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We probe the time-dependent ionization dynamics of impulsively-excited rotational wave packets
of N2, CO2, and C2H4 using broadband ultraviolet pulses centered at 262 nm. Photoelectron mo-
mentum distributions recorded by velocity map imaging show a strong dependence on alignment,
on multiphoton order, and on the electronic and vibrational states of the cation. We show that sub-
stantial information about the molecular-frame photoelectron angular distribution can be obtained
from the high-order laboratory-frame asymmetry parameters without any prior knowledge of the
photoionization process. We also compare few-photon ionization with one-photon ionization and
strong-field ionization.

I. INTRODUCTION

Photoelectron spectroscopy has long been an impor-
tant method to study atomic and molecular structure
and dynamics. With advances in ultrafast light sources
in a wide range of wavelengths, time-resolved photoelec-
tron energy and angular momentum measurements have
become an essential tool for probing chemical transfor-
mations in real-time [1–10]. Photoelectron-photoion co-
incidence measurements and molecular alignment tech-
niques have also enabled these measurements to be made
in the molecular frame, which provides access to the
symmetries of electronic states involved [11–19]. Fol-
lowing a theoretical framework built for single-photon
ionization [20–25], Marceau et al. have shown that
“complete” measurements—wherein the phases and mag-
nitudes of all the relevant photoionization matrix ele-
ments are determined—of single-photon ionization of lin-
ear molecules is possible with the use of impulsively-
excited rotational wave packets [26]. The development of
such techniques for larger classes of molecules and pho-
toionization processes will enhance the power of photo-
electron spectroscopy as a tool for a detailed understand-
ing of molecular dynamics.

In this work, we report the time-dependent few-photon
ionization of impulsively-excited rotational wave packets
of molecules (N2, CO2, C2H4) by broadband ultraviolet
(UV) pulses (≈ 262 nm). Without a theoretical frame-
work in the few-photon ionization regime akin to the
one used by Marceau et al. [26] for single-photon ion-
ization, extracting all the ionization dynamical param-
eters is beyond the scope of this paper. However, we
show that it is possible to independently determine the
time-dependent molecular axis distributions and separate
their averaging effects from the lab-frame photoelectron
angular distribution (LFPAD) even without a detailed
understanding of the ionization process. This allows
us to simultaneously retrieve angle-dependent ionization
rates and partial molecular-orientation-dependent pho-
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toionization differential cross sections that are closely re-
lated to molecular-frame photoelectron angular distribu-
tions (MFPADs). We also found that few-photon ioniza-
tion shares many interesting similarities with one-photon
and strong-field ionization (SFI). We hope our results will
motivate more theoretical work on few-photon ionization
to complete our picture of ionization processes.

II. METHODS

A. Experimental Setup

The experimental setup has been reported elsewhere
[27] and only the salient details are mentioned here.
Briefly, the output of a Ti:Sapphire laser (2 mJ/pulse,
785 nm center wavelength, 35 fs pulse duration, 1 kHz
repetition rate) is split by a broadband 40%-reflection
beamsplitter. The reflected pulse is stretched by SF-11
glass, down-collimated by a telescope, and used to align
the molecules. In this work, the transmitted pulse is used
to generate the third harmonic (≈ 262 nm, ≈190 fs) via
double- and sum-frequency mixing stages in β-BBO crys-
tals, and the third harmonic then serves as the ionizing
probe. The delay between the aligning pulse and the
probe pulse is varied using a computer-controlled trans-
lation stage. Both pulses are linearly polarized parallel
to the detector plane. The beams are focused inside a
vacuum chamber by a 20-cm focal length concave mirror
coated for both wavelengths. The laser pulses interact
with rotationally cold molecules (<10 K) produced by
supersonic expansion (0.5-2.0% target gas in He at a to-
tal pressure of 70 bar) through an Even-Lavie valve [28].

The laboratory-frame photoelectron angular distribu-
tions (LFPADs) are recorded by using a velocity map
imaging (VMI) spectrometer [29]. By utilizing the syn-
chronization of a mechanical chopper (250 Hz) in the
pump beam, the pulsed Even-Lavie valve (500 Hz), and
the laser pulses (1 kHz) at different frequencies together
with a fast camera (1000 fps) and a fast centroiding al-
gorithm, we measure hit-by-hit single-shot data of four
different types: pump-probe-gas, pump-probe-no gas,
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probe-gas, and probe-no gas. Because the scattered UV
light causes background signal (light and electrons) which
can affect the analysis, we subtract the background image
(pump on, probe on but no gas) at each delay from the
signal image (pump on, probe on, gas on). More details
are provided in Appendix A. This step introduces nega-
tive values in the low-count area of the image; however,
the negative value is typically at the level of a few per-
cent compared to the electron signals from the ionization

channels. The corrected 2D VMI image, M2D(~k2D, t),
used in further analysis is

M2D(~k2D, t) =
[Pump,Probe,Gas]− [Pump,Probe]

Yield [Probe,Gas]−Yield [Probe]
,

(1)

where ~k2D is the projected momentum of the electron
on the detector plane, [Pump, Probe, Gas] and [Pump,
Probe] are 2D VMI images, and Yield[Probe, Gas] and
Yield[Probe] are the total yields of the electrons corre-
sponding to different configurations of pump, probe and
gas. To correct for both short and long term fluctuations
in the gas density and averages over any drifts in the
pump-probe overlap, delay scans are repeated multiple
times and averaged.

