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In this work, we present a lower bound on the quantum Fisher information (QFI) which is effi-
ciently computable on near-term quantum devices. This bound itself is of interest, as we show that
it satisfies the canonical criteria of a QFI measure. Specifically, it is essentially a QFI measure for
sub-normalized states, and hence it generalizes the standard QFT in this sense. Our bound employs
the generalized fidelity applied to a truncated state, which is constructed via the m largest eigen-
values and their corresponding eigenvectors of the probe quantum state py. Focusing on unitary
families of exact states, we analyze the properties of our proposed lower bound, and demonstrate

its utility for efficiently estimating the QFI.

I. Introduction

Quantum Fisher information (QFI) [1, 2] quantifies
the ultimate precision with which one can estimate a pa-
rameter 0 from a f-dependent quantum state py via the
quantum Cramér-Rao bound (QCRB). This quantity is
of fundamental importance for quantum metrology [3—
7]. Moreover, the QFI has been studied in the context of
quantum phase transitions [8-10], quantum information
geometry [11, 12|, and quantum information [13-20].

The general definition of the QFT is

1(6; pg) = Tx[J§ po] , (1)

where Jp is called Symmetric Logarithmic Derivative
(SLD) operator satisfying the following Lyapunov equa-
tion,

1
Ogpo = §(J9/)9 + poJo) - (2)

Also, the QFI is associated with the standard fidelity
between the exact state py and the error state pgis as

v o 1=Fl(pg,pots)
I(evPQ) - 8%1_1;% 52 ) (3)

where F(p1,p2) = |y/p1y/p2]1 is the standard fidelity,
and with the trace norm given by |A|; = Tr[V AAt].

In spite of its theoretical significance, the QFI is in gen-
eral a difficult quantity to compute. Calculating the SLD
operator requires one to solve the Lyapunov equation,
which in turn needs full knowledge of the exact state py,
which is not always known in practice. In addition, when
employing Eq. (3) to determine the QFI, one encounters
the serious difficulty that there is no efficient algorithm to
compute the fidelity between arbitrary states. The com-
plexity of the classical algorithms for fidelity estimation
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can scale exponentially due to the exponentially large di-
mension of the density matrices with respect to the num-
ber of qubits [21]. But even quantum algorithms face
complexity theoretic arguments [22]|, and the fact that
the nonlinear nature of fidelity implies that a finite num-
ber of copies of py cannot lead to an exact computation
of the fidelity. Hence, instead of exactly computing the
QFI, one can estimate the QFI by bounding it [23, 24].

This is precisely the goal of this this paper, where we
introduce an efficiently computable lower bound for the
QFI. Our bound is based on the truncated (and there-
fore sub-normalized) state constructed by projecting the
exact state pg into the subspace of its m-largest eigen-
values. Particularly, we focus on the family of quantum
states of the form py = W (0)pW1(6), where p is called
probe state, and we define W () = e~ with a Hermi-
tian and f-independent generator G. As in Ref. [25], we
refer to the set of states of this form as a unitary family.
This family of states is general enough to describe phase
estimation tasks, such as magnetometry [5, 26, 27].

Our results are derived by employing the concepts
of generalized fidelity [28, 29| and truncated states [21]
to construct an efficiently computable quantity which
we call Truncated Quantum Fisher Information (TQFT).
Our main results are a series of lemmas that prove that
TQFT lower bounds the standard QFI, and that TQFI
satisfies various properties, including most of the canon-
ical criteria for a measure of QFI. In addition, we also
introduce a quantity that we call the Generalized Bures
distance, from which we provide a geometrical interpre-
tation to the TQFI. We note that in our recent work [30],
we have proposed a trainable variational quantum algo-
rithms to estimate QFI and further prepare the optimal
state for phase estimation by using TQFI.

This paper is organized as follows. We first provide
theoretical background in Sec. II. Then, Section III in-
troduces the TQFI and its associated Hermitian SLD op-
erator, and presents our main results. Finally, we offer
some concluding remarks in Sec. IV.



II. Theoretical background

In this section we provide some theoretical background
that will be useful to define the TQFI. Specifically, we dis-
cuss the generalized fidelity, a measure of distinguishabil-
ity for sub-normalized states. We then discuss how the
generalized fidelity can be used to construct an upper
bound for the standard fidelity. We remark that this
bound will be the basis of the definition of the TQFI.

Let H be a d-dimensional Hilbert space. A quantum
state p on H is defined as a Hermitian, positive semi-
definite operator of trace equal to one. Hence, the set of
normalized quantum states on H can be defined as

S—H)={p:p'=p,p=0,Te[p] =1}, (4

which forms a convex set with real dimension (d? — 1).
Relaxing the normalization condition, one arrives at the
following definition.

