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The question of electromagnetic field intensification towards the values typical for strong field
Quantum Electrodynamics is of fundamental importance. One of the most promising intensification
schemes is based on the relativistic-flying mirror concept, which shows that the electromagnetic
radiation reflected by the mirror will be frequency up-shifted by a factor of 49% (v is the Lorentz
factor of the mirror). In laser-plasma interactions, such a mirror travels with relativistic velocities
through plasma and typically has a parabolic form, which is advantageous for light intensification.
Thus, a relativistic-flying parabolic mirror reflects the counter-propagating radiation in a form of
focused and flying electromagnetic wave with a high frequency. The relativistic-flying motion of
the laser focus makes the electric and magnetic field distributions of the focus complicated, and
the mathematical expressions describing the field distributions of the focus become of fundamental
interest. We present analytical expressions describing the field distribution formed by an ideal flying
mirror which has a perfect reflectance over the entire surface and wavelength range. The peak field
strength of an incident laser pulse with a center wavelength of Ao and an effective beam radius of we.
is enhanced by a factor proportional to VS(we/)\o) in the relativistic limit. Electron-positron pair
production is investigated in the context of invariant fields based on the enhanced electromagnetic
field. The pair production rate under the relativistic-flying laser focus is modified by the Lorentz
~-factor and the beam radius-wavelength ratio (we/Ao). We show that the electron-positron pairs
can be created by colliding two counter-propagating relativistic-flying laser focuses in vacuum, each
of which is formed when a 180 TW laser pulse is reflected by a relativistic-flying parabolic mirror

with a v = 12.2.

I. INTRODUCTION

As femtosecond high-power laser technology advances
[1-3], the acceleration of charged particles and the gen-
eration of high-energy photons using high-power laser
pulses have been extensively investigated [4-6]. Much
attention has been recently paid to the quantum electro-
dynamic (QED) phenomena under an ultra-strong laser
field (known as the strong field QED (SF QED) [7-9]),
including vacuum birefringence [10-13], photon-photon
scattering [14-21], and electron-positron pair production
via the Schwinger mechanics [22-25]. An ultra-high laser
intensity close to the Schwinger intensity (102 W/cm?)
is desirable for the QED study. Therefore, international
efforts constructing a high-power laser facility having 100
PW or even higher power to EW power level are recently
initiated [26-29]. However, due to the very low prob-
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ability for the QED event with the currently-available
laser power, various sophisticated focusing schemes, such
as multiple beam focusing [23], tight-focusing (includ-
ing A\? focusing idea) [30, 31], and 4r-spherical focusing
[32, 33] schemes, are proposed to maximize the laser field
strength in the focal plane at a given laser power.

Since the QED event probability depends on
the quantum nonlinearity parameter, Y., defined as
VIF*p,)2| /mcEgen [34], an approach to observe the
QED phenomena with a relatively lower laser power is to
use ultra-relativistic particles interacting with the laser
field [16, 35-39]. Here, F*” is the electromagnetic field
tensor, p, the momentum of the ultra-relativistic parti-
cle, and Es.; the Schwinger field, m?c®/eh. Using the
expression for the parameter, y., for describing the QED
processes, one can say that when x. > 1 in the elec-
tron rest frame the electric field exceeds the Schwinger
limit. Another interesting approach, instead of using
ultra-relativistic particles, is to use the laser field re-
flected from a relativistic flying mirror (RFM) [40, 41].
In this case, the laser field reflected by the RFM experi-
ences the double Doppler effect [42], and its angular fre-
quency and field strength are enhanced by a factor of 42
in the relativistic limit of 8 — 1. In [43], it is demon-
strated through particle-in-cell simulations that the fo-
cused intensity of the reflected laser pulse can exceed the



conventionally focused laser intensity when a counter-
propagating laser pulse is focused by relativistic-flying
parabolic mirror (RFPM).

Due to the relativistic motion of the RFPM, the laser
pulse focused by the RFPM travels with a relativistic
speed as well, providing the relativistic-flying laser fo-
cus (RLF) and opening new regimes for SF QED studies
[44]. However, despite many interesting features intro-
duced in [45-49], it is not yet clear how exactly the elec-
tromagnetic (EM) field of the RLF is distributed and
propagates in time and space. Thus, it is of fundamental
interest to obtain mathematical expressions describing
the EM field distribution of the RLF and to apply the
ultra-strong field for the study of the SF-QED occurring
in a very small spacetime region. We should note that
another concept of flying focus generated by a chromatic
focusing of chirped laser pulses was recently introduced
and received considerable interest [50].

In this paper, we present mathematical formulae de-
scribing three-dimensional field distributions of the RLF
focused by a RFPM. When deriving the mathematical
formulae for the field of RLF, two frames of reference
are employed: one is the laboratory frame of reference
(hereafter, laboratory frame) and the other the boosted
frame of reference (hereafter, boost frame) which moves
with the RLF. An incoming laser pulse in the labora-
tory frame is re-expressed in the boost frame through
the Lorentz-transformation. And then, a focused field is
calculated in the boost frame through the diffraction in-
tegral. The 4m-spherical focusing scheme [33] is applied
to calculate the focused field since the f-number defined
as the focal length divided by the beam size becomes <1
in the boost frame. A radially- or azimuthally-polarized
(TM or TE mode) EM wave [51] with a proper apodiza-
tion function is assumed for an analytical mathemati-
cal expression under the 47-spherically focusing scheme.
The focused field distribution in the boost frame is again
Lorentz-transformed to reveal the flying characteristics
of field distribution of the RLF in the laboratory frame.

The paper is organized as follows: The change in
optical characteristics, such as wavelength, pulse dura-
tion and field strength, of a laser pulse reflected by a
relativistic-flying flat mirror (RFFM) are briefly reviewed
in Sec. 2. In Section 3, the mathematical formulae ex-
pressing the field distribution of the RLF reflected and
focused by an RFPM is derived and discussed. The in-
variant fields based on Poincare invariants (F and G) are
calculated and used to find the pair production rate via
the Schwinger mechanism [22, 52]. The electron-positron
pair production as an example of QED phenomena is in-
vestigated with field expressions of RLF in Section 4.

II. LASER PULSE REFLECTED BY THE
RELATIVISTIC-FLYING FLAT MIRROR

Let us first consider that a linearly-polarized (x-
polarized) incident laser pulse is reflected by a RFFM

travelling along the +z-axis with a speed of v (or 8 =
v/c), where ¢ is the speed of light (see Fig. 1). In a
laboratory frame [£q1, o = (ct, —x, —y, —z)], before the
reflection, the laser pulse propagating along the -z-axis
(k = —k2 = —w/c2) is expressed as,

E(I,y,Z;t):/ Eo(z, y;w)e™ /) dw

= Eo(a:,y)/ G(w)e™ T2/ gy
_ Ep(x,y)e_(t+z/c)2/27—é6iw0(t+z/c). (1)

Here, Eo(z,y;w) = Ep(z,y)G(w). A Gaussian spec-
trum, G(w) = exp[—(w — wp)?/2Aw?], is assumed for
the laser pulse with a center frequency of wy and a
Gaussian width (Aw) of the spectrum. Ey(z,y;w) and
E,(x,y) are peak field strengths in spectral and time do-
mains, respectively. The peak field strength, E,(x,y),
in time is represented by /21 AwFEy(x,y) and the Gaus-
sian width in time, 7¢, by 1/Aw. So, the peak inten-
sity, Z,, in time can be calculated as Aw?Z(w), with
Z(w) = ceoEo(z,y)/2. Tt should be noted that the
spectral bandwidth, Awp, and pulse duration, 7, at
FWHM (Full Width at Half Maximum) are given by
2v/In2Aw and 2v/1In27¢, respectively. For the flat-top
spatial beam profile (Ey(z,y) = Ep) with a radius of rg,
the energy density, £p(t), and the total laser pulse en-

ergy, &r, are given by (1/2)eoE} exp |— (t + z/c)? /Té}
and (/7/2)egActg E7, respectively. Here, A is the beam
area given by mr3. For the Gaussian [exp(—r?/2w?)] and
lowest-order Laguerre-Gaussian [(r/wq) exp(—72/2wd)]

beam profiles, the area, A, should be replaced by the
effective area, A, = mw?, where w, is wg for the Gaus-

e
sian beam and wg+/2p +m + 1 for the p-th radial, m-
th azimuthal Laguerre-Gaussian beam. Now, the inten-
sity, Z, of the laser pulse defined as Er/Aqrs7¢ becomes
(V7 /2)eocE?.

