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We present a study of superfluid vortex dynamics on general axisymmetric compact surfaces with
no holes. Specifically, we develop a general method to transform conformally from the axisymmetric
surface to a plane, where we use familiar methods based on the hydrodynamic stream function.
Our approach shows that vortices constitute a Hamiltonian dynamical system, with their angular
positions on the surface as canonical variables. The dynamical motion conserves both the total
energy and the angular momentum, and it features a marked anti-correlation between the vortex

speed and the local curvature of the surface.

I. INTRODUCTION

Quantized vortices play an essential role in the physics
of superfluids, such as “He-1II [1], Bose-Einstein conden-
sates (BECs), and fermionic superfluids of ultracold di-
lute atomic gases [2, 3]. The dynamics of quantized vor-
tices simplifies considerably for thin films where vortex-
line bending is absent. At low temperature, these super-
fluids are effectively ideal fluids with no dissipation and
obey equations of classical hydrodynamics [4, 5], along
with the condition of quantized vorticity [6, 7].

Most studies have focused on planar superfluid films,
but Lamb remarks in Sec. 160 of [5] that the theory can
be generalized to curved surfaces and quotes some results
for a spherical film. He relies on the method of stereo-
graphic projection, which maps the surface of a sphere to
the complex plane where the familiar formalism of vor-
tex hydrodynamics works well. A recent work by two of
us [8] provides more details on this approach on a sphere
along with many other references. Other simple confor-
mal transformations permit studying the dynamics on
surfaces with zero Gaussian curvature, such as cylinders
and cones [9-11].

Many theoretical papers have explored the properties
of a BEC trapped in a spherically symmetric shell po-
tential [8, 12—16], but recent experimental advances raise
the important new question of vortex dynamics on more
general surfaces of revolution. For example, Sachkou et
al. reported studies of superfluid vortices generated over
suspended microtoroidal optical resonators coated with
He-II films [17]. Moreover, shell potentials for ultracold
atoms have been generated by superposing quadrupolar
and oscillatory magnetic fields [18-20]. The resulting
spatially dependent dressed atomic states experience an
effective axisymmetric ellipsoidal potential.

Experiments performed in the NASA Cold Atom Lab
aboard the International Space Station recently produced
three-dimensional BECs with no gravity [21], providing
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a more realistic possibility to explore bubble trapped
BECs [22]. One of the aims of these experiments is the
generation of vortices, which can be achieved by rotat-
ing the dressed trap or through the spontaneous creation
of vortex-antivortex pairs across the condensation transi-
tion, namely through the Kibble-Zurek mechanism [22—
24].

In contrast to the spherical case, however, finding a
conformal projection of an ellipsoidal surface to the flat
plane is a complicated task. To solve this problem, we
rely on the method of isothermal coordinates, inspired by
Kirchhoff’s early study of the surface of a torus [4, 25, 26].
Briefly, one seeks a coordinate transformation of the rel-
evant surface metric to make it resemble the metric on
the complex plane. For a sphere, this method immedi-
ately reproduces the result of stereographic projection,
but it applies much more widely. Section II uses this
metric method for quite general axisymmetric compact
surfaces, and we illustrate it with the complex poten-
tial for a vortex dipole on one such surface, including
the phase pattern and streamlines. Reference [27] antici-
pated several of our results in more formal mathematical
language. See also Refs. [28-30] for other related mate-
rial. Section III then studies vortex dynamics on such
a general axisymmetric surface. Similar to the situation
on a plane, these dynamical equations assume a Hamilto-
nian form with the coordinates of each vortex serving as
a pair of canonical variables and the total energy serving
as the Hamiltonian. One new feature is the appearance
of local curvature contributions to the energy [26, 31]
that play an essential role in the vortex dynamics. In
Sec. IV we apply this general formalism to an ellipsoid
of revolution. Section V studies the dynamics of a vor-
tex dipole for two highly symmetric initial configurations
on an axisymmetric ellipsoid, along with a more general
asymmetric configuration. We end with conclusions and
discussion in Sec. VI.
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II. AXISYMMETRIC COMPACT SURFACES

The surface of a sphere of radius a satisfies the familiar
set of equations

x=asinfcos¢, y=asinfsing, z=acosb, (1)
where (0, ¢) are the usual spherical polar coordinates,
with 0 < # < 7 measured from the north pole and 0 <
¢ < 27 measured from the x axis.

More generally, the surface of an ellipsoid of revolution
has the corresponding set of equations

x=asinfcosp, y=asinfsing, z=bcosh, (2)
where @ is the radius in the xy plane and b is the ra-
dius along the symmetry axis. In particular, this surface
obeys the expected equation
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Note that @ is now merely an abstract parameter defining
the coordinates of the ellipsoidal surface. Its relation
to the usual polar angle of spherical coordinates, and
more generally to the so-called “geocentric coordinates”,
requires a separate discussion (see Sec. IV).

