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In many-body quantum systems with spatially local interactions, quantum information propagates
with a finite velocity, reminiscent of the “light cone" of relativity. In systems with long-range
interactions which decay with distance r as 1/r®, however, there are multiple light cones which
control different information theoretic tasks. We show an optimal (up to logarithms) “Frobenius light
cone" obeying ¢ ~ r™"(@~1LD for ¢ > 1 in one-dimensional power-law interacting systems with finite
local dimension: this controls, among other physical properties, the butterfly velocity characterizing
many-body chaos and operator growth. We construct an explicit random Hamiltonian protocol that
saturates the bound and settles the optimal Frobenius light cone in one dimension. We partially
extend our constraints on the Frobenius light cone to a several operator p-norms, and show that
Lieb-Robinson bounds can be saturated in at most an exponentially small e *") fraction of the
many-body Hilbert space.

CONTENTS

1. Introduction
1.1. Alternative choices of norms
1.2. Long-range interactions
1.3. Our results
1.4. Implications of our results and further conjectures

2. Preliminaries
2.1. Long-range interactions
2.2. Operator norms and operator size

3. Towards submultiplicativity for the Frobenius norm

4. Light cones
4.1. Frobenius light cone
4.2. The Lieb-Robinson light cone is rarely tight

5. Algebraically optimal operator growth protocol
5.1. Intuitive argument
5.2. Explicit protocol

6. Outlook
Acknowledgements
. Extension of Lemma 3.1 to p-norms and k-local Hamiltonians
. Extension of submultiplicaty to tensor product ensembles
. Proof of Lemma 4.2

. Proof of Theorem 4.4

H O o w »

. Proof of Proposition 5.2

References

* chifang@caltech.edu
T andrew.j.lucas@colorado.edu

= W NN

Ut Ut

Ne)

13
13
15
17
17
18
19
20
22
28

36


mailto:chifang@caltech.edu
mailto:andrew.j.lucas@colorado.edu

1. INTRODUCTION

The celebrated Lieb-Robinson theorem proves that for arbitrary systems with nearest-neighbor interactions
(with bounded strength), the speed at which quantum information can propagate is finite [1-6]. Intuitively, the
time ¢ it takes to prepare an entangled state between two qubits (in an initially unentangled state) separated by
distance r is lower bounded as

t> (1.1)

with vpr the so-called Lieb-Robinson velocity. In many respects, vy g is analogous to the speed of light ¢ in
special relativity — no signals can be sent faster than vgr. For this reason, we call (1.1) the Lieb-Robinson light
cone. Over the past few decades, numerous unexpected and important results have been shown to follow from
the Lieb-Robinson theorem, including the exponential decay of correlation functions in a gapped ground state,
together with an area law for entanglement [3] and the effectiveness of matrix product state representations [7],
proofs of the ability to efficiently simulate local quantum systems [8], and demonstration of the stability of
topological order [9].

1.1. Alternative choices of norms

In quantum information dynamics, we study information propagation through the commutator between local
operators (e.g. Pauli matrices) localized on lattice sites  and y. This commutator takes the form of [A,(¢), B,],
where

Ay (t) = et A e (1.2)

denotes Heisenberg time evolution.’ Indeed, local operators commute [A,(0), B,] = 0, and a non-vanishing
commutator indicates the operator A, (t) has “grown" to a distant site y.

The traditional Lieb-Robinson bounds quantify the growth of this commutator in the infinity norm (or the
operator norm): ||[A(t), By]| s, being the maximal singular value of the operator A. In slightly more physical
terms,

4]l = [|Allsc = sup [(¢'[A]¢)] (1.3)
!

is the maximal matrix element of A between any normalized many-body states ¢ and 1)’ and we drop the
subscript. A bound on this operator norm then rules out the possibility of signaling, under the “worst-case"
choices of states ¢ and v’. For quantum technology applications, such a bound is relevant to a device only when
the many-body initial and final states can be controlled exactly. If the device is imperfect and prone to some local
errors, then we would like to know if other states in Hilbert space can also transmit information similarly fast.

Recently, [10] emphasized that there can be multiple different light cones for quantum information. Mathemati-
cally, these different light cones correspond to the choices of norms, which capture different physics and constrain
different quantum information theoretic tasks; the physical question would be, “what quantum mechanical task
are we trying to bound?"

As a concrete example, we consider whether or not one can signal between two qubits x and y independently
of the actual quantum state. This amounts to averaging over the magnitude of (¢)'| A|i)) over all pairs of ¢ and
¥’ [10]. This can be captured by the square of matrix element’s magnitude, and (for an operator A) we then
recognize that this average is nothing but the normalized 2-norm, which will be called the Frobenius norm

Tr(Af A)

Al% =

(1.4)

Here I denotes the identity matrix. If we wish to design a quantum device in which signaling or quantum state
transfer is achieved regardless of the details of the many-body state, we will care not about the Lieb-Robinson
bound on a commutator, but instead a “Frobenius bound" on ||[A(t), By]||r-

Interestingly, this Frobenius norm has a natural interpretation as an (out-of-time-ordered) correlator at infinite
temperature

v ([As(t), By]'[As(t), By
liact0, B = A BPAOBD) oy a0, 3,110,005 (15)

1 For simplicity, we assume in this equation that Hamiltonian H does not depend on time. In all main results in this paper, we will
eventually relax this assumption.



Here pr—o, o I denotes the infinite temperature density matrix. Such objects have been used to diagnose
many-body chaos in extensive studies over the past few years. Indeed, when the Frobenius norm becomes large
for any operator By, information about the initial operator A, cannot be retrieved via local measurements.

A simple way to define a “light cone" out of either of these norms is to define ¢(r) as the first time that qubits
separated by distance r have a large commutator: e.g.,

t(r) := arginf, {O <t <oo:|[[Ao(t), Brlll« > ;} (1.6)

The notation here is simply that we look for the smallest time (arginf) at which a certain commutator norm
is bigger than some O(1) number, such as % It is interesting to ask whether in o/l Hamiltonian dynamics
consistent with various simple constraints (e.g. nearest-neighbor interactions) there are bounds on ¢(r). For the
operator norm, the answer is provided by the Lieb-Robinson theorem (1.1). But, is it possible that in typical

states (Frobenius norm)?, the light cone is slower:
vp < VLR’ (17)

Preliminary work [11, 12] noticed that in random unitary circuits, this was indeed the case. In other words, the
choice of norm (or, more physically, the task of interest) quantitatively changed the “speed limits" on quantum
dynamics.

With local interactions, this change is typically quantitative (but not qualitative). With long-range interactions,
however, the discrepancy between Lieb-Robinson and Frobenius bounds becomes drastic. This perhaps explains
why the Frobenius norm did not draw serious attention in the study of locally interacting systems.

1.2. Long-range interactions

We now turn to physical systems with power-law, or long-range, interactions. Many promising platforms for
future quantum technologies do not merely contain nearest neighbor interactions: they can include trapped
ion crystals [13], Rydberg atom arrays [14], polar molecules [15], etc.; each of these platforms has long-range
interactions between all pairs of qubits which decay with the distance r as V' (r) oc 7~%. Here « is an exponent
characterizing the system: 0 < a < 3 can approximately be achieved in trapped ion crystals, while « = 3
for polar molecules with dipolar interactions and a = 3,6 for Rydberg atoms. The classic techniques from
Lieb-Robinson bounds were ineffective at constraining information dynamics in long-range systems. Over the
past few years, increasingly sophisticated methods have been developed [2, 16-23] to conclusively settle the
optimality of Lieb-Robinson-like bounds. In a d-dimensional system, the time it takes to prepare an EPR state
between two qubits, separated by distance r, scales as t ~ r™in(@=2d:1) for oy > 2d. This remarkable result means
that even when v = 6, in three dimensions it is possible to prepare highly entangled states in nearly constant
time (¢t ~ logr).

It was first noted in [10] that the Lieb-Robinson bounds did not effectively constrain the Frobenius norm of a
commutator in models with power-law interactions. There, it was argued that the bound on Frobenius norms
would scale as

t;(?") Z rmin(a—3d/2,1)’ (18)

which was proved in d = 1 and also shown to be “optimal". However, strictly speaking, the OTOCs which
saturate (1.8) are not of the form [|[A;(t), By]||r, with A, and B, simple Pauli matrices. Instead, they are of
the form (in d = 1, for simplicity):

A0 [T BL||

22y F

with B/ Pauli raising operators on sites z > y.3
However, (1.8) is not optimal if we demand A, and B, are both local matrices. It was recently proved in any
dimension d that for o > d, the Frobenius light cone for such an OTOC is of the form [24]

t > p2la—d)/(a=d+1), (1.9)

2 Sometimes the Frobenius light cone vp ~ r/t(r)F is called butterfly velocity in the quantum chaos literature.
3 Products of raising operators has low rank and a very large singular value, unlike simple Pauli.



1.3. Our results

The main motivation of this paper is to reconcile the results of [10, 24|, and prove an optimal Frobenius bound
of small operators in systems with long-range interactions, in one dimensional models (d = 1). We find in Section
4 that

tp(r) = rmine=bD (g > 1), (1.10)

where logarithms and absolute constants(that only depends on «) are suppressed. In Section 5, we construct an
explicit random dynamical protocol that saturates this scaling (up to factors of logr).
We conjecture that in d spatial dimensions, (1.10) generalizes to

fF(’I") ~ rmin(afd,l) (111)

for a > d. In fact, we will present a random protocol which saturates such a bound. Our bounds together with a
saturating protocol definitively settle the nature of the Frobenius light cone in d = 1 spatial dimensions. For
technical reasons we explain in the body of the work, proving Frobenius light cones in higher dimensions is much
more difficult and thus remains a conjecture for d > 1.

In our proof, we employ a new set of mathematical tools for deriving bounds on quantum dynamics with other
norms in Section 3. In a nutshell, the standard Lieb-Robinson bounds work by exploiting submultiplicativity,
which states that

[AB| < [lA[- Bl (1.12)

The traditional Lieb-Robinson bound strategy proceeds by iteratively using this identity repeatedly to a nested
commutator of the form ||[H,[H,- - O]]||t"/n!, reducing the problem of bounding quantum dynamics to a
combinatorial problem. This property does not hold for the normalized Frobenius norm introduced in (1.4). As
a consequence, existing proofs [10, 25-27] of Frobenius light cones have typically involved other methods inspired
by quantum walks and probability theory: these methods are, in turn, uniquely adapted to the Frobenius norm.
A key development in this paper is to show that (1.12) can be nearly generalized to the normalized Frobenius
norm (and also Schatten p-norms below), when the operators A and B obey certain spatial locality constraints:

[AB|lr < [|Alle - || Bllr In| B|e- (1.13)

Our results therefore allow us to use traditional Lieb-Robinson-like techniques, but to obtain parametrically
stronger bounds on dynamics using more physically relevant norms.

We are also able to obtain results for p-norms which interpolate between the Frobenius and operator norms
defined above. We generalize the proof of [20] to any Schatten p-norms [Tr([A,(t), B,]P)/Tr(I)]}/P. We prove
that there is a p-dependent light cone of the form

Tmin(l,a73/2)
VP

for any fixed value of p. Intuitively, these bounds constrain the p-th moments of the singular value distribution

of [A;(t), By, and therefore tell us how rare extreme singular values are. While we don’t believe this bound is

tight, it is already tighter than Lieb-Robinson bounds. In particular, we will show that Markov’s inequality
implies it is exponentially rare to find a state in Hilbert space that can saturate a Lieb-Robinson light cone.

tr)p 2 (1.14)

1.4. Implications of our results and further conjectures

Our results have a number of interesting implications. In systems with power-law interactions, we find a
remarkable result: in a spin chain with a = 2 the growth of operators is hardly faster than with nearest neighbor
interactions, while existing state transfer protocol may send a single qubit in time ¢ ~ logr [22]! At the same time,
the rapid state transfer algorithm of [22] requires an ezponentially fine-tuned background state to implement in
quantum processors. Our results therefore have important practical implications for the wide range of possible
quantum technologies, such as trapped ion crystals, which might seek to use power-law interactions to speed up
the transfer of information. It will be interesting to understand the actual performance of the protocol of [22] in
the presence of some errors.

We conjecture that the Frobenius light cone is an upper bound on the time it takes to generate a volume-law
entangled state. Intuitively, generating volume law entanglement requires taking all local information and
scrambling it amongst highly non-local degrees of freedom; thus, a local operator must evolve into a non-local
one. Since operator growth is captured by the Frobenius norm, the Frobenius light cone should also control
entanglement. Support for this conjecture is found in the examples of [28].