B. Data analysis

In this paper, our approach is similar to the one
used by Lam et al. [27] for photoion momentum dis-
tributions. We would like to determine the alignment-
resolved LFPAD (AR-LFPAD), which is the photoion-
ization differential cross section (DCS) that depends on
both the photoelectron energy and the orientation of the
molecule in the laser field. This AR-LFPAD is denoted
by dσ/dθdθkdk, where σ is the photoionization cross sec-
tion, k is the magnitude of the electron momentum, θk
is the polar angle between the laser polarization axis and
the electron momentum, and θ is the polar angle between
the laser polarization axis and the molecular axis (see
Fig. 1). Note that the axial symmetry of the measure-
ment about the laser polarization axis precludes the de-
termination of the dependence on azimuthal angles. The
AR-LFPAD can be expressed as a linear combination in
the basis of the product of two Legendre polynomials
PJ(cos θ)PL(cos θk) for the angular dependence,

dσ

dθdθkdk
=
∑
JL

AJL(k)PJ(cos θ)PL(cos θk). (2)

The AR-LFPAD can be normalized to the alignment-
resolved photoelectron spectrum (AR-PES) [30] R(k, θ)
to highlight the distribution of electrons at each molecu-
lar orientation. We call it the yield-corrected AR-LFPAD
(YCAR-LFPAD) as below

S(θ, k, θk) =
1

R(k, θ)

dσ

dθdθkdk
, (3)

FIG. 1. All angles are defined in the LF with Z axis is the
laser polarization axis, and X is the laser propagation direc-
tion. The molecular axis is described by the polar angle θ
and the azimuthal angle φ. The asymptotic photoelectron
momentum is described by the polar angle θk, the azimuthal
angle φk and the magnitude k of the momentum. The angle
φ is not physically relevant, and the relevant angle φk − φ
is lost because of the axial symmetry of the measurement,
so the molecular axis is shown here at an arbitrarily chosen
angle φ = 0◦. We would like to determine the AR-LFPAD,
dσ/dθdθkdk, which is the photoionization DCS that depends
on both the photoelectron energy and the orientation of the
molecule in the laser field. This AR-LFPAD is closely related
to the MFPAD, as discussed in the text.

where R(k, θ) can be obtained either by integrating the
AR-LFPAD in Eq. (2) over θk,

R(k, θ) =
dσ

dθdk
=

∫
dσ

dθdθkdk
sin θkdθk, (4)

or by applying linear regression fitting to the delay-
dependent yield of the corresponding channel as shown in
Ref. [27, 31–35]. We check both methods for consistency.
For each particular energy (determined by the momen-
tum k), R(k, θ) can also be interpreted as the likelihood
of ionization as a function of θ.

As discussed in Refs. [20, 22, 23, 25, 26], in the LF,
the time-resolved LFPAD dσ(t)/dθkdk can be written as
a sum of the AR-LFPAD dσ/dθdθkdk weighted by the
delay-dependent molecular axis distribution ρ(θ, t), illus-
trating the averaging effect on the observed LFPADs,

dσ(t)

dθkdk
= 2π

∫
ρ (θ, t)

dσ

dθdθkdk
sin θdθ. (5)

or equivalently,

dσ(t)

dθkdk
= 2π

∑
L

[∑
J

AJL(k)〈PJ(cos θ)〉(t)

]
PL(cos θk),

(6)
where the AR-LFPAD was replaced by the expansion
in Eq. (2). A more detailed discussion on these equa-
tions are provided in Appendix B (see Eq. (B10) and
Eq. (B11)).

The three-dimensional (3D) LFPAD at each delay,
dσ(t)/dθkdk, can be reconstructed from the VMI data
by applying an Abel inversion using the pBasex method
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[36] due to the axial symmetry of the momentum distri-
bution,

dσ(t)

dθkdk
= 2π

∑
L

CL(k, t)PL(cos θk), (7)

where

CL(k, t) =
∑
k0

Ck0L(t)e
− (k−k0)2

2σ2
b , (8)

k0 and σb are the centers and the width of the ra-
dial Gaussian functions, and Ck0L(t) is a set of delay-
dependent coefficients obtained via pBasex.

By comparing Eq. (6) and Eq. (7), we have the rela-
tion between the delay-dependent coefficients, CL(k, t),
and the coefficients AJL(k) needed to determine the AR-
LFPAD:

CL(k, t) =
∑
J

AJL(k) 〈PJ(cos θ)〉 (t). (9)

This equation can be solved by using a linear regres-
sion algorithm, called orientation resolution through ro-
tational coherence spectroscopy (ORRCS), as discussed
in Ref. [27, 31, 32, 37]. A brief discussion of the ORRCS
method follows.

We calculate 〈PJ(cos θ)〉 (t) from solving the time-
dependent Schrödinger equation (TDSE) for rigid ro-
tors. By fitting the calculated 〈PJ(cos θ)〉 (t) to
the experimentally-obtained delay-dependent coefficients
CL(k, t), the coefficients AJL(k) can be determined. The
fit is done over a grid of different pump laser intensi-
ties, pulse durations, and gas rotational temperatures
near the measured values to ensure the accuracy in these
calibrations. The main result is that we can simulta-
neously determine all three quantities: the AR-LFPAD
S(θ, k, θk), the AR-PES R(k, θ) and the rotational wave
packet ρ(θ, t). S(θ, k, θk) and R(k, θ) are determined
through AJL(k) by using Eq. (2) and Eq. (4), while
ρ(θ, t) is determined by the best-fit estimations of the
pump-laser fluence and the rotational temperature of the
gas and TDSE calculation of the rotational wave packet
using these parameters. The averaging over the axis-
distribution moments is incoherent [20, 22, 23, 25, 26],
so polar plots of the angle-dependent ionization rates
throughout this paper are physical. The experimental
uncertainty is propagated through each step of the data
analysis assuming no covariance between quantities (de-
tails can be found in Appendix A).