Although we shall specialize to an axisymmetric ellip-
soid, the formalism developed below applies widely, and
we have found it helpful to consider a general compact
surface of revolution described by the set of equations
(compare Refs. [26, 27])

r=fi(0)cosp, y=fi(0)sing, z=fa(0), (4)

where, as in Eq. (2) above, f; and f; have the dimen-
sion of a length. We require f1(6) > 0 to avoid self-
intersection, f1(0) = fi(m) = 0 for a closed surface, and
f2(0) > 0 > fo(w) in analogy with the spherical case.

It is straightforward to find the metric for the surface
defined in Eq. (4):

ds* = [f1(0)> + f5(0)*] d6>+ f1(0)*d¢* = h§d92+h;dg(zs52),

where we define the metric parameters

hg =/ J1(0)* + f5(0),  he = f1(0). (6)

The presence of two different parameters hy and hg in
Eq. (5) precludes a simple description with a single com-
plex variable involving 6 and ¢ directly.

The standard procedure is to seek a coordinate trans-
formation from Eq. (5) to new “isothermal” variables
(u,v), defined as having an isotropic metric ds? =
A2(du? + dv?) with an overall scale factor \. For the
present study, we prefer the polar form u + iv = pe'®,
with p? = u? + v2, tan¢ = v/u, and

ds* = N2(dp* + p*d¢?). (7)

Focus on the common azimuthal angle ¢ and write
Eq. () as

2
ds® = h2 (chw? + d¢2> : (8)
¢

We now compare this metric to Eq. (7) for a plane rewrit-
ten in the form

d 2
ds? = A2p? (p’; + d¢2> . (9)

Evidently, we should require

o _ 1o 4y (10)
P he

which can be integrated to give

0 0 ]/éz ‘/é‘z
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apart from an additive constant that will be irrelevant
because of overall vortex-charge neutrality for a compact
surface. As a result, the transformed metric has the de-
sired isothermal form in Eq. (7) with overall scale factor

A(9) = };j’(g). (12)

III. VORTEX DYNAMICS ON AN
AXISYMMETRIC COMPACT SURFACE

Throughout this whole manuscript we will be deal-
ing with an incompressible superfluid covering a curved
two-dimensional surface (embedded in three-dimensional
space), and with isotropic (contact s-wave) interactions
between the particles. The fluid has therefore a uniform
thickness, a uniform density, and its coherence length &
is much smaller than other relevant length scales in the
problem. As a result, all quantum vortices in the fluid
can be thought of being “point-like” and having a com-
mon radius &y, which remains at all times constant over
the surface. A fluid is termed ideal when it is both irro-
tational and incompressible, i.e., when its velocity field
v obeys Vxv=0and V - v = 0. Remarkably, ul-
tracold dilute superfluid quantum gases (in the Thomas-
Fermi regime) and low-temperature superfluid *He both
act like ideal fluids, facilitating the study of these impor-
tant mathematical models. These quantum superfluids
have a complex order parameter ¥ = |¥|e!® with magni-
tude |¥| and phase ®. For such one-component quantum
systems, the gradient of the phase determines the flow
velocity [7]

v=1:V, (13)



where 27h is Planck’s constant and M is the relevant
atomic mass. Equation (13) ensures that the flow velocity
is irrotational; more unusually, it also implies that the
circulation Kk = §c dl-v = q2nh/M along any closed path
C is quantized in units of 2rh/M, where ¢ is an integer.
In most cases, quantized vortices are singly quantized,
with unit vortex charge ¢ = +1.

In addition to the representation of v in terms of the
quantum velocity potential ®(z,y), the condition of in-
compressibility allows a different representation of v in
terms of a vector potential A, with v = V x A. For a
uniform two-dimensional fluid on a plane, this condition
simplifies to

v = % n x Vy, (14)
where x(z,y) is the stream function and n = & X g is
the unit normal vector.

Although both representations of v are important, the
stream function y offers a significant advantage here
because of the quantized circulation mentioned above.
Specifically, the vorticity ¢ = V Xx v for a positive
singly charged vortex at the origin is singular with
¢(r) = (2nh/M)n 5@ (r). As a result, the correspond-
ing stream function obeys the scalar Poisson’s equation
V2x = 2m6@)(r). Tt is clear that the stream function
itself is effectively a two-dimensional Green’s function,
analogous to the more familiar electrostatic potential for
a point charge in three dimensions. Our conformal trans-
formation provides a powerful technique for constructing
the Green’s function on an axisymmetric curved surface.