While we believe this intuitive argument to be correct, we have not been able to formalize a proof of this
result. Nevertheless, if this conjecture is correct, it would immediately imply a very surprising result: namely,
the (asymptotically) optimal way to send volume law entangled states using power-law interactions is to send one
qubit at a time. Indeed, the protocol of [22] shows that we can send one qubit in a time r*~2% for 2d < a < 2d+1.
However, if volume law entanglement can only be generated in time 7*~¢, that means that sending one qubit
at a time using the fast protocol of [22] takes a time 7724 x r? ~ r@~4 which is the fastest possible. This
observation can simplify the design of any future quantum processor performing fast quantum state transfer
with power law interactions.

Another implication of our results is that the Frobenius bound we present is essentially optimal even when the
Hamiltonian is drawn randomly - in fact our saturating protocol is designed using an ensemble of saturating
Hamiltonians, which are themselves random. In contrast, typical random Hamiltonians have sharper operator
norm bounds than deterministic Hamiltonian [29]. This demonstrates that the Frobenius bounds is more robust
than the operator norm, in that much less fine tuning of Hamilotonians is needed to saturate a Frobenius bound.
In this sense, Frobenius bounds are slightly more universal than Lieb-Robinson bounds.

Our mathematical results may help to improve existing “many-body quantum walk" techniques for bounding
OTOCs in a variety of models [25-27, 30, 31]. A particularly challenging problem where our methods may be
extremely valuable is bounding finite temperature correlators, where the appropriate “norm" depends on the
thermal density matrix [32]. Understanding how to derive specific notions of submultiplicativity, which might
hold under this norm, but not in general, may help to solve longstanding conjectures about the speed limits on
finite temperature dynamics which have, in recent years, linked developments in string theory and quantum
gravity to many-body physics [33-35].

Lastly, our bounds on Frobenius light cones may help to find sharper error bounds on new numerical techniques
such as matrix product operator methods [36], since so long as a thermal correlator is being studied, one is not
interested in the error in the numerical evaluation of an operator in the worst-case state, but only in a typical
state in the ensemble.

2. PRELIMINARIES

In this section we review formalisms in operator dynamics and useful facts from non-commutative functional
analysis.

2.1. Long-range interactions

We first provide a careful definition for long-range interacting systems. Let A denote the vertices of a lattice
graph, consisting of some unit cell repeated periodically in d spatial dimensions.* For vertices 3, j € A, let us
define the distance d(i, j) between the two vertices to be the Manhattan distance (minimal number of edges to
traverse to get from 4 to j). For ease of presentation, let us consider a many-body Hibert space consisting of a
single qubit (two-level system) on every lattice site. The Hilbert space of operators acting on a single qubit on
site x is spanned by the identity I, and the three Pauli matrices X,,Y,, Z,. In what follows, we denote with
X*=(X,Y,Z) the set of all non-trivial Paulis.

Given a 2-local Hamiltonian

3
Ht)y= Y > Jet)Xxx}), (2.1)

z,y€EA a,b=1

we say that it has power-law interactions of exponent « if

@ 1
b)) < - (22)

(z,y)

Without loss of generality, we set the prefactor above to be 1 by rescaling the Hamiltonian. In practice, it is
useful to say a model has exponent « if it does not have exponent o’ > «, in our bounds the only criterion
necessary is (2.2).

4 Mathematically, if E5 is an edge set on A, we demand that the pair (A, E5) has an automorphism group containing a translation
subgroup Z%.



2.2. Operator norms and operator size

In this paper, we are interested in the Heisenberg time evolution of an operator

dA(t)

= = lH(), A= LOAW). (2.3)

It will be helpful to interpret operator dynamics in a bra-ket notation on the “Hilbert space" of operators, in
which case we write the above equation as

d
7 A) = L{OIA)). (2.4)

We define a Frobenius inner product on this space. Loosely speaking®,

i
(A|B) := trE;?I)B) (2.5)
It is often helpful to define projection operators. For example, the superoperator P,,, defined via
13
o = = DX X2 A (2.6)

allows us to restrict to all terms in A which act non-trivially on site z. Since

I[By: Allle = [[[By: By Alllr < 2([By[loc [Py Allr = 2[|By[locy/ (A[Py|A), (2.7)

it suffices to bound the (Frobenius) norm of Py|A), in order to bound OTOCs.
In fact, without loss of generality, we may write any operator A as

As(t) ze€ S
A= Ag(t), where P Ag(t) = { 0 s(®) otherwise - (2.8)
SCA
Assuming (A|A) = 1 is normalized, we will then refer to
ps = (As|As) (2.9)

as the probability that the operator is supported on subset S. Clearly,
> ps=1, (2.10)
s

so this terminology is well-defined. This probabilistic language will be highly valuable for us as we develop a fast
operator growth protocol.

While the most important operator norms in this paper are the Frobenius norm (1.4), along with the operator
norm (1.3), we will also find useful the Schatten p-norms® that interpolate in between the Frobenius and operator
norms:

| X]|, := Te[(XTX)P/2]1/P, (2.11)

We will often deal with the normalized p-norm divided by tr(I) that

x|
2 <[ X < (1 X (2.12)
Iy

To show an approximate form of submultiplicativity for the Frobenius norm, we will also find useful the following
standard inequality from functional analysis:

1Xllp <

5 On an infinite lattice, this ratio is not well-defined. We may interpret it so long as the operators A and B have compact support,
in which case the traces may be restricted to the support of A and B. Taking such an operator A with compact support, we
may also time-evolve it. With a Hamiltonian H without compact support, the operator A(t) will (in general) also no longer
have compact support. In this case, we may define (A|B) via a limiting process: letting Ag denote the terms in A supported on
compact set S, the limit of (Ag|Bg) will converge as S grows; the convergence is guaranteed by Lieb-Robinson theorems.

6 As before, one should rigorously only apply this definition on a finite dimensional Hilbert space. We will implicitly invoke the
limiting process explained above in this paper, in order to make sense out of the p-norm on an infinite dimensional space.



Proposition 2.1 (non-commutative Holder’s inequality [29]). If

1 1 1
—= 4 = (2.13)
p P11 P2
then
IAB|lp < [|Allp, [|Bllp (2.14)
Additionally, we have:
Proposition 2.2 (Riesz-Thorin interpolation). If
1 6 1-40
— =24 7 (2.15)
de q1 q2
then
1Allge < 1Al 114115 (2.16)

3. TOWARDS SUBMULTIPLICATIVITY FOR THE FROBENIUS NORM

In this section, we develop a mathematical machinery which will be critical to proving the Frobenius light cone,
and its p-norm extensions. In the main text, we will focus on the simpler case of two-body (2-local) Hamiltonians;
the straightforward extension to k-local Hamiltonians is provided in Appendix A.

The following lemma represents the key technical result of this section:

Lemma 3.1. Consider the 2-local Hamiltonian
H = E H;; (3.1)
i<j

with each H;j supported on exactly sites i and j (PrH;j = I(k € {4,5})H;;), and |O| < 1, then
IHOl < 26l |01 (11Ol + 1), 3:2)

where the Frobenius norm is normalized as in (1.4), and

1H]l(2) = ‘/Z [1H 513 - (3.3)
1<j

Before diving into the proof, let us put this result into some context and explain why this refinement is valuable.
For simplicity, consider a operator O of diameter r. As this paper is motivated by long-range interacting systems,
we consider the effect of long-range interactions with another sphere of diameter r, a distance O(r) away: see
Figure 1. The leading order type of operator growth is

0™t ~ O +it[H,0] + - -, (3.4)
and an unconditional bound would be
[HO[[r < [[H|[O]lr. (3.5)

If we simply wish to bound ||O||r, this triggers an recursive identity; however, it comes at the price of a large
prefactor of ||H||~. Indeed, observe that between two balls of size r a distance r apart, [10]

1 1
HHHOO 5 Z Z d( ~ ’)"aiQd’ (363‘)

xT o
xE€ball 1 y&ball 2 ,y)

|Hll oy ~ e = 2 < |5~ 3o ( : )2’“ = (3.6b)
@ > ~ d(z, y)*

xzecball 1 yeball 2

This equation suggests it is highly desirable to use |[H||(2), not ||H ||, if at all possible. Yet (3.5) suggests we
must always use the worst case scenario, set by the operator norm.”

7 Note that the normalization is absolutely crucial, otherwise the Schatten 2-norm is even looser than the operator norm, and is
already submultiplicative:|| X ||2/]|]l2 < [| X |loo < || X||2-



Figure 1. Long-range interactions acting on a large operator between two balls of radius r. The interaction Hamiltonian
between these two balls has norms given in (3.6). The key technical advance of this paper is to learn how to take advantage
of the smaller Frobenius norm of an interaction Hamiltonian in controlling the Frobenius light cone.

An observation in [24] was that the Frobenius norm can behave submultiplicatively when the other operator
has bounded spectrum: as in (2.7),

[1HO|r < [H[lr|[Oflc- (3.7)

If [|O]|oo = ||O||F, as is the case when O is a simple Pauli matrix (O? = 1), then using this inequality gives us
an approximate form of submultiplicativity, one time. Of course, clearly this does not feed in to a recursive
bound; indeed in [24] this trick was only used once. But our refined bound is written entirely in terms of the
Frobenius-like-norm || H||(2) (except for the global constraint ||O| <1 inherited from the initial operator). This
is more powerful and allows us to obtain much stronger Frobenius light cone bounds. We now present the proof
of the lemma.

Proof. Using Proposition 2.1,
[HOl|z = [[HOl|2 < [[H|l2/1-0) - [|O]]2/6- (3.8)

We now bound each of these norms in turn. The idea is to choose # — 1, without making the norm of || H||2,(1—g)
too large. Hence, we need to prove that the p-norms ||H||,/||I||, grow sufficiently slowly (when normalized by
the Hilbert space dimension). In other words, we need to prove bounds on the tails of the singular distribution
of H. In the mathematics/probability literature, this is called a concentration bound.

More precisely, to bound ||H||,, ¢ :== 2/(1 — 6), we will use a seemingly simple recursive moment inequality,
proved in Appendix A:

Proposition 3.2 (Uniform smoothness for subsystem). Consider matrices X,Y of the same dimensions that
satisfy Tr;(Y) =0, X = X; ® I;. Forq> 2,

IX + Y17 < I1XII7 + CollY - (3.9)
for optimal constant Cy = q — 1.

Hence,

1> HlZ <Y Hilli +Coll > Hill

i<j 1<i<j 1=i<j
<G> Hill
i i<j
< (Co)? N Hijl2
1<j
< (CPITNZ D I HijlIZ = (Co)II2IH (1 Fy) (3.10)
1<J

In the first line we applied Proposition 3.2 for Y = Zl:i<j H;j and X = Zl<i<j Hyj, ie. “peeling off" any term
traceless on the qudit ¢ = 1. In the second inequality we peel off qudit ¢ = 2,3, ... analogously. In the third line,



we recursively repeat the first and second line for the j index, which gives a second factor of Cj. Lastly, we use
Holder to bound the g-norm by the oo norm with a ||I||, overhead.®
(2) For the norm of O, a standard manipulation using Proposition 2.2, and ||O|| < 1, allows us to write

10120 < 1013 - 101155° < [lOII3 (3.11)

Now combining (1.4), (3.8), (3.10) and (3.11), we plug in ¢ = 2/(1 — 0) to get

||H0|F:1|H0||2<1((2—1)H|| 1 )||0||"<(2)||H|| (”0”2)9 (3.12)
112 = \\1 -6 @2 112/0-6) 2=\1-¢ AN '

where we explicit display the ||I||2 and used that ||I||2 = (Tr[I])'/? to normalize ||O||2. Now we choose a value of
6 close to 1:

n= 1= max (1 (O]) ) < | (O] +1. (3.13)

(Note that ||O|lr < 1 since ||Ol|c < 1.) Then

-1
IHO[w < ||Hl| [0l x nllOlIg""™ < 2][H]|3)|0][ x nexp(| I [O][x|/n). (3.14)
Combining (3.13) and (3.14), we obtain the advertised result. O

In Appendix A, we extend Lemma 3.1 to both p-norms and to k-local Hamiltonians. The price of each of
these extensions is a slightly worse prefactor in (A9). However, these prefactors are mild enough that we can
still prove Theorem 4.4: a partial extension of the Frobenius light cone to any p-norm.

In Appendix B, we extend our results to an additional family of physical norms, inspired by [31, 40|, which
allow us to straightforwardly extend the results of Appendix A to certain norms which induce physical correlation
functions in thermodynamic ensembles.

These two additional sets of results demonstrate the flexibility of our methods.

4. LIGHT CONES

Now we turn to our main application of the mathematics developed above: the Frobenius light cone for a
one-dimensional system with power-law interactions.