The asymmetry parameters [38] βL can be written in
terms of the CL coefficients as

βL(k, t) =
CL(k, t)

C0(k, t)
(10)

and the angle-integrated cross section is σ(k, t) =
8π2C0(k, t). In practice, we need to integrate over the fi-
nite range (radial width) of the radial momentum k that
each channel spans.

In general, the fully-resolved LFPAD (FR-LFPAD)
can be written as

dσ

dkdΩdΩk
=
∣∣∣〈ψeψion

∣∣∣Ô∣∣∣ψi
〉∣∣∣2, (11)

where ψi is the initial state of the molecule, ψe is the final
state of the photoelectron, ψion is the state of the corre-
sponding ion, and Ô is the light-induced coupling be-
tween the initial and the final state of the wave function
(for example, in one-photon ionization, it is the dipole).
dΩ expresses the dependence on θ and φ, and dΩk ex-
presses the dependence on θk and φk. This FR-LFPAD
is equivalent to the MFPAD (or the MF interferogram).
Both contain the same information since no averaging has
been done, and rotation does not affect the shape of the
distribution. They can be transformed to one another by
a rotation connecting the two frames.

To fully characterize the photoionization dynamics and
fully describe the MFPAD (i.e., perform a ‘complete’ ex-
periment), one needs to determine the magnitudes and
phases of all the involved matrix elements [39]. It has
been theoretically [22] and experimentally [26] demon-
strated that, in the case of one-photon ionization by
linearly polarized light of a linear molecule, a measure-
ment with cylindrical symmetry provides enough infor-
mation to do so, but there is no framework for other
cases. Hence, we focus on obtaining best-fit estimates
for AJL(k), which determine the AR-LFPAD. These co-
efficients carry partial but important information about
the photoionization process.

We would like to point out two limitations in the in-
formation contained in the AJL(k). The first is that the
AR-LFPAD does not contain information about the φ-
dependence with φ is the azimuthal angle about the laser
polarization axis. This information is lost because of the
cylindrical symmetry of the LF measurement (see Ap-
pendix B, Eq. (B10) and Eq. (B11)). The second is that,
since we do not identify the relevant matrix elements, the
AR-LFPAD is truncated based on the convergence of the
fit in Eq. (9) (as discussed in Ref. [27]) rather than on
angular momentum constraints. Using this procedure,
we are still able to reconstruct the MF interferograms
(or MFPADs) as mentioned in Ref. [26] with an aver-
age about the laser polarization axis without any prior
knowledge of the photoionization process.

III. RESULTS AND DISCUSSIONS

A. Nitrogen

In this experiment, cold nitrogen molecules (N2 at a
rotational temperature ≈ 6 K), from the supersonic ex-
pansion of a gas mixture of 2% N2 in He, are aligned
by a pump pulse (≈ 150 fs, 34 TW/cm2, 785 nm) and
then ionized by a third harmonic pulse at different delays.
The intensity of the third harmonic is ≈ 2.5 TW/cm2,
below the saturation ionization of N2 [41, 42]. Fig. 2
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FIG. 2. VMI images of the photoelectron momentum from N2 at the isotropic (a), aligned (b), and antialigned (c) distributions.
The laser polarization is along the pz direction. The linear color scale expresses the yield of the electrons in arbitrary units; the
same scale is used in all images. Using the pBasex algorithm [36], the VMI image of the isotropic distribution is converted to
energy and angular distributions as shown in (d), with ionic states and photon numbers (n) are identified using spectroscopic
data [40]. (e) A delay-momentum map of the pBasex coefficients. These coefficients describe the modulation of the time-resolved
LFPAD as a function of the electron asymptotic momentum (k) and the pump-probe delay (t) through Eq. (7). Signals for
k > 0.53 a.u. were multiplied by 10 for clarity. Even these faint channels show clear modulations with time. We implemented
the Nyquist theorem by dropping the low k, high L basis functions, i.e., data near the center of the image (low k) do not have
enough resolution to resolve complex angular structure (high L). (f) The AR-PES (see Eq. (4)). Each vertical line is the angle-
dependent ionization rate at a specific photoelectron momentum (k) describing the ionization yield at different orientations of
the molecular axis (θ) in the laser field.

shows the raw photoelectron VMI spectra for isotropic,
aligned, and anti-aligned distributions (a-c), and the
energy-calibrated spectrum (d). By comparing with
spectroscopic data [40], we can identify photoelectrons
ionized into several ionic states with different numbers of
photons absorbed as shown in (d). A strong dependence
of the PADs on the alignment, on electronic and vibra-
tional states of the cation, and photon-numbers can be
seen already in raw VMI images (a-c).

As discussed in Sec. II B, we can reconstruct the delay-
dependent 3D LFPADs by applying the pBasex inversion
algorithm [36] to the VMI image at each delay. These
distributions are described, through Eq. (7), by a set of
delay-dependent coefficients, CL(k, t). The modulations
of the LFPADs of different channels as the wave packet
evolves are depicted more clearly in delay-momentum
maps of these coefficients in Fig. 2(e).

