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Intense femtosecond IR laser pulses have been used in recent years to study the breakup dynamics
of molecules. However, observable such as kinetic energy release and branching ratios of molecular
fragments are often difficult to predict by theory, making information of the molecular dynamics
difficult to retrieve. In this work, we develop a simple model for sequential double ionization of
molecules based on a density matrix approach. The model describes tunneling ionization of the
neutral and the ion as well as laser couplings between the ionic states simultaneously. Population
of different doubly-charged states can be obtained at a low computational cost. We applied our
model to N2 and obtained a good agreement on the kinetic energy release spectrum with a previous
experiment. This theoretical development could open up the opportunities to use intense short IR
laser pulses with coincidence measurement to probe molecular dynamics.

I. INTRODUCTION

In typical pump-probe experiments, population of the
pumped states is much less than the initial state. Ideally,
to have good pump-probe signals with high temporal res-
olution, the probe laser should be intense and as short
as a few hundreds of attosecond. Such ultrashort intense
light could be generated from X-ray free electron laser fa-
cilities, such as LCLS-II [1] and European XFEL [2], but
the beam time is limited. There are also ultrashort laser
sources from table-top high harmonic generation [3, 4],
but the intensity is weak so that the pump-probe signal
is weak. In contrast, intense IR laser pulses with dura-
tion as short as a few femtoseconds are available in most
laboratories, and could be useful for probing ultrafast
dynamics. However, the probe signal from intense short
IR laser pulses is difficult to simulate in general. As a
result, it is hard to extract the dynamical information
from the measured signal, making such probing schemes
unfavorable.

Despite the theoretical challenges, with the emer-
gence of coincidence measurement techniques such as
COLTRIMS [5, 6] and velocity map imaging [7], there
have been increasing interests in strong field double ion-
ization of molecules using intense short IR laser pulses [8–
13]. In these experiments, momenta of ionic fragments
from different molecular breakup channels and ionized
electrons can be measured in coincidence. Observables
from the ionic fragments, such as kinetic energy release
(KER) spectra and branching ratios, are of particular in-
terests. With certain pump schemes, these measurements
could reveal ultrafast molecular dynamics, since one ex-
pects these observables to be sensitive to the change of
ionization energy of some general pumped states. This
strongly motivates the development of theory for strong
field double ionization of molecules.
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Strong field double ionization can be separated into
two regimes — non-sequential and sequential. Non-
sequential double ionization dominates when the laser
intensity is weak and the second ionization occurs via
rescattering of the ionized electron with the residue ion,
while sequential double ionization (SDI) dominates when
the laser intensity is high and the second ionization pro-
ceeds through tunneling ionization of the ion. We are
particularly interested in the SDI since one may neglect
the impact of rescattering electron and therefore simplify
the theory.

There have been some theoretical investigations on the
SDI of molecules. One of the modeling studies was done
by Tong and Lin [14], who investigated the SDI of D2.
Xie et al employed the time-dependent density functional
theory to study the SDI of C2H2 [15]. There are also some
recent developments on an ab inito approach for SDI by
Schlegel and co-workers [16, 17]. While the ab inito ap-
proaches are in general more desirable, they are com-
putationally expensive. To compare with experiments,
one often needs to perform angular averaging and vol-
ume averaging, which demand a lot of computational
time. As a result, such calculations are rarely compared
directly to experimental data. Extending these ab inito
approaches to various pump-probe scenarios appears to
be a formidable task. To facilitate the use of intense short
IR laser pulses with coincidence measurement for prob-
ing molecular dynamics, we develop a simple and efficient
model for SDI of molecules, which describes tunneling
ionization of the neutral and ionic states and laser cou-
plings between the same charged states simultaneously.

To benchmark our model, we apply it to the SDI of
N2, since several aspects of strong field double ioniza-
tion of N2 have been extensively investigated. On the
experimental side, there are studies on charge symmet-
ric dissociation (N+ + N+) and charge asymmetric dis-
sociation (N2+ + N) [18, 19], Coulomb explosion imag-
ing during double ionization [20], and KER and angu-
lar distribution of N+ + N+ [21–23]. There are also
spectroscopy studies on N2+

2 , for examples, Auger spec-
troscopy [24, 25] and electron-impact spectroscopy [26],
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which provide valuable information on the dissociation
of different N2+

2 states for this work. On the theoretical
side, to the best of our knowledge, there has been no in-
vestigation on the SDI of N2. But there are some related
studies, for instances, lasing of N+