4.1. Frobenius light cone

For simplicity, suppose that we study a spin chain with a qubit on each site. Let us define a set of projectors
Q; for i =0,1,..., R (here R is an integer capturing the number of sites on the chain we wish to study). On
Pauli strings of the form X7°X{* --- with ag = 0 denoting I and a¢ = 1,2, 3 denoting Xy, Yy, Zy, we define:

I(ay =0if y > 0){X}) z=0
Q:{X{}) =1 I(az > 0)I(ay =0if z <y){X["}) O<z<R. (4.1)
I(ay, # 0 for some y > R)|[{X/"}) z=R

Here I denotes the indicator function which returns 1 if its argument is true, and 0 if false. The projector Q,
hence projects onto operators which act non-trivially on site x, but trivially on all sites to the right of x. The
exceptions are Qg and Qp, where we simply include all operators supported on a site > R into Qg, and all
operators supported on < 0 in QQp. Note that

Z Q; = 1. (4.2)

For more general qudit systems, the extension of these definitions is straightforward (albeit notation can get
clunkier).

With these projectors defined, we may now state our main result, which is the Frobenius light cone for spin
chains with power-law interactions:

8 This also has the name of hypercontractivity that was proven in some special cases [37, 38]. We re-derive it using uniform
smoothness which also has wider applications. See [39] for a further discussion.
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Theorem 4.1. Let H(t) be a time-dependent Hamiltonian which has power-law exponent o > 1, as defined in
Section 2.1; let

R:2q*+1_1 (4.3)
for some positive integer q.. Then for any § > 0, if Qo|Ag) = |Ao), and
1Qr|Ao(t))llF = 6, (4.4)

then there exists a a-dependent constant 0 < K, < oo such that

R/mR a>2
t| > a X n a = . .
8K, R/In*R 2 4.5
Ro—1 l<a<?2

Note that in the statement of this theorem, we choose R to be (nearly) a power of 2 for the conceptual
simplicity of Figure 2. From the definition in (4.1), we can always just choose /2 < R < r if we wish to get a
bound on the light cone at any distance r which is not of the form (4.3).

Proof. The method of proof is adapted from the “quantum walk" proofs developed in [10, 25-27, 30, 31]. In
a nutshell, we can think of (Ao (¢)|Q.|A4o(t)) as the probability that the operator has made it as far right as
site . We then try to bound how quickly (Ao(t)|Qx|Ao(t)) can grow with = and ¢. We do this using Markov’s
inequality, by bounding the expected right-most site of the operator, and noting that

E[right-most site = at time ¢]
R

To formalize this last equation, we define the following superoperator F which acts on an operator and returns
its right most site:

(Ao(1)|Qr|Ao(t)) <

. (4.6)

R
Fi=) Q. (4.7)
i=0
Our goal is to prove that at sufficiently short ¢,
1
82 < ||Qr|Ao(t)IIF < 7 (Ao(®)1F|A0(1)). (4.8)

We thus must bound d/d¢(A|F|A). This is achieved by the following Lemma:
Lemma 4.2. For constants 0 < C' < o0,

S (Ap(0)IF1Ao(0)) <

Clge+1)(4+ (14 %) In2) a=2

g (M2 = DEEE 1) £ 200 g, (142777 els

(4.9)

Proof. The rigorous proof is in Appendix C; here we sketch the main ideas. We divide up the Hamiltonian into a
set of scales ¢, with the rough intuition that couplings on scale g have lengths of order 27. Using some identities
special to one-dimensional models, we are able to re-write

%(Ao(t)lfle(t)) = (Ao()|[F, £]| Ao (t)) = Z Y (AoDIIF, Lol Ao(1)) (4.10)

q=0 k

as a sum of similar inner products at each scale ¢; here ¢, denotes the maximum scale ¢, ~ Inr, and k denotes
which “block" of couplings of size ~ 27 we are studying. These blocks are shown in Figure 2. At each scale,
we can efficiently re-sum up the magnitude of each £, ; using Lemma 3.1. We find that each factor of £
contributes (29)'~%, following the logic of (3.6b). When a > 2, the logarithmic factors in (A9) cannot be
neglected, and lead to an additional logarithmic enhancement in (4.9). O

Using the result of this lemma, we see that there exists an a-dependent constant K, such that

d K.InR «a>2
3 AoIFAo(1)) < { K n*R a=2 : (4.11)
KR l1l<a<?

Indeed, looking at (4.9), when a = 2, the constant scales as ¢2 ~ In? R; when a > 2, the term linear in ¢,
dominates and leads to In R scaling; when o < 2, the 22~ ~ R2=¢ terms dominate.
Combining (4.11) and (4.8) we obtain (4.5). O
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Figure 2. We organize a growing operator |Ag(t)) according to the site z on which the right-most non-trivial Pauli acts
(achieved via projectors Qu|Ao(t)). We then regroup the Hamiltonian into scales as in [20]. We then study the quantum
walk of the weights Q|Ao(t)), which are efficiently bounded one scale at a time.

As we will show in the next section, the scaling of Theorem 4.1 is optimal. We thus arrive at the surprising
result that it is possible to have a Lieb-Robinson velocity which grows exponentially with time (at o = 2), while
the butterfly velocity of the Frobenius light cone grows no faster than In®¢.

We note that it is quite challenging to extend this result to higher dimensions. The reason is that on a 1d
chain, it is very simple to define the projectors Q, to classify how far to the right an operator has grown. For
d > 1, we have tried to define analogous projectors keeping track of the “diameter" of a growing operator, yet
because there are L1 sites near the edge of a ball of diameter L, the transition rates between sectors Q7 and
Qr+1 will grow with L. The more sophisticated ansatz necessary to use quantum walk bounds to constrain
higher dimensional models (with power-law interactions) has not yet been found. An analogous challenge was
present in the original proof of a linear light cone in 1d systems with power law interactions [20]; a much more
complicated proof [21] was necessary to prove the linear light cone in higher d. We would not be surprised if a
similar lengthy extension is required to generalize Theorem 4.1 to d > 1; however, we expect that our Lemma 3.1
will be at the heart of any generalization of this work.

4.2. The Lieb-Robinson light cone is rarely tight

A natural question to ask is whether the Frobenius light cone or the Lieb-Robinson light cone is more relevant
for a “typical” physical state. Naively, one would expect the Frobenius light cone to be more relevant. Indeed,
we can take a probabilisitc interpretation of the Frobenius norm:

IAIE = Tr[Ey(19) (W) ATA] = Ey [ A [)I7,] (4.12)

for any ensemble of pure states that average to the maximally mixed Eq,(|¢) (¢|) = I/Tr[I]. Then, we can obtain
a concentration inequality via Chebychev’s inequality:

Al
a?

P (A, > a) < (4.13)
In words, a state drawn “randomly” from the ensemble will mostly like be of order O(||Al|r). However, 1/a?
dependence is not the strongest concentration we can ask for.

As it turns out, a sharper concentration inequality would be possible if we further obtained bounds on the
Schatten p-norms of A, for tunable values of p. Let us denote normalized p-norm by

1ol o 19l
i

(4.14)

that avoids tedious and exponentially large normalization constants when discussing the p-norms of local
operators in a many-body system. We now note the following fact:
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Proposition 4.3 (p-norm and typical states [39]). For any operator A, when uniformly averaging over states

|¥) that E[) (] = I/Tx[1],

P(lAIL, > ) < (152). (1.15)

And we obtain a p-norm estimate as follows.

Theorem 4.4. Let H(t) be a time-dependent Hamiltonian which has power-law exponent o > 1, as defined in
Section 2.1. Then under the Heisenberg equation of motion generated by this H(t),

d
<o |
||QRA0(t)||P >C \/ﬁR(T‘) (4 16)
for constant 0 < ¢/(a) < 0o which only depends on o, and
r if «>5/2
R(r)=qr/W*?(r) ifa=5/2 : (4.17)
re—3/2 if5/2 > a > 3/2

Alternatively, we may write that ||QrAo(t)||, > 0 is only possible if
[t| > 6/ R(r). (4.18)

Proof. The technical details of the proof are quite similar in spirit to the proof of [20], which itself uses the same
decomposition of H into different scales shown in Figure 2. The difference between the proof of this theorem and
Theorem 4.1 is that we are unable to use the quantum walk bounds to tightly control the growth of Qg|Ao(2)),
because ||Qz|Ao(t))|l5 does not obey a quantum walk equation. We give the proof in Appendix D. O

We do not expect this bound to be tight — clearly it is not for p = 2, in which case Theorem 4.1 is already
stronger. Nevertheless, it already suffices to guarantee a meaningful concentration bound:

Corollary 4.5. For power-law models with exponent 2 < o < 3, the Lieb-Robinson light cone is rarely saturated:
for 0 < e < oo and sufficiently large r,

P (114000 B 1), 2 55 ) < exp(z - 1) (119)

for some constant 0 < C(a) < oo which does not depend on r, and with f = min(1,6 — 2a) — § for arbitrary
d > 0. This result holds even if H(t) is time-dependent.

Note that the infinitesimal parameter ¢ is only due to the logarithm In(r) at o = 5/2, and should not distract
the reader.

Proof. Plug the p-norm bound of Theorem 4.4 into Proposition 4.3 to obtain

R 2,.4—2a
< exp (2 — 62(722;2> . (4.20)

where in the last inequality we used that (\/pb)? < exp(2 —e~2b™2) (set p = min(2, (eb)~2)). The +2 in the
exponential is added since to use our concentration bounds we must always take p > 2. We conclude the proof
by noting that for any 2 < a < 3, r*=2@R(r)2 > r if r is sufficiently large. O

Remarkably, even though the form of the bound in Theorem 4.4 is not tight, we find an exponential bound on
the number of states in which the Lieb-Robinson bounds might be saturated. In the regime 2 < a < %, this
bound is optimal(up to constants in the exponent): the protocol of [22] shows that in a spin chain of qubits,
it is possible to saturate the Lieb-Robinson light cone in at least one state. What Corollary 4.5 proves is that
the state identified in [22] is in fact one of the exponentially rare states for which the Lieb-Robinson light cone
can be saturated! This strongly suggests that the rapid single-bit state transfer protocol of [22], which can
transfer one qubit in time t ~ r*~24 may require exquisite control of the background state; this contrasts
with the more robust (yet slower) protocol of [10, 41], which uses long-range interactions to send qubits in a
“self-error-correcting" scheme. It is an interesting open question to more quantitatively compare fast quantum
error correction schemes to the optimal Frobenius and Lieb-Robinson light cones which have been developed
over the past few years.
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Lastly, we conjecture that the optimal bound on p-norms takes the form

[4ot), Bl < -2 (421)

P~ oa—1

This is an educated guess: it extrapolates to the p = 2 case, and that the concentration holds at e=(") though
Corollary 4.5. We do not currently know how and if our quantum walk based proof of Theorem 4.1 can be
generalized to a p-norm bound.

5. ALGEBRAICALLY OPTIMAL OPERATOR GROWTH PROTOCOL

Having established the Frobenius light cone rigorously in d = 1, and with a conjecture on how it generalizes to
higher dimensions d, let us now describe a protocol which we claim (and will susbequently prove) achieves these
speed limits (up to sub-algebraic corrections). Our approach is loosely inspired by the optimally fast single-qubit
state transfer protocol developed in [22]: as in [22], we will develop our protocol via “recursive" intuition.

5.1. Intuitive argument

To begin, let us assume that we have a system with tunable and time-dependent power-law interactions of
exponent d < a < d + 1 on the standard hypercubic lattice Z%. We divide up this lattice into a partition of
hypercubes at multiple scales ¢ = 0,1, 2,.... For intuitive purposes, we can say that the scale ¢ = 0 corresponds
to each lattice site being in its own cube; scale ¢ = 1 corresponds to a partition of the lattice into hypercubes of
side length m; in all dimensions; scale ¢ = 2 corresponds to a partition into hypercubes of side length mimo
in all dimensions, and so on. (Note that the ¢ = 2 cubes contain mg ¢ = 1 cubes within them, etc.). In the
discussion that follows, we will for simplicity set m; = mo = -+ = m.

At time ¢t = 0, we start with a Pauli matrix Xy on a single site. By the definitions above, that Pauli matrix
occupies exactly one 0-cube, which we might as well call the origin of the lattice. Our goal is to find a quantum
mechanical protocol (i.e. a unitary matrix U(t), which can be generated from a power-law Hamiltonian evolving
for time ¢, possibly with time-dependent coefficients), such that U(t)" XoU(t) consists of Pauli strings of length
L?. If we achieve this, then we know that this operator must have support on at least one site a distance ~ L
away from the origin where we started. Our goal is to do this in a time ¢t ~ L*~% for d < av < d + 1.

To motivate how we might achieve this task, suppose that we have a quantum protocol — a unitary matrix U,
— which is capable of taking any single-site Pauli matrix (e.g. X) and evolving it into an operator UJWUQ which
is supported on an O(1) fraction of sites in the g-cube Cj:

N B UWU,||7 o R (5.1)
zeCy

with Rg being the number of sites in C,, and
Ry =mRy_1 =m. (5.2)

We can certainly do this in constant time when ¢ = 1 by simply using nearest neighbor interactions.