Equations (13) and (14) each express the velocity com-
ponents v, and v, as derivatives of the scalar functions
x and ®. In detail, these equations are the Cauchy-
Riemann equations for the complex potential

F(z) = x(r) +i%(r) (15)

that depends only on the single complex variable z =
x+iy. In addition, the derivative of the complex potential
determines the hydrodynamic flow velocity through the
important relation

. h dF h o,
’Uy‘i‘ZUI—ME—MF(Z). (16)
On the complex plane, familiar formalism gives the
complex potential

Fo(z) = qoIn(z — 20) (17)

for a single vortex with charge qg at zg. Correspondingly,
the complex hydrodynamic velocity field is

hgo
Uy + i, = ——— 18
Y + 10z M(Z _ ZO) ( )
representing circular flow centered at zp.
On a plane, a closed curve C defines an inside and
an outside. The circulation integral along the contour C

surrounding the interior region characterizes the enclosed
vorticity, which must be an integer multiple of 2wh/M
for a superfluid. This result follows because Eq. (13)
ensures that the line integral is essentially the net change
in @ around C. Each vortex has lines of constant phase
emerging from or ending at its location, just like the lines
of electric field around point charges in two dimensions.
On a plane, these lines of constant phase can extend to
infinity.

The situation is very different for a compact surface
like that introduced in Sec. I1. Here, a closed curve merely
divides the surface into two regions. For the first region,
the line integral fc dl - v still equals an integral multi-
ple of 2rh/M, but the corresponding lines of constant
phase must reconverge somewhere on the compact sur-
face. Specifically, consider the other region, where the
contour integral fc dl - v now has an opposite orienta-
tion, yielding a circulation equal and opposite to the one
in the first region. As a result, the total vortex charge on
any compact surface must vanish, with a vortex dipole
as the simplest such configuration.

For a plane, Eq. (17) shows that the complex potential
for a vortex dipole is the difference of two logarithms
Faipole(2) =In(z—z4)—In(z—2_) = In[(z—24)/(z—2-)].
The previous coordinate transformation now gives the
desired expression for a vortex dipole on a quite general
axisymmetric compact surface

pe? —py ei¢+>

, . 19
e p_ - (19)

Fdipole =1In <

in an obvious short-hand notation. This complex func-
tion gives all necessary information about the hydrody-
namic flow field on the surface. For example, lines of
constant phase @qgipole = Im Fyipole emerge from the pos-
itive vortex and end on the negative vortex. In addition,
lines of constant stream function

Xdipole = Re Fdipole

2 2 . _ 2
_ 1 [P =20 cos(é— i) + p;r (20)
2 [p? —2pp-cos(¢ — ¢-) + pZ

trace out the lines of particle flow. Figure 1 shows the
phase pattern and streamlines for one compact surface
that resembles a champagne bottle, where the function
p(0) was evaluated numerically.

On a planar surface, each member of a vortex dipole
moves with the local velocity after subtracting the local
circulating velocity of the particular vortex in question.
But the transformation from the curved surface to the
complex plane introduces an additional contribution. On
the physical surface of the object, all point vortices have
the same core size & that serves to regularize the sin-
gularity at its center. On the complex plane, however,
the scale factor A renormalizes each vortex core size to
& = &o/ A, where \; denotes the scale factor evaluated
at the position of the jth vortex. See Sec. VI of Ref. [31]
for a more detailed discussion of this important issue.




FIG. 1. Color wheel shows phase pattern generated by a vor-
tex dipole on a superfluid film covering a surface of revolution
akin to a champagne bottle. White lines are lines of constant
phase and black lines are stream lines. In the configuration
displayed, one vortex is at the north pole and the other is on
the side.

The numerator of Eq. (20) provides the flow arising
from the positive vortex. It contains the combination
p* — 2pp4 cos(¢ — ¢4) + p%, which can be rewritten ex-
actly as (p — p1)* + 4ppysin®[(¢ — ¢1)/2]. For small
df =0 — 0, and d¢ = ¢ — ¢, this quantity reduces to
(p3 /03, )(hg, d6* + h%, d¢?) = ds? /A%, where we used
Egs. (5) and (12). In this way, the spatial dependence
of the first term of Eq. (20) becomes In (ds;/Ay). The
term In ds is just the stream function for the circulating
flow around the positive vortex and we discard it since
the circulating flow around the vortex does not affect its
motion. The remaining contribution —In A; combines
with the the denominator of Eq. (20) evaluated at r4 to
give the regularized local stream function on the complex
plane arising from the negative vortex.! In addition to
the usual stream function arising from the negative vor-
tex itself, the renormalization includes a local curvature
correction involving the spatial dependence of In A .

For a more complete derivation of this local curvature

correction, see Eqs. (35) and (A7) of Ref. [26]. The final

1 In the mathematical literature, the regularized stream function
is often called “the Robin function” [27].

result for the velocity of the positive vortex is simple:

. ko, 1
ryL = —M ny X V+ <X+ + 21n)\+> s (21)

along with a similar expression for 7_. Here ny is the
unit normal vector at the position r of the positive vor-
tex, Eq. (12) gives the scale factor A = hy/p, and the
stream function is

Xt— =5 (pt —2pp_cosdy_ +p2) =lnpy, (22)

where we introduced ¢4 _ = ¢4 — ¢_ and the convenient

abbreviation p,_ = \/pi —2pyp_cosdy_ + p?, which
equals the distance |z — z_| on the complex plane. Note
that A; varies throughout the complex plane, and its
spatial dependence affects the dynamics of the vortex as
it moves around the curved surface.

