUSIONS AND OUTLOOK

In this manuscript, we have introduced a framework for combining the truncated Wigner

approximation with perturbative calculations of time-evolved expectation values of operators

for a discrete quantum system in contact with an environment. For the case where the
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environment is harmonic and where the system state dependent harmonic potentials differ

at most by a relative shift of the potential minima, we have demonstrated how one can utilize

the described framework to derive expressions for the Nth order perturbative contribution

to operator expectation values in the combined system-environment Hilbert space, even

including polynomial bath operator dependence in the perturbative operator. In contrast to

dynamical methods based on projection operator techniques[25, 27, 28, 58, 61] or influence

functionals[30, 62, 63], our framework retains full dynamical information for the system and

its environment while also avoiding common assumptions about the initial environmental

density.

Our framework is of particular interest to quantum information applications, which re-

quire a detailed understanding of how quantum decoherence is driven by a growth of system-

environment entanglement. [12–15, 17] We have highlighted the potential of our framework

to unravel such processes by computing decoherence of a qubit at zero temperature while

demonstrating a concerted entanglement growth of individual environmental modes. By an-

alyzing the qubit-environment entanglement behavior, we identify the low-frequency modes

to particularly drive decoherence and a specific suppression of their interactions considerably

suppresses decoherence compared to the selective suppression of high-frequency modes at

a constant environmental reorganization energy. This indicates that reorganization energy

itself as a relevant metric for environment-induced decoherence is incomplete. We believe

this finding to exemplify that our framework can reveal important guiding principles for

optimizing qubit coherence times. Such an analysis can trivially be extended to realistic

structured environmental spectral densities, obtained directly from experimental measure-

ments, for which the strongest-entangled environmental modes can be readily identified. It

should be noted that other factors have been suggested to drive quantum decoherence be-

yond system-bath entanglement,[9–11] something that would also be of interest to explore

with the framework presented here.

We have furthermore demonstrated the ability of our framework to treat reduced density

matrix dynamics under a Hamiltonian where a simple basis rotation allows us to interpolate

between an environment-dependent and environment-independent perturbation. In doing

so, bath operator dependent perturbations are described through a momentum fluctuation

analysis related to the so-called Bopp operators as derived within a phase space path integral

formulation, which is a general result for perturbation operators that are polynomials in
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environmental operators.[34, 44, 54] The flexibility of our method to include polynomial-

type perturbation operators allows for the investigation of system-environment interactions

beyond the commonly-adopted bi-linear form.

While we stress that the framework described here is not restricted to deriving reduced

density matrix dynamics methods, we note that a direct application of the naive pertur-

bation theory utilized here is well known to suffer from secular divergences that grow as

∼ tN at long times.[64] This does not negate the described framework, however, as one may

apply common techniques to diminish their impact,[65] or potentially derive iterative algo-

rithms utilizing the described framework for short-time propagation segments – something

that is awarded by the perturbation theory’s retention of the dynamical evolution of the

environment. For harmonic models, one could imagine achieving this though a Monte Carlo

evaluation of intermediate sums over system states, which can provide an efficient means to

reconstruct the exact time-evolved reduced density matrix.[66, 67] Alternatively, one could

consider implementing the framework described here to compute short-time expectation val-

ues where one can efficiently perform the numerical integrals at a sufficiently high order in

the perturbative expansion, and then utilize a non-Markovian transfer tensor method to

extend the results to longer times. [68–71]

Appendix A: Wigner analysis of the perturbative expansion and the emergence of

Bopp operators from the path integral

In order to obtain the expression of Eq. (6) of the main text, it is sufficient to show the

result of the first order term in the expansion, as higher order terms follow trivially from this

analysis. For conciseness, we simply consider the following contribution to the first order

expectation value

∑
nt

Trenv

{
〈nt| Ôe−

i
~ Ĥ0(t−τ1)V̂ (τ1)e−

i
~ Ĥ0τ1 ρ̂(0)e

i
~ Ĥ0t |nt〉

}
=
∑
nt

Trenv

{∑
n0,n′0
n1,n′1

∑
m0,m′0

〈nt| Ôe−
i
~ Ĥ0(t−τ1) |n1〉Vn1m0(~̂x, τ1) 〈m0| e−

i
~ Ĥ0τ1 |n0〉

× 〈n0| ρ̂(0) |n′0〉 〈n′0| e
i
~ Ĥ0τ1 |m′0〉 〈m′0|n′1〉 〈n′1| e

i
~ Ĥ0(t−τ1) |nt〉

}
.