The same laser pulse can be expressed in the boost
frame [M, 2" = (ct’, —2', -y, 2’)] by using the Lorentz
transformation. Through the Lorentz transformation,
the four-vector, '#, and the E-field components in the
boost frame are expressed as,

o' =y(ct — Bz), o’ =x, y =y,2 = (z — Bet), (2a)
B (¢, y;w) = [Pi(x,y;w) +cf x Bz, y;w)|, (2b)

and
Eﬁ (2, y5w) = E|| (z,y;w). (2¢)

Here, the Lorentz ~-factor is defined as 1/4/1 — 52. The
subscripts, L and ||, refer to the polarization components
perpendicular and parallel to the mirror travelling direc-
tion (4z), respectively. Since the incident laser pulse is
x-polarized, E(z,y;w) = ZFEy(x,y;w) and E(x,y;w) =
—§Bo(x,y;w). The E-field, E'(2/,y’,2';t'), in time in



the boost frame can be obtained by the Fourier transfor-
mation of E(2',y’;w) in the w domain as,

E'(«'y, 25t

- ,7/ [EO(:E7 va) + CBBo({L" Y; w):l eiw(t-‘rz/c)dw

— 00

TG B [ G @)

with Fy = ¢By. Then, using the Lorentz transformation
given by Eq. (2a), we obtain

‘Eﬂ(:'[:/’y/7 Z/;t/)

1 o i/ L w(t' +2" /e

= Eo(e'sy) [ G

— 00

_ EZ/)(I,/ y/)ef(t'+z’/c)2/27'é;2eiw(’,(t'+z’/c)' (4)

In Eq. (4), a new angular frequency, «’, defined as

(14 8)/(1 = f)w is introduced in the boost frame.
Then, the Gaussian spectrum, G(w), is modified as
G(w') = exp[—(w' —w})?/2(Aw’)?] with a new center fre-
quency, wj (=+v/(14+ 8)/(1 — B)wp), and spectral band-
width, Aw’ (=Aw’ = /(1 + 5)/(1 — f)Aw). The peak
field strength, £ (2',y") [=V21 AW Eo(2',y')], in the
boost frame is enhanced by a factor of \/(1+ 8)/(1 — 3)

since Eg(2’,y") = Eo(x,y). The Gaussian width in time,

T&(=1/AwW'), is reduced by a factor of /(1 + 5)/(1 — ).

After straightforward calculations, the following relation-
ships for the total energy, 7., and the intensity, 7', of the

laser pulse in M frame
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FIG. 1. Laser pulse reflected by a relativistic-flying flat mirror
(RFFM). Due to the double Doppler effect, the wavevector,
k, and the E-field strength, E,, in time are enhanced by a
total factor of (1 + 8)/(1 — ) and the pulse duration, 7, is
shortened by a total factor of (1 — 8)/(1 + B).

laser pulse can be obtained:

1 o1
1i_§&r and 7 2%1 (5)

& =

Next, the incident laser pulse experiences the reflection
by the RFFM in the boost frame. The origin of the boost
frame is located at (0,0, z9) in the laboratory frame. Af-
ter the reflection in the boost frame, the propagation di-
rection of the wavevector of the incident laser pulse is re-
versed (k' = k'2 = w'/c2). In this case, the incident laser
pulse has the E-field Ej(z/,y";w') = 2E)(a,y;w’) and
the B-field Eé(:z:’, Yy w') = gBi(2',y;w"). Then, from
Eq. (4), the E-field of the reflected pulse is given by

Ep(a,y 25t = Eo(w’,y’)/ Gw)e™ (" =2'/e) qu

_ / E/(I/, y/; w/)eiw’(tlfz’/c)dw/' (6)

— 0o
The Lorentz transformations between the boost
frame and another laboratory frame [Lo, 2V =

(ct",—a", —y", —2")], of which the origin coincides with
the boost frame, relate the four-vector and the field

components as,

o =A(et +52'), 7" =,y =2 = (' + fet),

(7a)
E (2" y";w) =~ |EL(2,y;w') — B x B'(2/,y;w)]|
(7b)
and
Bl @, y"w') = Ej (2, y/;w"). (7c)

Again, by performing the Fourier transformation into Eq.
(7b) in the w’ domain, we obtain

1 1 1 11, 411
El (", y", 2" ")

=TS [ e

- B (IN, y//) / G(w//)eiw”(t”fz”/c)dw//

— 00

— EZ/)/(IN, y//)ef(t”fz”/c)z/%'é?eiwé’(t”fz”/c). (8)

Here, new angular frequency, w”, defined as

AFD/A=B = [(1+8)/(1-Aw in the
laboratory frame (L2) is introduced. So, the new center
frequency, w(j, and spectral bandwidth, Aw”, of G(w")
in the laboratory frame (L2) are given by,

1 1
wy = 1t§wo and Aw” = %Aw, (9)
respectively. From Eq. (8), the peak field strength,

EJ(z",y"), in time is again given by v2mAw"Eo(z,y)



with Eo(2”,y") = Eo(z,y), yielding

1+8
EZI)/(‘TH7 yll) = mEp(,@, y) (10)
The Gaussian width in time, 7%, is reduced to 1/Aw” =
[(1-08)/1+P)]7g. Since t" =t , 2" =z ,y”" =y, and
2" =z — 29, Eq. (8) can be explicitly rewritten in the
original laboratory frame (£1) as,

E'(t) = ﬂEp(gj,y)eXp [il +ﬂw0 (t_ Z —CZO>}

1-p5 1-p5

() ) o

Equation (11) presents several interesting features of the
laser pulse reflected from the RFFM. First, the angular
frequency of the reflected pulse is enhanced by a factor of
(14 8)/(1 —p). For instance, the center wavelength (Ao
= 0.8 um or 1.55 eV) of the typical PW-class Ti:S laser
can be shortened to 1.24 nm (1 keV) when the Lorentz
~-factor of 12.7 [(1 4+ B8)/(1 — B) = 645] is considered.
Second, the pulse duration, 77, of the reflected pulse is
shortened as [(1 — 3)/(1 + )] 7r. Considering a -factor
of 12.7 again, the pulse duration of 30 fs, which is the
typical pulse duration of PW-class Ti:S laser pulse, can
be reduced to 47 as. Thus, the relativistic-flying mirror
with a high ~-factor can be a promising plasma optic to
produce an attosecond X-ray source [53].

The total energy, &, of the reflected pulse becomes
[(1+8)/(1—=p)]Er and its intensity, Z”, is calculated
to be [(1+)/(1 — B)]*Z. Thus, the total energy and
the intensity of a laser pulse reflected by a RFFM are
proportional to (27)? and (27)* in the relativistic limit.
These basic characteristics of a laser pulse reflected by a
RFFM seem very striking, since the intensity monotoni-
cally increases with the Lorentz ~y-factor of the RFM and
a high E-field strength above the Schwinger field is ex-
pected with a high ~-factor. However, considering that
the RFM is formed by a driver laser pulse and acquires
energy from the driver pulse, the total energy of the re-
flected pulse can be limited by the total energy, Epp, of
the driver pulse. This consideration restricts the total
energy of the reflected pulse as
148
1-p
and the highest laser intensity obtained from the RFFM
is limited by [(1+ 8)(1 — 8)]€pL/ATc when the energy
of the driver laser pulse is less than £7. In this case, the
benefit in the intensity enhancement by the RFFM comes
from the contraction in the pulse duration. Although
the intensity of the laser pulse reflected by the flying
flat mirror is already enhanced by a factor of v* under
Epr > &, the laser focus formed by an ideal RFPM
provides additional enhancement factor (compared to the
flat mirror case) related to the effect of frequency upshift
by the double Doppler effect, so it is still of fundamental
interest to derive the field expressions for the laser focus
reflected by an ideal RFPM.