By applying regression analysis [27] to the delay-
dependent yield, we retrieve the relative AR-PES (see
Eq. (4)) as shown in Fig. 2(f). Each vertical line is
the angle-dependent ionization rate at a specific photo-
electron momentum (k), normalized to ionization from
an isotropic distribution. The energy-integrated angle-
dependent ionization rate has a peanut shape and peaks
along the laser polarization axis (θ = 0◦). Petretti
et al. have theoretically predicted the wavelength-
and alignment-dependent photoionization of N2 [43] by

weighting the angle-dependent contributions of ioniza-
tion from different orbitals. At 266 nm, the ionization
rate of HOMO−1 with πu symmetry peaks perpendic-
ular to the molecular axis and contributes significantly
to the total ionization rate. The discrepancy with our
results suggests further considerations are needed, such
as the role of the intermediate and excited states, or a
different weighting (of the angle-integrated cross-section)
between channels. Although nitrogen has no valence-
excited states that could be dipole-excited by a single
photon of our UV pulse and only one singlet gerade state
(a1Πg) that is accessible by two-photon excitation, there
are several singlet ungerade states that can be reached via
three-photon excitation [44, 45]. Moreover, the duration
of the UV pulse (≈190 fs) is long enough for significant
vibrational motion in these intermediate states, further
broadening the possible pathways. The determination of
the intermediate resonances that contribute to our four-
and five-photon ionization signals is therefore difficult,
and we have not tried to do so.

The 4-photon ionization to the ground state, X2Σg,
of the ion is presented in Fig. 3. Panel (a) shows the
average delay-dependent coefficients, CL(k, t), and their
corresponding fits. We observed strong modulation of
these coefficients as a function of delay, and obtained
good fits using linear regression through Eq. (9). With
these fits, we retrieved the coefficients AJL(k), thus de-
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termined the angle-dependent ionization rate (Fig. 3(b))
and the YCAR-LFPAD (Fig. 3(c)). Tables of the AJL(k)
coefficients for all channels presented in the paper are
provided in Appendix C.

The angle-dependent ionization rate in this case looks
similar to the previous result from SFI by Pavičić et al.
[46], and hence, still reflects the σg symmetry of the high-
est occupied molecular orbitals (HOMO). In Fig. 3(c),
the YCAR-LFPAD S(θ, k, θk) shows a transition from a
three-lobe structure at θ ≈ 0◦ to a two-lobe structure
at θk ≈ 90◦. When the molecule is parallel to the laser
polarization direction (θ ≈ 0◦), the PAD shows three
peaks at θk ≈ 0◦ (along the laser polarization axis),

FIG. 3. Results for ionization of N2 into the X2Σg(n = 4)
ionic state (k is integrated from 0.44 to 0.53 a.u.): (a)
The delay-dependent pBasex coefficients, CL(t), (dashed with
square symbol) and their corresponding fits (solid) as de-
scribed in Eq. (9). From these fits, we can retrieve the
angle-dependent ionization rate (b) and the YCAR-LFPAD
S(θ, k, θk) as in Eq. (3) (c). The angle-dependent ionization
rate looks similar to the previous result from SFI [46]. We
compare the vertical slice of S(θ, k, θk) at θ = 0◦ with the LF-
PAD at the alignment peak in (d), and the slice of S(θ, k, θk)
at θ = 90◦ with the LFPAD at the anti-alignment peak in (e).
The angle in these polar plots (d-e) is θk. Their similarities
indicate these measurements in the LF are good representa-
tion of the MF. The laser polarization axis is indicated by the
red arrow.

θk ≈ 90◦ (perpendicular to the laser polarization axis)
and θk ≈ 50◦. When the molecule is perpendicular to
the laser polarization direction (θ ≈ 90◦), the PAD still
shows the peaks at θk ≈ 0◦ and θk ≈ 90◦, but the peak
at θk ≈ 50◦ that is seen near θ = 0◦ has faded away.

Fig. 3 also shows the comparison between the LF-
PAD at peak alignment (Fig. 3(d), dashed line) and
anti-alignment (Fig. 3(e), dashed line) with the YCAR-
LFPAD, S(θ, k, θk), at θ = 0◦ (Fig. 3(d), solid line) and
θ = 90◦ (Fig. 3(e), solid line). The similarity of the DCS
at θ = 0◦ and the LFPAD at peak alignment suggests
that, at this degree of alignment (〈cos2 θ〉max ≈ 0.78),
the measurement of LFPADs gets very close to the MF-
PADs. This can serve as a useful test case to benchmark
different methods of constructing the MFPADs. Direct
measurements of 3D LFPADs without the axial symme-
try using tomographic imaging technique [47–49] would

FIG. 4. Results for ionization of N2 into three different vi-
brational levels of the first excited state A2Πu(n = 4) of the
cation: (Left) The angle-dependent ionization rate. (Right)
The YCAR-LFPAD S(θ, k, θk). All three 2D plots use the
same color scale shown at the top. Different vibrational lev-
els are ν = 1 − 3 from top to bottom, respectively. The
momentum k is integrated in the ranges of 0.267–0.316 a.u.
for ν = 1, 0.316–0.337 a.u. for ν = 2, and 0.344–0.387 a.u.
for ν = 3.
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then be a useful comparison though a simultaneous rota-
tion of the polarization axes of two different wavelengths
can be a challenge.

Similar results for 4-photon ionization into three vi-
brational levels (ν = 1 − 3) of the first excited state of
the ion, A2Πu, are presented in Fig. 4. In comparison
with ionization into the ground state, X2Σg(n = 4), the
angle-dependent ionization rates show a significant con-
tribution from the perpendicular orientation that was not
observed in Fig. 3(b). The ionization rates become more
isotropic for higher vibrational levels. Different behav-
ior of these vibrational levels also suggest that they go
through different intermediate states before ionization.

In general, the diagonal trend in the YCAR-LFPAD
shows that electrons from ionization to the first excited
state of the ion, A2Πu, are distributed mainly perpen-
dicular to the molecular axis (θk ≈ 90◦ − θ), which may
be connected to the πu symmetry of the HOMO-1 or-
bital. This signature was not reflected clearly in the ion-
ization rates. This strong dependence on the molecular
orientation is completely different from the distribution
of electrons ionized into the ground state, X2Σg(n = 4).