These dynamical equations are readily generalized for

an overall charge-neutral set of vortices

. h R / 1
5= x V; (Z Uk Xjk = 595 ln’\j> ’ (23)
k

where j runs over all vortices and the primed sum omits
the single term k& = j. Unfortunately these dynamical
equations involve the local orthogonal unit vectors éj and
qASj which makes them less useful in practice. Instead, we
recast these dynamical equations in terms of the scalar
variables 0; and ¢; that determine the position of the jth
vortex core and the stream function x .

As a preliminary step, we rewrite Eq. (4) as an equa-
tion for the vector r(6, ¢) that defines the surface:

r(0,0) = fi(0)cosp & + f1(0)sing g + fo(0) 2. (24)
Correspondingly, we have the associated unit vectors on

the surface

Lor
he 00’

1 or

0 = :E%y (25)

where hg and hg are the metric factors given in Eq. (6).
In addition, the unit normal vector is

=0 x o, (26)

and the three vectors (0, ¢, 72) constitute a right-handed
orthonormal triad. Each of these unit vectors varies con-
tinuously around the surface.
For the jth vortex, Egs. (24) and (25) show that

75 = ho, 0;0; + ho, &; ;. (27)
The gradient vector has the familiar form
%9
hy 0¢°

_60
" o 96



A combination with Eq. (23) gives the desired scalar dy-
namical equations

: h 1 0 / 1
0' = 353 14  a. o 1 R 2
77 M hg,hg, 00, <Xk: WXk~ 5 45 n%) (29)
. h 1 02 / 1
oy M hgjh@ 90, <Xk: qkXjk 5 q; n)\]> (30)

The last term of Eq. (29) makes no contribution be-
cause J\; is independent of ¢; for any axisymmetric sur-
face. As a result it is easy to see that

quhe hdy Z a;4

aw =0 (31)

because Oxr/0¢; is odd under the interchange j + k.
Hence there is a conserved quantity

Y= quff(ej)» (32)

where o(6) = [ df hghy is an integral similar to Eq. (11)
for In p(6). Note that this conclusion d¥/dt = 0 holds for
any allowed set of quantized vortices on an axisymmetric
compact surface and reflects the invariance of the sur-
face under rotations around the z axis. In other words,
the dynamics depends only on the differences ¢;, rather
than on ¢; and ¢, separately.

Equations (10) and (12) now allow us to evaluate the
partial derivatives explicitly, thus expressing the dynam-
ical equations wholly in terms of the coordinates of each
vortex on an axisymmetric compact surface. For simplic-
ity, we focus on a single vortex dipole, where the charge
neutrality requires g, = —g;, with j = + and ¢; = +1.
A detailed calculation yields the final results

hq; Pj Pk Sin gbjk

0; = 33
J Mhej hdy ij; ( )
: haq; h¢, P - i

¢j = — 577 L+ (34)
J 2Mh§5j hgj pgk

These equations have the significant advantage of being
explicit coupled first-order differential equations for the
dynamics of a vortex dipole on an axisymmetric compact
surface. In particular, we have evaluated all relevant par-
tial derivatives so that no variables need to be held fixed.

We now show that Egs. (29) and (30) have a sim-
ple and direct connection with the total energy of the
charge-neutral set of quantized superfluid vortices on our
axisymmetric surface. In detail, we start from the total
energy written in terms of the stream function yj; and

the scale factor A, as derived previously in Egs. (33) and
(34) of [26]:

h nm
< Z Qrd Xkl + Z qj;In >\k> (35)

where the primed double sum omits the terms with
k = [. This expression for the total energy is equivalent
to Eq. (2.15) in Ref. [27], here expressed in physical vari-
ables x and X instead of mathematical ones. For a single
vortex dipole with unit charges, Eq. (35) simplifies to

h2nm 2 A
Edipolc = i In <p+ ES+ ) ) (36)

where we have inserted the constant core radius &y to
give the renormalized vortex core £y/A4 on the complex
plane.

A straightforward calculation shows that the partial
derivatives of F yield the desired Hamiltonian equations
of motion

1 OF
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with the total energy FE as the effective Hamiltonian
(compare Eq. (38) from [26]) and (6;,¢;) as canonical
variables.

For any Hamiltonian with no explicit time dependence,
the conservation of energy follows almost by inspection.
Note that

dE OF . OF .
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Use of Egs. (37) and (38) immediately shows that
dE/dt = 0. Thus the vortex dynamics on axisymmetric
compact surfaces conserves the total energy F, including
the contribution of the spatially varying scale factor A in
Eq. (35) above. As noted below Eq. (32), the dynamical
motion also conserves the angular momentum 3.