X exp

g// —

Er < &pr, (12)

IIT. LASER PULSE REFLECTED BY THE
RELATIVISTIC FLYING-PARABOLIC MIRROR

Even though the RFFM helps one understand basic
properties of the reflected field, the RFPM is a more
realistic plasma mirror encountered when a fs high-
power laser propagates through the underdense plasma
medium. A strong laser pulse (of which the normalized
vector potential, ag, is above unity) propagating in the
plasma pushes electrons through the ponderomotive force
to form a plasma cavity, and electrons return back by the
recoiling force and form a high-density electron layer on
the backside of the cavity. The shape of the electron
layer is close to a paraboloid [48, 54, 55], and due to
the high-electron density the electron layer behaves like
a parabolic mirror. Since the plasma cavity moves with
a relativistic speed, the high-density electron layer forms
the RFPM. A counter-propagating laser pulse is reflected
and focused by the RFPM. The reflected pulse experi-
ences the frequency upshift and the shortening of pulse
duration due to the double Doppler effect as discussed
in the previous section, and its focus also moves with
a relativistic speed. And, when the incident laser pulse
is reflected by the RFPM, due to the relativistic effect it
also experiences a different curvature for the RFPM from
the nominal curvature in the laboratory. Finally, all these
effects related to the relativistic motion should be prop-
erly considered in calculating the field distribution of the
RLF. In this work, we consider only a constantly moving
mirror in the optimal regime.

A. Focal length of the RFPM

Now, in order to describe how the curvature and the fo-
cal length of the mirror change by the relativistic effect,
let us first consider the equation for the surface of the
RFPM. The unprimed and primed four-vectors, such as
a# = (ct,—x,—y,—2z) and 2" = (ct/, -2, —y', —2'), are
used for describing coordinates in the laboratory frame
(£1) and the boost frame (M), respectively (see in Fig.
2). Assuming that the focus and the vertex of the RFPM
are located at the origin and — f’ on the z’-axis, the equa-
tion of the surface for the parabolic mirror is expressed
in the boost frame as,

syt
7= 7 1, (13)
where f’ is known as the focal length of the RFPM. For
the non-relativistic case, Eq. (13) can be obtained by
equating two lengths of d} and d} in Fig. 2(b). Here,
the lengths of d} and d} are given by 2z’ + 2f’ and
Va'? + 1y + 2%, respectively.

For the relativistic case, Eq. (13) is generalized by the
Lorentz invariant property of the interval, :C;L:C’” , between
two spacetime events given by the four-vector, 2’". When
an EM wave propagates to an event P from two different



events (O and A) as shown in Fig. 2(b), a four-vector
between two events [P = (0,—2',—y',—2') and A =
(ct',—a', —y',2f")] is expressed by d'{ = (ct’,0,0,2f +
') and its Lorentz-invariant interval, d’y,d'}, is given
by 2> — (2f" + 2/)2. The other four-vector between
two events [P and O = (ct’,0,0,0)] is expressed by
d'y = (ct',2',y’,2') and its Lorentz-invariant interval,
d'9,d'hy, is 2% — o' —y'* — 2/*. Since the RFPM moves
along the +z-axis, the Lorentz transformations between
the laboratory and the boost frames are given as,

ct' = ’Y(Ct - ﬁZ), a = €z, .7/ =Y, (143“)

-L
@ *|5 =
RFPM in £, laser pulse in £,
(EL.B/Z\) 5o w\/\/\/\/\/\,\,_.
k="-kz "
I// Zo z” z
-f7}""‘ Pet laser pulse in M
y
7’
¥ Parabolic mirror in M
(B=0)
(b)

------- di"=(ct0,0,-22f")
Py

A Gesy3-2f7) ~y ;
“See-

FIG. 2. Relativistic-flying parabolic mirror (RFPM) in the
laboratory and the boost frames. As shown in (a), the shape
of the parabolic mirror is elongated in the boost frame (M)
and the focal length becomes short by a factor of v in the
boost frame. The surface equation of the paraboloid in the
boost frame can be obtained from the invariant property of
event intervals, d’'1,d’} and d'2,d'5, shown in (b).

and

2 =y(z — Bet). (14b)
Now, by equating the two intervals, d’1,d"} and d’5,d’},
we obtain the equation for the surface of the RFPM in
the laboratory frame as

I2+y2_7f,+72—1
4 f! v

In the non-relativistic limit (y — 1 and § — 0), Eq. (15)
reduces to Eq. (13). Equation (15) provides useful in-
formation on how the RFPM behaves with an incident
laser pulse. First, the surface of the RFPM is described
by the equation of z = (2% + y?)/4~f’ in the laboratory
frame. This means that the nominal focal length (vf’)
of the RFPM in the laboratory frame is v times longer
than that (f’) in the boost frame [19]. An intense (ap=3)
fs laser pulse propagating in a plasma medium produces
a RFPM and its focal length (vf’) observed in the lab-
oratory frame is about 2 pgm. This means that in the
boost frame the focal length (f’) of the REPM becomes
as short as 0.1 um with a Lorentz factor of y=20. This is
contrary to the length contraction which is well known in
the special theory of relativity. The change in the focal
length in the boost frame alters the focusing condition
to the 4m-spherical focusing scheme. For instance, the f-
number (defined as the focal length divided by the beam
size) changes from 0.2 to 0.01 assuming an incident beam
size of ~10 pm. Thus, the field distribution of the laser
focus in the boost frame should be calculated under the
4m-spherical focusing condition. Second, the vertex of
the RFPM is located on ~f' + (y2 — 1)f'/y + Bet at a
certain time t, and its position moves with a relativistic
speed of fc in the laboratory frame. As a result, the
laser focus moves with a relativistic speed of Sc in the
laboratory frame as well.

For simplicity, instead of directly calculating the field
distribution of the RLF in the laboratory frame, we calcu-
late the focused field distribution first in the boost frame,
and then convert it in the laboratory frame through the
Lorentz transformation.

I+ Bet. (15)

z =

B. Focused field in the boost frame

Since the incident E-field in the boost frame is ex-
pressed by the Fourier transformation as in Eq. (4),
a monochromatic laser field, E'(z',y';w’), in the boost
frame is given by

E'(2',y;w') = Eo(x,y)G(W)e™ /9. (16)

This laser field is focused by the RFPM to form a field
distribution under the 4m-spherical focusing scheme in
the boost frame. In this study, we assume that the
incident laser pulse is radially-polarized (TM mode) or



azimuthally-polarized (TE mode), since analytic solu-
tions for those fields exist under the 4m-spherically focus-
ing condition with a specific apodization function. Ac-
cording to [33], in the boost frame (M), the electric and
magnetic fields of the 4m-spherically focused monochro-
matic TM mode EM wave are expressed as,

and
By(p'0:') = =4/ By (Wb 00 )e "
o/
=B}, (17D)

Here, p' (=v/2'? +y'* + 2’?) is the magnitude of the ra-
dial displacement vector, p' = p'p’ = 22’ + 9y’ + 22/, from
the origin to an observation point (2’,y’, 2’) near the ori-
gin, and @ is the polar angle defined as cos™!(z'/p’).
Again, the angular frequency, w’, in the boost frame
is given by /(1 + f)/(1 — f)w and the Gaussian spec-
trum in Eq. (4) is assumed. The peak field strength,
E,(w'), at the focus at a certain frequency w’ is given
by (m/2)k'psEg(w’). The E-field, E4(w’), on a vir-
tual sphere with a radius of pj is related to the inci-
dent laser power [P (w') = (1/2)ceoE* (2, y';w')A.] as
3P} (w')/4mceg(ply)? (see Eq. (35) in [33]). Thus, the
peak field strength, ) (w'), is calculated to be

k' [37A,
E;(w/)zz\/ 5 Eo(z,y)G(W')

K [3wAT ., ,
n Z CeQ G(OJ )
k/
= CfI1/2ZG(o/), (18)

where C is a constant \/37rAe/ceo = \/3/ceo7rwe) re-
lated to the effective radius w,, and &' (= w'/c) is the
magnitude of the wavevector, k' = p'k’, originating from
the origin in the boost frame. The laser intensity, Z, in
the laboratory frame is given by (1/2)ceoEg (z, ).