Definition 1 (Sub-normalized state). A Hermitian, pos-
itive semi-definite operator T on H is said to be a sub-
normalized quantum state if Tr[r] < 1.

Definition 1 allows us to introduce S¢(H) as the set of
sub-normalized states on #H, that is

Sc(H)={r:7"=7,7>0, Tr[r] < 1}. (5)

As schematically shown in Fig. 1, it follows that
S_(H) C S<(H). Moreover, S<(H) has dimensional-
ity d?, and can be obtained as the convex hull of the
set of quantum states and the zero operator S¢(H) =
Conv(0,S8=(H)) [31]. Sub-normalized quantum states
have been used in quantum information theory as a
convenient generalization of normalized quantum states
[28, 29, 31]. Moreover, exciting new work on near-term
quantum algorithms utilizes truncated, and thus sub-
normalized, quantum states to avoid having to store an
exponentially large density matrix, thus making the al-
gorithms implementable on the noisy intermediate-scale
quantum (NISQ) computers [30, 32, 33]. This exciting
new research direction is the primary motivation for this
work.

In Refs. [28, 29] the authors introduced a generaliza-
tion of the standard quantum fidelity to sub-normalized
states, which is known as the generalized fidelity, and
which is given as follows.

Definition 2 (Generalized fidelity). Given two sub-
normalized states 7,0 € S<(H), the generalized fidelity
between T and o is

Fi(r,0) = [VTVoli + V(1 = Te[r])(1 — Tr[o]),  (6)
where |A|, = Tr[vV AAT] is the trace norm.

Note that the generalized fidelity reduces to the stan-
dard fidelity F' if at least one of the two states is normal-
ized. That is,

Fu(r,0) = F(r,0) = |VTVol1, (7)
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FIG. 1. Set of eigenvalues {)\i}le for a sub-normalized quan-
tum state. Simplexes are shown for a d-dimensional Hilbert
space with (a) d = 2 and (b) d = 3. The eigenvalues of
normalized states in S—(H) lie on a (d*> — 1)-simplex: a line
segment in (a), and a triangle in (b). The eigenvalues of a pure
state lie on the edges of the simplex, while those of a mixed
state are on the centroid of the simplex. The eigenvalues of
sub-normalized states in S¢(#) can be obtained from the sub-
normalization condition Zle Ai < 1. In the diagrams, the
origin corresponds to the zero operator.

if 7 or o is in S—(H).
As shown in Refs. [21, 28, 29|, the generalized fidelity
has the following relevant properties:

e Invariance under unitary transformations. Given
two sub-normalized states 7,0 € S<(H), and for
any unitary V in the unitary group U(d) of degree
d, we have

F.(VTVT VoV = F.(1,0). (8)

e Concavity. Given sub-normalized states
T1, 72,01, 02 € S<(H), and a real number ¢ € [0, 1],
then

Fi(qni+(1 = q)72,q01 + (1 — q)o2) )

2 qFi(r1,01) + (1 = q)Fi(72,02).

e Monotonicity under completely positive trace non-

increasing (CPTNI) maps. Given two sub-

normalized states 7,0 € S¢(H), and a CPTNI map
®, then

Fi(r,0) < Fu(D(7),®(0)). (10)

We note that CPTNI maps are the mathematical gen-
eralization of CPTP maps, which becomes useful when
one allows for subnormalized quantum states [28, 29, 31].
Additionally, they have the physical interpretation of de-
scribing an experiment in which the measurement appa-
ratus does not work with some probabilities [31].

Let us now discuss how the generalized fidelity can
be used to upper bound the standard fidelity. Con-
sider a projection operator II which maps states to a
subspace of H. Note that II defines a CPTNI map as



®(p) = IIpIl which maps states in S—(H) and in S¢(H)
to sub-normalized states in S¢(#H). Then, from the
monotonicity under CPTNI maps of the generalized fi-
delity the following bound on the standard fidelity F'(p, p)
holds for any pair of normalized states p and p [21]

F(p,p) < F(LpIL1IpII). (11)

In Ref. [21], the authors proposed an algorithm that
can efficiently compute the upper bound in Eq. (11) for
certain IT. Specifically, in that work, II is the opera-
tor that projects onto the Hilbert space spanned by the
eigenvectors of the m-largest eigenvalues of p. That is,
given the spectral decomposition p = Y, Xi| i)} A;|, we
define

=3 AL (12)

This operator allows us to introduce the truncated states
p™ and p(m)

m

Z/\iWX/\

P = 10 pll = (13)

PO = I I

which leads to the following expression of the generalized
fidelity for these states:

Fu(p™, ) = T [VT] 44/ (1= Telptm]) (1 Te[(m])

(14)
Here, T is a positive semi-definite m x m operator given
by

T= 3 VANMBAMN] (15)

ij=1

Finally, let us remark that the the upper bound
F,(p'™), pt™)) > F(p,p) gets monotonically tighter with
m, with equality holding if m = rank(p) [21].