(A1)
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Given the definition of the reference Hamiltonian in Eq. (2) in the main text, we can simplify

the above expression to∑
nt

∑
n0,n′0
n1,n′1

δn′0n′1δn′1nt Trenv

{
〈nt| Ô |n1〉e−

i
~ (T̂+Un1 (~̂x))(t−τ1)Vn1n0(~̂x, τ1)e−

i
~ (T̂+Un0 (~̂x))τ1

× 〈n0| ρ̂(0) |n′0〉 e
i
~ (T̂+Un′0

(~̂x))τ1e
i
~ (T̂+Un′1

(~̂x))(t−τ1)

}
,

(A2)

where T̂ =
∑

k

p̂2
k

2mk
is the kinetic energy of the environment. The product of delta functions

become (a part of) a Liouville space pathway weight that defines an element of the Θ-tensor

in Eq. (6) of the main text. To proceed, we focus on the portion of Eq. (A2) that contains

environmental operator dependence. For arbitrary potential forms, one may always rigor-

ously approximate the evolution of the environmental degrees-of-freedom (DOFs) as being

governed by classical equations of motion through the so-called truncated Wigner approx-

imation (TWA, also known as the Linearized Semiclassical Initial Value Representation).

This approximation can be easily formulated in both the cartesian phase space considered

here as well as coherent state phase space, and we refer to previous works for the details of

the analysis.[34, 35, 44, 49] Within this formulation, time-evolved expectation values take

a classical-like form (i.e., convolution of a function with a probability distribution func-

tion on phase space). However, rather than the purely classical function and Boltzmann

distribution, the TWA corresponds to convoluting the Weyl symbol of an operator with a

Wigner quasi-probability distribution, as defined in Eq. (7) (and the subsequent text) in the

main text. From the path integral formalism, this derivation is performed simply by writing

the phase space path integrals directly in terms of mean and difference variables with the

substitution ∫
Dx(τ)Dx′(τ)Dp(τ)Dp′(τ)→

∫
Dx̄(τ)Dz(τ)Dp̄(τ)Dy(τ). (A3)

Here, x̄(τ) = 1
2
(x(τ) +x′(τ)) and z(τ) = x(τ)−x′(τ) where x(τ) (x′(τ)) labels the “forward”

(“backward”) path. There are analogous relations defining the mean and difference momen-

tum variable, p̄(τ) and y(τ), respectively, in terms of p(τ) and p′(τ). Rewriting the action

in terms of these mean and difference variables and expanding the difference of forward and

backward actions to linear order in z(τ) about the mean path x̄(τ) leads one to recover delta

functional-constrained classical trajectories following analytic integration over all difference

paths.
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For harmonic potentials of the type considered here, one can treat the environmental

difference path dependence of the perturbation operator analytically in an exact way within

the momentum fluctuation framework introduced by Polkovnikov, [33, 34] as previously

applied for the calculation of vibronic spectral line shapes.[44] In those applications, however,

the momentum fluctuations accounted for corrections to the time-evolution of DOFs to

treat higher order terms in the expansion of the forward-backward action difference. Here,

where there are no higher order terms, we utilize this framework to account for (potentially

arbitrary order) environmental operator dependent perturbations.