The spatial distribution functions, a(p’,0’;w’) and
b(p',0";w'), in Eq. (17) are expressed with the n-th order
spherical Bessel function of the first kind, j,(-), and the
Legendre and associated Legendre functions, P,(-) and
P:zn(')v as

(W 5. [
a(p,0;w') =jo (Fp’> + 5372 (Fp’> P (cos ')

.., (19a)

and

w/

4
b(p,0 W) =—7 <?p’> Pl (cos®). (19Db)
T

6

In Eq. (19), the argument, k'p’ (= K - p'), in spher-
ical coordinates is replaced by (w'/c)p’. So, E'p’ Jor
(w'/e)p'] can be expressed as ka2’ + kyy' +k.2" in Carte-
sian coordinates. Since the above field distributions prop-
agate along the z-axis in L1, it is convenient to express
Eq. (17) in Cartesian coordinates before performing
the Lorentz transformation. The unit vectors, ¢’ and
(;AS’ , in spherical coordinates of the boost frame are ex-
pressed as 0’ = cos @’ cos ¢'2’ +cos 0’ sin ¢’ —sin 6’2’ and
¢ =sin¢'3’ — cos ¢’y in Cartesian coordinates, then we
re-write Eq. (17) as,

B o ., |costcos¢’
By | =iB,(wa(p',0';0)e™ " | cost sing' |,
B —sin@’
(20a)
and

/ .
g;‘yr’ — B (0.0 et sin ¢ / b

v | = p(w ) (P 0w )e — Cos @ (20b)
Blf 2 0

The electric and magnetic fields in Eq. (20) consist of
in-coming (' 4+ p’/c¢) and out-going (t' — p’/c) field com-
ponents. The spatial distribution function, a(p’,6;w’),
in the electric field can be approximated as jo(w'p’/c),
then a(p,0;w')e™t and b(p,0';w')e™t can be sepa-
rated by two parts as:

a(p,0;0)e™t = (ay +a_)e™", (21a)

and
b(p',0';w)e™ "t = (by +b_)sin@e™'" (21b)

where in-coming (a4 and b;.) and out-going (a— and b_)
field components are given by,

eiw’p'/c efiw’p’/c
= — = 22
o 2iw’p’ [’ 2iw'p ¢’ (222)
4 eiw’p’/c eiw’p’/c
by = — — 22b
R [2i(w’p’/c)2 2w’p’/c} ’ (22b)
and
4 e*iw’p'/c efiw’p’/c
b =— |- — . 22
™ [ 2i(w'p’ [c)? 2w’p’/c] (22¢)

In this subsection, the electromagnetic field focused by
the RFPM is expressed in the boost frame. In following
subsections, the Lorentz transformation of the field into
the laboratory frame (L2) and the spatio-temporal field
distribution in the laboratory frame will be explained.



C. Lorentz transformation for in-coming and
out-going fields

For phase factors of in-coming and out-going fields,
the Lorentz transformations from the boost frame to the
laboratory frame yield

/
W (t’ + p_) =Wt + kg +kyy + kL2
c

=w'ty(1 — Beosh) + k' zsinb’ cos ¢’
+ k'ysin® sing’ + k' zy(cos0’ — B), (23a)

p/
W' (t’——> — Wt — K — Ky — K

=w'ty(1+ Bcosl) — kK'xsinb cos ¢’
— K'ysin@ sin¢’ — k'zy(cos @’ + ). (23b)

with the expression of (w'/c)p’ = kiz’ + ky' + k.2'. By
introducing new variables, w/{ and w”, for the angular
frequencies of in-coming and out-going fields in the lab-
oratory frame, we define

W =w'y(1-Pcost,) and W’ = w'y(14+Lcosh.), (24)

and obtain the Lorentz invariant properties for the phase
as W' (t' 4+ p'/c) =W (t+p/c) and W' (t' — p'/c) = W (t —
p/c). Here, + and symbols in the subscript are used
to represent in-coming and out-going fields. From the
Lorentz invariant properties of the phase, the following
relationships between the polar angles for the in-coming
and out-going fields are obtained:

sin ¢ cosf +

N A e A o SOV TP
sin¢, = S0 T Foosd) and cos 6, 11 Beost’ (25a)
OV sin 0 , _ cost—f3
sinf_ = 7’y(1—ﬁc059) and cosf_ = T Boost

(25Db)

And, with the help of Eq. (25), Eq. (23) can be rewritten
as,

/ "t k' sin 6 cos ¢
ry Py _ w
v ( +c) 7(1+Bcost9)+

~v(1+ Bcosb)

k'y sin 6 sin ¢ k'zcos 6

26
v(1+ Bcosl) (1 + Bcosh)’ (26a)
and
e o _ w't _ K'asinfcos¢
c ¥(1 = Beosh) (1 — Bcosh)
_ K'ysinfsing  k'zcosf ~ (26b)
v(1 = fBcosld) ~(1— Bcosh)
So, it is clear that w/[ should be expressed as
!/
Wi = - (27)

v(14 Bcosb)’

in the laboratory frame. When 6§ = 0 (+z-direction),
the angular frequencies for in-coming and out-going fields
become w/{ = [(1 + B)/(1 £ B)Jw. Now, it is convenient
to introduce new variables, 21 » and I'y 2, defined as

w’ w’' B cos

= v(1 = B2cos20)’ 22 = ~v(1 = B2cos20)’ (282)
B w'/e ~ (W'/c)Bcosh
b= ¥(1 — B2 cos?6)’ and T’y = v(1 — 2 cos20)’
(28Db)

Then, the phase factors for in-coming and out-going fields
can be rewritten as,

/
w' (t/ + %) = (Ql — Qg)t + (Fl — Fg)p, (29&)
and
/
w’ (t/ — %) = (Ql + Qz)t — (Fl + Fz)p. (29b)

By adding or subtracting Eqgs. (29a) and (29b), we obtain

_t—(p/c)Bcosh

' =T(10) = 20" frcoa)’ (30a)
;o ~ p—ctBcosl
P = R(pa t) - 7(1 _ ﬁ2 COS2 9)7 (3Ob)
and
i P R(p,t)  t+(p/c)
t :I:?—T(t,p):lz ¢ 31 LBcosh) (30c)

Equation (30) shows how lightcone variables in the boost
frame are Lorentz-tranformed into the laboratory frame.
Hereafter, the variables, T and R, will be used as short
expressions for representing 7T'(t, p) and R(p, t).

