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We present an analysis of spatial chirp in subcycle pulsed beams corroborated by spatio-temporal
electro-optic sampling measurements of terahertz radiation. Modeling the subcycle pulsed beam
as a superposition of monochromatic Gaussian beams, free-space propagation is shown to directly
lead to lateral spatial chirp, with the spectrum on-axis substantially bluer than the overall energy
spectrum. The 2-transverse + 1-temporal dimensional profile of terahertz subcycle pulsed beams
from organic crystals DSTMS and OH1 are measured and compared, with observed spatio-spectral
correlations consistent with the model.

I. INTRODUCTION

Since the advent of chirped-pulse amplification[1] and
optical parametric chirped-pulse amplification[2], acces-
sible laser intensities have been steadily increasing[3].
With these techniques, comparatively compact systems
can leverage temporal compression of laser energy to
achieve high peak power, enabling wider access to in-
tense lasers and facilitating development of applica-
tions in a broad range of scientific and technological
fields as sources of energetic particles[4–6], coherent
ultraviolet and x-rays[7, 8], and unprecedented bright
sources of terahertz (THz) radiation[9]. Bright THz
sources, utilizing various techniques such as two-color
mixing in plasmas[10, 11], bulk and surface optical rec-
tification in nonlinear crystals[12–14], or through laser
interaction with a thin liquid[15] or solid target[16],
have in turn enabled new research, for example in
materials science[17], impact ionization and electron
emission[18, 19], or for novel concepts for particle ac-
celerators and undulators[20–23]. Strong THz fields are
achieved through the conjunction of high pulse energy
and high beam quality. Though the former can straight-
forwardly be measured using bolometers or pyroelec-
tric sensors, the latter is harder to quantify in partic-
ular because of the broadband nature of ultrashort THz
sources[24] and spatio-temporal coupling which will be
shown to emerge here.

While the ultrashort pump pulses used to generate the
THz in various methods can be considered broadband,
often the relative bandwidth of the THz itself is signifi-
cantly larger. For example, the THz radiation generated
by optical rectification of femtosecond laser pulses in or-
ganic crystals is extremely broadband, spanning several
octaves[25]. Such radiation can be considered subcycle
(SC) because the pulse duration is of the same order as
the period of oscillation. With increasing interest in fur-
ther compression of infrared lasers for high-intensity ap-
plications ([6] for example), SC THz can be seen as a
surrogate system in which to study the behaviour op-
tical pulses in the limit of compression, and inform on
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ultrabroadband wave phenomena. For example, in this
regime, the slowly varying envelope approximation has
been shown to break down, and the pulse exhibits an
intrinsic chirp with the lower frequencies being less tem-
porally localized than the higher[26]. The spectrum of a
SC THz pulse was later shown to blue shift upon prop-
agation through the focal region[27]. While under lin-
ear propagation, the overall energy spectrum of a wave
should be conserved, the spectra in [27] corresponded to
the temporal evolution of the THz fields at a single trans-
verse spatial coordinate (or more precisely, averaged over
a small transverse area). Consequently, in such 1D mea-
surements, geometrical focusing effects can change the
observed spectrum as the various frequency components
redistribute throughout the focal volume.

In deference to this, we will make a distinction be-
tween beams, pulses, and pulsed beams. A travelling
wave which is confined in its transverse dimensions and
propagates in free space or a uniform medium is referred
to as a beam. A travelling wave which is confined in its
temporal coordinate (eg. t or ξ = z − vt ) is referred
to as a pulse, and may be used to describe the tempo-
ral evolution of a wave at a point, averaged over a finite
area, or integrated over all transverse space. Finally, a
wave which is simultaneously confined transversely and
temporally is referred to as a pulsed beam.