ITII. Truncated Quantum Fisher Information

From the discussions above, in this section, we intro-
duce a generalized measure of the QFI definable with the
sub-normalized state, which we call Truncated Quantum
Fisher Information (TQFI), and show that it is a lower
bound on the standard QFI. We then present some of its
properties in the form of lemmas, which we prove in the
Appendices, and present its geometrical interpretation in
the space of sub-normalized states.

A. Definition of the TQFI

Consider the (normalized) exact state pg, and the (nor-
malized) error state pgis. These states encode the infor-
mation of an unknown parameter 6 and of a shift § in a

probe state p of rank r as

po = W(6)oW'(9)

(16)
poss = W(O0+8)pWH(0+46),
with
W) = e 09, (17)
where G is a f-independent Hermitian operator. Given

the spectral decomposition of the exact state pg =
Do Al (0))X(Ai(0)] with [X;(6)) = W (6)|X\i), we define the
operator that projects onto the Hilbert space spanned by
the eigenvectors corresponding to the m-largest eigenval-
ues of pg as II7" = 37" [Xi(0))Ai(0)]. Then, we define
the truncated (sub-normalized) states

Z/\IA Qlr

oy = poPOILL

(18)

(m)

Povs = gy po+sTly, -

Finally, we have the following definition for the TQFI.

Definition 3 (Truncated Quantum Fisher Information).
Given an ezact state pg and error state pgis in S—(H),

let p(m) and péjf()s denote their truncated versions accord-

ing to (18) such that ,0((, ,p0+5 € S<(H). The Truncated
Quantum Fisher Information is

RUDAD

Z.(6; pém)) = 8 lim

50 52

B. TQFI as a lower bound

From Eq. (11) we have that the following lemma holds.

Lemma 1. The TQFI of Definition 3 is a lower bound
for the QFI

L.(0; p5"™) < 1(0: pp) (20)

where 1(0; pg) is the QFI defined in (3). In addition, the
TQFI is monotonically increasing with m, i.e.,

T.(0; p5™) < T (0; 051V, (21)

with the equality in (2
rank(p).

0) holding if m = r, where r =

Lemma 1 provides an operational meaning of the TQFI
as a lower bound on the standard QFI. We remark that
since the generalized fidelity is a tight bound for high
purity states, the TQFI will also be a tight bound on the
QFTI in this case.



C. Computation of TQFI

Let us briefly discuss how the TQFI can be com-
puted. We refer the reader to our work [30] for a
much more detailed description of the estimation of
TQFI. As previously mentioned, the generalized fidelity
can be efficiently computed for m € O(poly(log(d)))
via a variational hybrid quantum-classical algorithm [34]
called the Variational Quantum Fidelity Estimation al-
gorithm in Ref. [21], which uses state diagonalization as
a subroutine [35, 36]. Assuming this state diagonaliza-
tion subroutine is efficient, it follows that one can ef-
ficiently approximate the TQFI and lower bound the
QFI by using the algorithm in Ref. [21] and computing

(1 — F, (pém),péﬂj();» /6% for small 6.

D. Properties of the TQFI

To further understand the meaning of the TQFI, it is
useful to express this quantity in the representation of
the eigenbasis of p.

Lemma 2. The TQFI of Definition 3 can be written as

Z.(6; p5™) 42/\|GU|2 8Zm:A

7,7=1 7,7=1

IGu I (22)

where G;; = (N |G| \}), and where we recall that A; = 0
fori>r.

Recalling that the standard QFI can be expanded in
the eigenbasis of p as [37]

1(6; po) _4ZA\G”|2 SZA

i,j=1 i,7=1

with again A\; ; = 0 for 7,7 > r. We can see that the
first two terms in (22) are simply obtained by truncating
the summations of (23) so that i,j =1,...m, and while
this may seem like the natural way to generalize the QFI
to sub-normalized states, the derivation of Eq. (22) and
the proofs of the properties required for it to satisfy the
canonical criteria of a QFI measure are non-trivial. Be-
fore listing these important properties, let us consider an
alternative definition for the TQFI by introducing the
Truncated Symmetric Logarithmic Derivative (TSLD).