The Lorentz transformations for the full electric and
magnetic fields from the boost frame to the laboratory
frame (L2) are given by

E/=E|, Bj=B| (31a)

E| =y(E| —cB x B)), (31b)
and

B =~(B| + B x E| Je). (31c)

Since the parallel polarization components for the field
remain unchanged through the Lorentz transformation,
we have

}(.,z”.,:i: = E}',z’,:l:

= —iE)(w)axsin b, (32a)



and

Bf 2+ = B}'1Z17i = 0 (32b)

The perpendicular components for the focused fields in
the laboratory frame are expressed as,

|:E:f;m”,i(w:):| ~y |:Ef z/,+ +Cﬂny/ i:|
By () foa

/
=E,(w') (ia+ cos O+ + Bbi sinf) {C.OS 4 ] , (33a)

Ef vt — BB’

sin ¢’
and
|:B;f;m//)j:(w;):| |:B{- x4+ (ﬁ/C)EI/f,y’,i]
f.’y//y:t(w B Y+ + (B/C)Ef,x/,ﬂ:

p— ] /
= %E;/D(w/) (bi sin 04 + ifBa+ cos Hi) |: C(s)lan;f) :| . (33b)

The final field expression can be obtained by summing
in-coming and out-going fields as

[ @)] _ [Ep+ cﬁB}.ﬂy,}
Ej y//( )_ _Ef,y’ - CﬁBf,:c’

— VE)() (i’ + BV) [Z?j ;’Z,] ,

7 n| =7 -B'/]/c’m” N (B/C)E//f’yl
ny//(w )] | B}, + (B/c)E

=2y +isa) [ 0] )

(34a)

EY (W) = —iE, (W' )(aout sin 0" + ai, sindy ), (34c)

and
BY (W) =0. (34d)
Here, o’ and ¥’ in Eq. (34) are expressed as
a' =a_cosf_ +ay cost, (3ba)
and
b =b_sind_ +bysinf’,, (35b)

with ag and by defined in Eq. (22). Equation (34) repre-
sents the focused electric and magnetic field distributions
at a certain angular frequency, but it is still expressed in
terms of four-vector components in the boost frame.

D. Spatio-temporal field distribution in the
laboratory frame

By using the same analogy as in Egs. (3) and (8)
and taking the Fourier transformation in the w’-space,

the spatio-temporal field distribution of the RLF in the
laboratory frame is obtained as

~ [L + BL) cos ¢’
.’f’:/ dw' B ()" = | (il + Bly)sing/ | |
o —i(1/7)13
(36a)
and

—(Iy +iBL)sing’

A@:/ mﬁmﬂ&”:% (I + iBI1) cos ¢/
— 00 O
(36D)
Here, I, (n=1,2,3) are definite integrals defined as
IlZ/ dwEl( /)/zwt
T
:Cf\/— d / /G( /) /’Lu}iﬁ7 (373)
e J_o
_[2 — / dleZI)(wl)b/eiw/t/
I o0 s
= %_ dw'W'G(W)b et (37b)
c — 00
and
C I o Y
I3 = 7:1\/_ / dw'w' G(w')(aoue sin 0’ + ap, sin @, )e™ ",
c — 00

(37¢)

with Eq. (18). These integrals can be calculated with
the help of Lorentz transformation given by Eq. (26).
For example, the integral, I, can be first separated into
in-coming and out-going parts as,

w! —w! 2
Cf\/— os 6’ /OO dwlew (t +e )e_( 2Aw’02)

1=

8ip’ oo

C T 0 i a 7(“)/7“)/)2

— 8f,\//_cos9’_/ dw'e C Z)e =7 (38)
ip .

Then, after applying the Lorentz transformation [Egs.
(25) and (30¢)] to the coordinates, we obtain

_(w—wp)?

CyVT cosf+ B

W/ (t4p/c)

1= - dw e 7(1+Bcos e 2aw/2
8ip’ 14 Pcosh
CiVI cos — jw! (t=p/c) (@ —wp)?
— j\/_ B dw' e 7T Bcos ) g 2Aw’2 (39)

8ip’ 1 — Bcosb

Now, by using the relationship obtained in Eq. (27) and
the linear shift of angular frequency of @+ = W/ —wy 4,



Eq. (39) is rewritten in the form of

CVT

I = o v(cosf + B)Giw6f+(t+%)
X /O:O iy exp [i®+ (t+ g)} exp {—%}
C;sz\:— (cosf — Be iwy _(t-2)
x /_ Z dis-exp |ico- (1 - g)} exp [ AJ’?,Q} (40)

Again, the center frequency and the spectral bandwidth,
wo.+ and Awl, in the laboratory frame (L) are defined
as

w} AW, (11)
~v(1+ Bcosb) v(1 4 Bcosb)’
by Eq. (27). Using the integral identity [56] of

o0 2
/ 2P~ Le ™ cos sxdr =
0

wo 4+ = and Aw’! =

42)
1 52 11 s2 (
P27 (B) Y e (P2
2q 2 €xXp 4(] 141 2+2727 q )
the integral,
/ iy cos @y (tj: 3) e—oh/ AWl (43)
oo c
becomes
AW (t+ p/c)?
VAAW! exp _W] (44)

withp =1, ¢ =1/Aw/’, and s = t+ p/c, since I'(1/2) =
V7 and 1 Fy (0;1/2;s%/4q) = 1. Here, I'() and 1 Fy() are
the Gamma function and the confluent hypergeometric
function. Note that ffooo e~ sin szdx = 0. Finally,

after integrating over (-00,00), Eq. (40) becomes

AwW'Cy 0059 + B
I = sz(T-l-R/c)
=V SR \/—1 oo

2 2]
(3

X exp

Aw Cf cosd ﬁ
—VT \/_1—[30059

_A‘:Q <T— 5)2: 7 (45)

ezw(’)(T—R/c)

X exp

c

with the help of Eq. (30). This integral contains informa-
tion on the in-coming (7' + R/c) and out-going (T'— R/c¢)
spherical fields in the R — T space. These in-coming and
out-going fields can be expressed with spherical Bessel
functions as

iw) (TER/c) / / / ,
L Ao () (35
R c c c

(46)

where jo(-) and yo(-) are the spherical Bessel functions
of the first and the second kinds, respectively. Since the
functional value of yo(w(R/c) is infinity at R = 0, we
take the imaginary part from Eq. (46) as the solution of
Eq. (45). Then, we have

VAW AW C VT

. wl i
I = o (?OR> e, (47)

with the definition of envelope function of
1 1] cosf+p . Aw'? T—l—R 2
=— —_— X — —_
7o) 1+ [ cost P 4 c

cosf — 3 Aw' R\?
)

1—[fBcosf P
Similarly, by applying the same mathematical proce-
dures, we obtain the following results for the other in-
tegrals as:

(48)

0AW' CeVT ( o
[, = YIAW OV (ﬂ R) ToeiT  (49a)
4e c
and
/A /O' I ! ./
Iy = \/E‘“OZL—“;J‘\/—]'O <%R> TyeiwoT (49D)

with the definition of another envelope function,

/2 2
_Aw (T _ E)
4 c

/2 2
_Aw (T—i— E)
4 c

” 1 sin @
) ~v(1 — Bcosb) P

sin 0 o
~v(1+ Bcosb) P

}(50)

Now, inserting Eqs. (47) and (49) into Eq. (36), the
general mathematical expressions for the spatio-temporal
field distribution of the RLF with the radial polarization
is obtained as,

B = ﬁwéiw@f\/f
c
{—Josin(w{T) Y1 + Bj1 cos(wyT) Y2} cos o
x [ {=Jo sm(wOT)Tl + Bj1 cos(w(T)Ya}sing | ,
(1/7)jo sin(wT) Y2
(51a)
and

B’// _7 ﬁwéAw/Cf\/f
F e 4c
— {j1 cos(wyT) Y2 — Bjo sin(wyT) Y1} sin ¢
x| {71 cos(w{T) Yo — Bjo sin(wyT) Y1} cos ¢
0
(51b)



in the laboratory frame. In Eq. (51), the azimuthal
angle, ¢, is replaced by ¢ due to ¢ = ¢, and jo 1 should
read jo,1(w'R/c). Equation (51) is valid in the relativistic
limit since the 47-spherical focusing scheme used is valid
only when v > 1.