II. MODELING SUBCYCLE PULSED BEAMS

We will now investigate the propagation of the subcycle
pulsed beam (SCPB) at THz frequencies, and the spatio-
temporal and spatio-spectral correlations that emerge,
first introducing a model for describing spatio-spectral
behavior and then comparing it with measurements of
THz SCPBs using a 2-transverse + 1-temporal dimen-
sional (2+1D) version of electro-optic sampling. Antic-
ipating the breakdown of the carrier-envelope approxi-
mation, we represent the SCPB as a superposition of
monochromatic paraxial Gaussian beams. We will ini-
tially consider an SCPB for which the component beams
share a common beam waist w0, and all have flat phase
fronts at a longitudinal position z = 0. For an arbitrary,

complex amplitude spectrum Ã0(f), the electric field can
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be expressed as,
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energy spectrum of the SCPB. At this longitudinal po-
sition, the transverse dependence of the pulse is separa-
ble from the spectral dependence, which is a property of
this construction, and is not universal. For example, the
SCPB in [28] was constructed such that all frequencies
shared the same Rayliegh range, and at no longitudinal
position could it be described by Eq. (1). When the in-
dependent propagation at each frequency is included in
Eq. (1), the transverse dependence couples with the fre-
quency through z to produce a correlated spatio-spectrum
Ã(x, y, z, f).

Including propagation of the independent compo-
nent gaussian beams, we can construct the full spatio-
temporal pulse profile ψ(x, y, z, t) from Ã0(f).
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Here, we have allowed for frequency dependence of the
Gouy phase Φ(z, f) = arctan(z/z0(f)), the phase front
radius of curvature R(z, f) = z + z2

R(f)/z, the beam

width w(z, f) = w0

√
1 + z2/z2

R(f), and the Rayleigh
range zR(f) = πw2

0fn(f)/c with c/n(f) the phase ve-
locity at frequency f .

Since the Rayleigh range and beam waist cannot simul-
taneously be made independent of frequency, no gaussian
pulse of finite bandwidth can maintain perfect transverse
spectral uniformity, with an exception for the case where
the refractive index n(f) ∝ 1/f for all relavent frequen-
cies. We observe the far-field spatio-spectrum,
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wherein the component beams have become spatially sep-
arated with width and divergence inversely proportional
to frequency. We also see that on-axis (x = y = 0) the
spectrum is blue-shifted, while in the periphery, redder
frequencies dominate.

Similarly, we can look at the SCPB when focused. We
will assume focusing with a numerical aperture NA in-
dependent of frequency, which is consistent with the use
of a focusing optic without chromatic aberration such as
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FIG. 1. Spectral redistribution upon focusing. (Top) The
amplitude spatio-spectrum of a Gaussian SCPB focused with
constant NA. Beam waist inversely proportional to frequency
leads to a horn-shaped spatio-spectrum. (Bottom) When
compared to A0(f) (black dashed curve), the local spectrum
is shifted blue on-axis (cyan (light gray) solid curve) and red
off-axis (red (dark gray) solid curve).

a reflective paraboloid. In the paraxial approximation
in vacuum, the Gaussian beam waist is related to the
frequency by w0 = 2πc/fNA, and we can construct the

focus spatio-spectrum Ã(x, y, z = 0, f) directly from Ã0,
maintaining the overall energy spectrum.

Ã(x, y, z = 0, f) =

√
2/π

2πc/fNA
e
− x2+y2

(2πc/fNA)2 Ã0 (f) (5)

This results in similar dependencies to that of the far-
field spatio-spectrum, but without phase front curvature
on the component beams. The higher frequencies ex-
perience greater transverse confinement than the lower,
broadening and blue-shifting the on-axis spectrum, while
spectra toward the periphery are narrower and redder.

Figure 1 shows a plot of such a spatio-spectrum with
frequencies and transverse sizes chosen to represent a fo-
cused single-cycle THz pulse. Here, we have adapted
the functional form of the amplitude spectrum from [28],

A0(f) = Nc(f/f0)se−
sf
f0 with normalization constant Nc.