2 by Zhang et al [27],
who used a density matrix approach to describe the pop-
ulation of ionic states and laser couplings between them
simultaneously, and the calculation of potential energy
curves of N2, N+

2 , and N2+
2 by Bhattacharya et al [28],

which provides additional data for the present study.
This article is organized as follows: In the next sec-

tion, we introduce the density matrix approach for SDI
of molecules and apply it to N2. We then present and dis-
cuss our simulated KER spectrum of N+ +N+ in Sec. III.
In Sec. IV, we explore different effects on the KER spec-
tra, such as laser couplings, wavelength dependence, focal
volume effect, and alignment effect. Finally, Sec. V sum-
marizes the article and gives outlook for future research.

II. THEORETICAL APPROACH

After strong field ionization, different charged states of
a molecule are still coherent, as long as the laser-molecule
system is closed. In the density matrix formalism, it
means that the full density matrix contains non-zero off-
diagonal elements between different charged states. How-
ever, it is very challenging theoretically to obtain those
elements, since one would need accurate wave function
of the photoelectrons as well as multiple excited states of
the ion.

Our goal here is to develop a simple model for SDI of
molecules to predict some angle-integrated observables
such as KER spectrum and branching ratios. There-
fore, at the lowest level of theory, coherence is largely
neglected and the full density matrix described here is
block-diagonal between different charged states. In addi-
tion, we neglect the phase differences between the differ-
ent states of the same charge at the time when they were
tunnel ionized. These assumptions are in part consistent
with the strong field approximation, which implies that
the photoelectron is coupled to the laser field and dis-
entangled with the residue ion, such that the coherence
between different states of the same charge and between
different charged states are partially lost.

The main approximations of our model can be summa-
rized as follows: i.) Nuclei are fixed during ionization by
the laser. ii.) Each charged state is treated as an open
system. iii.) Population transfer to higher charged states
is treated incoherently and is described by rate equations.
iv.) Laser couplings between different states of the same
charge is described by the von-Neumann equation.

To further simplify the model, in the following, we
consider only one neutral state and neglect the laser
couplings between the doubly-charged states. The nu-
clear geometry is fixed at the equilibrium of the neu-
tral molecule. Denoting the density matrix of different
charged states as ρ(i)(t), where i = 0, 1, 2 means the neu-

tral, the ionic, and the doubly-charged states, the time
evolution of density matrices are described as

dρ(0)

dt
= −

∑
i

ρ(0)(t)W
(0)
i (t),

dρ(1)

dt
= − i

~
[H(1), ρ(1)] + Γ(1)(t),

dρ
(2)
nn′

dt
= δnn′

∑
i

ρ
(1)
ii (t)W

(1)
n←i(t). (1)

The first and the last equation are simply the rate

equations for population transfer, where W
(0)
i is the ion-

ization rate from the neutral ground state to the ith ionic

state and W
(1)
n←i is the ionization rate from the ith ionic

state to the nth doubly-charged state. The second equa-
tion is the von-Neumann equation with a source term.

The Hamiltonian is H(1) = H
(1)
0 + ~d · ~E, where H

(1)
0 is the

field-free Hamiltonian of the ion, ~d is the dipole moment,

and ~E is the laser field. The source term Γ(1) describes
the population from the neutral state and depopulation
to the doubly-charged states,

Γ
(1)
ij (t) = δij

[
ρ0(t)W

(0)
i (t)−

∑
n

ρ
(1)
ii (t)W

(1)
n←i(t)

]
.

One can verify that trace of the total density ma-
trix

∑
i tr(ρ(i)(t)) is conserved by the construction of the

equations. Therefore, the population of a state is also
the probability of finding the system at that state. Con-
sequently, by setting the initial conditions to be ρ(0)(t→
−∞) = 1 and ρ(1)(t→ −∞) = ρ(2)(t→ −∞) = 0, prob-
ability of forming the nth doubly-charged state from SDI

is Pn = ρ
(2)
nn(t→∞).

As an example, we apply the model to N2 in this arti-
cle. Our model describes a three-step process for the SDI
of N2: i.) HOMO (3σg), HOMO-1 (1πu), or HOMO-2
(2σu) of N2 are tunnel ionized to form the X2Σ+

g , A2Πu,

or B2Σ+
u state of N+

2 . ii.) The three states of N+
2 are

coupled by the laser field while being further tunnel ion-
ized to form different doubly-charged states. iii.) The
doubly-charged states may then dissociate to their re-
spective limits.