Definition 4 (Truncated Symmetric Logarithmic
Derivative Operator). Given a sub-normalized truncated

exact state p(m) € S<(H) defined according to (18), the
TQFI of Definition 3 can be expressed as

IGz‘j|2 (23)

L.(0: ™) = Tr [ L0 (24)
where
m ] (m)yy
m:z}j“wm%fM&w»WWMMWN (25)

is the TSLD operator. For the unitary families, we par-
ticularly have

m_mzk+§umuw<m<w.<m

3,7=1

As we can see, the TSLD is simply obtained by trun-
cating the summation of the SLD operator.

From the previous definitions and lemmas we can de-
rive the following properties of the TQFI.

Lemma 3. From the definition of the TQFI, for the uni-
tary families pg = W (0)pWT(0), Z.(9, p(m)) satisfies the
following properties:

e Invariance under unitary transformations. Given a

truncated sub-normalized state p(m € S<(H), for

any 0-independent unitary V in the unitary group
U(d) of degree d, we have

L.(0,Vpy V) = 1.(0, p™). (27)

° C’onvewity. For two truncated sub-normalized states
m ,{em € S<(’H) with p(m I poll}, and

(m) = Hm fgﬂg , with a real number q € [O 1],
we have

T(6;0p5™ + (1 — q)€5™ )

(m) (m") (28)
<L (030 ) + (1 = @)L (6;6" 7).

e Monotonicity under CPTNI maps.

cated sub-normalized state p(m € S<(H), and a
CPTNI map ®, we have

7.(0,®(py™)) <

Given a trun-

7.6, 0™ . (29)

o Sub-additivity for product of truncated states.

Given a product of truncated states o = @), pg’;’“),

where p,(f 9") HE, prolIpF, , then we have

Pk,67

ZI 0;05)) (30)

o Additivity for direct sum of truncated states. Given

a direct sum of truncated states o = @k ukp,(c’f;),

where p,(€ 9’“) L5, oo II0E, and where py are 0-

independent coefficients such that 0 < Y, up < 1,
we have

Zukl (0045 (31)

Note that the TQFI satisfies the same properties as
those that the standard QFI satisfies (see Ref. [2] for
a review of the properties of the QFI), except for the
additivity for product of states. Here, the TQFT satisfies



instead a sub-additivity property which naturally follows
from the fact that the states are sub-normalized.

Let us finally discuss the geometric interpretation of
the TQFI. From Eq. (19) we first define the Generalized
Bures distance.

Definition 5 (Generalized Bures Distance). Given two
sub-normalized state 7,0 € S<(H), the generalized Bures
distance s

B2(t,0) = 2(1 — F.(1,0)). (32)

Here we remark that the generalized Bures distance is
closely related to the purified distance for sub-normalized
states introduced in Refs. [28, 29]. Hence, the following
lemma holds.

Lemma 4. Given two sub-normalized state 7,0 €
S<(H), the generalized Bures distance B2(t,0) is a dis-
tance metric on the space of sub-normalized states.

Then, for the truncated exact statepém) defined in (18),
we can obtain the following result.

Lemma 5. Let Bf(pém),péﬁ:g) be the generalized Bures
distance. Then, for |§] < 1, we have

m m 1 m
B2(pg™, pgy) = {Z.(0:05)0° + O(5"). (33)

Lemma 5 provides a geometrical interpretation for the
TQFI as being related to the curvature of the generalized
Bures distance in the space of sub-normalized states.

IV. Conclusion

In conclusion, we have introduced the truncated quan-
tum Fisher information (TQFI), which is demonstrated
to be an efficiently computable lower bound on the quan-
tum Fisher information. This quantity can be used for
estimating QFI and prepare the optimal state for metrol-
ogy via the variational quantum algorithms on the near-
term quantum computers. Specifically, the TQFI can be
obtained from the generalized fidelity between the states

obtained by projecting the exact state pg and error state
po+s onto the subspace spanned by the largest m eigen-
values of pg. For unitary families, we have proven that
the TQFT satisfies the criteria of the quantum Fisher in-
formation for sub-normalized states. In addition, we have
revealed the geometrical interpretation of the TQFI by
introducing a generalized Bures distance, a distance mea-
sure on sub-normalized states.

This lower bound can be employed to efficiently
estimate the quantum Fisher information. This is
especially useful in the context of quantum sensing,
where one is interested in maximizing the quantum
Fisher information. Hence, one can use our lower bound
as a means to prepare states that maximize quantum
Fisher information, to enhance sensing performance of
the quantum sensors. Moreover, the quantum Fisher
information is often used to witness metrologically useful
entanglement [15, 38]; therefore, an interesting future
research direction will be exploring the use of TQFI
for the entanglement witness in the condensed matter
systems.