Now, assuming that we found Uy, let us find a Ugy1 at the next scale. First, note that any g-cube C lies
entirely within a (¢ + 1)-cube Cy41. How can we find a unitary Uy4q such that (5.1) continues to hold at scale
q + 17 One possible way to do this would be:

Ugr1 = UgVg1 Uy, (5.3)

where V41 is a unitary that takes an operator supported in a single g-cube, and evolves it to have support on
only a single site in each of the other m? — 1 g-cubes in Cy+1. The three-step process is sketched in Fig. 3.

The key observation is that this “recursive" construction is quite natural to implement with power-law
interactions. As the scale ¢ = 0 — 1 unitary U; is quite easy to implement (even using only nearest neighbor
interactions), let us focus on how V41 might effectively be implemented with power-law interactions. Suppose
that as an idealistic cartoon, we found that

UiXoU, = [ X (5.4)
zeCy

Now let us consider

7.7,

Va1 = exp | —i7g41 Z m
q

z,y€Cqt1
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Figure 3. The recursive step in the idealized protocol, constructing U, from U;—1. The new sites are shaded lighter. (1)
grow a single Pauli W to have support on ~ |Cy| sites using the first Us—1. (2) “seed" a single Pauli matrix (e.g. Zz)
on one site z in each other g-cube C; C Cy using V4. (3) run again the Us—1 protocol on each remaining g-cube C} to
“bloom" the seeded single operator into a finite fraction of sites. On the left is the description of Ugy—_.

Clearly, this Hamiltonian is compatible with (2.2). When 7,47 is small, we may estimate that the fraction of the
operator with support outside of the original C; is given by the first order expansion

2 2
2y 2y, 2Tq+1Ye 2y
X |l = Zarlr?y X,
wi| ¥ e 11 > matho
z,y€Cq41 F z€Cq,yeCqir1—Cy zeCy—x F
472
g+1 d d
=9 RI(RI . —R 5.6
(dRq+1)a q ( q+1 ) ( )
Taking

Tg+1 Z Rg-t:lda (57)

we can estimate that our protocol may have substantial weight outside of C,(and thus have some seeds in each
new Cj,.). The runtime of the overall Uyy; is, recursively,

tq+1 = Tq+1 + th (58)
And indeed,
tgoc R4 (5.9)

does appear consistent with (5.8). This suggests that our recursive approach will be capable of growing an
operator at the provably optimal rate in d = 1, and conjectured optimal rate in d > 1.
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In order to make the argument above precise, we will study a random ensemble of protocols, which proceed
up to scale ¢ ~ Inm ~ vInr. This peculiar choice of m happens to speed up some technical steps in our proof,
while only leading to sub-algebraic factors in the overall runtime of the method. We will show that at least half
of the protocols in our random ensemble grow operators quickly, (nearly) saturating Theorem 4.1. We emphasize
that randomness does not play some key physical role — after all, if we just pick some random instance of our
protocol, with at least 50% chance that one non-random protocol can grow operators quickly! Randomness is
useful, however, as a way to simplify what is already a rather tedious proof which aims to keep track of the
probability that a growing operator O(t) has support on a given lattice site. In a nutshell, we introduce random
depolarizing unitaries (denoted as D below) which will allow us to keep track of only whether a given site has a
Pauli matrix on it or not, but ignore what kind of Pauli we have. This makes our technical proof a bit more
conceptually simple.

Despite this randomness, we emphasize that constructive quantum interference is absolutely essential to the
success of these random protocols. Indeed, (5.6) holds as 7,41 — 0; however, we also need to make sure that
(5.6) holds at sufficiently late times such that the unitary V41 has spread the operator U; XoU, into many sites
in Cyy1. The fact that V41 is the product of many exp[—iZZ] unitaries, which are all mutually commuting,
ensures that the long-range interactions are interfering coherently.

5.2. Explicit protocol

Having gone through the intuitive argument, let us now present an explicit random Hamiltonian protocol
that achieves this result — at the expense of a logarithmically increased runtime (which we will “justify" at the
end of this section). The protocol is built using the same g-cube structure outlined above. In a nutshell, our
(¢ + 1)-scale protocol takes the form

Ugs1 = UgVgr Uy, (5.10)
where U, and U{; are random g-scale unitary protocols drawn from an ensemble that we will state below, and
Ué =U,D, (5.11)

where D is a depolarizing unitary drawn uniformly at random from a discrete ensemble (to be described below)
and V41 is a random unitary, built out of power-law interactions, that will mimic (5.5). At each step, we will
choose the unitaries Uy, D, etc. uniformly at random from particular distributions. Perhaps surprisingly, this
randomness will actually help us prove that the protocol works. The depolarizer D will allow us to effectively
ignore what operator is present on a given site, and just keep track of which sites our growing operator has
support on. Analogous to recent work on random unitary circuits [42, 43|, this can make it much easier to keep
track of the many-body operator growth.

Ultimately, we will prove that the ensemble averaged Frobenius norm of a commutator is large; if the average
is large, there must be one instance of a unitary time evolution operator in the ensemble (which we do not need
to explicitly point out), which achieves a large Frobenius norm. Of course, it is even more interesting that typical
unitaries in the ensemble achieve a large Frobenius norm.

Let us now carefully define the g-cube partitions of the lattice Z?. We define the g-cubes

Cylkr, ... ka) :=={(n1,...,nq) €Z%: Ryk; <mny < Ry(k; +1)}. (5.12)
The set of all such g-cubes will be denoted with
B, :={C,(k) : k € Z%}. (5.13)
R, is defined via (5.2), where

m = [evln(’“)-‘ . (5.14)
The random depolarizing unitary D is chosen as follows:

D := () D., (5.15)

zeA

where D, are 2 X 2 unitary matrix acting on qubit z, independent and identically distributed (iid) for each z.
Each D, is chosen uniformly at random (via the discrete Haar measure) from the group

(5.16)

. a . a . b . . .
G{:ﬁ:l,ililX +iXe +iX :|:1:|:1X:|:1Y:|:1Z}

3:tiXa3 )
V2 V2 2
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In the above equation, X* and X® denote distinct Pauli matrices (X,Y, Z). Each D, can be generated using a
single-site Hamiltonian of (operator) norm 1 in a time

th < L. (5.17)
2
The growth unitary is
V, = exp[—irg41 HZ?], (5.18)

where the Hamiltonian

H?? = —— Z " JeyZaZy, (5.19)

CEB z,yeC

where Jy,, are iid random variables uniformly distributed on the interval [—1,1]. This clearly mimics what we
intuitively introduced above; however, we will see that the randomness in the couplings is beneficial in allowing
us to neglect possible quantum interference phenomena (among growing operators) that might ruin our protocol.
The times 7, will be chosen explicitly in (E21) in Appendix E, but note for now that it obeys

74 < 1209m? Ry (5.20)
The protocol will stop at scale

G = Wln*r] . (5.21)

At this scale, at least half of the operator (as measured by the Frobenius norm) will have size > 74=¢ for any
€ (Proposition 5.2). In order to demonstrate that the Frobenius light cone is saturated (up to subalgebraic
prefactors), we must calculate the total runtime of the protocol U,. Using the inductive identity (5.10), along
with (5.20), we see that if ¢, is the total runtime of Uy, and tp < 7, is the runtime of D,” then

tg =2ty 1 +tp+ 7Ty <241+ 21, = ZTq _g29 < 20 p,

(a—d)(l—f—vlnr)
< 480 - (240e) VT (1 + e“‘”) < 480 - (240e0—d+1 . go—d)VinT a=d, (5.22)

We thus conclude a lower bound on the Frobenius light cone in any dimension. To be more precise, given the
decomposition of an operator defined in (2.8), let us define the projector

Pop]A) = S 4. (5.23)

SCA:diam(SU{0})>L

Here diam(S) denotes the maximal distance between any two elements in the set S. The discussion above
immediately implies the following theorem:

Theorem 5.1. Let X, be the Pauli X-matriz supported at the origin (0,...,0) € Z%. For any € > 0, define
r(L) := L't¢/2. Then there exists a sufficiently large L, such that a power-law Hamiltonian protocol drawn from
the distribution (5.10) achieves

—_

P> LU XoUy)lr > 5, (5.24)

[\

with probability > 1/2. Moreover, the shape of the Frobenius light cone is bounded by
L(t) > Ktw~° (5.25)
for some constant 0 < K. < co. The asymptotic bound of Theorem 4.1 cannot be improved by an algebraic factor.

The last thing we need to do is to prove that our protocol in fact does grow a finite fraction of an initial small
operator to be large. This result is captured by the following key technical proposition:

Proposition 5.2. For sufficiently large L, there exists a Hamiltonian in the random ensemble of Section 5.2 in
which (5.24) holds.

9 This condition will always be assured at sufficiently large . We can shrink the prefactor of HqZZ to ensure this at small r.
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Proof. The proof of this proposition, of course, corresponds to the overwhelming majority of the proof of Theorem
5.1. As it is rather technically involved, let us outline the key steps in the proof. (1) We will first develop
a “super-operator density matrix" perspective for bounding the Frobenius light cone. (2) This notation will
prove highly useful, since we will show that the “super-depolarizing channel" (conjugation by D) destroys all
(unwanted) quantum coherence, and leaves us with an effectively classical problem to analyze. (3) We will then
describe the inductive hypothesis required to achieve (5.24), and reduce the quantum mechanical problem of
bounding operator growth to the bounds on a classical stochastic process. (4) We will then show that (in the
language of the effective stochastic process), with very high probability the V, unitary “seeds" enough Pauli
matrices in new cubes. (5) Analogously, we will show that with very high probability, these seeds in turn grow
into large Pauli strings upon applying another U,_;. (6) We will show that at every possible step of the protocol,
the collective failure probability is small and decreases sufficiently fast that there is a finite success probability
to grow a large operator. Upon converting back to the quantum mechanical language, that will imply (5.24).
The technical implementation of this proof is in Appendix E. O

The fact that typical protocols actually are effective at growing operators at the Frobenius light cone suggests
a certain robustness of this notion of light cone. At the same time, for chaotic systems, the light cone is linear
above a > d + % [29, 44]. One way to reconcile these facts is to note that the chaotic Hamiltonians do not
choose ZZ Hamiltonians to implement operator growth in V;. By only including ZZ terms in our long-range
Hamiltonian, we ensure that there is always constructive interference in the V, step at which the operator
actually grows.!? In a Brownian circuit [29, 44], in contrast, the operator is re-chosen randomly at each step
in time: this leads to far greater incoherence which effectively doubles the power law of the interactions from
a — 2a (as one can only incoherently add squares).!!

Remarkably, our protocol also saturates both the Frobenius light cone of this paper (proven in d = 1 and
conjectured for d > 1), and a Frobenius light cone proven for random Hamiltonians in d = 1 (Theorem 7, [29]).
In other words, the Frobenius light cones are essentially the same, whether one fine tunes the Hamiltonian or
just draws one randomly from an ensemble. We anticipate these conclusions generalize to higher dimensions,
though a formal proof is not known.

6. OUTLOOK

We have shown constraints on the dynamics of growing operators, measured by the Frobenius norm. In
particular, we have proved that in one dimensional spin chains with long-range interactions, it is possible for
the Frobenius light cone to be exponentially slower than the Lieb-Robinson light cone (o = 2). Such a result is
based on the key insight that Frobenius norm becomes approximately submultiplicative, proven by combining
standard and new functional analysis tools (uniform smoothness) with the quantum walk formalism.

Moreover, we demonstrated that our Frobenius light cone in one dimension is essentially optimal (up
to subalgebraic corrections). Our protocol features the first comprehensive analysis of an explicit random
Hamiltonian; in contrast, existing results relied on Brownian Hamiltonian dynamics [44]. Our usage of super-
density operator and super-channel may find further applications in studying operator growth and Frobenius
light cones in other systems.

In the near future, we hope to prove our conjecture that the Frobenius light cone in higher dimensional models
with long-range interactions looks (schematically like) t > 7% (for d < o < d + 1). Beyond that obvious
generalization, we anticipate that our novel methods will find use in a broad variety of other challenging problems,
such as bounding fast scrambling and chaos in quantum simulators, including trapped ion crystals and cavity
quantum electrodynamics [26, 45, 46]; this work may help to constrain when it is possible (or not) to mimic
quantum gravity in an experiment [47-52]. A more practical possible application of the Frobenius light cone may
be to constrain the generation of (volume-law) entanglement. Lastly, we hope to develop a more general toolkit
(perhaps based on the quantum walk methods) to control Frobenius light cones in arbitrary many-body models.
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10 However, our Vg is incoherent between different interaction terms due to the random coefficients. This does not slow down the
protocol because different Paulis always add up incoherently (i.e. as sum of squares) in the Frobenius norm, regardless of their
phases.