The relevant potential energy curves for N2, N+
2 , and

N2+
2 states from Ref. [28] are shown in Fig. 1. For brevity

in this article, X, A, and B states always refer to the
X2Σ+

g , A2Πu, and B2Σ+
u state of N+

2 , while state 1 – 11

always refer to the N2+
2 states in Tab. I. The equilibrium

position of N2 at R = 1.09 Å is marked by the vertical
line in Fig. 1. The X and A state and the X and B state
are coupled by a dipole moment of dx = 0.25a0 [29] and
dz = 0.75a0 [30]. Doubly-charged states that dissociate
are labeled as state 5 – 11 in Fig. 1, and the details about
state 1 – 11 of N2+

2 can be found in Tab. I. Note that state
1 – 4, which have a hole in the HOMO, are not shown
in Fig. 1 as they are metastable. In other words, all N2+

2
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FIG. 1. Potential energy curves for N2, N+
2 , and N2+

2 , adopted from Ref. [28]. The first 4 states of N2+
2 are metastable and are

omitted in the figure to avoid overcrowding.

states that contribute to the KER spectrum come from
ionization of the excited states of N+

2 .
The key elements in our model are the ionization rates.

In our current approach, we used the MO-ADK for-
mula [31] for the ionization rates W (0) from N2 to N+

2

and W (1) from N+
2 to N2+

2 . For the first ionization, the
structural parameter of N2 from Zhao et al [32] and ex-
perimental ionization energy of 15.58, 16.93, and 18.75
eV for HOMO, HOMO-1, and HOMO-2 were used. For
the second ionization, we assume the structural factor of
the HOMO, HOMO-1, and HOMO-2 of N+

2 are the same
as of N2 but the ionization energies are different. The

ionization energy used in W
(1)
n←i is obtained by subtract-

ing vertical ionization energy of the nth state in Tab. I by
the ionization energy to the ith N+

2 state. Meanwhile, the

structural factor used in W
(1)
n←i is determined by which

orbital of N+
2 to be removed to reach to the nth state. For

example, state 6 has holes in the HOMO-1 and HOMO-2,
and can be reached either from the A state by removing
an electron in HOMO-2 or from the B state by removing
an electron in HOMO-1. The ionization energy to state
6 from the A and from the B state are then 29.49 and
27.67 eV, respectively. With the ionization rates and ini-
tial conditions, Eqs. (1) are then solved numerically by
the classic Runge-Kutta method.

Throughout this article, the laser pulse takes the form
of

~E(t) = E0e
−2ln2(t2/Γ2) cosωt ε̂,

where Γ is the full width at half maximum (FWHM), ω

is the central frequency, and ε̂ is a polarization vector on
the xz plane. We chose the molecular axis of N2 to be
fixed on the z-axis and the laser to propagate along the
y-axis. FWHM of the pulse is fixed at 8 fs throughout
this article, since a longer pulse would allow the nuclei to
move appreciably during ionization. We also chose t = 0
to be at the peak of the pulse envelope.

As a side note, we want to emphasize that our model
also provides a general framework to extend to differ-
ent scenarios. For example, the ionization rate W (1) in
Eqs. (1) could be replaced by excitation or ionization
rates by rescattering electron, such that non-sequential
double ionization can be modeled. One can also include
higher charged states in Eqs. (1) to model multiple ion-
ization and Coulomb explosion. There is room for im-
provement in the model for SDI as well. For instance,
it is possible to model the coherence in SDI by following
the approach by Xue et al [33] for O+

2 . It is also possi-
ble to model SDI coherently and more accurately in this
framework if accurate single ionization rates are available
from some quantum chemistry methods.

III. MAIN RESULTS

The observable we are interested for SDI of N2 is the
KER spectrum of the N+ + N+ channel. We aim to
reproduce the experimental result by Voss et al [21], who
used a laser with peak intensity 1.2 ×1015 W/cm2, 8 fs
FWHM, and 800 nm wavelength. By solving Eqs. (1),
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TABLE I. Vertical ionization energy to the N2+
2 states with two valence holes. Ionization energy (Ip) to N2+

2 are taken from
Bhattacharya et al [28]. Dissociation limits of the N2+

2 states are taken from Iwayama et al [25]. The limit of the 1 1Σ+
u and

31Σ+
g states are identified from the PEC from Ref. [28]. Metastable states are marked as m.s. in the table.