Note. We note that TQFI belongs to the class of
quantum monotone metrics under the CPTNI maps,
whose mathematical properties have been recently
studied by Yamagata in Ref. [39].
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A. Proof of Lemma 1

The fact that the TQFT is a lower bound on the QFI follows directly from the fact that the generalized fidelity is
an upper bound for the fidelity. Recall the definition of the QFI and the TQFI, which are respectively defined as

(m) (m)
v e L= F(po, po+s) (m)y _ 1— Fi(pg " Po5)
I(H,pe)—8glgg)T, Z.(O;py °) = 8 lim 52 : (A1)
From the fact that
Flpo. po+s) < Fu(py™, i3, (A2)

we obtain the bound
(05 p5™) < 1(6; po) (A3)

Then, let us recall that the generalized fidelity is monotonically decreasing with m [21], meaning that we have
F*(pé ), p((;j:%) F, (pémﬂ), péﬁ?l)) Hence, from the definition of the TQFI, we find that

L.(0; py™) < (05 05" ) (A4)
B. Proof of Lemma 2

Let us consider a normalized quantum state pp = W (6)pWT(0), where the state p has spectral decomposition
p =271 AjIAjXAsl, and where {);}7_; are 6-independent. Then, we have

ZA e 0G NN e T0C = Z)\ IX;(0))N;(0)], (B1)
J=1
d .
Pots = Z )\je—z(9+5)G|)\ >< | +i(60+0)G _ Z )\ —7,5G|)\ >< ( )| +15G (B2)
j=1
where we use the notation
IA;(0)) = e 9N;) . (B3)

From Eq. (19), the TQFI is

1—F (o5, p5)

L m)y
L(0;py ") = 8lim 52 : (B4)
where
FL(o§™ o550 = Vo™ ool + /(1 = Telo D (0 = Telpf). (B5)
Here, following Ref. [21], we can write
3ol = T (VT B6
I Po Pe+5"1 = 1r ) (B6)
where T is an m x m positive semidefinite operator defined as T'=>_"" =1 Tij| Ai){(A;], and where
Tij = VA (QAi(0)]po+512;(0)) - (B7)
For simplicity of notation let us define
(m) (m)
— I )
7.(6: pém), 5) = 8 (P "5 Pots) (BS)

2 ’



such that Z,(6; pém)) = lims_,0 Z.(6; p((,m), d). To second order in ¢, we find

Ti; =/ Adi(Aile % pelC | \)) (B9)
52 52
=v/Aix (| (]1 —i0G — 5G2 +.. > p (]1 +i6G — 502 +.. > ;) (B10)

. 1
=V AiAj Ai i — i/ AiA (N (Gp — pG) [ N) + 82/ N, <<>\i |GpGIA;) = 5 (il (G?p+ pG?) |>\j>> +0(8%)

(B11)
=/ AiNj Ai 8y 6/ ( YOG + 62/ A (()\Z—|GpG)\j> - %(Ai + Aj)<AZ—GQ|Aj>> +0(8%).
(B12)

Since we want to find the square root of the operator T, we can solve this problem via perturbation by determining
an operator X such that X2 =T and X = >_1"._, X;;| \i)(A\;], with X an m x m matrix. Hence, from the expansion

1,7=1
X=> sx®, (B13)
we find
oo k
D EEDIADIP. €20 a2l (B14)
k=0 p=0
To the second order of 4, we can use (B12) to find
1/2
(X(O))ij = (VAN ) dij (B15)
(xOx® 4 xOx =i/ AN (i = X)) (|G > (B16)
(XOx® 4L x@xO 4 xOx = ( (Ni|GpG ) (Az- + ) (N |G? Aj>> . (B17)
These equations allows us to show that
i/ AidG (A — Ay
(X W)y ZM(M G| A;) (B18)

X+ A

(X)) ;iié ((Ai|GpG|)\j> 5O+ A 1G] y) +Z A‘AAJFAj)()SZH?;')QiIGIMHAeGIAJ—>> - (B19)

Then, we can compute the trace of X to second order in § as

I ™/ Pl
= Tr[X] = Tr[X O] + 0Tr[X V] + 62Tr[ X D] + O(5%)

m 52 m d m s /\Z _/\
SREEDY (—Aiuimﬂuo +3 MG =S Mu GIA)| ) +0(5%) (B20)
i=1 i=1 j=1 j=1
m 52 m (52 m 4)\2)\2 52 m d
= A5 2 Al G2 + 5 > mKA i|GIA; >I2+*Z D MINIGIA)P +0(8%).
i=1 i=1 ij=1 """ J i=1 j=m+1

Note that throughout our derivations, we use the fact that A; = 0 for j > r. Let us now consider the second term in
Eq. (B5). To second order in ¢ we simply find