IV. DESCRIPTION OF ELLIPSOIDS

Here, we specialize to an axisymmetric ellipsoid, where
it is convenient to use a as length scale and write

ds® = a® (hg dO° + b2 do?) . (40)

We now have dimensionless metric factors

hg = \/cos2 0+ (b2/a?)sin® @, hy = sind. (41)

Substitution of Eq. (2) into Egs. (24), (25), (26) and
(28) gives the detailed form of the relevant unit vectors
and the gradient operator, with appropriate factors of a
because of our dimensionless metric factors. For later
reference, the Gaussian curvature K of an axisymmetric
ellipsoid is
2
K= ’ 2 (42)
(a2 cos? 0 + b2 sin? 9)




with the dimension of an inverse length squared.

Remarkably, there is close connection between the
Gaussian curvature K and the curvature contribution
In A to the energy in Eq. (35). For an isothermal metric
with scale factor A, as in Eq. (7), Brioschi’s formula [32]
asserts that

11d [ dnA
VA= - — K. (4
)\2v A= P (43)

The general form on the left-hand side simplifies to the
second form for the axisymmetric compact surfaces con-
sidered here, expressed in terms of the polar variables
(p, ¢). Brioschi’s formula is effectively a nonlinear Pois-
son equation for In A with the Gaussian curvature K as
the source.

z/a
1.0+

-1.0+

FIG. 2. Cross section of an oblate ellipsoid with b = a/2 along
with the circumscribed circle of radius a and inscribed circle
of radius b. The vertical and horizontal intersecting lines show
de la Hire’s construction with a dashed line at angle  and a
dash-dotted line at geocentric angle 7.

Except for a sphere with a = b, the relation between
the angular parameter 6 and the polar (or “geocentric”)
angle 77 denoting a point on the surface of the ellipsoid is
not direct, as shown in Fig. 2. For definiteness, consider
an oblate ellipsoid with a > b and set ¢ = 0, namely the
right-hand side of the zz plane. Draw a circumscribed
circle of radius a and an inscribed circle of radius b. Draw
a straight line at angle € from the z axis, intersecting both
circles (dashed line in Fig. 2). These intersections serve
to define a point P on the ellipse with x = asinf and
z = bcosf. A straight line from the origin to this point
P (dash-dotted line in Fig. 2) defines the “geocentric”
polar angle n through the equation

r asinf a
t =-—= = — tan#. 44
any z bcosf b at (44)

More formally, we introduce the coordinate equations

[compare Eq. (2)]

L(n)sinnsin¢, z = L(n) cosn.

(45)
The latter equations resemble those defining a sphere,
with the important caveat that the length L now depends
on 7. Simple algebra with Eq. (44) shows that

x = L(n) sinn cos ¢,

i asinf
inn = ,
\/@2 sin? 0 + b2 cos? 0
bcosf
cosn = ) (46)
\/a2 sin? 0 + b2 cos? 6

with similar expressions based on the inverse relation
tanf = (b/a)tann. For a given ellipsoid and 6, these
relations determine the geocentric angle 7. In addition,
use of Eq. (3) shows that

ab
Va2 cos? n + b2 sin? 77'

L(n) = (47)

Before we specialize our general formalism from Sec. 11
to the surface of an axisymmetric ellipsoid, it is instruc-
tive to consider the simpler case of a sphere of radius a.
In this case, Eq. (11) simplifies to

0 A
p(0) = exp (/ bfé) = tan(6/2) (48)

which is precisely the standard result found with stereo-
graphic projection [5, 8].
For a general ellipsoid, Eq. (1

1) becomes

\/(3052 0 + (b2 /a?)sin’ 0
In p(6 / (49)

)
sin @

where we use Eq. (41). The final expression depends
on the details of the ellipsoid. For the oblate (disk
shaped) ellipsoid with a > b, define the eccentricity

€0 = /1 — (b?/a?) and
hg = /1 — e2sin?4. (50)

The integration in Eq. (49) gives the result for an oblate
surface

hg — cos @

po(l) = —————

For the prolate (cigar shaped) ellipsoid with b > a, the
parameter €, becomes imaginary. We define ¢ = ie, with
the real quantity ¢ = 1/(b%/a?) — 1, giving

hg = \/1+ ¢2sin? 0. (52)

The final answer for a prolate surface follows from

Eq. (49)
. Ccosb
P l—( arcsin (ﬁ = CQ)] . (53)

e (hg + €, cos ). (51)

hg — cos @

pp(e) = Sil’le



To interpret this result, we note that a prolate ellipsoid
has the eccentricity €, = /1 — (a?/b?) = ¢//1+ (2.
Equivalently, we have ¢ = €,/,/1 —¢2. Some algebra

shows that Eq. (53) has the equivalent form

) = \/1—612)00829—\/1—612)C089

sin 0

Pp

€p

\J1—é

where we omit an overall constant factor in the denomi-
nator that does not affect the dynamics of the vortices.