11 These doubled interactions then obey a standard Lieb-Robinson-like light cone, which is linear when 2a > 2d + 1, or o > d + %
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Appendix A: Extension of Lemma 3.1 to p-norms and k-local Hamiltonians

In this appendix, we show that the approximate form of submultiplicativity derived in Section 3 extends to
Schatten p-norms with p > 2, using the following version of uniform smoothness. We include a minimal review,
and e.g. [39, 53| for further discussions. '?

Proposition A.1 (Uniform smoothness for subsystem). Consider matrices X, Y of the same dimensions that
satisfy Tr;(Y) =0, X = X; ® I,. Forp > 2,

IX + Yl < I1X]7 + (0 = DIV (A1)

The proof of this proposition, which adapts from proof in [53, Prop 4.3], is delayed slightly. We first recall the
following identity:

Proposition A.2 (Uniform smoothness for Schatten Classes[53, Fact 4.1]).
1 2 2 2
SUX+YIR+IX=YIE) | < XI5+ Coll Y, (A2)
With these facts in hand, we are now ready to generalize Proposition 3.2 to the p-norm. We begin with the
following simple observation:

Proposition A.3. For Tr;(Y)=0;X=X_,1I;, p> 2,

X1y < 1IX + Y, (A3)
Proof. We employ a variational formulation for Schatten p-norms [54]:
|Xillp = sup Te(X]B;) (A4)
1B;llq<1

for 1/p+1/q = 1. Then we restrict to B which are proportional to the identity on site i: B « B_; ® I;:

I;
X4 ¥l = s (V) B) 2 T (4 YDEL @ ) = X, (a5)
IBll,<1 illq
In the last inequality we used that Tr;Y" = 0 and that X_; ® I has maximizer B_; ® L;/||L;||4- O

We can now prove Proposition A.1.
Proof. Observe that
X+ Y5+ 1X05 X+ YIG + 11X~ Y7
2 - 2
< (IIX +Y[p+ X =Y
2

(A6)

2/p
) <X+ v (A7
The last line uses Lyapunov’s inequality, and then Proposition A.2. Rearranging terms yields a slightly worse
constant 2C,. The advertised constant can be obtained via a more involved trick [53, Lemma A.1]. O

Now we can show submultiplicativity for arbitrary p-norms. We will also, for good measure, describe how to
generalize our result to k-local Hamiltonians as well. As in the main text, we need to properly normalize the
Schatten p-norms with the “bar norm" (4.14).

Proposition A.4. For k-local Hamiltonian

H = Yo His (A8)

m>ig > >0 2>1

such that P;H;, ... 5, =1(j € {i1,...,ix})Hi, ... 4y, for any operator O obeying ||O|| <1 and any p > 2,

k/2
[HOlp < e’ || H]2) - O3 (10|05 + 1) (A9)

where

1H]l(2) = Yo I Hi (A10)

Mm>ig > >0 >1

12 This particular form of uniform smoothness was perceived when this work and another work [39] was developing. We include the
same proof at both papers.
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Proof. Using Proposition 2.1,
IHOlp = |1HOllp < [[Hllp/a-0) - Ollp/0- (Al1)

We now bound each of these norms in turn. We start with ||H||, (setq := p/(1 — 6) in what follows):

2 2 2
Z Hiy || < Z Hi, i || +C Z Hi, oo i
m>ip>--->i12>1 q m—1>4,>--->i1>1 q m=ip>ig—1--->11>1 q
2
< Z C‘I Z Hilr",ik < Z quHH'll,ﬂk‘li (A12)
m>in>k i >ip_1 > >1 g mik>e>i2l
k k

<SCHMIE Y0 IHie il = CEIIGIHIR, (A13)

Mg > >iy >1

In the first line we applied Prop. A.1 for Y = Zm:ik>ik_1~-->i121 H;, .. and X = meIZik>~~->i121 Hi, . i,
i.e. we are “peeling off" any term traceless on the qudit iy, = m. In the second inequality we peel off qudit
iy =m — 1, qudit i, = m — 2 all the way to i, = k.'3 In the second line, we recursively repeat the first and
second line for iy_1,--- ,i1, each of which gives a factor of Cy. Lastly, we use Holder’s inequality to bound the
g-norm by the co norm with a ||I||, overhead.'*

For the norm of O, a standard manipulation using Proposition 2.2, and ||O||o < 1, allows us to handle

1011560 < lOI10115? < llOII; (A14)
Now combining (A11), (A13) and (Al4), we plug in ¢ = p/(1 — 0) to get

1 1 p /2 o (_p \" 1011’
p p p

where we explicit display the ||I||, and used that ||I||, = (Tr[I])*/? to normalize ||O||,. As in the main text, we
choose

n= fle = max (1, [ In([|Ol|p]) < [In([|Of|p] + 1. (A16)

Then
IHOl5 < p*2[|Hl|(2[Oll5 x n*/2| 0]/ < p*/2|[H]| 2, [ Ol x n/2elICel/m, (A17)
Combining (A16) and (A17), we obtain the advertised result. O

Appendix B: Extension of submultiplicaty to tensor product ensembles

Submultiplicativity also extends to special other choices of background density matrices p. We begin by
recalling the following results of [55]:

Proposition B.1. Let p be a density matriz. Define the norm

1/p
101l = 1627 0pM20 ), = [Tx | /20 0pt/2e[ "] . (B1)
Then the following properties hold:
I 1]lq,p = Tr(p) =1, (proper normalization) (B2a)
Tr(\/pAT/pB) < || Allp.ol| Bllg.ps (Hélder inequality with 1/p+1/q¢=1) (B2b)
1Al ge.p < ||A||th||A||é;z, (Riesz-Thorin interpolation with 0/q1 + (1 —0)/g2 = 1/q9). (B2c)

Using this proposition, it is straightforward to begin to extend Proposition 3.2 to use this generalized norm.

13 The iy, = k term does not have the Cyq coefficient, but we threw it in to simplify the expression.
14 This conversion to operator norm is tight when the spectrum is suitably flat, as is the case when dealing with a Pauli string
operator.
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Proposition B.2. Suppose that [H,p] = 0. Then
1-1/q
|HOWIB,, < |13, 013 o=/t vpop™ /4| . (B3)
Proof. Using the identities in Proposition B.1, and temporarily just writing O(¢t) = O:

|HOI,, = T(OTH'\/pHO/p) = Te((p~ /1 H /pHp™ /) /o (p~10\5OTp ) vp)
<l ¥ HYpHp % lo™ *0"\/pOp™ % s
< llp~ ¥ HYBHp™ % - 07 *ON/pOp ™3|} - 2O V0P 2|11/
< o™ H/BHp ™3, - Tr(y/pO1/pO)7 - [|p~ 5O /pOp ™3| 151/7. (BA)

In the third line we used interpolation for é = # + %W, and in the fourth, we used that at oo it does not
depends on the background anymore: ||A|,, = ||A]|«- Lastly, when [H, p] = 0, we note that for any a,b, c:

pao(t)’rpbo(t)pc _ paethOTe—thpbethOe—thpc — ethpaoprOpce—th’ (B5)
and moreover we note that

IA(#)

o = 1 Allp,p (B6)
for any A. Hence we obtain (B3). O

We expect that this extension is most useful in the simple scenario where p is a simple tensor product. This
naturally arises in models with a conserved charge, where one can consider the “infinite temperature grand
canonical ensemble"

p X ® e HQ (B7)

where Q; represents the local charge on site ¢. Examples correspond to spin systems with conserved total z-spin,
or models like the Bose-Hubbard model in which total boson number is conserved. In these models, the infinity
norm || p’%OT\/ﬁOp*i | may not be too dangerous. Unfortunately, in a thermal ensemble with p oc e =3 due
to the non-locality in H one must be extremely careful about factors of e’ when computing operator norms [].

Appendix C: Proof of Lemma 4.2

Observe that (for simplicity we will drop the explicit time dependence in £ and H)

%(Ao(t)\flflo(t)):(Ao(t)l[f,ﬁ]le(t)):2 > (A®)IQy[F, £1Qi| Ao (1))
R>j>i>0
=2 ) (G —)(Ao()Q;LQi| Ao (1)) (C1)

R>j>i>0

where the factor of 2 comes from the fact that j > 4 is restricted in the sum, yet the terms with j and 7 can have
either number on either side of the inner product. The antisymmetry of £ and symmetry of F then allow us
to say (A|[F, L]|A) = 2(A|FL|A). Our technical observation is that we can do a discrete integration by parts
mimicking E[X] = [ dt Q(X > t) for a real-valued random variable:

Yo oG-DQL = > QLY Q. (C2)
R>j>i>0 R>j>i>0 k=0

In addition to combining these two results, we will want to split up the Liouvillian £ using the same method of
[20]. Let us define the following sets:

Sk i={29k, 2% +1,...,29(k +2) — 1}. (C3)
We define

R+1
2q

K, (1)



21

to be the largest possible value of k for S, ;. As shown in Fig. 2, at each scale g, these sets form “double
partitions" of the domain [0, R] at every scale 0 < ¢ < g.. We define

Hyp = Z I(i, j are not contained in Sy ,,, for any ¢’ < ¢, for any m)H, j, (C5)
4,JE€Sq,k

and L, in the obvious way, by denoting £;; = i[H,;, -] to be the Liouvillian associated with sites ¢ and j, and
£ k= I[Hq,k, ]
Now with (C1),

d R-1 R i R i

a(Ao(t)I}'\Ao(t))=2 D) (Ao(h)|Q;LQk| Ao (1) ZZ DD (Ao()|QiLyg.nQl Ao (1))
i=0 j=i+1 k=0 q=0n=0i€S, n j=i+1k=0
. Kq 29(n+2) 4

= (D) D (Ao(6)Q)LenQulAo(t))

q=0n=04i€S, , Jj=i+l k=2in
g« Kq 29(n+2)

< Z Z Q140 ()

q=0n=04€S, , || j=i+1

q7 Z Qk‘AO

k=24n

(C6)

F

In the first line we absorb the factor of 2 into the double partition of 0 < i < R — 1; in the second line, we have
used the fact that £, is non-vanishing only on operators with support in S, ,,, and that if it extends a Pauli
string to the right, that Pauli string has rightmost site in S ,,. In the third line, we use the Cauchy-Schwarz
inequality, keeping in mind that our inner product is already normalized to the Frobenius norm. Now, we wish
to further simplify this expression. To proceed,

Corollary C.1. For any operator O obeying ||O]|eo < 1, there exists a constant 0 < C' < oo such that
1£4.£10)[F < ClONe (Im[[O]l| + 1) x 2741, (C7)
Proof. Observe that for each H;; contained in Hy j, we have that (if i < j): ¢ < 29(k+1) and j > 29(k + 1).
This means that we may apply Lemma 3.1:
[1£4.k[O)[lp <2 %9 x 2e Zh 1O1lr (| mllO]lp| + 1) (C8)
i,

The first factor of 2 comes from considering either HO or OH, the factor of 9 comes from triangle inequality
over two sums of Paulis Z b XX b, Now observe that

0 o 1
Mzhw— Z Z |i_j|a§ Z Z |z—]|2 < const.

i=—00 j=29-1

> 1 const.
Z j2a71 < 2q(a—1)" (Cg)

j:2q*1

where Cyy and C' are finite constants that depend on «. Thus we obtain (CT7). O

(1 —1In ) 2—4(a—1)
F F

g« Kq
<CY DD 1D QA0 > QlAo(t)) L-In| S Qilde()| |27

With Corollary C.1,

K, 29(n+2)

L amALm<cYyY 3 | S i)

q=0n=04i€S, , || j=i+1

S Quldo(®)

k=2n

S Qul4o(t))

k=24n

q=0n=04€Sq,n ||i€Sq,n  |19€San F 7€Sq,n F
q« K'Z 1
< 20%7;) Pan (1 ~5n pq,n) g-a@=2) (C10)

In the second line, we used that the function x(1 — Inx) is increasing in the domain x € [0,1], and that the
Frobenius norm of a projected operator monotonically increases if we add orthogonal projectors @Q;s to the sum.
In the third line, we explicitly carried out the sum over i € S, ,,, and defined

2

Pan =1 D QlAo®)| - (C11)

jesq,n o)
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Namely, pq. is the probability that the operator has its rightmost support in S, . Note that

Z Pq,n <1, Z Pg,n <1 (012)

n=0,2,4,... n=1,3,5,...

At this point, we first use the fact that for fixed ¢, the maximal value of the entropy like quantity (C10) is
attained when pg ,, is uniform: p,, = 2/(K,; + 1). Hence,

d s 1 9 G l4+q.—q
—(Ao(t)|F|Ao(t)) <2C D 2 (1 —-In ) 27902 <20y <2 4 ———ZIn 2) 9712 (C13)
dt g 2 K,+1 prd 2

Evaluating this sum leads to (4.9).