\/(1Tr o] ) (1= o] =1~ fjx - ‘;i (Z NI IGIN) 2 — Amcﬂm) +0(6%) (B2




Then, combining Egs. (B20) and (B21), we can obtain
Z.(0, p5™) = 1im 7., (0, o™, 6)
e 50 e

— lim — (1 — F(p{™ )’pé’ﬂs))

5—0 0
& (1= WV - e - i) )

. 8 m 62 m (52 m 4)\2)\ m d

:gfﬁ)y(l_;)‘ﬁ_gg)"()‘ G2 \i) — ”Z m\@\ i1GIA)] ; :;
_1+§:A +—ZZA|A|G|/\ zm: i\ [G2IN) +053>
=1 1=15=1 =1
- 2 - A?/\i 2

=4 Z Al IGIA) | — 16 Z mlelMI

ij=1 ij=1 """ J
=42 MIIGIAP =8 D EEEIIGIN) P

i,j=1 i,j=1""

Here, in the last equality we used the fact that

230 U ANIGIMIP = 3 S IAIGAE + 3 G
+Aj) A ()2 (N + )2
4,j= 1 4,j=1 4,j= 1
ANy
= > (NG
Gt
Also, we remark that this can be also simplified as
Z.( Z [N |G 2,

and finally, because of the symmetry of the summand in 7 and j, we have

m

—42 (A GIA)

1<j

C. Truncated Symmetric Logarithmic Derivative

(B22)

(B23)

(B24)

(B25)

The standard QFI can be defined in terms of the so-called Symmetric Logarithmic Derivative (SLD) operator. For

the state py = Zle AilAi(0))(Ni(9)|, standard SLD operator is [25]

_ 0)|90po|;(0))
22 Aii (@) (A5 (0)].

(C1)

Analogously, we can also define the TQFI through a truncated SLD (TSLD) operator. Let the spectral decomposition

of our truncated exact statebe given as

To = Z AilAi(0)) (N (0)],

(C2)
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which the parameter dependence left implicit to simplify notation. Then, the TSLD operator is

bo=2 3 ORI E @00 (c3)

i,j=1
One can easily verify that dg79 = i[79, G], so that the explicit form of the TSLD operator becomes

=X (0)1GIA;(0))Xi(0)) (A5 (0)]

Ai + A
m
_ Ai — A
=2 § J
YDy
where we used the fact that |\;(0)) = W(0)|);) and [W(6),G] = 0. Taking the conjugate transpose and then

exchanging ¢ and j, we can easily verify that Ly is Hermitian, i.e. Ly = Lg. In addition to Hermiticity, the
justification for regarding Ly as an SLD operator comes from the following propositions.

~
B
I
¥
[z
&
|
>

(C4)

G W(O)[\a) (AW (0),

Proposition 1. For a 0-parameterized sub-normalized state 79 = W (0)TW1(0), the TSLD operator satisfies
1
OpTo = §(L0T0 + TQLQ) , (05)

with Tr[Lgtg] = 0.

Proof. First, using the fact that 979 = i[9, G] and 19| A;(6)) = Ai|\i(0)), we can write

m

DyTo =i Z (Ai(0)][ro, GI[A; (0))[Xi(0)) (A5 (0)], (C6)

m

=i (= A)AGIN) N (0)) (A (6)]. (C7)

4,j=1

Then, making use of the explicit expansions of 7y and Ly in the eigenbasis of 79, we can write

gt truda) =i 3 (S55E) (uOIG @I 0 + 7 0) 00 (©9
=30 (F552) (G A0 s(6) (o)
=1 D (s = 2G5 0)]- (C10)

Comparing these two expressions, we see that indeed
1
OgTo = E(LQTQ + Tng), (Cll)
as is required of a well-defined SLD operator. Finally, because Tr[rp, G] = 0, we have

Tr[ang] = iTI‘[Tg7 G] =Tr [;(LQTQ + Tng):| = Tr[Lng] =0. (Cl?)