N2 (...2σ2
u1π4

u3σ2
g)1Σ+

g

Index States Config. Ip (eV) Limit KER (eV)
1 1 1Σ+

g 3σ−2
g 42.7 m.s. –

2 1 3Πu 1π−1
u 3σ−1

g 43.59 m.s. –
3 1 3Σ+

u 2σ−1
u 3σ−1

g 44.11 m.s. –
4 1 1Πu 1π−1

u 3σ−1
g 45.12 m.s. –

5 1 3Σ−g 1π−2
u 45.69 N+(3P ) + N+(3P ) 6.73

6 1 3Πg 2σ−1
u 1π−1

u 46.42 N+(3P ) + N+(3P ) 7.46
7 1 1∆g 1π−2

u 46.72 N+(3P ) + N+(3P ) 7.76
8 2 1Σ+

g 1π−2
u 46.72 N+(3P ) + N+(3P ) 7.76

9 1 1Πg 2σ−1
u 1π−1

u 49.12 N+(3P ) + N+(3P ) 10.16
10 1 1Σ+

u 2σ−1
u 3σ−1

g 50.57 m.s. / N+(1D) + N+(1D) 7.81
11 3 1Σ+

g 2σ−2
u 57.4 N+(1D) + N+(1D) 14.64

we obtain the probability of forming different N2+
2 states

at different angles θ between the laser polarization and
the molecular axis. Assuming the molecule is randomly
oriented, the angular-averaged probabilities for the nth
N2+

2 state is obtained by

P̄n =
1

2

∫ π

0

Pn(θ) sin θdθ. (2)

Since the KER of different N2+
2 states are known from

Tab. I, the intensity of the KER spectrum is simply given
by their angular-averaged yield. To compare with the
experiment by Voss et al [21], the probabilities are con-
voluted with a Gaussian distribution,

S(E) =
∑
n

P̄n√
2πσ2

exp

[
− (E − En)2

2σ2

]
, (3)

where En is the KER of state n and σ is set to 0.28 eV
since the energy resolution for KER in the experiment
was less than 0.3 eV.

Top panel of Fig. 2 shows the simulated KER spectrum
and the experimental data by Voss et al [21]. Overall, po-
sition of peaks and ratios between peak values from our
simulated KER spectrum agrees excellently with the ex-
periment. The ratio between the 1st to the 2nd peak and
the 3rd to the 2nd peak from our results are about 0.52
and 0.09, while in the experiment by Voss et al [21], those
ratios are roughly about 0.54 and 0.12. We note that the
KER spectra from Wu et al [19, 23] are similar to ours
and to Voss et al [21], even though the laser parameters
they used were different. Despite the good agreement be-
tween our results and the experiment, the experimental
spectrum is considerably broader. The onset of the 1st
peak in the experiment is at about 5 eV, but it is at about
6 eV in our case. In the experiment, the 3rd peak overlaps
with the 2nd peak, but in our case they are well sepa-
rated. These seem to suggest that each peak is broaden
by about 1 eV in the experiment. One possible cause
for the broadening is the vibrational motion of N2, since
KER of different N2+

2 states could change significantly in

the Frank-Condon region. For example, from Fig. 1, ion-
ization energy of state 5 at R = 1.0 and 1.2 Å are about
47 and 42 eV, giving KER of about 8 eV and 3 eV, re-
spectively. If one can improve the energy resolution of
the detector as in Ref. [26], contribution from different
vibrational states could then be identified, and one can
verify whether the broadening is due to the vibrational
motion. If the broadening is indeed resulted from the
vibrational motion, then branching ratios of fragmenta-
tion channels could be insensitive to such motion, since
the ratios are obtained by integrating the signal along
the KER axis. Consequently, a fixed-nuclei model could
be sufficient if one is interested only in branching ratios.
While one can take the vibrational motion into account
by calculating the angular-averaged yield at different R
and averaging it with a nuclear wave function or by the
approach in Ref. [14], it is beyond the scope of the present
study.

Although we have calculated the yield of different N2+
2

states at different angles, we are not intended to compare
the angular distribution with experiments. The main rea-
son is that at high laser intensity, one should include the
post ionization alignment of the ionic fragments [34] and
propagate the nuclear wave packet in the field-free Hamil-
tonian for each fragmentation channels, since the angular
distribution from the model could be significantly modi-
fied.