X exp |— arcsin (e, cos )|,  (54)

V. VORTEX DYNAMICS ON AN ELLIPSOID

We now apply the results from Sec. III to study the
dynamics of a vortex dipole with unit charges ¢+ = +1
on an axisymmetric ellipsoid, with the metric given by
Egs. (40) and (41). Equation (33) yields

. ; . : h  pyip_sing,_
ho, sinf 0y = hy_sinf 0 =+ + o ma—

(55)
In addition, Eq. (34) gives

h cos 0
2Ma? sin? 0,

2 2
b: = + 5 ”) (56)

ho, P -

with a similar equation for ¢_. As noted below Egs. (33)
and (34), these equations are explicit first-order ordinary
differential equations for the dynamics of a vortex dipole
on an axisymmetric ellipsoid. Finally the total energy in
Eq. (35) for such a dipole reduces to

h2n
Alﬁln(pi_A+A,), (57)

which shows the joint role of the stream function
(through the first factor) and the scale factors A4.

E =

A. Specialize to a sphere

A sphere has a = b so that hy = 1. Correspondingly,
the radial distance on the complex plane becomes [com-
pare Eq. (48)]

0 sin 6 /1 —cosf
9) =t — | = = .
pl6) = tan <2) 1+ cosf 1+ cosf (58)

The scale factor in Eq. (12) simplifies to

sin 6

A(0) = =1+cos0, (59)

which depends on 6 even though a sphere has constant
Gaussian curvature.

For a sphere, it is not difficult to show that [8]

4sin®(y4_/2)
2 = (60)
+ Ay
where 7, _ is the angle between 7, and 7_. As a result,
the scale factors in Eq. (57) cancel exactly, and the energy
of a vortex dipole on a sphere has the very simple form
[see Eq. (57)]

2
Bapore = 2 n[2sin(y, /2] (61)
Although the scale factors cancel for the special case of a
sphere, the terms In AL generally play a role in the energy
and the dynamics of a vortex dipole on an axisymmetric
compact surface.

Note that 2asin(|y4—|/2) is the chordal distance be-
tween the two members of the vortex dipole [5, 8]. Hence
the dynamical motion of any dipole on a sphere con-
serves the chordal distance between them. When the
radius a of the sphere is much larger than the separation
r of the dipole, the angular aperture becomes small with
Y4— < 1. In this limit, the chordal length approaches
the usual planar length, and Eq. (61) reduces to the well-
known flat case proportional to In(r/{p), apart from an
additive constant In(a/&p).

The high symmetry of a sphere allows us to con-
sider (without loss of generality) a symmetric initial con-
figuration relative to the equator, with 6, = 6 and
0 =7 —6 and ¢, = 0. Equation (48) shows that
p+ = (1 Fcosf)/sinf. In this symmetric configuration,
some algebra with Eqgs. (55) and (56) gives the familiar
result [5]

_ ¢
" 2Ma

Ty =7_ tan 6, (62)
so that the vortex dipole moves uniformly in the com-
mon ¢ direction along the great circle midway between
them (the equator). The vortices become stationary in
the limit # — 0, when they approach the north and south
poles. Near the equator, when § — 7/2— 46, the transla-
tional velocity diverges, with 7, = 7_ = hdg/(QMa 00),
which is just the result for a vortex dipole on a plane
since 2a 00 is their spatial separation.

B. Dipole placed symmetrically around the equator

As a first example of a vortex dipole on an axisym-
metric ellipsoid, we consider the special configuration
with the dipole symmetrically placed on either side of
the equator, with 4 = 0, - = 7 — 6, and ¢, = 0.
Here, the motion is purely azimuthal with

p++p>
+ , (63
he — pt—p- (63)

'I"‘+—’I"7—

B h¢A> cos 6
2Masin 6
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FIG. 3. Upper panel: Circulating orbits of positive (solid
blue) and negative (dashed orange) member of vortex dipole
placed symmetrically above and below the equator. Lower
panel: translational velocity of vortex dipole symmetrically
placed around the equator for prolate and oblate ellipsoids
with aspect ratios b/a = 3 (e, = 2/2/3 ~ 0.943) and a/b = 3
(€0 = 24/2/3 = 0.943).

where
hg F cos
= — 4. 4
P+ sin g + (64)
Here,
d+ = (hg £ e,co80) (65)

for an oblate ellipsoid with eccentricity €,, and

0y =exp |F Ep arcsin(e, cos §)

I J1-é€

= exp | F( arcsin _Geosh
b Vit

for a prolate ellipsoid with eccentricity €,. For either

distortion, it is not difficult to show that

.. h*e sin (54 +6_)
T T T OMahy cos0(55 +0_) — hg(0s —0_)
(67)
Since 64 — d_ vanishes for a sphere, this expression re-
duces to Eq. (62) in the spherical limit.