B. Carbon dioxide

In the case of carbon dioxide (CO2), cold molecules
(≈ 4 K), from the supersonic expansion of a gas mix-
ture of 0.5% CO2 in He, are aligned with a pump pulse
(≈ 150 fs, 13 TW/cm2, 785 nm) and then ionized by a
third harmonic pulse (≈ 2 TW/cm2, below the saturation
ionization of CO2 [42]).

We observed a dominant channel at electron energy
≈ 0.4 eV, corresponding to three-photon ionization into
the ground state, X2Πg, of the cation. In Fig. 5, raw VMI
images in panels (a) and (b) already show distinguishable
features in directions parallel and perpendicular to the
laser polarization axis. The delay-dependent coefficients,
CL(k, t), and their corresponding fits are shown in panel
(c). We obtained strong modulations and good fits up to
L = 6 while higher-order coefficients are much smaller.

Here, the angle-dependent ionization rate in panel (d)
still has a butterfly shape, similar to the previous results
from SFI [27, 50], although the dip at 0◦ is less pro-
nounced. The angle-resolved YCAR-LFPAD, S(θ, k, θk),
in panel (e) is also fairly symmetric about θ ≈ 45◦. Three
slices of the YCAR-LFPAD at θ = 0◦, 45◦ and 90◦ are
presented in panel (f-h). Slices at θ = 0◦ and 90◦ have
a butterfly shape together with a peak perpendicular to
the laser polarization axis (θk = 90◦), while the slice at
θ = 45◦ has a peanut shape with no feature at (θk = 90◦).
All these observed features suggest that the PADs still
reflect the π-symmetry of the HOMO.

FIG. 5. Three-photon ionization of CO2 into the ground state,
X̃2Πg, of the ion (k is integrated from 0.09 to 0.19 a.u.). (Top)
VMI electron images at the alignment (a) and antialignment
(b) peaks. (c) The delay-dependent coefficients, CL(k, t), and
their corresponding fits. The range of k averaged is from 0.12
to 0.19 a.u. (d) The angle-dependent ionization rate. (e)
The YCAR-LFPAD. (Bottom) Slices of the YCAR-LFPAD
at θ = 0◦ and 90◦ (f), and at 45◦ (g). The laser polarization
axis is indicated by the red arrow.

C. Ethylene

The analysis that we presented is general and can be
extended for different types of molecule and laser polar-
ization. For asymmetric top molecules, both Euler an-
gles, θ and χ, are needed to describe the relative orienta-
tion between the molecule and a linearly polarized laser
field [31] (in the MF, the Euler angles θ and χ are the
polar and azimuthal angles describing the laser polariza-
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tion vector). In practice, however, the YCAR-LFPAD
reconstruction requires a much larger set of expansion
coefficients AJKL(k) to be determined, and a more so-
phisticated interpretation [51]. In this paper, we limit our
discussion to the AR-PES (or the molecular-frame angle-
and energy-dependent ionization rate), R(k, θ, χ). Unlike
in [31], where the ions were measured to deduce R(k, θ, χ)
for SFI, in few-photon ionization and by using the VMI
technique, we can separately determine R(k, θ, χ) for
multiple channels with electrons corresponding to differ-
ent states of the cations.

FIG. 6. Results on three-photon ionization of C2H4 into the
ground state, X̃2B3u, and the first excited state, Ã2B3g, of
the ion. The top pannel shows an example of a VMI electron
image (a) and the calibrated energy with ionic states identified
by using spectroscopic data [52] (b). (c) The delay-dependent
electron yields of the two channels and their corresponding
fits. The first excited state, Ã2B3g, was shifted up by 0.5 for
clarity. The two bottom panels shows the angle-dependent
ionization rates, R(θ, χ), of (d) the ground state and (e) the
excited state. The momentum k is integrated in the ranges of
0.22–0.34 a.u. for X̃2B3u state and 0.46–0.54 a.u. for Ã2B3g.

A measurement was made on ethylene (C2H4) where
rotationally cold molecules (≈ 4 K), from the supersonic
expansion of a gas mixture of 0.5% target gas in He,
are aligned with a pump pulse (≈ 200 fs, 4 TW/cm2,
785 nm) and then ionized by a third harmonic pulse
(≈ 2 TW/cm2). The photoelectron spectrum shows two
distinct channels, with the electron energies ≈ 3.7 eV

and ≈ 1.4 eV, corresponding to three-photon ioniza-
tion into the ground state, X̃2B3u, and the first excited
state, Ã2B3g, of the ion as shown in the top panel (a,
b) of Fig. 6. By fitting to the delay-dependent yields
of these two channels using linear regression (c), we can
retrieve the full molecular-frame angle-dependent ioniza-
tion rates, R(θ, χ), that depend on both Euler angles for
each channel [27, 31, 32] as shown in the bottom panel
(d, e).

The results share many similarities with previous mea-
surements in the SFI regime [31]. The ionization prob-

ability into the ground state, X̃2B3u, has a maximum
at θ = 90◦ and χ = 90◦. This is similar to the angle-
dependent probability of the non-dissociative strong-field
ionization obtained by measuring the C2H+

4 ion, which
was assigned to the removal of an electron from the
HOMO [31]. On the other hand, the ionization into

the first excited state, Ã2B3g, prefers molecules aligned
near θ = 45◦ and χ = 0◦. This is similar to the angle-
dependent probability of the dissociative ionization in
the strong field obtained by measuring the C2H+

3 and
C2H+

2 ions, which was previously assigned to removing a
HOMO-1 electron [31].

IV. CONCLUSIONS

We investigated the time-dependent ionization dy-
namics of impulsively-excited rotational wave packets of
molecules using broadband UV pulses for ionization and
fundamental 785 nm pulses for alignment. The PADs
show a strong dependence on alignment, on multipho-
ton order, on electronic and vibrational state, indicating
that these PADs are sensitive to molecular structure and
dynamics.