IV. EFFECTS ON KER SPECTRA

With the low computational cost, we can explore dif-
ferent effects on the KER spectrum from SDI efficiently.
In the following, we look into the effect of laser cou-
plings, wavelength dependence, effect of focal volume,
and the alignment dependence. Pathways leading to dif-
ferent KER peaks can be deduced from studying some of
these effects.
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FIG. 2. Top: Comparison between our simulated KER spec-
trum (solid line) and the experimental data by Voss et al [21]
(symbols). Both spectra are normalized to its highest peak.
Bottom: Angular-averaged yield for dissociative N2+

2 states,
obtained with (circle) and without (square) the laser cou-
plings between different N+

2 states. Black and red solid lines
are the results convoluted with a Gaussian distribution. The
laser used is linear polarized with peak intensity 1.2 ×1015

W/cm2, 8 fs FWHM, and 800 nm wavelength.

A. Laser couplings

To investigate the effect of laser couplings on the KER
spectrum, we solve Eqs. (1) without the commutator
term for the ionic states. This turns Eqs. (1) to sim-
ply a set of rate equations. Circles and squares symbols
in the bottom panel of Fig. 2 shows the angular-averaged
yield of dissociative N2+

2 states with and without the laser
couplings. For both cases, angular-averaged yield of dis-
sociative N2+

2 states are in the order of 10−2, although
population of the neutral and ionic states are depleted by
the end of the pulse. This is because most of the popula-
tion are in state 1 – 4 (see Fig. 5 for details). We found
that the 1st KER peak at 6.77 eV mostly comes from
state 5, the 2nd peak at 7.58 eV comes from the overlap
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FIG. 3. Population of the X2Σ+
g (black), A2Πu (red), and

B2Σ+
u (blue) states of N+

2 as a function of time. The bottom
and the top panel are the results with and without the laser
couplings. The laser polarization is 45◦ from the molecular
axis. Other laser parameters are the same as in Fig. 2.

of state 6 – 8, and the 3rd peak at 10.16 eV comes from
state 9. State 10 and 11, due to their relatively large
ionization energies, have negligible population compared
to the other states. The major differences between the
two cases are the decrease of yield when the laser cou-
plings are neglected. For example, without the couplings,
yield of state 6 drops about 62%, while yield of state 5,
7, and 8 drop about 35%. To see the impact on the KER
spectrum, the results with and without the couplings are
convoluted and shown as black and red solid lines in the
lower panel of Fig. 2. We see that in the case without the
couplings, the 2nd peak shifts slightly to the right, and
the peak value is about a factor of 2 smaller compared to
the case with the laser couplings. The ratio between the
1st to 2nd peak and the 3rd to 2nd peak are 0.66 and 0.07
without the couplings, which are about 30% larger and
20% smaller than the case with the couplings. Although
the ratio between the peaks do not change significantly,
the overall decrease of angular-averaged yield suggests
that laser couplings play an important role in SDI.

To further understand the role of laser couplings, we
look into the population of different N+

2 states with and
without the laser couplings when polarization of the laser
is 45◦ from the molecular axis. This angle is chosen since
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both the X and A states and the X and B states would
be coupled by the laser. Top and bottom panel in Fig. 3
shows the population of the three N+

2 states as a function
of time without and with the laser couplings. The other
laser parameters are the same as in Fig. 2. Without the
laser couplings, the population of states are simple step
functions corresponding to the population from the neu-
tral state and the depopulation to the doubly-charged
states. Shortly after t = −4 fs, where the instantaneous
laser intensity is half of the peak, the neutral population
is depleted. The ionic population is at the maximum and
is dominated by the X state with peak value at about
0.75, while the A and B states both have populations
slightly less than 0.1. The ionic population then drops
rapidly with increasing instantaneous laser intensity. As
the laser reaches to the peak value at t = 0 fs, most of
the ions have been tunnel ionized to N2+

2 . For the case
with the laser coupling, populations of the ionic states
have significant modulation on top of the population and
depopulation process. The maximum population of the
X state is about 50% smaller, while the maximum pop-
ulations of A and B states are about 3 times larger than
the case without the couplings. Surprisingly, population
of the B state shows a stronger enhancement than the
A state, even though the energy difference between the
X and A state (1.35 eV) is closer to the photon energy
(1.55 eV).