We start by expanding a perturbation matrix element as

Vn1n0(x̄(τ)± z(τ)

2
, τ) =

∞∑
m=0

V (m)
n1n0

(x̄(τ), τ)
(±z(τ)/2)m

m!
, (A4)

where, for simplicity in notation, we have assumed a one-dimensional problem. The ± sign in

the above expression arises as necessary from expressing the path integral in terms of mean

and difference paths. As such, if the perturbation operator acts on the left the expansion

adopts a “+” sign and when it acts on the right it adopts a “−” sign due to the definitions

below Eq. (A3). This sign dependence ultimately generates the causal relations for time-

dependent Bopp operators used to evaluate non-equal time correlation functions.[34] To

proceed we express the environment-dependent part of Eq. (A2) in terms of a discrete time

path integral in mean and difference variables, taking τ1 = τN1 = N1∆τ where ∆τ = t/N is

a discrete time element (with 0 ≤ N1 ≤ N), as

A = Trenv

{
Ôntn1e−

i
~ (T̂+Un1 (~̂x))(t−τ1)Vn1n0(~̂x, τ1)e−

i
~ (T̂+Un0 (~̂x))τ1 ρ̂n0,n′0

env

× e
i
~ (T̂+Un′0

(~̂x))τ1e
i
~ (T̂+Un′1

(~̂x))(t−τ1)

}
=

∫
dx̄0

dp̄0

2π~
dy0

2π~
dx̄N

(
N−1∏
j=1

∫
dx̄j

dp̄j
2π~

dzj
dyj
2π~

)
Ont,n1

W (x̄N , p̄N−1)W n0,n′0(x0, p0)

× e−
i
~
∑N1
j=1 ∆τ [Un0 (x̄j)−Un′0

(x̄j)]e
− i

~
∑N
j=N1+1 ∆τ [Un1 (x̄j)−Un′1

(x̄j)]e
i
~
∑N−1
j=0 ∆τ

[(
x̄j+1−x̄j

∆τ

)
−p̄j

]
yj

× e− i
~
∑N1
j=1 ∆τ [(

p̄j−p̄j−1
∆τ

)−F (0)
j ]zje−

i
~
∑N−1
j=N1+1 ∆τ [(

p̄j−p̄j−1
∆τ

)−F (1)
j ]zjVn1n0(x̄N1 +

zN1

2
, τN1).

(A5)

Here, F (i)
j = −1

2
∂
∂xj

(Uni(x) + Un′i(x))|x=x̄j is the active force during the ith time segment.

One can immediately proceed by analytically performing integrals over difference variables
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other than the j = N1 position difference variable, {zj}j 6=N1 and {yj}N−1
j=0 , resulting in delta

functional constraints relating sequential mean position and momentum variables through

the velocity and force, respectively, resulting in

A =

∫
dx̄0

dp̄0

2π~
dx̄NdzN1

(
N−1∏
j=1

∫
dx̄j

dp̄j
2π~

)
Ont,n1

W (x̄N , p̄N−1)W n0,n′0(x0, p0)

× e−
i
~
∑N1
j=1 ∆τ [Un0 (x̄j)−Un′0

(x̄j)]e
− i

~
∑N
j=N1+1 ∆τ [Un1 (x̄j)−Un′1

(x̄j)]

(
N1−1∏
j=1

δ
(
p̄j − p̄j−1 −∆τF

(0)
j

))

×
(

N−1∏
j=N1+1

δ
(
p̄j − p̄j−1 −∆τF

(1)
j

))(N−1∏
j=0

δ (x̄j+1 − x̄j −∆τ p̄j)

)

× Vn1n0(x̄N1 +
zN1

2
, τN1)e−

i
~∆τ [p̄N1

−p̄N1−1−∆τF
(0)
N1

]zN1 .

(A6)

Next, we recognize that one can utilize the final phase factor in the above equation as a

“source” term for generating zN1 terms by taking derivatives with respect to p̄N1 so that,

using the result of Eq. (A4), and finally performing the integral over zN1 , we recover

A =

∫
dx̄0

dp̄0

2π~
dx̄N

(
N−1∏
j=1

∫
dx̄j

dp̄j
2π~

)
Ont,n1

W (x̄N , p̄N−1)W n0,n′0(x0, p0)e
− i

~
∑N1
j=1 ∆τ [Un0 (x̄j)−Un′0

(x̄j)]

× e−
i
~
∑N
j=N1+1 ∆τ [Un1 (x̄j)−Un′1

(x̄j)]

(
N1−1∏
j=1

δ
(
p̄j − p̄j−1 −∆τF

(0)
j

))

×
(

N−1∏
j=N1+1

δ
(
p̄j − p̄j−1 −∆τF

(1)
j

))(N−1∏
j=0

δ (x̄j+1 − x̄j −∆τ p̄j)

)

×
{
Vn1n0(x̄N1 +

i~
2

∂

∂pN1

, τN1)δ
(
p̄N1 − p̄N1−1 −∆τF

(0)
N1

)}
.