We chose the frequency scale f0 = 0.7 THz and the order
s = 2 to represent spectra generated by optical rectifi-
cation in OH1[25, 29]. The resulting spatio-spectrum is

horn-shaped and is substantially bluer than Ã0(f) on-
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FIG. 2. Theoretical spatio-temporal profile of a SCPB. The
superposition of Gaussian beams according to the spectrum
in FIG. 1 produces (a) sine- and (b) cosine-like SCPBs for
absolute phase π and 0 respectively. Black contours at 5%
and −5% of the maximum field magnitude are overlaid to
visualize the change in period with transverse coordinate x.
The period is shortest on-axis at the peak of the pulse and
increases in the transverse periphery, where it both precedes
the on-axis pulse and persists after it has passed.

axis and redder in the periphery.
We use this spectrum to construct the spatio-temporal

pulse profile according to Eq. (2). The resulting sine-
and cosine-like pulses are shown in FIG. 2 with solid
and dashed black contours at 5% and −5% of the peak
field magnitude respectively. Wavefronts in the trans-
verse periphery flare out earlier and later in time, resem-
bling a piece of farfalle. It should be noted that although
the wavefronts exhibit an instantaneous curvature, they
have arisen from the superposition of aberration-free
monochromatic beams sharing the same focal geometry.
Because of this, we call the resulting spatial chirp in-
trinsic, representing a natural property of pulsed beams
and not resulting from aberrations induced by optical el-
ements.

III. MEASURING TERAHERTZ SUBCYCLE
PULSED BEAMS

In order to observe this intrinsic spatial chirp in a
THz SCPB, we developed a 2+1D electro-optic sam-
pling method which preserves spatio-temporal correla-
tions. Electro-optic sampling (EOS) is an extremely pow-
erful technique which provides a coherent measurement
of the electric field of a THz pulse. The THz electric
field acts as a quasi-static external field in an electro-
optic medium, inducing birefringence by Pockels effect.
For a sufficiently short probe pulse (shorter than the THz
period), this birefringence can be measured and the THz

field reconstructed by observing changes in the probe as
a function of delay.

Most commonly, the polarization state of the probe
is ascertained using a Wollaston prism and a balanced
photodetecter (BPD). However, the BPD averages over
the transverse area of the probe which samples only a
small region within the THz transverse profile. A con-
jugate measurement of the THz transverse profile can
be made, for example, with an uncooled microbolometer
focal plane array[25, 30], but the combination of these
techniques does not capture spatio-temporal correlations
like the phase-front flaring seen in FIG. 2. Imaging utiliz-
ing Pockels effect at a fixed time has been demonstrated,
though it was not used for a full 2+1D measurement[31].
Some 1-transverse + 1-temporal dimensional single-shot
measurements have been demonstrated[32, 33], but the
ultrabroadband focus behavior described here was not
observed. Finally, a temporally scanned transverse in-
terferometric technique has been demonstrated[34], but
again, spatio-spectral correlations at the focus were not
reported.

For our 2+1D EOS measurement, we replace the Wol-
laston prism and balanced photodetector of a typical 1D
EOS measurement (described in [35] or [36] for example)
with a polarizing optic and a CCD. A 4f imaging sys-
tem facilitates reconstructing the probe from the exit of
the electrooptic medium onto the CCD. With an ultra-
short probe transversely larger than the THz spot size,
the THz electric field induces a local change in the probe
polarization. This change in polarization, after imaging
through the polarizer, manifests as a change in fluence on
the CCD, with local electric field of positive (negative)
polarity causing a local increase (decrease) in fluence.

Figure 3 shows a schematic of the experimental setup.
THz SCPBs were generated by co-linear optical recti-
fication in OH1 and DSTMS[29] (Rainbow Photonics
AG). The OH1 (DSTMS) was pumped with 1300 nm
(1450 nm) output of a LightConversion TOPAS tunable
OPA pumped by a kHz repetition rate Ti:Sapphire laser
(Coherent Astrella 30 fs 4.3 mJ) and had 0.4 mJ (0.34
mJ) of energy. The pump profile (FIG. 4) is supergaus-
sian of order 1.5 and slightly overfills the clear aperture
of the DSTMS and OH1. This aperture is visualized as
a pupil overlaid on the profile. A fit to a supergaussian
is shown in FIG. 4(b) with dashed lines again indicating
the clear aperture of the organic crystal mounts. The
generated THz radiation was initially focused at an f-
number (f/# ≈ (2NA)

−1
) of f/8.5 by a RFL = 1 off-

axis parabola and the focus relayed by a pair of parabolic
mirrors with 3x demagnification to a GaP crystal, result-
ing in final focusing with f/2.9. A vertically polarized
probe, picked off from the Ti:Sapphire beam line before
the OPA, was focused with f/17 through a 3 mm drilled
hole in the last parabolic mirror, and diverged to a radius
(e−2 of peak fluence) of 2.8 mm at the GaP.