We have shown that, without prior knowledge of the
photoionization process, partial but substantial infor-
mation about the MFPAD (with an average about the
laser polarization axis) can still be retrieved from the
highly anisotropic laboratory-frame data using a fitting
algorithm. This partial MFPAD, or a large set of ex-
tracted coefficients describing them, can be compared
with theory to better understand multiphoton ioniza-
tion of molecules. The determination of a full MFPAD,
together with complex matrix elements describing the
electronic coherences and ionization dynamics, requires
further developments of a proper ionization model and
a complex theoretical framework, especially for differ-
ent types of molecules and polarization geometries. A
better understanding of the MFPAD is necessary since
time-resolved MFPAD is a promising probe of molecular
dynamical processes.

Few-photon ionization is in the middle regime be-
tween the two better-understood one-photon ionization
and SFI. In many cases, we found similarities between
the angle-dependent ionization rates by few-photon and
by a strong field. In SFI, the widely used MO-ADK
model connects the angle-dependent ionization rate to
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the shape and the symmetry of the molecular orbitals
[53]; however, such connection has not been established
in the few-photon ionization regime. In a one-photon
process, the transition is either parallel or perpendicu-
lar, and the angle dependence of the ionization rate can
only be either cos2 θ or sin2 θ since the ionization yield
only depends on the second-order moment of the molec-
ular axis distribution. n-photon ionization allows a res-
olution up to 2nth-order moment [25], which can reveal
more details if one can decode the relationship between
the angle-dependent ionization rate and the molecular
states. On the other hand, the PADs in few-photon ion-
ization are very sensitive to molecular structure and dy-
namics, which is similar to one-photon ionization, while
electrons in a strong field are typically distributed along
the laser polarization and are less sensitive to the molec-
ular dynamics. More investigations in the few-photon
ionization regime are needed to complete our picture of
ionization processes and to gain the advantages of the
knowledge we obtained from the other two regimes.
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Appendix A: Propagation of uncertainty and
normalization

Assuming there is no covariance between quantities,
the uncertainty of simple functions of the real variables
A,B, with standard deviations σA, σB and exactly known
(deterministic) real-valued constants a, b can be propa-
gated using the following formulas

Function Standard deviation

f = aA |a|σA
f = aA± bB

√
a2σ2

A + b2σ2
B

f = AB or A/B |f |
√

(σA/A)2 + (σB/B)2

In the first step, after constructing the corrected time-
dependent VMI images as described in Eq. (1), we then
estimate the uncertainty of the mean of each pixel (i, j)
at each delay by the statistical error

σm(i, j) =
σd(i, j)√

N
, (A1)

where σd is the width of the distribution and N is the
number of scans. For each VMI image, we have a corre-
sponding image of uncertainty with pixel-to-pixel map-
ping.

Since the VMI images are four-fold symmetric, we can
fold each image into one quadrant to increase the statis-
tics. At this step, the uncertainties of the four averaged

pixels are added in quadrature. The images can also be
Gauss-smoothed to reduce pixel noise. Since convolu-
tion with a Gaussian filter generated a weighted average
of neighboring pixels, the uncertainty can be calculated
by using the expression for f = aA + nB from the ta-
ble. Both the error image and the Gaussian kernel are
squared element-by-element and then convoluted. The
square root of the result then gives the new error esti-
mate for the VMI image.

These VMI images and their corresponding uncer-
tainty images are then fed into the pBasex algorithm for
inversion. The original pBasex algorithm [36] does not
treat uncertainty and does not produce the uncertainty
of the output coefficients. Our version of pBasex weights
the mean value of each pixel with its uncertainty, and
uses linear regression through Single Value Decomposi-
tion to find the fitting coefficients, CL(k, t), and their
errors. Similar to the previous steps, errors were propa-
gated through Eq. (8). For each channel, we average over
a range of radial momentum, k, we then obtain the av-
erage delay-dependent coefficients and their uncertainty
for the channel, CkL(t)± σCkL(t).

Finally, these delay-dependent coefficients and errors
are fed into the ORRCS algorithm that uses linear re-
gression to retrieve the real coefficients, AJL(k)±σAJL(k),
which determine the YCAR-LFPAD through Eq. (3).

In Fig. 7 below, we illustrate the effect of data normal-
ization described in Sec. II A. Panel (a) is [probe, gas]
and panel (b) is [probe, gas] with [probe, background]
subtracted. The scattered background appears near the
center of the image. This scattered background influences
the inversion since lower energy signals will be counted
partly as a contribution from higher energy channels. In
panel (c), we show that the normalization with probe-
only data improves the signal-to-noise ratio by correct-
ing gas density and laser intensity fluctuation. The black
curve with squared symbol is

Y[pump,probe, gas]−Y[pump,probe]

Y[probe, gas]−Y[probe]
. (A2)

The red curve with circled symbol is

Y[pump,probe, gas]−Y[pump,probe]. (A3)

We can see that the normalized data is more smooth
with a much smaller error bar compared to the one with-
out normalization. This is for the first 20 scans. We
have 80 scans in total, so the actual error bar should be
about 2 times smaller. This correction becomes more
important for higher-order coefficients and polyatomic
molecules where the modulation of the signal is weaker.

Appendix B: Math on complex amplitudes

In this Appendix, we would like to describe the connec-
tion between the full MFPAD and the partial MFPAD
that we have retrieved in the paper. We will explain
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FIG. 7. (a) Electron image with [probe, gas], (b) Electron
image with [probe, background] subtracted from [probe, gas],
(c) Delay-dependent electron yield with and without probe-
alone normalization. The red curve has been normalized to
its mean and shifted up by 0.25. See text for more details.

why the information around the laser polarization direc-
tion was lost because of the cylindrical symmetry of the
LF measurement, what need to be done to recover this
dependence, and spell out the relation between our re-
trieved real coefficients and the complex coefficients that
described the outgoing photoelectron wave function.