(A7)

Finally, with this result, we can continue by performing analytical integration over all mean

variables other than p̄N1 , p̄0, and x̄0. By doing this, through the delta-constraints relating

sequential position and momentum values, all terms containing dependence on mean mo-

mentum and position variables at times later than τN1 become functions of p̄N1 (along with

p̄0, and x̄0) and we can use the relation∫
dxf(x)

∂n

∂xn
δ(x) = (−1)n

∫
dx δ(x)

(
∂n

∂xn
f(x)

)
, (A8)

which is simply a result of successive integration-by-parts. At this point we still can not

generally perform the analytic integration over p̄N1 . However, we can alleviate this issue
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through the momentum fluctuation analysis[34] by noticing that

∂nf(p̄N1 + δpN1)

∂δpnN1

∣∣∣∣
δpN1

=0

=
∂nf(p̄N1)

∂p̄nN1

. (A9)

Thus, we introduce shifted environmental trajectories, where the momentum shift occurs at

the instance a perturbation operator acts on the quantum system. We take the nth order

derivative of the function that depends on the shifted trajectory, and ultimately evaluate

the resulting expression at δpN1 = 0.

Combining these two results and performing the mean momentum integration, we finally

find

A =

∫
dx̄0

dp̄0

2π~
W n0,n′0(x0, p0)e

− i
~
∫ τ1
0 ds[Un0 (x(0)(s))−Un′0

(x(0)(s))]

×
[
Vn1n0(x(0)(τ1)− i~

2

∂

∂δpN1

, τN1)Ont,n1

W (x
(1)
δpN1

(t), p
(1)
δpN1

(t))

× e−
i
~
∫ t
τ1
ds[Un1 (x

(1)
δpN1

(s))−Un′1
(x

(1)
δpN1

(s))]
]
δpN1

=0

.

(A10)

While the above result is general for arbitrary system state-dependent potentials, we can

analytically express the shifted trajectories of harmonic environmental DOFs as

x
(i)
δpk

(s) = x
(i)
clk

(s) +
1

ωk

i∑
j=1

δp(k)
τj

sin(ωk(s− τj)) (A11)

in order to proceed with the analysis as outlined in the main text.

One can clearly recognize the emergence of Bopp operators in the argument of the per-

turbative operator in Eq. (A10), and if the perturbation had operated on the right, the

derivative term would carry a positive sign. Hence, the general time-dependent Bopp op-

erator can be obtained as x̂k → x
(i)
δpk

(τi+1) − Si+1
i~
2

∂

∂δp
(k)
τi+1

where Si+1 = +1 if the operator

acts on the left or Si+1 = −1 if it operates on the right. This analysis can also be expressed

in terms of directional derivatives in order to remain consistent with time ordering. [34] We

note that, if the perturbation operator were dependent on momentum operators, the anal-

ysis is straightforwardly extended in the same way with position fluctuations rather than

momentum fluctuations.

It is easy to see how this result extends to higher order in the perturbative expansion. One

simply evaluates all expressions along the shifted trajectory defined in Eq. (A11), replaces

each perturbative operator with its Bopp operator-dependent analogue as

Vnm(x̂, τj) = Vnm(x
(j−1)
δp (τj)−

i~
2
Sj

∂

∂δpτj
, τj), (A12)
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performs all of the necessary derivatives on all terms containing momentum fluctuation

dependence, and finally evaluates the resulting expression at {δpτj} = 0.

Appendix B: Utilizing Eq. (18) to derive perturbative expressions

In order to utilize Eq. (18) to derive perturbative contributions to the expectation value

of an operator, Ô, the procedure is as follows:

1. Obtain the Weyl symbol of the operator Ô. This can be achieved directly through

the integral transformation as given by Eq. (7) or by evaluating the normal ordered

operator in terms of Bopp operators. [34] The Weyl symbol should then be evaluated

along the shifted environmental trajectories given by Eq. (14).