When the TE mode (azimuthally-polarized) laser pulse
is incident and focused by the RFPM, from the symmetry
in the polarization, the EM field distributions of the 47-
spherically focused monochromatic TE mode EM wave
are expressed as,

— 141

Ef(@";w') = —¢'EL (w)b(p', 030 )™t

= E;7|‘, (523)
and
g}(x'”; W' = é’iB;(w’)a(p’, 9';w’)ei“lt/
=B}, + B} (52b)

In this case, followed by the similar mathematical pro-
cedures taken as before, the general mathematical ex-
pressions for the spatio-temporal field distribution of the
RLF with the azimuthal polarization is obtained as,

VTWhAw' C VI
4e
— {41 cos(w(T) Yo — Bjo sin(w{T) Y1} sin ¢
x | {j1cos(wyT) Y2 — Bjosin(w(T)Y1}cos¢ |,
0

(53a)
and

=y Y VTW AW CrVT

1"
B; c 4e
{—Josin(w{T) Y1 + Bj1 cos(wyT) Y2} cos @
x| {—=dosin(wyT) Y1 + Bj1 cos(w(T) Y2} sin ¢
(1/7)do sin(wpT) T2
(53b)
In Egs. (51) and (53), the peak field strength of the
E-field of RLF can be rewritten as
VIWGAW'CVI 1+ B /rweAwC VT
i 4c N 71 -p 4c
(54)
1 + 8 /3w muowe\/I_p
T BV 4

with the definition of the intensity, Z, (=Aw?Z), in time
shown in Sec. 2. So, it is clear that in the relativistic limit
of B — 1 the field strength and the intensity is enhanced
by a factor of v3(we/Ag) and 7% (w,/A\g)? as discovered in
[43]. Comparing the intensity enhancement given by the
RFFM case, the RFPM gives an additional enhancement
of a factor of (37°/8) .72 (we/Ao)? with an incident beam
size of D = 2w,.

10

The change in the angular frequency of the RLF can
be calculated by decomposing the spherical Bessel func-
tion into the in-coming and out-going fields again. The
phase for the in-coming or out-going field is given by
wiT+w(R/cor [(1+ 8)/(1+ Bcosh)|wo (t + p/c) in Egs.
(51) and (53). Thus, the angular frequency for the
out-going laser pulse is enhanced by (1 + 8)/(1 — ) in
the forward direction (§ = 0) or ~442 in the relativis-
tic limit, which is consistent with the result from the
RFFM case. The change in the nominal pulse duration
of the out-going laser pulse is determined by the argu-
ment of Aw'? (T — R/c)® /4 in Eq. (48) or (50). From
the argument, it is clear that the nominal pulse dura-
tion, 77, of the RLF in the laboratory frame is given
by (1/Aw)(1 — B cosd)/(1+ B). In the forward direction
(6 = 0), the nominal pulse duration is reduced by a fac-
tor of (1 — 3)/(1 + ), which is also consistent with the
RFFM case. Although Egs. (51) and (53) well describe
the field distribution and its propagation of the RLF, its
limitation should be addressed here. In this study, an
ideal RFPM, which has a constant velocity and a flat
perfect reflectance over the wavelength and incidence an-
gle, is assumed and the recoil effect happening during the
reflection of the incident strong laser pulse [57] is ignored.
Therefore, obtaining a mathematical expression for the
RLF under a more realistic circumstance will be the next
step to be pursued.

Figure 3 shows the squared electric field (E? =
E2 + E?) distribution of the RLF at different times.
The center frequency (wp) of the incident laser pulse is
~2.36x10% rad/s, assuming the center wavelength of
0.8 um. The Gaussian width (Aw) of the spectrum is
1.77x 10 rad/s, supporting a FWHM pulse duration of
~9.4 fs. The first row in Fig. 3 presents the squared elec-
tric field at v = 1. The electric and magnetic fields are
separated in space and time, and the field oscillates with
a period (Tperiod = 27 /wp) of ~2.67 fs. The second row
presents the squared electric field at v = 10. In this case,
the squared field is expressed in the log scale, and it is
normalized by the peak laser intensity of the RLF given
by the square of Eq. (54). The third row presents an
enlarged view of the red dashed area in the second row.
The spot size of the peak calculated from the second or-
der moment is ~2.5 nm, which is close to the nominal
wavelength of 2.0 nm obtained from \g/4v2. The sec-
ond and third rows clearly show that the RLF travels at
a relativistic speed of fc and how its field distribution
propagates in time over several hundreds of nm in range.

E. Recoil effect with a low mirror reflection

The field calculation was so far based on an ideal mir-
ror which has perfect reflectance, i. e., R=1. However,
the reflectance of the mirror is dependent on the mirror
model and in general very low [46, 53, 58, 59]. Due to
a low mirror reflectance, most of the incident (source)
pulse energy is transmitted through the mirror, which
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Time t=0 t=1/20¢ t=n/oc t=3n/20¢ t=2n/0c
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FIG. 3. The squared electric field distribution calculated from Eq. (43). The squared electric field distribution is expressed
in the x (vertical)- z (horizontal) plane. In this plane, EY¥, becomes zero since ¢ = 0. The electric field distributions in the
first row are calculated under v = 1, i.e., the mirror is stationary. The field distribution agrees well with the characteristics
obtained under the 4m-spherical focusing condition. The squared electric field distributions in the second and third rows are
calculated under v = 10. The field distrbution travels with a relativistic velocity of ¢8 = c/(7? — 1)/~? as shown in the third
row, and the peak field strength is enhanced by a factor given by Eq. (46).

where 6. and 6 refer to the angles for the electron and

leads to much lower distortion in the flying mirror than ‘ !
photon after reflection, respectively, and

expected. The low reflection of the mirror minimizes the
change in mirror shape during reflection. We here ex-
plain how the low mirror reflectance reduces the recoil Ne€e + NuwEw = Ne€y + Rnyel, + (1 — R)npew.  (55¢)
effect on the frequency upshift, and show that the beam
radius-wavelength ratio can further intensify the focused
intensity toward the nonlinear QED regime even with a
low reflectance of the mirror.

From momentum and energy conservation, we re-write
Egs. (3) and (4) of [57] in two-dimensional form as,

Here, p and ¢ refer to momentum and energy for individ-
ual electron and photon, and the subscripts, e and w, are
used to denote electron and photon. n. and n,, are popu-
lation densities for electron and photon. The reflectance,
R, depends on the incident angle, but, considering the
mathematical simplicity and aperture function, we ignore

NePe — NwPow = NePlr €08 O + Rny,p cosd the angle-dependency for the mirror. The unprimed and
— (1= R)nup (55a) double-primed quantities refer to quantities before and
. e after reflection. Egs. (55a) and (55b) can be combined
0 = nepe sin e — Rnyp,, sinb, (55b) by use of sin” 0, + cos? 6. = 1 to yield
|
n2p!” = n2p? + R2n2p!)” + R2n2p2 — 2Rnenwpep! cos 0 — 2Rnenwpepe + 2R pop!" cos b, (56)
and, subtracting ngp” c? from nggeg, we obtain,

n? (5’6'2 fp’e’Q(:Q) =n? (2 —pic®) + R°nZ, (2, — pic®) + R°nl, (6&2 —pl%c 2) + 2Rnne (Eetw + PePuc?)

—2Rnene (565 — peplc? cos 9) — 2R*n? (swg + pup!c? cos 0) (57)

Since £/ — p?¢% = £2 — p2c2 = m2c* for electrons and ~ &° — p/*c2 = €2 — p2¢2 = 0 for photons, Eq. (57)



becomes

"

[ne (g¢ — peccosB) + Rnye,, (1 4 cosh)) Zw Ne (€6 + pec) .