Proposition 2. The TQFI Z.(0;19) can be expressed as

T.(0;79) = Tr[L27y]. (C13)
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Proof. T.(0; 1) is given by

Z.(0;79) = 4 Z il (|G| Z [\ GIA) |2 (C14)
3,j=1 j=1
From Eq. (C4), we have
— )
= ) v fal
Lo = 2i ;1 N S(NIGINY I (O)|A) (N [WT(9) (C15)
and
9 = W(O)TWT (0 ZA W(O) |\ )X\ WH0). (C16)
Therefore, we obtain
" = = )\+>\ Ae + Ae 7 : J
kjl; B
m )\ ) 2
=4 i ? J i A2 1
]le (3552) tvien) (C18)
—2X7N + N2 NoETa 1o
Z v e LU0 (C19)
Ly AN M| GIA) L [\ GNP C20
=43 G P e w1 (C20)
TN XA A N7 TN AN
2 |G |G |? 21
T z eIy o
L A)E =200 (N + ) A+>\) )
—9 Ai|GIA) NIGIN 22
Z e eve] Z Bt |G (C22)
:2Z(Ai+Aj N |GIA) Z /\|G|)\>| (C23)
‘,j—l i,j=1
=4 Z il GIA) | Z [(lGIA) 2, (C24)
5,j=1 j=1
which leads to
Z.(0;79) = Tr[Lj7o] - (C25)
O

D. Proof of Lemma 3

In the following, we prove each property in Lemma 3.

1. Invariance under unitary transformations: Given a unitary V' € U(d) which is 6-independent, since the general-
ized fidelity [29] is unitary-invariant, i.e.

F.(VrgVT, VrgysVT) = Fo (7, To4s) , (D1)
we obtain

T.(0;VrgVT) = T,(6; 1) . (D2)
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2. Convexity: Let 79 and & be sub-normalized states. Since the generalized fidelity is jointly concave [29], we have

F. (qTe + (1 —q)&. qro45 + (1 — Q)§9+5) 2 qF(19,7945) + (1 — @) Fu (o, So+5) - (D3)
Hence, for all §, we have
Z.(0;5970 + (1 — q)&0) < qZ.(0;70) + (1 — q)Z.(6; &p) - (D4)
3. Monotonicity under CPTNI map: Here, we employ the monotonicity of the generalized fidelity [29]:
Fi(19,7045) < Fu(®(79), B(70+6)) (D5)
for a CPTNI map . For all §, we have

1 — Fu(79,T946) < 1— Fu(®(79), ®(1945))
62 - 62 ’

so that we have

Z.(0;70) = L. (0; ®(70)) - (D7)

4. Sub-additivity for product of truncated states: Consider a sub-normalized state obtained from a tensor product
of sub-normalized state 79 = @), To(k). We have

(k) (k) —

L L

OgTo = E gy ® (k) = E £.079 ;7'9 M Ték) ) (D8)
k

where we define

"= R (DY)

J#k
Therefore, the TSLD operator becomes
Loy=Y Lpo@1z. (D10)
Then, we can obtain
T.(0;79) = Tr[Lire] = ZAkTr (L3 4757, (D11)
where
A= [ng)} <1. (D12)
Jj#k
Therefore,
L (0;79) ZAkI O;75") <3 T(0:7Y). (D13)

k

5. Additivity for direct sum of truncated states: For 7y = P, ukTe(k), where puy, is f-independent and 0 < 3, pp < 1,
we have

Loor® 1 r® L,
g9 = @Mk@m‘ék) = @ L ;—7—9 k6 (D14)
k k
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Then, the TSLD operator becomes

Lo =EP Lo (D15)
k
Therefore,
T.(0;79) = Tr[Li7y] = Z e Te[L2 4757)], (D16)
so that
L.(05m0) = > L (0: 7). (D17)
k

and /T is taken to be the unique, positive semi-definite square root of T'.

Finally, let us remark that an alternative proof for the sub-additivity for product of truncated states can be obtained
as follows. This is for the readers who are not familiar with SLD operator. It will suffice to show it is true in the
bipartite case (as larger product states follow by induction). So, we consider a sub-normalized state of the form:

o=y @1 € S<(H1) ® S<(Ha), (D18)

where dim(H) = di with k = 1,2. Here, we focus on the unitary families. First, recall that the TQFI is defined as
m
p5™) Z | |G A2 (D19)

As this explicit form depends on the eigensystem of our state and the generator of the unitary dynamics, let us prove
explicitly. When the sub-normalized state of the subspace belongs to the unitary families, we have

o = 79(1) ® 79(2) (D20)
_ eszG(l)T(l)eJriGG(l) ® efiec<2>7(2)e+wc<2> (D21)
= (799" @ e~ #GY) (7 () g 1D)(+10G g e+i0G)., (D22)

A useful quantity needed here is the Kronecker sum defined as
AW @ B® = AW o 1® 411 g B® (D23)
And we recall here the following useful identity

(1) (2) (1) (2)
A @ eB = ¢ABB — A o1¥+1%eB (D24)

b

where @ is the Kronecker sum defined above. Hence, we have

- (e—w(;“) ® e—mG(?))(T(l) ® 7.(2))(6+7:9G<1> ® e+i6G(2>) (D25)
= mi0(GVRLP+IVR6) (1) g £(2))+0(E VLT +1MRG®) (D26)