2. Evaluate the contributing tensor elements of Θ
{nj ,n′j}
N

({(
x̃

(j)
Bopp(τj), τj

)})
according

to Eq. (12), where the Bopp operators are defined in Eq. (10). For perturbations

that include environmental position operator dependence, the resulting expression

will contain derivatives with respect to the infinitesimal fluctuations of the conjugate

momentum, δp. Any functional dependence on these momentum fluctuations will be

provided by later-time perturbative interactions, the Weyl symbol of the operator-of-

interest, and the phase factor φN(δp) defined in Eq. (19).

3. If the perturbation operator contains environmental position operator dependence,

perform all momentum fluctuation derivatives and evaluate the resulting expression

in the limit that all momentum fluctuations go to zero. One should now obtain an ex-

plicit function of environmental initial conditions, f(x0,p0), and geometric parameters

directly related to details of the shifted harmonic potentials that contribute along the

series of system states connecting the endpoints of the propagation. The functional

form of f(x0,p0) depends on the form of the Weyl symbol of the operator-of-interest,

the order of perturbation theory under consideration, and the functional form of the

perturbation operator. Oftentimes, however, f(x0,p0) can be simplified considerably

through simple trigonometric identities.

4. Perform the integrals over all environmental phase space initial conditions. These

integrals will amount to a convolution of f(x0,p0) from Step 3 with the Gaussian
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Wigner function in Eq. (23) that describes the initial density of environmental modes

along with the remaining phase factors given in Eq. (18).

Appendix C: Derivation of the Weyl symbol for harmonic oscillator projection op-

erators

Although the Weyl symbols for (diagonal) projection operators onto harmonic energy

eigenstates are known to be of the form of Laguerre polynomials times a Gaussian, we are

unaware of an existing closed-form expression for the Weyl symbol of an off-diagonal pro-

jection operator. These “coherences” are crucially important for constructing, for example,

the reduced density matrix describing the time-evolving state of a harmonic environmen-

tal DOF. Here, we present a derivation of such an expression, while also highlighting the

equivalence between the Bopp operator analysis and the standard Moyal product analysis

for deriving the expression.

For a harmonic system, the projection operator, |n〉 〈m|, can be related to the ground state

projection operator, |0〉 〈0|, via successive operations with raising and lowering operators as

|n〉 〈m| = 1√
n!m!

(â†)n |0〉 〈0| (â)m, (C1)

which we partition as Â ≡ (â†)n and B̂ ≡ |0〉 〈0| (â)m. The Weyl symbol of a product of

operators is known to be given by the Moyal product as

(ÂB̂)W (a∗, a) = AW (a∗, a)e
1
2

Λ̂BW (a∗, a), (C2)

where we have introduced the so-called symplectic operator as Λ̂ ≡
←−
∂
∂a

−→
∂
∂a∗
−
←−
∂
∂a∗

−→
∂
∂a

and we

define the coherent state variable a ≡√ ω
2~(x+ i p

ω
). In order to evaluate the Weyl symbol of

the operator in Eq. (C1), we must first find the Weyl symbol of the operator B̂, as defined

beneath Eq. (C1), since it itself is a product of the ground state projection operator with
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âm. In the coherent state variables used here, this expression is found to be

BW (a∗, a) = 2e−2a∗a

 m∑
j=0

1

j!

(−1

2

)j ( ←−
∂

∂a∗

−→
∂

∂a

)j
 am

= 2e−2a∗a

 m∑
j=0

(
m

j

)(−1

2

←−
∂

∂a∗

)j

am−j


= 2e−2a∗a

(
a− 1

2

←−
∂

∂a∗

)m

= 2m+1e−2a∗aam,

(C3)

where we have used the fact that only one of the contributions to the symplectic operator

contributes (and only up the mth order) due to the derivative operations acting on the

lowering operator. Between the second and third line we recognize the binomial coefficients

that allow us to relate this analysis to the Bopp operators in the coherent state phase space

representation (where we have used the directional derivatives described in the preceding

section), and in evaluating the final expression we note that
∑m

j=0

(
m
j

)
= 2m.