Comparing the N+
2 population with and without laser

couplings, we see that laser couplings strongly enhance
the population of ionic excited states, which eventually
leads to higher probabilities for forming dissociative N2+

2

states. In addition, from Fig. 3, one can further de-
duce that the KER spectrum will not be sensitive to the
carrier-envelop phase of the laser, as most of the ions
would have been ionized at some other time. The same
argument applies to the dependence on the pulse dura-
tion, as long as the pulse is short enough such that the
nuclei can be regarded as fixed during ionization. Our
calculations confirmed that these are indeed the cases,
where the ratio between the 1st to 2nd peak in the spec-
trum changes by at most 2% and 1% for different pulse
durations (5 – 8 fs) and carrier-envelop phases (0 – π),
respectively.

B. Wavelength dependence

Since the inclusion of laser couplings is important, it
implies that the KER spectrum could be significantly dif-
ferent if the photon energy matches the excitation energy
of the ion. Therefore, we calculate the KER spectra for
a 391 nm and 918 nm laser, which have photon energy
of about 3.17 eV and 1.35 eV, to match the excitation
energy between the X to B state and the X to A state.
Other laser parameters are the same as in Fig. 2.

The wavelength dependence provides a good example
to illustrate the formation mechanism of different states
of N2+

2 . For examples, state 6 can be formed from the
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FIG. 4. KER spectra as in Fig. 2 for a 800 nm (black), 391
nm (red) , and 918 nm (blue) laser.

A or B state, but state 5, 7, and 8 can only be formed
from the A state. If the population of the A state during
ionization is suppressed, population of state 5, 7, and
8 are also suppressed. However, the same may not be
true if the B state is suppressed, as the ionization yield
to state 6 from the A state or the B state obtained by
the MO-ADK theory are about same. Therefore, even if
the B state is suppressed during ionization, population
of state 6 may not change much.

Figure 4 shows the KER spectra obtained with a 800
nm, 391 nm, and 918 nm laser. The spectrum from the
918 nm laser is quite similar to the 800 nm one, where
the main peak at 7.6 eV is only about 7% smaller than
the 800 nm result. This is because state 6 is slightly less
populated due to less B state during ionization, while the
population of state 5, 7, and 8 are about the same as the
800 nm result. On the other hand, the spectrum from
the 391 nm laser shows a stronger suppression on the
1st peak at 6.8 eV and a 13% enhancement on the 2nd
peak. The suppression of the 1st peak is a consequence
of having less A state being populated during ionization,
while the enhancement of the 2nd peak comes from the
increase of population of state 6, which comes from the
increase of population of the B state during ionization.
Our results show that it is possible to weakly control the
KER spectrum from SDI and identify the key intermedi-
ate states in the SDI process by changing the wavelength
of the laser. Wavelength dependence on non-sequential
double ionization of O2 was studied by Alnaser et al [35]
and they found significant dependence in the KER spec-
tra of O+ + O+ using 50 fs lasers. The weak dependence
in our case could be due to the fact that we use 8 fs short
pulses which have a broader bandwidth, therefore the
KER spectra are less sensitive to resonance conditions.



7

4 6 8 10 12 14 16 18 20

Intensity (10
14

 W/cm
2
)

10
-2

10
-1

P
ro

b
ab

il
it

y

1

2

3

4

6

9

7+85

FIG. 5. Intensity dependence of the angular-averaged yield
for different N2+

2 states.

C. Intensity dependence

When the laser is focused tightly, the laser intensity
inside the focal region is not constant, SDI at different
intensities within the focal volume should be considered
in order to compare with experiments. It is therefore
of interest to investigate the intensity dependence of the
dissociative SDI yield and access the importance of focal
volume averaging. Laser parameters used in this section
are the same as in Fig. 2, except the laser intensity.

Figure 5 shows the angular-averaged yield for state 1
– 9 at different peak laser intensities. One can see that
state 1 – 3 are the dominant channels as their ionization
energies are the lowest. When the intensity is about 7×
1014 W/cm2, the yield of state 6 reaches to about 10−2.
As the intensity is about 1.2× 1015 W/cm2, SDI to state
1 – 9 starts to be saturated. As a result, when the peak
intensity at the focus is 1.2 × 1015 W/cm2, gases away
from the focus will also be ionized to form state 5 – 9.

The spatial profile of a tightly focused laser can be
modeled as a Gaussian beam. Assuming the gas vol-
ume is larger than the laser focus volume, the volume-
averaged probability for the nth state is [36]

< Pn(I0) > =

∫ I0

0

Pn(I)

(
−∂V
∂I

)
dI,

−∂V
∂I

=
1

I
(
I0
I

+ 2)

√
I0
I
− 1, (4)

where I0 is the peak intensity. Note that the constants
in the equation are omitted, since the volume-averaged
probabilities will be convoluted by Eq. (3) and the signal
will then be normalized.