As for the eigensystem, we note that the Hilbert space is now of the form H( @ H( so the eigenvalues and
eigenvectors are now of the form

V0PN @A) = XA D) @ 1A, (D27)

where we have that ¢ € [1,m1] and j € [1,mo], and where 0 < >3, A; < 1 and 0 < 37, \; < 1. Together, TQFI
becomes

e wa (i = ApAp)?

oo, (Al e AIE @1 + 10 0 ) @ )P (D28)
i\j k

.0, 75" @ 7y?)) =2
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Let us now expand the matrix element part of the expression

[ @ MIGH @13 + 10 @ GP) A @ A (D29)
= (M@ MIGM @13 + 10 @ GP) A @A)

X (] @ M|(GY @ 1@ + 10 @ G|\ @ |\)) (D30)
= ((NGI I Gje + 8N IGP D) (M| G 80 + i (A G [N)) (D31)
= |G 850850 + (Nl GV (Al G ) dix 850

+ (eGP GN (Mk GV XD 508ir, + [N G A0 Bire i (D32)

Replacing this expansion in the summation of TQFI sum, we see that the terms with 6;,6;, lead to \;A; — Ay = 0.
Hence, the first term in the TQFI becomes

AR
2 Z Z AA +/\k f) [l @ (y[(GY @ 1P + 10 @ D)\ @ |\ (D33)
i,k=1j,=1
o\ (Nidj = MsAe)? 1)y, 2 @)y 2
2y 3 M 5 (NGO NI8e + (]G o) (D34)
i,k=1j4=1
mi1 Mo )\2 m1 m2
=2 (OGO + 2 (G2 D35
ngZIMHH ||+ZZ HA<| AP (D35)
— (A —A\p)? Dy (2 (N —Me)? 2) [y \ (2
<2y TR, AP +2 Y A2 A2, D
20 S AIETIME ; v, IGP M) (D36)
Therefore, we get
7.0, 7" @ 7i) < T.(0,75) + T.(6,757) (D37)

as desired.

E. Proof of Lemma 4

Let o, £ and n be sub-normalized states in S¢(#H). Then we have that the following properties of the generalized
Bures distance hold:

1. Symmetry: Because of F,(0,&) = F.(§,0), we have B,.(0,£) = B.(&,0).
2. Identity of indiscernibles: Because Fi(c,&) =1 if and only if o = &, we have B, (0,£) = 0 if and only if 0 = &.

3. Triangular inequality: Let A.(c,&) be the generalized angular distance A,(c,§&) = arccos(Fi(o,€)), and 0 <
A.(0,€) < 5. Then, we can write

B.(0,£) = 2sin (A(;@> . (E1)

From the triangle inequality for the generalized angular distance |28, 29], we have
A, (o, . [ As(o, .
B, (1,€) = 2sin ((;S)) < 2sin ((‘2777)) +231n< (1, £)> B.(0,n) + B.(n,€) . (E2)

These prove that B,(c,&) is a distance metric on the space of sub-normalized state. Let us finally remark that the

generalized Bures distance can also be expressed as B, (o, &) = 2P2%(0,¢), where P(0,£) = /1 — F.(0,€) is so-called
purified distance [28, 29].
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F. Proof of Lemma 5

Let us consider B2(p (gm), p0+5) Suppose that B2(p ém), p((;:?;) has the form

m by b
B2(pS™, piT3) Zb 5k = —+—15+—252+0(53) (F1)

where by, € R and |bg| < co. Defining Fi () = F. (pém)7pé112;), by definition, we have

B2(p§™, pyi %) = 2(1 — Fy(6) =2 — 2 <F*(O) + 695 F.(0) + gagm(m + 0(53)> , (F2)

From F,(0) =1 and 95 F,(0) = 0 because the generalized fidelity is a continuous function of 6 and becomes maximum
at 0 = 0, we have

B2(pg™ pyyy) = —0* 05 F.(0) + 0(6%). (F3)
Therefore, we arrive at the following equality

bo

0 U4 2R 0 = ~83E.(0) + 0, (F4)

which has to be valid for any infinitesimal §. Therefore, we must have by = b; = 0, and
by = —403F,(0) . (F5)
Here, applying F,(0) = 1 and JsF,(0) = 0, by definition of the truncated QFI, we can also obtain

1 - F,(8)

7.(0; p™) = 8 lim " = 493 F.(0), (F6)
which leads to
by = (0 py™). (F7)
Therefore, we obtain
m m 1 m
B2(py™, pyy) = 3L.(0; p5™)0* + O(5°). (F8)

4
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