Next, we take the total Weyl symbol as described in Eq. (C2), which proceeds similarly

to the previous analysis, giving the final result as

(|n〉 〈m|)W (x, p) =
2m+1

√
n!m!

 n∑
i=0

(
n

i

)
(a∗)n−i

(
−1

2

−→
∂

∂a

)i
 e−2a∗aam

=
2m+1

√
n!m!

n∑
i=0

i∑
k=0

(
n

i

)(
i

k

)(−1

2

)i
(a∗)n−i

(−→∂
∂a

)k

am

(−→∂
∂a

)i−k

e−2a∗a


=

2m+1

√
n!m!

n∑
i=0

min{i,m}∑
k=0

k!

(
n

i

)(
i

k

)(
m

k

)(−1

2

)k
(a∗)n−kam−ke−2a∗a.

(C4)

For diagonal elements, n = m, the expression above reduces to those known to be given

by Laguerre polynomials while for off-diagonal elements, n 6= m, the expression describes

coherences.

35



Appendix D: Correlation functions for environment-dependent expansion

We start by defining a set of environmental correlation functions as

Iabcd (t) =
1

~
∑
k

σxkσpkω
2
kx

(a,b)
0k

∆xcd0k sin(ωkt) (D1)

J ab
cd (t) =

∑
k

ω2
kx

(a,b)
0k

x̄cd0k cos(ωkt) (D2)

Kabcd(t) =
∑
k

ω2
kx

(a,b)
0k

∆xcd0k cos(ωkt) (D3)

Labcd(t) =
∑
k

σxkσpkω
3
kx

(a,b)
0k

x
(c,d)
0k

cos(ωkt) (D4)

Mab
cd(t) = ~

∑
k

ω3
kx

(a,b)
0k

x
(c,d)
0k

sin(ωkt), (D5)

where the generalization of these expressions to continuum environments is straightforwardly

done by defining the necessary generalized spectral densities. With these definitions, we see

that the eigenbasis Liouville pathway weights for first and second order in the perturbative

expansion can be expressed as

χ
(1)

{αjα′j}
({τj}2

j=0) = N α1α0
1,1 ({τj}2

j=0)δα′0α′1 −N
α′0α

′
1

1,1 ({τj}2
j=0)δα1α0 (D6)

and

χ
(2)

{αjα′j}
({τj}3

j=0) =
(
N α2α1

2,2 ({τj}3
j=0)δα′1α′2 −N

α′1α
′
2

2,2 ({τj}3
j=0)δα2α1

)
×
(
N α1α0

1,2 ({τj}3
j=0)δα′0α′1 −N

α′0α
′
1

1,2 ({τj}3
j=0)δα1α0

)
+ P(τ2 − τ1).

(D7)

Here, we have defined

N ab
j,N = −

(
i

N∑
i=0

{
Iabαiα′i(τi+1 − τj)− Iabαiα′i(τi − τj)

}
+

j−1∑
i=0

{
J ab
αiα′i

(τi+1 − τj)− J ab
αiα′i

(τi − τj)
}

− 1

2
Sj

N∑
i=j

{
Kabαiα′i(τi+1 − τj)−Kabαiα′i(τi − τj)

})
(D8)
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and

P(τ2 − τ1) =

(
Lα2α1
α1α0

(τ2 − τ1)− i

2
S1Mα2α1

α1α0
(τ2 − τ1)

)
δα′0α′1δα′1α′2

−
(
Lα2α1

α′0α
′
1
(τ2 − τ1)− i

2
S1Mα2α1

α′0α
′
1
(τ2 − τ1)

)
δα1α0δα′1α′2

−
(
Lα1α0

α′1α
′
2
(τ2 − τ1)− i

2
S1Mα1α0

α′1α
′
2
(τ2 − τ1)

)
δα2α1δα′0α′1

+

(
Lα
′
0α
′
1

α′1α
′
2
(τ2 − τ1)− i

2
S1Mα′0α

′
1

α′1α
′
2
(τ2 − τ1)

)
δα2α1δα1α0

(D9)

as Liouville pathway-dependent quantities that ensure the appropriate correlation functions

contribute.
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