Ew
(58)
Here, m. is the electron mass. Then, with the help of
pec = B, we obtain

e~e 1
e nese(l + ) C(59)
nege(l — Beost) + Rnyew (1 + cosb)
The energy density can be further expressed as,
NeEe = YNemec®, and nge, = I/c. (60)

The ratio, Rnycw/nee = RIL/ynemec?, in Eq. (59) can
be expressed as ~ 3 x 10* x (R/n.) at T = 2.3 x 1017
W /cm? in terms of the reflectance and the electron den-
sity of the mirror. The reflectance, R, is very low.
For example, according to the thin foil electron layer
mirror model, the reflectance of the mirror is given by
R = 0.5y73 [53, 58, 59] and yields 2.75x10™* for a
Lorentz « of 12.2. Thus, the frequency for reflected pho-
tons can be approximated as,

W B
1—[fBcosb
RIO 5 — s.im2 0
X |1——(1 0 sin? 6 61
vnemec3( + cosf)’e o (61)
Here, the laser intensity, Z, 1is replaced by

Ty sin? fe~ sin” 6/ ”"290, which is the incident inten-
sity distribution for the TM or TE mode beam profile.
Comparing Eq.  (61) to the well-known frequency
upshift formula, w” = w(l + B)/(1 — Bcosh), the
second term in the bracket on the right-hand side
gives the correction to the wavelength shift by the
recoil effect. Equation (61) shows how the frequency
upshift for the curved mirror is modified by the recoil
effect when the mirror reflectance is considered. Since
RIO/Wnemec?’ < 1 at a source laser power of 180 TW
or an intensity, Zo, of 2.3x10'7 W/cm?, the frequency
shift is approximated as w” =~ w(1 + 8)/(1 — B cosb).
In addition, the consideration of a low reflectance of R
does not allow violation of the energy balance condition
through n/,hw” ~ R (442Zy/c) < ynemec®. A numerical
calculation shows that energy densities [R (4v°Zo/c) and
ynemec?] for the reflected laser pulse and the electron
layer acting as the RFM are ~1.25x10% J/cm?® and
~1x107 J/em?® with a y-factor of 12.2, respectively. So,
it is valid to apply the approach used in previous subsec-
tions when calculating the field distribution, since it does
not seriously modify the frequency upshift and the field
distribution with a low reflectance. However, the low
reflectance affects the reflected energy, consequently the
peak intensity of a focused laser field and the eTe™ pair
production rate as discussed in the following section.
After reflection, the frequency-upshifted source laser
pulse is further intensified by the beam radius-wavelength
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ratio, we/Ag, as shown in Egs. (53) and (54). This fac-
tor first appeared in the original paper on the RFM [46]
and results in the intensification of the electromagnetic
pulse while maintaining a substantially low source laser
intensity on the mirror with a substantially large beam
size. With a given reflectance of R, the peak electric field
strength of a focused field can be written from Eqgs. (53a)
and (54) as,

148
T3

3_7T TWW, N

ceg  4c

E}=VR (62)
Under the condition of E’f' = FEsch, Eq. (62) can be
re-expressed as,

- (/\O/Me)2
= 67T5R’}/6 Sch

(63)
with the definition of Zg., = (1/2)cegE%,, ~ 2.3 x 102
W/em?. Then, the source laser intensity, Z, required
for reaching the Schwinger field is calculated to be
~2.27x10'" W/cm? with parameters such as v = 12.2,
A =02 pm, wg = 156 pm, and R = 0.1y3. Thus,
the beam radius-wavelength ratio plays a critical role in
boosting the focused field strength to the nonlinear QED
regime.

IV. PAIR PRODUCTION UNDER THE RLF
FIELD

Untill now, the analytical field expression for the TM
or TE mode RLF has been obtained in the laboratory
frame. In this section, the electron-positron (eTe™) pair
production rate is investigated with the field expressions
obtained in the relativistic limit. Here we consider the
Schwinger mechanism for the pair production.

A. Invariant fields and pair production rate

Assuming the Compton wavelength is much less than
the wavelength of the RLF [19, 60-62], the spacetime-
dependent e*e” pair production rate, Wy, can be cal-
culated from
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Here, E;,, and Bj,, are invariant fields defined by
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In Eq. (65), the Poincare invariants, F and G, for the
RLF are calculated as
2B2 _ E2 o
}':Cf, and G=cB- E. (66)

Then, the Poincare invariants for the TM mode laser
pulse can be calculated with Eq. (51) and become
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and
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where the function, j7, ;. is defined as j{ cos®(w)T) Y3~
jésin®(wyT) (Y3 4+ Y3) and j;, represents the spherical
Bessel function, j;(w(p’/c). The invariant fields, Ejp,
and Him,, are determined by the sign of /. When F > 0
(ie., j7 cos?(WhT) Y3 > 2 sin®(wyT) (T2 + Y3)), VF2 =
F. On the other hand, when F < 0, VF2 = —F. This
results in
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Thus, from Eq. (64), it follows that no pair production
is expected even with the enhanced field strength of the
RLF when F > 0. In the other case (F < 0), the ete
pair production rate via the Schwinger mechanism can
be explicitly calculated in terms of the Lorentz ~-factor,
the beam radius-wavelength ratio (w./\o), and the laser
intensity (Z,) as

2
1924 [ We 1,
Wep =127 ary ()\0> (hc) ( j{l 0})

1 X (Esen/E
X exp (—5 0—(Sh/ ) y

7 we Vg _J{1 0}

(69)

in the relativistic limit. Here, « is the fine structure con-
stant defined as e?/4mhcey and the peak field strength,
E,, in time as \/27,/ceg. The ete™ pair production oc-
curs only in the region of j%l—o} < 0.
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For the TE mode laser pulse, the ete™ pair production
rate can be calculated with Eq. (53) and the final form
is given by
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where j7) },, is defined as jj sin®(wyT) (Y3 +Y3) —
j? cos?(whT)Y3. Again, the ete™ pair production occurs
only in the region of j?o—l} < 0.

Now, let us consider the reflectance, R, of the flying
plasma mirror in the calculation of eTe™ pair produc-
tion. The reflectance can be modeled as 0.5y~2 for the
infinitely thin foil model, ~ 0.17~* for the wake wave
model, and a rather complicated form can be found for

(70)

the double-sided mirror model [53, 58, 59]. By multi-
plying the reflectance, R, into the intensity, Z,, the pair
production rate can be modified as
2
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for the wake wave model. From Eq. (71b), it is obvi-

ous that, in case of the wake wave model, due to the
reflectance of the mirror the pair production rate be-
comes dependent only on the beam radius-wavelength
ratio (we/Ao). Thus, the eTe™ pair production from the
thin foil model will be mostly considered.

The total number, N, ., of ete™ pairs produced by
the RLFs can be estimated by integrating the pair pro-
duction rate, Wy, over a four-volume [61]. The threshold
of the incident laser power required for a single e*e™ pair
production is examined with a v-factor of 12.2. Such a
relativistic mirror can be driven by focusing a 100 PW
Ti:S (Ap= 0.8 um) laser pulse within a focal spot radius
of 100 pm, assuming the vy-factor of the mirror is given
by \/1+ a?. A laser pulse with an ap = 0.1 and a beam
radius, wp, of 100 wm is considered as an incident laser
pulse to be reflected. According to [57], in order to min-
imize the recoil effect, an incident pulse duration should
be less than a characteristic time, 7., given as
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Here, wpe is the Langmuir frequency, v, the Lorentz
~-factor for the Langmuir wave, and Ap the Langmuir
wavelength. The parameter, x, can be obtained from
the simulation. Although this analysis is based on an
one-dimensional PIC approach, it provides a rough es-
timation on the maximum pulse duration required for
minimizing the recoil effect in time. The calculation with
% = 1.5x107* and an electron density of 0.01 n., shows
that the incident laser pulse with an ag of 0.1 can have a
maximum pulse duration of about 30 fs before the mirror
is severely affected by the recoil effect. This pulse dura-
tion can be supported by a spectral bandwidth, Aw, of 19
nm (~32 nm at FWHM). This means that a laser pulse
with a pulse duration of ~9.4 fs (supported by a spectral
bandwidth, Aw, of 60 nm at 800 nm center wavelength,
wp) can be used as the incident laser pulse to be reflected.
In this case, the minimum reflectance of the mirror re-
quired for a single eTe™ pairs production is estimated
as ~14.1%. The eTe™ pairs production is strongly sup-
pressed by the low reflectance (2.7x1072% for 0.5y3
and 4.5x107%% for 0.19~%) of the mirror. The required
laser field strengths, expressed as ag, increase to ~2.8 for
the thin foil and ~21.6 for the wake wave cases. Under
these field strengths, the characteristic time given by Eq.
(72) becomes as short as 0.05 fs for the thin foil and to
8 x 10~ fs for the wake wave cases, so the RFPM is de-
stroyed before reaching a field strength required for the
single ete™ pair production event.