Figure 6 shows the intensity dependence of the inte-
grand in Eq. (4) for state 5 – 9, with I0 = 1.2 × 1015

W/cm2. The yield is normalized to the peak yield of
state 6. We see that the intensity that contribute the
most is around 9 - 10 ×1014 W/cm2, which is not too far
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FIG. 6. Differential intensity dependence with peak intensity
1.2 ×1015 W/cm2 on angular-averaged yield of state 5–9. The
yield is normalized to the peak of the curve of state 6.
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FIG. 7. Comparison of the normalized KER spectra with
(solid) and without (dashed) the volume averaging. The peak
laser intensity for both cases are 1.2 ×1015 W/cm2.

from the peak intensity. Therefore, the KER spectrum
may not change much by the volume-averaging. Indeed,
the normalized KER spectrum with and without volume-
averaging in Fig. 7 are almost identical, except volume-
averaging decreases the signal of the 1st peak, such that
the ratio between the 1st to 2nd peak of the volume-
averaged spectrum is about 0.44.

D. Alignment dependence

Alignment of N2 molecules have been widely studied
in many strong field experiments, yet as far as we know,
there has no study on the alignment dependence of dis-
sociative SDI of N2. Since the dissociative N2+

2 states
come from the removal of HOMO-1 (1πu) or HOMO-2
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(2σu), one expects that if the molecule is aligned or anti-
aligned with the laser polarization, the yield for state 5 –
9 would change significantly. To simulate that effect, we
introduce an alignment function f in Eq. (2), such that

P̄n =
1

2

∫ π

0

Pn(θ)f(θ) sin θdθ, (5)

with
∫ π

0
f(θ)dθ = 1. The probabilities are then convo-

luted with Eq. (3) to obtain the KER signal. We consider
4 different alignment here: Isotropic (f = 1/π), aligned
(f ∝ cos6 θ), anti-aligned (f ∝ cos6(θ − π/2)), and 45◦

aligned (f ∝ cos6(θ − π/4)). The laser parameters used
here are the same as in Fig. 2.

Figure 8 shows the KER spectra with those 4 align-
ment functions. The spectra with aligned and anti-
aligned N2 show significant differences. Since ionization
of a πu orbital (HOMO-1) is very weak when aligned,
population of the A state during ionization is strongly
suppressed. Ionization from the B state to state 6 is
also suppressed, since it involves ionizing the πu orbital.
These lead to the overall suppression of the KER spec-
trum, with the peak at 7.6 eV being 6 times smaller than
the isotropic case. On the contrary, in the case of anti-
alignment, ionization of a πu orbital is preferred over σg/u
orbitals. Ionization to state 5, 7, and 8 are therefore en-
hanced, since these states have two holes in the πu or-
bitals. In addition, during ionization, population of the
A state is enhanced while population of the X and the
B state are suppressed. These lead to a fourfold and a
twofold increase in the 1st and 2nd peak compared to
the isotropic case. Interestingly, the spectrum for the
45◦ aligned case is very similar to the isotropic one, since
there is no strong preference in ionizing the πu or σg/u
orbitals.

Our results show that it is effective to control the KER
spectrum of N+ + N+ by aligning the molecule, in con-
sistence with the finding by Xie et al [15] for C2H2. One

can also deduce the symmetry of key intermediate states
by changing the alignment. However, intermediate states
with similar symmetry may not be distinguishable using
this approach. In that case, one is then encouraged to
control the KER spectrum and identify SDI pathways by
changing the alignment as well as the wavelength of the
laser.

V. SUMMARY AND OUTLOOK

To summarize, we developed a simple and efficient
model for SDI of molecules using a density matrix ap-
proach. Our approach can describe the tunneling ioniza-
tion of the neutral and ionic states and laser couplings
between the same charged state at the same time. We
applied the model to the SDI of N2 with the use of the
MO-ADK ionization rates for the first and second ioniza-
tion of the molecule. Angular-averaged yield for different
N2+

2 states were computed by solving the set of equations
for density matrix of different charged states. By identi-
fying dissociation limits and KER of different N2+

2 states,
KER spectrum for N+ + N+ was calculated. We com-
pared our simulated KER spectrum to the experiment
by Voss et al [21] and obtained a good agreement.