In the LF, consider a molecule at an orientation de-
scribed by (θ, φ = 0), it is ionized by a linearly polarized
pulse. The outgoing photoelectron wave function, in its
asymptotic form, can be written as

ψe =
eikr

r

∑
lm

c̃lm(θ, k)Y ml (θk, φk), (B1)

where all the molecular and ionization dynamics are en-
coded in the c̃lm(θ, k) coefficients.

The wave function for a molecule at any orientation
described by an arbitrary azimuthal angle, φ, and the
same polar angle, θ, can be obtained by rotating this
function about the LF Z-axis.

ψe =
eikr

r

∑
lm

c̃lm(θ, k)

×
∑
m′

DJ
m′m(φ, θ = 0, χ = 0)Y m

′

l (θk, φk),
(B2)

with c̃lm is outside of the m′ summation since it does not
depend on φ.

In this case, the Wigner-D rotation matrix reduces to

DJ
m′m(φ, θ = 0, χ = 0) =

∑
m′

e−im
′φδmm′ . (B3)

Hence, the wave function is

ψe =
eikr

r

∑
lm

c̃lm(θ, k)e−imφY ml (θk, φk). (B4)

This form of the equation shows that only the difference
between φ and φk (i.e., φ−φk) matters but not the abso-
lute values of the two angles because Y ml (θk, φk) ∼ eimφk .

In scattering theory, the outgoing wave is written in the

form of eikr

r f(θk, φk), and the differential cross section

(DCS) will then be defined as |f(θk, φk)|2. Therefore,the
FR-LFPAD that depends on the molecular orientation,
in this case is

dσ

dkdΩdΩk
=

∣∣∣∣∣∑
lm

c̃lm(θ, k)e−imφY ml (θk, φk)

∣∣∣∣∣
2

, (B5)

where dΩ expresses the dependence on θ and φ, and dΩk
expresses the dependence on θk and φk. This FR-LFPAD
is equivalent to the MFPAD (or the MF interferogram)
written in LF angles (i.e., θ, φ, θk, φk). It can be ex-
pressed in terms of the MF angles by a rotation connect-
ing the two frames. Both contains the same information
since no averaging has been done, and rotation does not
affect the shape of the distribution.

The modulus square in Eq. (B5) can be written as a
double sum

dσ

dkdΩdΩk
=
∑
lm

∑
l′m′

c̃lm(θ, k)c̃∗l′m′(θ, k)e−i(m−m
′)φ

× Y ml (θk, φk)
[
Y m

′

l′ (θk, φk)
]∗
.

(B6)

This expression can be simplified by expanding the
product of the two spherical harmonics as a series by
using the contraction rule

dσ

dkdΩdΩk
=
∑
lm

∑
l′m′

c̃lm(θ, k)c̃∗l′m′(θ, k)e−i(m−m
′)φ

×
∑
LM

〈l, 0, l′, 0|L0〉〈l,m, l′,−m′|LM〉

× (−1)m
′

√
(2l + 1)(2l′ + 1)

4π(2L+ 1)
YML (θk, φk).

(B7)

The dependence of the c̃lm(θ, k) coefficients on the po-
lar angle, θ, can be expanded in the Legendre polynomial
basis as

c̃lm(θ, k) =
∑
j

ãlmj(k)Pj(cos θ). (B8)

The FR-LFPAD then becomes

dσ

dkdΩdΩk
=
∑
lm

∑
l′m′

∑
LM

∑
jj′

ãlmj(k)ã∗l′m′j′(k)

× (−1)m
′
e−i(m−m

′)φPj(cos θ)Pj′(cos θ)

× 〈l, 0, l′, 0|L0〉〈l,m, l′,−m′|LM〉

×

√
(2l + 1)(2l′ + 1)

4π(2L+ 1)
YML (θk, φk).

(B9)
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The product of two Legendre polynomials can also be
expanded in a series, this leads to

dσ

dkdΩdΩk
=
∑
lm

∑
l′m′

∑
LM

∑
jj′

∑
J

ãlmj(k)ã∗l′m′j′(k)

× (−1)m
′
e−i(m−m

′)φ

× 〈j, 0, j′, 0|J0〉2PJ(cos θ)

× 〈l, 0, l′, 0|L0〉〈l,m, l′,−m′|LM〉

×

√
(2l + 1)(2l′ + 1)

4π(2L+ 1)
YML (θk, φk).

(B10)

As discussed in Refs. [20, 23, 25, 26], the measured
LFPAD is a summation of the FR-LFPAD in Eq. (B10)
weighted by the time-dependent molecular axis distribu-
tion, ρ(θ, t), excited by the alignment pulse. Technically,
we need to multiply Eq. (B10) by ρ(θ, t) and average over
θ and φ.

Since ρ(θ, t) does not depend on φ, we can perform the
integration over φ independently first, then multiply by
ρ(θ, t) and average over θ later. The integral over φ is
non-zero only if m = m′, which makes M = 0. This gives

dσ

dkdθdθk
=2π

∑
L

∑
J

∑
ll′m

∑
jj′

ãlmj(k)ã∗l′mj′(k)

× (−1)m

4π

√
(2l + 1)(2l′ + 1)

× 〈j, 0, j′, 0|J0〉2

× 〈l, 0, l′, 0|L0〉〈l,m, l′,−m|L0〉
× PJ(cos θ)PL(cos θk),

(B11)

where the dependence on φ and φk is gone.