The probe polarization input to the GaP was linear
and oriented vertically. In the imaging system following
the GaP, the probe encounters a 1

4λ wave plate oriented
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FIG. 3. Experimental Setup. A 1450 nm (1300 nm) pump
generates a THz SCPB by optical rectification in DSTMS
(OH1). The THz is relayed through a polyethylene filter (PE)
and focused into the electro-optic medium (GaP). An 800 nm
30 fs probe passes through a variable delay line (d) and is
focused through a 3 mm drilled hole in the final focusing mir-
ror, expanding to over twice the transverse size of the THz
SCPB as they copropagate in the GaP. The probe is imaged
to a CCD through a quarter-wave plate (WP) and a polar-
izer (P), with local changes in polarization causing changes in
fluence on the CCD.

at 45◦ to the horizontal, and a beamsplitter transmitting
only horizontal polarization to the CCD. The total flu-
ence on the CCD V (Γ) as function of the retardation Γ
can be calculated by sequentially applying Jones matrices
for each optical element to the input linear polarization
Ei.

V (Γ) ∝ |PxQT (Γ)Ei|2 = E2
0 (1 + sin Γ/2 cos Γ/2) (6)

Here, T (Γ) is the Jones matrix for a variable retarder
oriented at 45◦ WRT the horizontal and represents the
elctro-optic medium under the influence of the THz, Q
for a quarter-wave plate also oriented at 45◦, and Px
for a polarizer selecting horizontal polarization. Without
knowing the constant of proportionality, we can use a ref-
erence image V0, for which the THz is blocked to recover
the retardation from the CCD signal,

sin Γ cos Γ = 2(V (Γ)/V0 − 1) ≈ Γ (7)

In the limit of small retardation, Γ(x, y) is related to
the transverse electric field Ex(x, y) by a material-specific
proportionality constant[35, 36]. The spatio-temporal
profile Ex(x, y, t) was assembled by stacking measure-
ments of Ex(x, y) over a range of delays. Figure 5 shows
the extracted THz electric field generated in OH1 and

1.5 mm

a

b

FIG. 4. Pump Profile. (a) Pump profile incident on organic
crystals OH1 and DSTMS with clear aperture of the crystal
mount indicated with a 3 mm diameter red pupil. The color-
bar ranges from 0 to the maximum fluence. (b) A horizontal
line-out of the pump profile at the vertical location indicated
by the dotted line in (a), overlaid on a super-Gaussian profile
of order 1.5 with good agreement. Vertical dashed red lines
indicate the clear aperture of the crystal mount.

DSTMS as seen through y-t (FIG. 5(a,c)) and x-t (FIG.
5(b,d)) slices of the full 2+1D measurement. Plots of
the temporal field evolution at two transverse positions
are compared in FIG. 5(e). The measured pulsed beam
exhibits spatial chirp like that seen in the model, with
the temporal evolution of the field on-axis shorter, bluer,
and arriving later than that off-axis.

The corresponding spatio-spectra of FIG. 5(b,c) were
calculated by FFT along the temporal dimension and are
shown in FIG. 5(f,g). Higher frequencies are seen to focus
to a smaller transverse size. White dotted curves repre-
senting a surface proportional to 1/f indicate good agree-
ment with the constant NA focus model (FIG. 1). Al-
though the DSTMS spectrum is significantly bluer than
the OH1 spectrum, since the spatio-spectra in FIG. 5(f,g)
share the same focusing geometry, they are confined by
the same spatio-spectral horn.