Taking advantage of the low computational cost, we
explored different effects on the KER spectra. We first
investigate the effect of laser couplings by neglecting the
dipole moments in solving the ionic density matrix. We
found that the angular-averaged yield of dissociative N2+

2

states is at most a factor of 2 smaller without the laser
coupling, such that laser couplings between the ionic
states play an important role in the SDI of N2. We then
examined the effect of changing the laser wavelength to
match the excitation energy from the X to A state and
the X to B state of N+

2 . KER spectrum from the 918 nm
and 391 nm laser do not show significant change com-
pared to the spectrum from the 800 nm laser, but the
latter spectrum does show some suppression on the 1st
peak and enhancement on the 2nd peak, since the B state
is more populated during ionization. We also investigated
the intensity dependence and focal volume effect on the
angular-averaged yield of different N2+

2 states. The on-
set of dissociative N2+

2 states is at about 7×1014 W/cm2.
The yield of most N2+

2 states start to saturate from 1.2
×1015 W/cm2 and saturated at about 1.7 ×1015 W/cm2.
The focal volume effect is therefore insignificant on the
KER spectrum when the peak laser intensity is at about
1.2 ×1015 W/cm2. Finally, similar to the finding by Xie
et al [15], we found that the KER spectra change sig-
nificantly in different alignment conditions. When the
N2 molecule is aligned or anti-aligned with laser polar-
ization, the KER spectrum is strongly suppressed or en-
hanced. This further encourages the use of alignment
to control the dissociation of doubly-charged states of
molecules. Since alignment of N2 molecules have been
well studied, we suggest that alignment dependence on
dissociative SDI of N2 to be investigated experimentally.
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Such experiments would provide additional data for un-
raveling the ionization dynamics and the structure of the
target.

The good agreement between our results with the ex-
periment by Voss et al [21] shows the feasibility of us-
ing a simple model to simulate angle-integrated signal
from the SDI of molecules. To further test the model,
we plan to apply it to different molecular systems which
have experimental data, such as O2 [21], CO [37, 38],
NO [39], CO2 [8], OCS [8], and H2O [8, 10]. We could
anticipate some challenges for the model when extending
to other systems. For some ionic excited states, remov-
ing an electron from an orbital could lead to different
doubly-charged states with different ionization energies
due to multielectron effects. For example, removing a
spin down electron from HOMO-1 (1πu) of the X2Πg

state of O+
2 could lead to the 3∆u or 3Σ−u states of O2+

2 ,
which ionization energies are differed by about 1.2 eV
at the equilibrium geometry of O2 [40]. But in an one-
electron orbital model such as the MO-ADK theory, the
binding energy of the 1πu+ and 1πu− spin-orbital should

be the same since they are degenerate, leading to am-
biguity in the assignment of ionization energy. We will
address this problem in our upcoming work.

Our present model can be extended to different pump-
probe scenarios, provided that ionization rates at differ-
ent nuclear geometries and at different electronic states
are available. Therefore, our approach here could pro-
vide a theoretical foundation for interpreting molecular
dynamics probed by intense short IR laser pulses. It
could make pump-probe experiments of molecules more
accessible and open up many more exciting research op-
portunities.

ACKNOWLEDGMENTS

We thank Paresh Modak for providing the potential en-
ergy curves figure. This work was supported by Chemical
Sciences, Geosciences and Biosciences Division, Office of
Basic Energy Sciences, Office of Science, U.S. Depart-
ment of Energy under Grant No. DE-FG02-86ER13491.

[1] J. Duris, S. Li, T. Driver, E. G. Champenois, J. P.
MacArthur, A. A. Lutman, et al., Nat. Photonics 14,
30 (2020).

[2] W. Decking, S. Abeghyan, P. Abramian, A. Abramsky,
A. Aguirre, C. Albrecht, et al., Nat. Photonics 14, 391
(2020).

[3] T. Gaumnitz, A. Jain, Y. Pertot, M. Huppert, I. Jordan,
F. Ardana-Lamas, and H. J. Wörner, Opt. Express 25,
27506 (2017).

[4] J. Li, J. Lu, A. Chew, S. Han, J. Li, Y. Wu, H. Wang,
S. Ghimire, and Z. Chang, Nat. Commun. 11, 1 (2020).

[5] J. Ullrich, R. Moshammer, R. Dörner, O. Jagutzki,
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