The ρ(θ, t)-weighted integration over θ then gives us
the time-dependent photoelectron spectrum measured in
the LF

dσ

dkdθk
=2π

∑
L

∑
J

∑
ll′m

∑
jj′

ãlmj(k)ã∗l′mj′(k)

× (−1)m

4π

√
(2l + 1)(2l′ + 1)

× 〈j, 0, j′, 0|J0〉2

× 〈l, 0, l′, 0|L0〉〈l,m, l′,−m|L0〉
× 〈PJ(cos θ)( t)〉PL(cos θk),

(B12)

where

〈PJ(cos θ)〉 (t) =

∫
PJ(cos θ)ρ(θ, t) sin θdθ (B13)

is the time-dependent axis distribution moment.

The expression in Eq. (B12) is equivalent to Eq. (6) in

section II B. By comparing the two, we can obtain

AJL(k) =
∑
ll′m

∑
jj′

ãlmj(k)ã∗l′mj′(k)

× (−1)m

4π

√
(2l + 1)(2l′ + 1)

× 〈j, 0, j′, 0|J0〉2

× 〈l, 0, l′, 0|L0〉〈l,m, l′,−m|L0〉,

(B14)

where AJL(k) are the real coefficients that we retrieved
in the paper.

The complex coefficients, ãlmj(k), and hence c̃lm(k)
and the outgoing photoelectron wave function, can be
retrieved by fitting the real coefficients, AJL(k), to the
expansion in Eq. (B14). A proper ionization model lim-
its the number of terms involved in the fit. Without
constraints imposed by the knowledge about the ioniza-
tion process, the parameter space is too large and the
fitting problem becomes too big to be solved reliably. In
other words, it can become a massive under-deterministic
problem where the number of parameters that need to be
determined is way more than the number of independent
parameters that can be measured in the LF.

In this paper, we did not perform this fitting step to
retrieve those complex coefficients, and hence, could not
retrieve the FR-LFPAD in Eq. (B10) (or equivalently, the
MFPAD). However, by retrieving the real coefficients,
AJL(k), we did retrieve the AR-LFPAD in Eq. (B11)
where the θ-dependent is recovered, but the information
about the laser polarization axis was lost from the inte-
gration over the azimuthal angle φ because of the cylin-
drically symmetric distribution. In term of AJL(k), this
AR-LFPAD can be re-written as

dσ

dkdθdθk
=2π

∑
JL

AJL(k)PJ(cos θ)PL(cos θk), (B15)

which is the form that we use in the paper.

Appendix C: AJL(k) coefficients for selected channels

In this appendix, we print the AJL(k) coefficients for
ionization channels presented in the paper. The coeffi-
cients are in arbitrary units, only their relative magni-
tudes are relevant.
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ν = 1

L J = 0 J = 2 J = 4 J = 6

0 6.83 ± 0.01 6.50 ± 0.04 3.01 ± 0.06 −0.25 ± 0.08

2 0.34 ± 0.02 −8.74 ± 0.08 −3.79 ± 0.12 0.67 ± 0.16

4 2.94 ± 0.02 6.98 ± 0.10 5.37 ± 0.16 2.23 ± 0.21

6 1.38 ± 0.02 −10.96 ± 0.12 −7.28 ± 0.19 −4.39 ± 0.25

8 0.51 ± 0.03 2.29 ± 0.14 2.14 ± 0.21 0.69 ± 0.29

ν = 2

L J = 0 J = 2 J = 4 J = 6

0 3.35 ± 0.01 0.13 ± 0.03 1.17 ± 0.04 0.05 ± 0.06

2 1.33 ± 0.01 −4.36 ± 0.06 −1.13 ± 0.08 −0.60 ± 0.11

4 −0.74 ± 0.01 3.42 ± 0.07 1.80 ± 0.11 1.27 ± 0.15

6 0.47 ± 0.02 −3.00 ± 0.09 −0.15 ± 0.13 −1.1 ± 0.18

8 0.05 ± 0.02 −0.26 ± 0.10 0.41 ± 0.15 0.05 ± 0.20

ν = 3

L J = 0 J = 2 J = 4 J = 6

0 5.73 ± 0.01 0.05 ± 0.04 0.17 ± 0.06 0.27 ± 0.08

2 4.36 ± 0.02 −4.89 ± 0.08 −2.25 ± 0.12 −0.46 ± 0.16

4 0.76 ± 0.02 0.40 ± 0.11 1.21 ± 0.16 2.84 ± 0.22

6 1.66 ± 0.03 −5.47 ± 0.13 1.80 ± 0.19 −1.73 ± 0.26

8 0.09 ± 0.03 −0.65 ± 0.15 0.14 ± 0.22 0.20 ± 0.30

TABLE I. AJK(k) coefficients for 4-photon ionization of N2

into three different vibrational levels of the first excited state
A2Πu of the cation.

L J = 0 J = 2 J = 4 J = 6

0 15.91 ± 0.01 7.16 ± 0.05 −1.94 ± 0.07 −0.54 ± 0.10

2 11.72 ± 0.02 8.11 ± 0.10 −3.28 ± 0.15 3.08 ± 0.21

4 30.81 ± 0.03 3.90 ± 0.14 −10.21 ± 0.21 −0.24 ± 0.28

6 12.99 ± 0.03 9.53 ± 0.16 −1.10 ± 0.24 −0.39 ± 0.32

8 19.26 ± 0.04 24.91 ± 0.18 2.42 ± 0.27 −2.41 ± 0.37

10 0.50 ± 0.04 −3.05 ± 0.19 −1.25 ± 0.29 1.19 ± 0.39

TABLE II. AJK(k) coefficients for 4-photon ionization of N2

into the X2Σg ionic state.
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