B. Pair production with two counter-propagating
RLFs

It is now interesting to consider when two counter-
propagating RLFs collide with each other. The exper-
imental set-up considered is visualized in Fig. 4. The
two (driver and source) laser pulses are coupled by a
hole mirror and propagate in a plasma medium. The
source laser pulse (SLP1) proceeds ahead to be reflected
by the other counter-propagating RFPM formed by an-
other driver laser pulse (DLP2). Two sets of plasma me-
dia are prepared to ensure the collision of reflected SLPs
in vacuum. An ideally-sharp edge is preferred. Figure
4(b) shows two different scenarios of forming a RFPM:
one is the mirror formed at the rear side of plasma cavity
as proposed in [43] and the other is the mirror formed
by sharp and narrow electron/ion layer driven by the

laser pulse [53, 59]. Ome focus, expressed by Ef(p, t)
and E;(p, t), propagates along the +z axis and the other

one, expressed by E; (p,t) and E; (p,t), along the -z
axis. The + and - symbols in the superscripts are used
to express the propagating and the counter-propagating
RLFs. TM mode laser pulses are assumed in the calcu-
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lation, so the total fields are expressed as follows:
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Here, j = ji(w)R™/c) and the minus sign in front of j;°

comes from the change in the sign of magnetic field. The
functions, T* and R*, for the propagating and counter-
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FIG. 4. (a) Schematic diagram for collinear coupling of driver
and source laser pulses. (b) Formation of RFPMs and colli-
sion in vacuum of two source pulses reflected from respective
RFPMs. CSLP: Converging source laser pulse.
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FIG. 5. (a) The eTe™ pair production by colliding two RLFs. The RFPM is driven by a 250 PW laser pulse and the fourth
harmonic laser pulse with a center wavelength of 0.2 y is incident on the RFPM. The diameter, D, of the mirror is given by
2wo. The two RLFs collide with a proper time delay to maximize the pair production. (b) The calculated ete™ pair production

rate, Wg;,,

when two RLF's collide. A strong enhancement in pair production is observed over the overlapped volume at t =

ta/2. (c) The number of e*e™ pairs produced as a function of the source laser power.

propagating RLFs in Eq. (73) are expressed as,
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and
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Since the two RLF's counter-propagate with respect to
each other, we find the following relationships for the

polar and azimuthal angles between the propagating and
the counter-propagating RLF's:

0" =n—0"=7—0 and ¢ =o¢" =¢. (75)
By using Eq. (75), the following relationships for vari-

ables between the propagating and counter-propagating
RLF's are obtained:
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Thus, the total fields, Ef and E?, given as the sum
of propagating and counter-propagating fields are calcu-
lated as,
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Here, t’ is given by ¢ + t4 with a time delay, t4, between
two fields. The new functions, Jo(¢) and Ji(t), are de-
fined as,

woR* (p, )
&

wo R (p, )
&

Jo(t) = o { } sinlWl T (¢, p)]TF (¢, ). (782)

) = o [ ] Sinwl T (¢, p)] T3 (£, o), (78D)



and
710 = i | LD ol )10 1.0). (750

Equation (78) has the same form as Eq. (51) with
the replacement of field components by the ones su-
perposed with two propagating and counter-propagating
RLF fields. In this case, the Poincare invariants, ' and
GT, are given by
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The eTe™ pair production rate, WZ,

2
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when FT' < 0. In Eq. (80), the function, J2(t,t),

is defined as [J1(t) — Ji(—t)])* — [Jo(t) + To(—t")] —
[(T5(t) — T4 (—t))°. At t = 0, two RLfs overlap at the

2
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is calculated as,

origin, and FT becomes —2 x

But, in general, it is not necessarily for two RLF's to be
overlapped at t = 0.

The threshold field strength of incident laser pulse
required for a single eTe™ pair production is exam-
ined. In the calculation, two identical RFPMs with a
~-factor of 12.2 are considered with a mirror reflectance
of 2.7x1072% [see Fig. 5(a)]. Due to the beam radius-
wavelength ratio, the high harmonic laser pulse is more
favorable than the fundamental wavelength of a high-
power laser pulse in reducing the threshold required for
the pair production. For the fourth harmonic laser pulse
(0.2 um) of a 0.8 um Ti:S high-power laser pulse. In
the numerical calculation of eTe™ pairs produced, the
whT*(t,p) and w)R*(p,t) in Eq. (74) were calculated
with w) = /(1 +5)/(1 —B)wo. Then, To(t), TJi(t),
Ji(t), and J2(t,t') in Egs. (78) and (80) were calcu-
lated in series with w{T*(t, p) and wyR* (p,t). Next, the
eTe™ pair production rate, W;, in Eq. (80) was cal-
culated for different time delays. Figure 5(b) shows the
calculated WeTp at different time delays. Finally, the num-
ber of eTe™ pairs produced for a specific laser [shown in
Fig. 5(c)] was obtained after summing up the integra-
tions of Wezs over the four-volume obtained for different
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time delays. The pair production rate is much enhanced
in an overlapped volume of two RLFs [see Fig. 5(b)] and
the total number of pair produced in the volume domi-
nates. A time that has the maximal pair production rate
for a single RLF is chosen as a proper time delay, tq,
between two RLFs. A single ete™ pair can be produced
at ap = 0.23 with a ~v-factor of 12.2. The characteristic
time, 7, for the maximum pulse duration is calculated as
about 3.7 fs. This condition can be satisfied by focusing
an optical laser pulse (with 77 = 3.5 fs and a peak power
of 0.18 PW at the fourth harmonic wavelength) within a
beam radius of 158 ym. By assuming the RFPM with a
~v-factor of 12.2 can be driven by focusing a 250 PW laser
pulse with a beam radius of 158 pum, this result implies
that electron-positron pair production from two colliding
RLFs can be expected with a lower laser power (2x250
PW) laser than that (~1000 PW level) calculated under
the 4m-spherical focusing condition [24, 33]. Again, the
determination of characteristic time is based on the one-
dimensional model, so the recoil effect in time should be
fully understood by a three-dimensional model developed
in the near future.

V. CONCLUSION

The mathematical formulae describing the electromag-
netic field of the relativistic-flying laser focus formed
by an ideal relativistic-flying parabolic mirror were
obtained. = The main optical characteristics of the
relativistic-flying laser focus, such as the enhancement
of field strength and its distribution in time and space,
could be well understood by the formulae. The field
expression of the relativistic-flying laser focus was ap-
plied to the estimation of the eTe™ pair production by
the Schwinger mechanism. The pair production rate
under the relativistic-flying laser focus was modified by
the Lorentz vy-factor and the beam radius-wavelength ra-
tio. The calculation shows that even with a strong sup-
pression due to the low reflectance of relativistic-flying
parabolic mirror the eTe™ pair production is feasible by
colliding two counter-propagating relativistic-flying laser
focuses at a relatively lower laser power of 250 PW.
Although we assume an ideal parabolic shape for the
relativistic-flying parabolic mirror, the actual shape of
the mirror will have a small deviation from the ideal
shape, introducing the wavefront error. The wavefront
error deforms the distribution and induces the degrada-
tion of the focused intensity. Thus, the next step is to
generalize the mathematical formulae for a beam having
a wavefront aberration and to calculate the Strehl ratio
assessing the focusability. On the other hand, since the
formation of the relativistic-flying parabolic mirror will
be strongly affected by the instability of the high-power
laser pulse and its propagation in the plasma medium,
the generation of a stable relativistic-flying parabolic mir-
ror will be a technical challenge for practical applications
of the flying mirror. The results obtained can be used



to understand the fundamental question on the electron
positron pair production from vacuum.
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