Appendix D: Proof of Theorem 4.4

As stated in the main text, we need to modify the technical proof given in [20] in a few places to prove
Theorem 4.4. Let us briefly review the proof strategy of [20]. As in the proof of Theorem 4.4, we divide up
the 1d lattice into boxes of size 27 for 0 < ¢ < logr. We then observe that if (using the main text notation)
Qr]Ao(t)) # 0, then, if we write out

o] tn
Ap(t) =eFAg =) —L"Ag (D1)

n=0 "

as a Taylor series, we can look for the “irreducible" Ls in any given sequence of n L£s in £™ that “move the
operator forward": namely move an operator from the hyperplane of Q,, to Q,, % for some k& > 0. The key idea
of [20], using the formalism of [4], is that (1) reducible (i.e. not irreducible) £s can be re-exponentiated to form
a new unitary transformation, and (2) we only need to count “irreducible" Ls in sequences that have sufficiently
many steps forward at the corresponding scale ¢ (as if we pull down a small number of irreducible steps at scale
¢’, we can just re-exponentiate L£s at this scale).

We will want to perform each of these 2 steps a little differently. However, to motivate why, it will help to
invert the logic and first think about what we wish to accomplish during the second step. At the longest scale
g+, we only want to count one irreducible path. Let £, contains all terms in £ corresponding to a commutator
[Hpn, - - -] at the longest scale, £L_,, = L —L,,, and L, ; contains all couplings in £,, that end on site j. Using
the Duhamel identity, we write

t
eFt = ef-axt 4 Z dseﬁ(t_s)ﬁq*,jeﬁff’*s. (D2)
i>r/27

Now consider using the triangle inequality, which holds for all p-norms, to obtain

t

||Qreu|00)“;ﬁ < ||Qre£7q*t|00)”ﬁ + Z d3||Qre£(t_s)£q*’je£7q*s
j>r/2 0

Oo)llp- (D3)

The first term in this inequality would correspond to all paths that make it from 0 to r» without ultra-long
couplings, and can be bounded separately (as we will describe below). The second term corresponds to all of the
paths that invoked a long coupling to get to a site j more than halfway to r. We would be tempted to perform
the following simplifications:

Qe Ly, je51:°100) 15 < [1£q. 56 *|O0)llp < [1Hq. llplle"

Oo)llp- (D4)

The first step is very mild, contributing at worst an O(1) factor. The second step, however, can only be used once
as we have emphasized for the Frobenius light cone (3.7): To peel off [|HO||; ~ || H||(2)||O||5, submultiplicativity
(Proposition A.4) requires a constraint ||Ol|sc < 1. For (D4) this criterion is satisfied, but it will not be whenever
there are 2 or more irreducible couplings in a sequence. Our remedy is the following. For illustration, consider
growing an operator O by L, and for simplicity assume the operator is supported entirely < 0 and L is bipartite
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j > 0> i. Then, uniform smoothness implies

2

ILIONZ =1 > £i;|0<0) (D5)
7>0>14 _
p
2
<=1 | Lil0<0) (D6)
§>0 1] 0>i 5
2
<(p-1Y_|[2>° Hy|| - lo<o)l?. (D7)
7>0 0>1

In words, the sum over the right site j leads to a sum of squares in operator weight (as in Frobenius light
cones) while the sum over left site 7 is bounded additively as in the Lieb-Robinson light cone. What we gain
from this sacrifice is that this triggers a recursion for the (normalized) p-norm. We will see that this leads to a
light cone of t ~ r™in(1,a=3/2) “in between the Frobenius light cone of ¢ ~ r™(1e=1) and Lieb-Robinson light
cone t ~ pmin(la=2),

Having made this observation, we can now essentially reproduce the proof used in [20], except that we need to
modify a few of the constants as well as the equivalence classes used in that proof. Disect the interactions of
scale q and regroup the terms sharing the same site j for ¢ < j (i.e. j is farther from the origin). Labeled by

sites r > 7 > 0, these are the building blocks we will use.

Yo Hur=Y, > Hy=>|> >  Hy =¢ZH,J‘- (D8)

k (i,5)€Hq,k J k i<j,(i,5)€EHq,k

For any sequence, we can define and read out its forward sequence by the following recursive algorithm.
Suppose Lg, --- Lg, has forward sequence f,, = (Lg,,, -+ ,Lp,). Then for Ly, ---Lp,, it has forward sequence

fn+1 — {(Bn"rl? fTL)7 if jn+1 2 jm + 1 (Dg)

fn else.

where B, = (gn, kn, jn). In words, the j, 11 > j. + 1 condition says a hop is forward if exceeds the farthest so
far.

For each forward sequence, we can isolate terms of some scale ¢ to form a g¢-forward-subsequence. Such a
sequence is long if has at least

1 9-4a(a=5/2)3 r
Ny = 5w 551 (D10)
Z 9—¢'(e—5/2)3
q'=0
terms. Note the size of a scale-g block is 291, We then define characteristic function y, for each scale
Lg, ---Lg, if it contains a long g-forward subsequence
XaLp, -+ Lo =19 ’ (D11)
0 else,
and for each forward subsequence 3
Lg, L if it contains the forward subsequence
XpLp, - Lp = {OB o else (D12)

We denote with F, the set of long ¢-forward (sub)sequences. The following combinatorial proposition will now
prove useful (See, e.g. [56], for its context in combinatorics):

Proposition D.1. Let F; denote the set of all long forward g-sequences of length > N,. Then

T

k k
W= ([ Tee()) ¥ o (D13)
p=Ng4

k=Nq BEF,:|B=k
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Proof. Suppose that we have a sequence S := Lg, --- L, First note that x, clearly annihilates anything which
does not have a long g-forward subsequence, since x3S = 0 for any 8 € F,.

Hence we can assume that S does have a long g-forward subsequence 8. Consider what happens at length
Ny + k. For simplicity, let x, denote the right hand side of (D13). In general, we will have

XgS =N -8, (D14)

where the integer N counts the number of xgs, weighted by their appropriate prefactor in (D13), which do not
annihilate S. We can straightforwardly calculate

N, +k - rp(Ng+r (N, +k)!
M= Z<N+r> (;“) <Nq+p>> > S i St

=0 7—=0 p=0
k k—p
(k—p)! (Ny + k)!
7;)(120 (k—p—a)q! (k —p)(Ng +p)! (D15)

where in the second line, we switched variables to r = p+ ¢ in the sum. Clearly, the sum over ¢ vanishes unless it
only runs over ¢ = 0; namely, p = k. We conclude that only the k¥ = p term above is non-zero, which immediately
leads to /' = 1. Hence x,S = S, which implies y, = x4 and thus (D13). 0O

We will use the following simple bound in what follows:

D (—1)kr (k> <2k, (D16)
p=q P
Next, we let A(t) denotes the /-simplex:
ALY = {(tr,...,te) €[0,1]" 1 t) <ty <--- <t} (D17)

The following lemma helps us to use the indicator functions above to group all sequences in e“* into “irreducible"
sequences:

Lemma D.2.
Xpect4g) = / dte---dtef0t) Lo ottt pg oLialteitia) gy oET0A0) (DI8)

A1)
where £ = £(8),
> Ly (D19)
AEY,(B)

with the sets Yf corresponding to the forbidden terms
Y(B) = {(d",k,5) : j = j(Bp-1)}, (D20)

which would change the forwardness of the sequence, at any scale. j(Bp) denotes the right site of coupling fB,.

The proof of this lemma is found in [20]. In words, the intermediate unitaries £J contain the terms (at any
scale) which cannot possibly render the coupling £g, a non-forward coupling. The following lemma allows us to
then bound the p-norm of the resulting sequences:

Lemma D.3.

¢
Lt (2 CPTHHqAHt)
> ey < et

p

(D21)

OHP‘
BEFq,|B|=¢t

Proof. The g-forward sequence can be enumerated by the right-most sites of the g-scale couplings: we denote
these as r > j, > --- > j; > 1, using the previous lemma:

Z xgettAg) = Z dty--- dtleﬁ(t—mEmeﬁf(u—tmmﬁuezf_lmfl—ufz) . Cﬂlezftl | Ap)
BEFq|B|=¢t BEF4IBI=EaL s
= Z dty--- dtleﬁ(tfte)[’j[e[l(je)(teftz_l)ﬁj€71eﬁ(”_ﬂ(tg,l—te,z) o Ejlea(jl)tl |A0)

Je>>Gab)

_ / dt, dtle (t— te)zl: oLty (te—te—1) Z E ,C(]-Zil)(tf—l—t572)'.. Z ﬁjleﬁ(jl)t1|A0).

AL(t) Je—1<Je J1<J2
(D22)
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We use notation L;,) to emphasize it is independent of the previous 4,1, -- ,4;(Lemma D.2), which then allows
us moves the sums inside of the integrals in the third equality. This nested sum then conveniently allows us to

use the invariance of p-norms under unitary evolution to remove all but the “irreducible" steps Lg, from our
bound:

2
E(t tz Zﬁ eﬁ(]e)(tz te—1) Z E L(JZ 1) té 1—to— 2 Z Ejleﬁ(jl)t1|AO)
Je—1<je J1<J2 »
2
< Gy D N12H, |15 oottt HT gy, efun T R efont | Ag)
j Je—1<ig J1<j2 »
¢ (4Cyr || Hy 511"
<MAC) D> H P I Hyu Pl Aollp < %H%Ilﬁ- (D23)
Je>>j1

The first inequality uses uniform smoothness for each term L;, - - -, which is non-trivial on site j, and trivial

beyond. Indeed, if we start with the right-most possible j,, we know that all other terms in the sum are trivial
on site jg, so uniform smoothness applies; we simply repeat this argument until we have summed over all j,.
The second line repeats this for iy_1 - --4;. In the last line, we used the combinatorial bound

7t

> < ?. (D24)

T>ig> e >i1>1
Finally, we use one final triangle inequality to state that

AC,r| H,, (2\/Cprt| Hy ;)"
IS el < o A gy [y 1 = GV (D25)

BEFq,|B|=¢ AL(t)

which completes the proof. O

We now generalize this result to sequences that have g-forward subsequences at multiple scales ¢, which we
index by set Z C (0,---,¢*). As before, we label with Fz the set of all such (sub)sequences (keep in mind that
the ordering of terms at different scales is important to keep track of), and we define

Xz = H Xg- (D26)
qeZ
Lemma D.4.
¢
2,/Cpr||Hg llt) "
S weian| <, [T 2/l (027
BEFz,|Bql=Lq qeZ q q*

p

Proof. The proof is nearly identical, but is slightly more tedious due to the multiple scales. Let us first bound
the number of ways that different scales can weave through each other, which is bounded by the multinomial

coefficient
o< H 7 (D28)
BEFz,|Bql=Lq q€Z

where
0= "4y (D29)
qeEZ

For each sequence in Z, we obtain a factor of

2 407"
Il Ao)|2 < (4G ST I 2 - 1, 2] Aoli2 < 270

Je>->g1

14oll7 H 1,511 (D30)

Following the last steps of the prior lemma, we find that

tt 1 (2,/C rHH [t)fe [ (4Cpr)t
Z Xﬁe£t|A0) S ||A0||P Z E g WHAOHP H q,J gl H”Hq]”
’ ’ A

ﬂE-FZv‘ﬁql:éq P BEFz,|Bql=Lq

(D31)
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To finish the proof, we simply use the loose bound

0> 1] (D32)

q€Z
which leads to (D27). O

At this point, we invoke the inclusion-exclusion of different scales found in [20]:

[Be“ 1 Ao)[|,, = |[Br D (=17~ xze“|Ao)|| < > [[Prxze|Ao)]],, - (D33)
Z#0 » Z#0

Together with Proposition D.1 (which immediately generalizes to multi-scale Z), with

Nz =Y N, (D34)
qeEZ
we find that
r L
_ Y4
Prczetan]l, = 3 | S 0 ()] X el
{=Nz \p=Nz BEFz:|B|=L »
- o~ (44/Cpr||Hy ;|t)*
<Y Y e, < SIS el g
=Nz BeFyz:|B|=¢ Z q€Zy=N, a

In the second line we used (D16), followed by Lemma D.4.
Now, let us suppose that

S AV G| Hyillt Tl Hgillt (D36)

3/2

for every scale g. Assuming this inequality (which will fix the values of ¢ for which our bound is valid), then
(D35) becomes

HpreuMo)Hp < QZ H (U Corll 1) < —1+exp (22 u CpﬂHq’j”t)eq) : (D37)

o N, B/ 1,13/

It is useful to determine the first value ¢; at which a long g-forward path has a single coupling: N, =1 for
g > ¢1. (Recall N,’s definition in (D10).) This occurs when