IV. DISCUSSION

Although correlated spatio-spectral structure compli-
cates the application of ultrabroadband pulsed beams,
they are not always detrimental. For example, if un-
corellated THz is imaged from its source to the target,
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FIG. 5. Spatiotemporal measurement of THz SCPBs. THz electric fields from OH1 (a,b) and DSTMS (c,d) as seen in x-t (b,d)
and y-t (a,c) slices through the center. The full temporal window in (a) shows the noise floor before the THz arrival followed
by trailing oscillations from resonances in air and the crystals. Black dashed lines indicate the temporal window used for panels
(b-g). The wavefronts can be seen to flare out towards the pulse periphery as seen in FIG. 2. The pulse on-axis, indicated by
the cyan (light gray) dashed line in (b), is shown in panel (e) in cyan (light gray). In contrast, at 0.8 mm off-axis (indicated
by the red (dark gray) dashed line in (b)), the pulse exhibits a longer period and duration, and arrives sooner (red (dark
gray) in (e)). Spatio-spectra in (f) and (g) were computed from the SCPBs in (c) and (b) respectively, showing horn-shaped
spatio-spectral correlations as in Fig. 1. The two spatio-spectra fit within the same 1/f -horn indicated by white dotted curves,
owing to the shared focusing geometry.

it will recover its initially uncorrelated structure. This is
often the case, as for say, [37], wherein simulations were
consistent with experimental results. However, as such
a design is scaled up, any changes like using larger area
sources[29], or a different focusing geometry, would ren-
der this no longer the case. Since fine-tuned pulse arrival
time in each of the channels is central to the device op-
eration, the variation in arrival time seen in FIG. 2 or
FIG. 5 would be detrimental.

Beyond applications of bright THz, the motion of a
free particle in a SCPB, already nontrivial in the rela-
tivistic case[4, 38, 39], would be further complicated be-
cause the driving field frequency and phase (not only
amplitude) will change throughout the particles excur-
sion. This behavior could be captured, say, in a parti-
cle tracking or particle-in-cell simulation. However, the
normative form of a pulse typically follows the carrier-
envelope approximation, especially in more sophisticated
simulation frameworks[6, 39, 40]. While EM field solvers
will naturally account for the independent behavior of
different frequencies, an explicit definition of the SCPBs
functional form is needed since the near field and far field
cannot simultaneously be spectrally uniform. For exam-
ple, when simulating the behavior of a SCPB, it could
be specified which beam parameters (w0, NA, zR, etc.),
if any, are uniform across the spectrum.

The transverse spatio-spectral correlations identified
here are a conjugate representation of longitudinal
spatio-spectral correlations seen in [25, 27], which man-
ifested as spectral shifts throughout propagation. We

argue that the 2+1D spatio-temporal measurement is a
complete measure of a THz SCPB in that the field de-
pendence on the longitudinal propagation coordinate fol-
lows from 2+1D form by the wave equation. This can be
extended to the fully vectorial case in the paraxial ap-
proximation in vacuum or well-characterized media. For
applications with Maxwell solvers, SCPBs of arbitrary
spatio-spectral forms can be injected at the boundary of
a simulation, and in that case the 2+1D EOS technique
presented here could be used to define accurate input
conditions. This would be especially useful if the spatio-
spectrum of an available SCPB has a complex structure.

In summary, subcycle optical pulsed beams contain an
intrinsic spatial chirp which manifests as lateral chirp
upon propagation, even if lateral chirp is initially absent.
A focused subcycle pulsed beam which is aberration free
and free of spatial chirp exhibits time-dependent wave-
front curvature at the focal plane. This was observed ex-
perimentally in coherent measurements of subcycle THz
pulsed beams using a new 2-transverse + 1-temporal
dimensional electro-optic sampling method. We recog-
nize that this intrinsic spatial chirp result is not limited
to THz frequencies but also applies to visible and mid-
infrared supercontinuum, focusing of high harmonics, RF
electromagnetic pulses, and to some extent to all coher-
ent beams of finite spectral bandwidth.
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