Figure 3 shows the orbits and azimuthal translational
speed vy(#) of a vortex dipole symmetrically placed
around the equator for a sphere and for oblate and pro-
late ellipsoids with a/b = 3 and a/b = 1/3, respectively
(€0 = €, = 2v/2/3 ~ 0.943). The orbits themselves are
independent of the aspect ratio, but the lower panel in
Fig. 3 shows how the speed of the dipole varies with polar
angle 6.

The energy of a vortex dipole on an elongated surface
depends linearly on the separation d = |r; — r_| once
d exceeds the radial dimension [10, 31, 33], instead of
the usual logarithmic dependence when d is small. For
an ellipsoid, the translational velocity 7 is proportional
to ny x VL E, and the linear dependence of the energy
on d thus explains the extended flat region for a prolate
ellipsoid when d 2 a. In fact, the translational speed for
a vortex dipole with d 2 R on an infinite cylinder with
radius R is i/(2M R) [10]. The curve labeled prolate in
the lower panel of Fig. 3 shows that the numerical value
for our prolate ellipsoid agrees closely with the result for
an infinite cylinder of radius R = b/3.

C. Energy considerations

The above discussion of the dynamics of a special vor-
tex dipole simplifies greatly because both vortices exe-
cute purely azimuthal motion along the common direc-
tion q?) Other initial configurations typically involve dif-
ferent unit vectors, and it is generally easier to start from
the total energy Fio in Eq. (35).

The simplest vortex configuration on a compact surface
is a vortex dipole with unit charges. For this case, a
combination of Ay =sinfy/py and Eq. (57) shows that
the dipole energy becomes

2
Edipole = h% In@Q, (68)

with the conserved quantity @ for vortex dipole on an
ellipsoid

Q= (p+ —2cosq_ + p_> sinf, sinf_. (69)
pP— P+
This expression () has several desirable features:

1. @ is manifestly symmetric under interchange of vor-
tices (04, 04) <> (6, 9-).

2. It depends only on the combination ¢ = ¢ —¢_
reflecting the axisymmetry of the surface.



3. As noted in Sec. IV, the integration for In p leads to
an arbitrary additive constant, and hence an arbi-
trary multiplicative constant for p. Equation (69)
shows that this constant cancels in the conserved

quantity Q.

Although Hamilton’s equations are elegant, in any par-
ticular case they involve partial derivatives with other
variables held fixed. Hence it is frequently simpler to
rely on Egs. (55) and (56) that depend explicitly on the
local positions, as seen in the following Sec. V D.

D. Vortex dipole moving north from equator

We now consider the special initial configuration of a
vortex dipole with 8, = 6_ = 0, starting at the equator
with 8y = 7/2. This symmetry ensures that 0, = 6_
and therefore p, = p_ for all later times. In addition,
we choose the initial value for (¢— — ¢4 )9 = Ag to be in
the range 0 < Ag < 7, so that the vortex dipole starts
moving toward the north pole. The energy for this vortex
configuration has a particularly simple form

Wnw Lo, . oA
E= i In {43111 0 sin (2)], (70)

so that
Q = 4sin? fsin?(A/2) (71)
from Eq. (69).

FIG. 4. Circulating orbits of positive (solid blue) and nega-
tive (dashed orange) member of vortex dipole, starting from
equator 6 = 7/2, marked by dots.

For these initial conditions, sin # decreases from 1 and
sin(A/2) increases from sin(A(/2). Eventually sin(A/2)
reaches its maximum value 1 for A = 7 as the vor-
tex dipole moves over the shoulder at the polar angle
Omin = Ag/2. The vortex dipole then moves back toward

the equator on the opposite side of the ellipsoid, with
A now decreasing and sin 6 correspondingly increasing.
Evidently, this motion will repeat cyclically, as seen in
Fig. 4.

How does this @ compare with the squared chordal dis-
tance? In this specific highly-symmetric case it is easy
to verify that |r; —r_|? =72 _ = 4a®sin® #sin*(A/2) =
a’Q, so that the dynamical motion indeed conserves the
chordal distance. As seen below, more generic initial
configurations of the vortex dipole will not conserve the
chordal distance.

It is instructive to write out the corresponding dynam-
ical equation for the angular variables. Equations (55)
and (56) together give

h

0_ = 9+ = —m COt(A/Q), (72)
. . h
b= —, 6. (73)

S ——
2Ma? hg sin 0 0

As expected from the conservation of @), we see that the
two polar angles move together while the two azimuthal
angles move to conserve their sum.

E. General asymmetric case

If the initial locations of the two vortices do not obey
special symmetries, the ensuing dynamics becomes much
more complex. One such example is shown in Fig. 5.
The two vortices perform a relatively regular motion, but
their orbits are not closed.