M _ 1 1
> - D
r 4 (2q1)(a*1)§’ (D38)
where we defined
q. ,
M= 2?25, (D39)
q=0
Then, noting that for any j, there exists a constant 0 < ¢j < oo such that
_ /
[ Hy sl < ; (Hij € Hyp) || Hijl| < W’ (D40)
we find that there exist constants 0 < ¢}, ¢co < 0o such that
N,
Z (41/0 r||qu||t) Z chy/pTt
. |3/2 2q(a71)N3/2
q1—1 3/2 qx
Cg\ftM 1
q9= q=q1
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We now analyze this sum for different ranges of «.
Case: a > 5/2. First, we note that M does not depend on r, since even as r — oo the sum in (D38) is
convergent. Secondly, we observe that Ny > Ny > --- > N,_, which follows from (D10) and the fact that N,

(before the floor function) changes by a factor of at least 23(@=1) > 2 each time. These two inequalities imply
that there exist constants 0 < ¢4.56 < 0o which do not depend on 7 such that

W (o /ptMBI2 o N | 2 (oo BMP2\ " eyt
Z ( r ) + csy/prt Z 2q(a—1) = Z < r ) + 2qs(a—1)
q=0 =aq n=2
14 t
<o YPE | VPt (D42)
7 — C54/Dt r

Observe that (D36) holds so long as

3/2 3/2
< N gata-) o K r 2a(a—1) < har
IO N TRk g

for constants 0 < kf, k1 < oo that do not depend on 7.
Case: 3/2 < o < 5/2. Now we find that (for constants 0 < ¢7 < oo and an integer m independent of r):

(D43)

M = ZQ «a=5/2)3 — o p(5/2-)F (D44)

and
q1 = g« — M. (D45)

Then note that Ny > Ny > Ny ---, because the argument of (D10) now only varies by 2(a=1)2/3 > 91/3 each
time ¢ varies by 1. Hence, we obtain (for constants 0 < ¢g 910 < 00 independent of 1):

q1—1 3/2 /2 qx
CQ\/ﬁtM CthM 1
2 ( r ) esvprt Z a1 = 32 < +C3\/p7t D g

q=0 9=q 9=q1

¢ ¢
csy/p Cloy/P (D46)

- pa=3/2 _ Cg\/ﬁt ra—3/2"

Observe that (D36) holds so long as

3/2 r3/294(5/2—a)9—3q/2 —3/2
p < Mo gaayy  PERIORTORTR (T e g T (D47)
= 4./pr /DrM3/2 VP /D
for 0 < ko < 0.
Case : a = 5/2. We obtain

M =gq, + 1. (D483)

For r-independent constant 0 < ¢1; < 00,

r

290 = . D49
cu logy (D49)

Again we have Ny > Ny > --- > Ny, 1 > 1, for the same reason as when « > 5/2. Hence for 0 < ¢12,13,14 < 00,

a-l /. 3/2 ~ /. n(r)3/2
Z(W) +03\ﬁt22qi1) <Z<2‘[ﬂ() ) +c3\ﬁt2ﬁ (D50)

q=0 =q n=2 9=q
= rln_;;i\iﬁiw\/ﬁt * 614\/? lnr' (Ds1)
Lastly, observe that (D36) is satisfied so long as
3/2 r3/2 94—4 ks r

t< (D52)

q
21 kgt = e
4./pr /2 \/pr VD /2y
for some constant 0 < k3 < oo.
Now let us summarize our results. Recall the definition of R(r) in (4.17). We have shown that for constants
0 < ka5 < 00, for times t < k4R(r),
ct
B Ay _ kst

ol, R (D53)

This completes the proof.
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Appendix E: Proof of Proposition 5.2

Step 1: We begin by developing the “super-density matrix" picture of operator growth, following [57]. If H
is the quantum mechanical Hilbert space, and (with a slight abuse of notation) H ® H is a Hilbert space of
all normalizable operators on H (in what follows, we will restrict to Hermitian operators), the super-density
matrix is a normalizable element of (H ® H) ® (H ® H). It is easier to visualize with bra-ket notation: using
the operator ket |A) introduced above, the pure super-density matrix corresponding to A becomes |A)(A|. Tt is
straightforward to build a good basis for super-operators. Using the fact that the space of Hermitian operators
acting on a single qubit is spanned by the orthonormal basis

X% (a=0,1,2,3):=|I),|X),|Y),|Z) € R}*3 (E1)

endowed with the canonical inner product in R'*3, a basis for super-operators on a single qubit is evidently
| X2)(X?| for a,b = 0,1,2,3. The standard tensor product between lattice sites then allows us to build up a
good basis for our super-operator space.

Observe that the Frobenius norm is now simply (up to square) the super-operator trace

Tel| A)(A] = (A]4) = | Al (E2)

The latter equality follows from (2.5). As a consequence, evaluating the Frobenius norms of projected operators
in this super-operator language will be particularly simple — we simply pick out the basis operators which we
wish to keep, and sum the coefficients of the diagonal elements of the pure super-density matrix. In particular,
given the growing operator X(t), we can define the probabilities pg(t) (for subsets S C A) as (recall (2.9))

| Xo(t)(Xo(t)| := Z ps(t)| Xo(t)s)(Xo(t)s| + off-diagonal terms. (E3)
ScA

Much of the proof that follows will amount to bounding (sums of) pg(¢) throughout the protocol. To avoid
confusing the super-operator spaces from operators, we here define the adjoint operation acting on operators
HOH—->HOH

Adjia(X) := [i[A, X]). (E4)

and the conjugation operation
Conjp|X) :=|B'XB). (E5)
We define the super-depolarizing channel, acting on super-operators (HOH) @ (HQH) - (HOH) Q@ (HQH) as
D= Ep | (Conjp) (-) (Conjp)'| (E6)

Recall the depolarizer D is a random tensor product unitary defined in the main text. To give a concrete
example:

DIIX)(Y]] = Ep|D' X D)(D'Y DI, (ET)

We define the g-scale growth channel as

Ve =E; {(Conjvq) ) (Conjvqy} . (E8)

Expectation values are taken over the random D, in (5.15), and random J, in (5.19), respectively. We thus
see that our (averaged) protocol as a “quantum super-channel", defined via the analogue of (5.10):

Mg = Mg 1 DVMg_1. (E9)

Step 2: We now turn to the analysis of the super-depolarizing channel D. Let us define the “maximally mixed
non-trivial operator" (on a single site)
X)X (Y Z)(Z
om0+ 1202 (E10)
In a nutshell, the essence of this proof is that all we need to keep track of is whether or not each site has a u or
the trivial operator

=D (E11)
on it: namely, we will show that after each step of the random protocol,
DV,y|X0)(Xol = > ps @ ui Q) I (E12)
SCA €S jese

The depolarizing channel is what makes this simplification possible, as formalized via the following:
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Proposition E.1. For any a,b=1,2,3 (and on every site independently),

D] = [1)({], (E13a)
D|I) (X = D|X*)(I| =0, (E13b)
DIW*)(WP| = §%p. (E13c)

Proof. The key idea behind this proof is to use the group theoretic structure of the random unitaries D,, (for
simplicity in what follows, we drop the x subscript, since D is simply a tensor product of the channel defined via
(E13) on every site anyway). By definition in our protocol,

1

48 DeG

[(Conjp) () (Conjp)'] . (E14)

as 48 is the number of group elements in G, defined in (5.16). By construction, D takes any 4 x 4 matrix M
acting on the space of operators on a qubit, defined in (E1), and projects it onto G-invariant maps.

To find these irreducible representations, we first observe that G is isomorphic to the “double cover" of the
group of rotations which leave invariant a three-dimensional cube, which is in turn isomorphic to Sy X Zs (a
subgroup of SU(2)). By standard representation-theoretic computation, we find that R**2 decomposes into two
irreducible representations of G:

span(I, XY, Z) = span(I) @ span(X,Y, Z) (E15)
By Schur’s Lemma, the only G-invariant matrices obeying DM = M are therefore of the form
M =a|I)(I| 4+ 0| X)(X|+bY)Y]|+b|Z)(Z| = aZ + 3bp. (E16)

We then obtain (E13) by using the fact that D is a probability-weighted linear sum of unitary operators, and
therefore is completely positive and trace preserving. This condition fixes ¢ = 1 and b = . O

3
Combining this proposition with (E9), we immediately find:
Corollary E.2. For any super-operator p,
Dp=> ps@ui Q) I. (E17)
ScA €S jese

In our random protocol, (E12) holds, even in intermediate protocol steps, after any application of D.

Step 3: Corollary E.2 shows that the only information we need to keep track of, after depolarizing, is the
probability pg that our growing operator is supported on the subset S. We define the number super-operators:

N=> N, (E18a)
TEA
Ny = (| X)(X| + Y)Y+ |2)(Z]),, = 3pa- (E18b)

However, due to Corollary E.2, we can actually think of each of these as classical random variables. In particular,
after applylng (averaged) super—channel DU (for any U), the probability distribution PP on the variables N, € {0,1}
can be defined (with a slight abuse of notation) via

P[Nm:Nxzz"':Nxm:LNyl:"':Nynzo]

= Tr [N Ny, (1= N,,) (1= N, )YDU|Xo)(Xol| . (E19)

In words, we consider the basis which all N are simultaneously digonalized. The classical probability distribution
P counts the weight of DU|X()(X| that satisfies the boolean quantifiers represented by the product of Ns and
(1 — N)s above: namely, the sum of all diagonal elements of DU|X,)(Xo| compatible with N,, = 1, etc. The
well-posedness of P is guaranteed by the fact that DU is completely positive and trace preserving, and the
observables N are commuting. Knowing the classical probabilities pg (corresponding to the probability that
N, =1 if and only if z € S) is enough to know DU|X,)(Xo|.

Armed with this knowledge, we are ready to lay out the foundations for the remainder of our inductive proof.
The induction hypothesis we begin with is that for any set S C Cy € B,_1, with Cy the (¢ — 1)-scale cube
containing the origin,

ED (NMql ®/1,Z Z )\1’qu51> Z M,q—1- (E20)

i€S
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Figure 4. The rigorous operator growth protocol, in which we no longer guarantee full occupancy of all sites. Instead, we
only get to keep a fraction of occupancy at each recursion, albeit with high probability. Using the central limit theorem,
the failure probabilities 1 — 7 is suppressed by rate of expansion e~ ©(™). The choice of m ~ exp(v/Inr) is large enough to
render these probabilities mild, and leave us with (5.24).

Here 0 < Aq,g—1,M1,g—1 < 1 are constants that we will obtain a little later; in particular though, 7 ,—1 will be
interpreted as a lower bound on the success probability of M,_1 — namely, the probability that it grows an
operator to have support on S C Cy with S containing fraction > Ay 41 of all sites in Cj.

Next, we condition on the assumption that at least s := /\1,q,1R371 sites are occupied. This throws away a
fraction of at most 1 — 1 4—1 of the operator (an amount that we will see is small). We will then show that if we
run the unitary V, for sufficiently long time, we will seed more than 3.3% of the (¢ — 1) — cubes in the g-cube
containing the origin, with probability 72 ,—1: see Lemma E.3. We note that 1 — 12 ,—1 decays exponentially
with m? and s.

Lastly, we apply M,_1, which will attempt to grow the operators in (¢—1)-cubes Cy_1 (k) that we seeded above
into large Pauli strings. Conditioned on there are at least n, seeded blocks C,;_1, we will show in Proposition
E.5 that with probability 73 ,—1, a rather large number of sites (to be quantified later) will be occupied (when
considering all (¢ — 1)-cubes together). This proves the inductive hypothesis. We summarize the way that
operators grow throughout this process in Figure 4.

Step 4. We now analyze the V,, operator growth step of our protocol in detail. The key observation is that,
upon averaging over all possible V;, the superchannel V, takes an arbitrary operator of sufficient size in any
(g — 1)-cube C, 1 C Cy, and “seeds" new us in a finite fraction of the remaining (¢ — 1)-cubes C;_; C C, which
are contained within the g-cube C, (see Figure 4). More precisely, we have:

Lemma E.3. Let C, € B,. For any subset S C C, of size |S| > s, set the time

ROC
Tg = ———. (E21)

A /QSRZ_l
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Define the superoperator

Let C € By—1 denotes one of the (¢ — 1)-cubes contained within Cy, and define the classical random variables

jo =1 (Z N, > O> . (E23)

zeC
Then
m d d
~ m m S
1-— _1:=P, jo < — | < - (77) E24
N2,q—1 o CE:1 Yo < 30| = exp < 120) + exp 7 (E24)

where I@’p, denotes the probability distribution obtained from (E22). For notational simplicity, we have labeled the
m? (q —1)-cubes in Cy as C =1,...,m<.

Proof. First, we re-write V; in a more elegant way, using the fact that all ZZ terms in H, qZ Z commute with each
other:

t
T . T .
Vg =E; |exp szy | Z JijAdjiz 7, | | () |exp R*i | Z JijAdjiz, 7,
{W}CCQ d {ZJ}CCQ
Tq . Tq ) f

=E, H exp ﬁJijAd.]iZiZj () |exp ﬁJijAd.]iZiZj ) (E25)

{i.7}CCq e e

Since Z terms commute with Zs, but not with Xs or Y, let us define

X)(X (Y
l/:| )( |'2|_| )( |7 Z=\|2)(Z| (E26)
such that
2 1
== —Z. E2

p=3v+g (E27)

From (E25), we can first calculate what a single Z;Z; coupling does to u; or u;f;; the application of V, will
then correspond to repeating this procedure on all pairs of sites in the cube Cj. It is straightforward to show
that (temporarily denoting 0;; := JijTa Ry )

expl0Adjiz, 7,1 TT; expl0Adjiz, . ]' = T.Z;, (E28a)
exp[0Adjiz, 5, ] viv; exp[@AdjiZiZj]T = v,v;. (E28b)
Moreover, since
. |X:I;) \ _ [ cos(20) sin(26) | X, 1;)
eXP[@AdJiZiZj] ( |YiZj) T\ —sin(20) cos(26) ‘YiZj) ) (E29)
we conclude that
. XZI)(XZI‘ . 1 — D1 D1 ‘XZI)(X11|
E 0Adjiy ] (1K 0Adji, , |1 = LN E30
ewlondiv ) ()it ) eoontany | = (15007, ) (R (30)
where
1 1 . o 1 4T,
— 2 R 4iJ; ;T /Rq — - _ ~'q
p1 = E[cos”(20;)] 5 2E [e a ] 5 [ F <Rfj‘>} (E31)
where
F(z) = 222 (E32)
T
The following Taylor expansion estimate for F'(x) will prove useful:
2 2 4
1- 2 <F@)<1-2 4+ 2 (E33)

6 — 6 120
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Combining (E30) and (E33), we obtain

. VZ'IJ' . t 1-— P1 P1 Vin
E [eXp[@AdJiziZj] < ViZj ) eXp[QAdJiZiZj] :l — < p] 1 _ pl ViZj (E34)
where, upon plugging in for 6;;, we obtain
4 72 4 12 16 T
g 47 167 (E35)

2 oa = P1> > o
3 R2 3R2  15R}

An important consequence of all of these identities is that if we write out an initial operator density in the

form
p=1lv 1l 2 I = (E36)

i€S, j€Sy  keC,—S

where S, and Sz form a partition of S, then this tensor product structure is preserved under the average of the
time evolution. This is because v;s are invariant, while Zs and Zs convert between each other in a Markovian
fashion independently on each site. Using the independence of the J;;s, we see that if £ = |S, |, then

Vp = H vi H (1 —pe)Z; + piZj] H (1 = pe)Zi + pe 2] , (E37)
€S,  JES: keCy—S

where we define py via

1-p D ‘ 1-p D
— /M1 1 — Pe /4

- _ E38
( P1 1—101) ( De 1—pe) (E38)

More concretely, we may bound py as follows:

4

e = Z <§>P{(1—P1)Ej_;{(1—]914'271)(_(1—271—?1)[}Z

j=1,3,5,...

1—e 2t

5 (E39)

Now, of the m? cubes C;_1(k) C C,, we must count how many of them contain either a v or a Z on at least
one site, after applying E[V,]p. Consider Bernoulli random variables &; € {0,1} on sites j € Cy, with

R 1 j s,
Plz; =1]:=< 1—-p, j€S. . (EA40)
e otherwise

The interpretation of Z; is the probability that we find a non-identity operator on site j in E[V,]p. Since p, < 1/2,
we can easily see that for any (¢ — 1)-cube C C Cj,

I@)lZi’kzol =Plge=01<(1—p)9:=1-p, (E41)
keC

where @ is any subset of Cy, which will be taken as C,_1(k) C Cy. This inequality follows from the independence
of &, regardless of the set Q. We can now bound the probability that at least A2 g—1m{ of the cubes Cy—1 have
at least one operator in them using the standard Chernoff bounds:

Proposition E.4 (Chernoff bounds). Let A be a discrete set. Fori € A, let x; € {0,1} be independent Bernoulli
random variables. If
Si=> (E42)
i€EA

then
P(S < (1 —-0)E[S]) < exp (;52]E[S]) : (E43)

In our calculation, the Bernoulli random variables of interest are ¢, which obey E[j¢c] > ps«. Choosing

D

Azg-1:=
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we arrive at

d

P [Z@C < 2 ] < exp (—p*;”d). (E45)

c

To conclude the proof, note that the above calculation was based on the number of vs. By our initial
assumption, the initial operator will have > s ps, which can be anywhere in cube Cj,. Breaking up u into v and
Z(E27), we see that our initial operator is binomial distributed: on each of (at least) s sites, the probability of v
is 2/3. Using Chernoff bounds on an initial operator of s p, the probability of having ¢ > s/2 is extremely high
when s is large:

P (e > ;) >1— exp (—%) . (E46)

This inequality holds regardless of the number of sites in the set S on which our operator is initially supported,
so long as |S| > s.

Now, we proceed as follows. Using the simple fact that in classical probability theory, for any two events A
and B, P(A) > P(A and B), we will lower bound the probability 72 ,—1 by calculating

d d
) m X md ) m X md s
Py ycéfo > Py XZZLICS%amdéz5
c=1 | C=1
- )
> P, jo< o> b, [ezf}. (E47)
&= 3 2 2

To bound the conditional probability above, we start with (E39) and (E41):
R d L—e™®
pe=1—(1—pg)ta-1 > 1—exp (—pgqul) >1—exp|——F—R;_, (E48)

Note that we have used that £ > s/2. Now, observe that for z < 1, e™ <1 — . Since

4s T} 2
prs < — - < <1, (E49)
3 R2 3Rg_1
we may further simplify (E48) to
sRY_ sRY_
pe > 1—exp <—p1 T 1) > 5 -, (E50)

noting that (E49) implies the argument of exp above is < 1/6, in which case 1 —e™* > 2z. Now using (E21)
and (E35), we find

sRY_ 2 4 sRY_ 2 2 1

q—1 q—1

p* Z 6 d—1 - 2(d—1) Z 6 d—1 (1 - dl) Z 15 (E51)
3sRy 1552 R, 3sRg 5sRg

Combining (E45) and (E51), we find that

d

m d d
~ m S m
P, jo < — 0> = >1-— —— . E52
g szlyc =30 2| " eXp( 120) (E52)
Combining (E46), (E47) and (E52), we obtain (E24). O

Step 5. Now that we know at least 1/30th of the (¢ — 1)-cubes in a g-cube are seeded after the first application
of V,, we must now ask what happens after applying M,_; again (recall Figure 4). The answer is provided by
the following proposition:

Proposition E.5. Consider a tensor product superoperator of the form

p=pSSI®, (E53)
where S C A is finite. Then
. w1 g 1RE -
1—n34-1:=P, | N < Mozt ;’q et Z o =w| <exp (*Lhéq 1) (E54)

CeBy-1
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Proof. By our inductive hypothesis (E20), for any C € B,_1,

]15 Z Nqu—lp > )\17q—1R2—1
zeC

Tr (Jcp) = 1] > M,q—1- (E55)

So, letting £ denote a Bernoulli random variable denoting whether or not the criterion above is satisfied, we
observe that E[Z¢| > m1 4—1. Moreover, Z¢ form independent Bernoulli random variables for each cube C. So
again, we may use the Chernoff bounds to show that

. . W .g— wng—
P Z Tc < % < exp (—%) . (E56)
CeBy-1

Since we are guaranteed that the event in (E54) does not occur if the event in (E56) does not occur (since for
each £c > 1, we get a contribution of at least Ay 41 RS, to N), (E56) implies (E54). O

Step 6. We now must combine the results from the previous two steps to prove that we may choose 1, 4 such
that (E20) continues to hold at scale ¢. As in Figure 4, we can conclude from our discussion above that if we
choose

S A
A g = TS (E57)

then the success probability at scale ¢ is given by

M,q = ]fD Tr NM[ ® :u’l] Z )\l,qRZ Z M,q—1"2,q—1"3,q—15 (E58)
iesca,

where 71 q—1 is the probability that the first M _; is successful (namely, the induction event in (E20) has
occurred), 72 4—1 is the probability that the first DV, is successful (given in Lemma E.3), and n3 41 is the
probability that the second M, _; is successful (given in Proposition E.5).

To start off this recursive relation, we first discuss what happens at scale ¢ = 1. This scale is somewhat special,
since the operator starts off with probability 1 being a Pauli X at the origin. Because it is a Pauli X, the bound
in Lemma E.3 can be simplified (only for this very first application of V1, before any depolarizing channel!). It is
in fact simplest to convert | Xy)(Xp|, the initial super-operator, into vy (this simplifies some equations, but does
not change the protocol’s performance). Using (E37), we see that

Vi[Xo)(Xo| = 1o H (1 =p1)Zs +p122). (E59)
zeC1—0

where C; denotes the 1-cube containing the origin, and, using (E35),

p1>§—1i5=1£5~ (E60)
Using the Chernoff bounds, we can easily see that
) . mé md
11 =P [Tr (M) < 30} < exp <120> . (E61)
Note also that 11 0 = 13,0 = 1, since there is no My, so
me
M1 = M2,0 > 1 —exp (—120> . (E62)

This corresponds to the base case of our inductive proof.
Given this base case, the following lemma demonstrates that 7; 4 is indeed (for all ¢ < g.) finite.

Lemma E.6. For large enough r, the recursion relation
M,q = M,q—172,4—173,q—1 (E63)

admits a solution obeying, for all 1 < q < g,

Mg > (E64)

5.
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Proof. The key idea of this proof is that m is (perhaps surprisingly) sufficiently large so that s j and 73\ are so
close to 1 that the repeated multiplication of 7 probabilities above converges to a non-zero result (for ¢ < g,).
To see this concretely, let us use Lemma E.3 and Proposition E.5 to note that

Ag—1RE_, md ming g1
= _ > — __dmrremr ) _ _ o 9 )
Qg—1 = 12,g—1"3,q—1 = (1 exp < - exp ( 120) (1 exp < 210 )) (E65)

We wish to analyze the nonlinear recursion relation

M,q = ,g-10q—1- (E66)

Happily, to demonstrate the lemma, we can assume that (E64) holds when evaluating «,—1. The reason for this
is that a,—1 monotonically increases with 7y 4_1; hence setting 71 ,—1 = 1/2 when evaluating a,_1 gives us a
lower bound on ay_1, and in turn on 7 4. From (E57) and (E61), we can bound

_ 4
Alg > A1120077 = 500" (E67)
We thus find that for ¢ > 1,
mé ma 1 /(md\"
> 1- - ) = -] - - —
Qa1 = eXp( 48()) eXp( 120) P\ 718 (120)
md md md
>1- B ML - . E
=T e ( 480) P ( 120) P ( 2160) (EGE)
We conclude that for all ¢ < ¢,,
md md md \1?"
> [1— ) - )= - ,
Ma = {1 eXp( 480> eXp( 120) eXp( 2160)} (E69)

Let us now show that (E69) is compatible with (E64). To do this, we simply recall the definitions of
m ~ exp(vInr) in (5.14), and ¢, ~ VInr in (5.21). In fact, since for sufficiently (and not very) large r,
Vinr > In(lnr),

exp (—m?) < exp (—edm) < exp (—edln(lm)> <exp (—(Inr)?) < % (E70)
Thus we observe that for sufficiently large m (and hence r),
[1 — exp (—md) — exp (—md> — exp (—md>]q* > 1 — 3q.exp (—md>
480 120 2160 2160
>1- % (ET1)
For sufficiently large r, this is larger than 1/2. This ensures (E64). O

The final step in the proof of Proposition 5.2 is very simple. We have shown that on average, we can take a
single Pauli X supported on one site, and have half of the operator weight supported on a fraction of sites

A ., A edVinT \ Y tnr d
> >(—) > >
NzXg By, 2 <120> =\ 120 ~ 120Vinr (E72)
Setting r = L'*¢/2, we find
R Lde/2
N >4 L? (E73)

— >
120\/(1-"-6/2) In L

for sufficiently large r and L. Combining (E64) with (E73), we obtain that (5.24) holds on average in our
ensemble of random unitaries:

E[[[P> L] Xo(t))llr] > (E74)

N | =
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Since ||P>1|Xo())|lr < 1, with at least 50% chance a unitary drawn from the ensemble has grown an operator
to be large:

1

PHIPLIXo@))lr 2 5| 2 (E75)
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