\qb
(N

77/2 7T

FIG. 5. Circulating orbits of positive (solid blue) and nega-
tive (dashed orange) member of vortex dipole, starting from
two arbitrary points (marked by dots), for an oblate ellipsoid
with aspect ratio b/a = 1/3 (e, &~ 0.943). The vortices ex-
ecute a quasi-periodic motion without forming closed orbits.
See Ref. [34] for a video displaying the simulation of this dy-
namics.
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FIG. 6. Upper panel: the time evolution of chordal distance;
middle panel: the speed of positive (solid blue) and nega-
tive (dashed orange) vortices; lower panel: the local Gaussian
curvature for the positive (solid blue) and negative (dashed
orange) vortices for the particular asymmetric configuration
represented in Fig. 5.

We checked in detail that the dynamical motion con-
serves both the total energy F and the “angular momen-
tum” 3 defined in Eq. (32). The upper image of Fig. 6
shows that the chordal distance is definitely not constant,
unlike our previous examples. Instead, it oscillates an-
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harmonically but nonetheless periodically. The middle
image shows that the speed of each vortex also varies
periodically but at half the frequency of the chordal dis-
tance. In contrast, the sum of the squared speeds of the
two vortices |71|% + |£2|? oscillates exactly in phase with
(and with the same period of) the chordal distance. Here
the squared speed is given by |7[> = a2 h262 4 a? hi(bQ
The lower panel shows the local Gaussian curvature at
the position of each vortex

K= LG (74)
~ a2(1 — e2sin? 9)2’

here written for an oblate ellipsoid. Comparison of the
middle and lower panels of Fig. 6 highlights the anti-
correlation between the vortex speed and the local cur-
vature of the surface: vortices slow down in the regions
of higher curvature.

VI. CONCLUSIONS

We have constructed a theory of quantized superfluid
two-dimensional vortices on axisymmetric compact sur-
faces with no holes. Specifically, we developed a general
method to transform conformally from the axisymmet-
ric surface to a plane, where we use familiar methods
based on the hydrodynamic stream function. This trans-
formation yields an additional term in the dynamics of
each vortex reflecting the local curvature at its position.
Our approach shows the close connection to the energy of
these vortices. They constitute a Hamiltonian dynamical
system, with the angular positions (6,,¢;) as canonical
variables.

A vortex dipole is the simplest superfluid state that
satisfies the condition of vanishing total vortex charge.
We study the dynamics of two simple symmetric vortex-
dipole configurations and then consider a more gen-
eral asymmetric initial configuration, showing trajecto-
ries and other related quantities. Unlike the situation on
a sphere, the chordal distance is not in general a constant
of the motion.

In recent years, various mathematicians have studied
two-dimensional vortices on axisymmetric surfaces [27—
29] and triaxial ellipsoids [30]. In particular, Ref. [27]
independently developed the same method for vortices
on axisymmetric surfaces based on conformal mapping.
All their examples treat classical vortices, frequently fo-
cusing on large-scale atmospheric vortices and polygonal
rings of identical vortices. In these examples, one or more
polar vortices (or sometimes uniform vorticity) enforce
the condition of net vortex-charge neutrality. Another
example of mathematical interest is the classical three-
vortex problem on a sphere [35], where at least two of
them necessarily have different absolute vortex charges.

The situation is quite different for the quantized su-
perfluid vortices that we study here. Typically all the
vortices have unit charge (¢; = %1) and the condition



of irrotational flow precludes distributed vorticity. The
simplest superfluid configuration is a vortex dipole, and
we studied several examples of vortex dynamics on an
ellipsoid.

Reference [26] studied superfluid vortex dynamics
on a torus and other toroids of revolution, extending
Kirchhoff’s conformal transformation from a torus to a
plane [25]. It would be interesting to study more gen-
eral multiply connected surfaces (such as a pretzel) with
two or more holes, where each nontrivial quantized cir-
culation loop will contribute to the vortex dynamics. In
such cases, however, the absence of rotational invariance
presents a definite challenge.

Most studies of vortex dynamics on curved superfluid
films assume a uniform thickness and density. In prac-
tice, experiments on Earth have to deal with the pres-
ence of gravity, which significantly alters the distribution
of atoms along the shell’s surface [36, 37]. Recent ob-
servations with the NASA Cold Atom Laboratory [22]
(see also the theoretical analysis in Ref. [38]) suggest
that asymmetries in the apparatus will produce films
with nonuniform number density. The method of a time-
dependent variational Lagrangian has been successful for
dynamical studies of nonuniform three-dimensional Bose-
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Einstein condensates [39], and a similar approach should
be useful for nonuniform films.

A recent study has shown that a two-component BEC
can support vortices with filled cores. The resulting com-
posite structure acts like a massive vortex and obeys
second-order differential equations, very different from
the usual first-order equation of vortex dynamics. For
example, the familiar precession of a one-component vor-
tex in a trap can also include small-amplitude rapid os-
cillations around the uniform motion [40]. It would be
interesting to extend these studies to a vortex dipole on
a sphere and other axisymmetric surfaces.
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