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In this paper, we introduce the resource theory of unextendibility as a relaxation of the resource
theory of entanglement. The free states in this resource theory are the k-extendible states, associated
with the inability to extend quantum entanglement in a given quantum state to multiple parties.
The free channels are k-extendible channels, which preserve the class of k-extendible states. We
define several quantifiers of unextendibility by means of generalized divergences and establish their
properties. By utilizing this resource theory, we obtain non-asymptotic, upper bounds on the rate at
which quantum communication or entanglement preservation is possible over a finite number of uses
of an arbitrary quantum channel assisted by k-extendible channels at no cost. These bounds are
significantly tighter than previously known bounds for both the depolarizing and erasure channels.
Finally, we revisit the pretty strong converse for the quantum capacity of antidegradable channels
and establish an upper bound on the non-asymptotic quantum capacity of these channels.

I. INTRODUCTION

In quantum information theory, an important task is
to quantify the amount of entanglement that a sender
Alice and a receiver Bob can share after using a quan-
tum channel A a large number of times. That is, if Alice
sends one share of a bipartite state pan4» over n uses
of a quantum channel, then what is the amount of en-
tanglement that can be transmitted from Alice to Bob?
One then considers three variations of the above task
depending on the classical communication that can be
employed by Alice and Bob to assist their task. In the
first one, Alice and Bob are not allowed to employ classi-
cal communication (the unassisted case). This is referred
to as unassisted entanglement transmission. In the sec-
ond case, Alice is allowed to communicate classically with
Bob for free. In the third variation, Alice and Bob are
allowed two-way classical communication for free. In the
asymptotic regime of many channel uses, the entangle-
ment transmission capacity of a channel assisted by one-
way classical communication is equal to its unassisted
entanglement transmission capacity [1, 2].

Since obtaining the exact capacities for these tasks
can be challenging, one important goal is to obtain tight
upper bounds on the rates for these tasks, in order to
understand the basic limitations of quantum commu-
nication. In this context, [3, 4] have obtained upper
bounds for finite n; however, these hold for entangle-
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ment transmission assisted by two-way classical commu-
nication. Therefore, we do not expect them to be tight
for the unassisted entanglement transmission or entan-
glement transmission assisted by one-way classical com-
munication (1W-LOCC).

In this paper, we develop the details of the resource
theory of unextendibility, which was proposed in our ear-
lier companion paper [5]). As mentioned previously, this
resource theory is a semi-definite relaxation of the re-
source theory of entanglement and thus is connected to
fundamental aspects of quantum mechanics. Further-
more, we put the resource theory of unextendibility to
use by obtaining bounds on the rates at which entan-
glement can be transmitted over a quantum channel as-
sisted by 1W-LOCC. We obtain these upper bounds by
defining and employing monotones in the resource the-
ory of unextendibility. What we find here is that these
bounds are significantly tighter than bounds previously
obtained in [3, 4], primarily because they are tailored to
hold for entanglement transmission with the assistance

of 1IW-LOCC.

For every integer k > 2, there is a resource theory of k-
unextendibility, and each of these can be understood as a
relaxation of resource theory of entanglement [1, 6]. The
free states in the resource theory of k-unextendibility are
the k-extendible states [7-9], and the free channels are
the k-extendible channels, which we define in Section III.
These k-unextendible resource theories have a hierarchi-
cal structure, with the k-unextendible resource theory
being contained in the (k — 1)-unextendible resource the-
ory. By “contained in the resource theory,” we mean that
the free states in the k-unextendible resource theory are
free states in the (k — 1)-unextendible resource theory.
This implies that the separable states are free states for
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all k-unextendible resource theories. A similar structure
is observed for the free channels. The resource theories
of k-unextendibility are relaxations alternative to the re-
source theory of negative partial transpose states from
[10, 11], in which the free states are the positive par-
tial transpose (PPT) states and the free channels are the
PPT-preserving channels.

The main application of the resource theory of un-
extendibility reported here is that we obtain tighter
upper bounds on the non-asymptotic quantum capac-
ity of a quantum channel. We can get a sense of
this by considering the following example: if we send
one share of the maximally entangled state ®4p =
3 2ijefony [Iila @ [i)j|p through a 50% erasure chan-
nel with erasure symbol |e)e|p, then the resulting state
L(Pap + 14/2 ® |e)e|p) is a two-extendible state, and
is thus free in the resource theory of unextendibility for
k = 2. However, this state has distillable entanglement
via two-way LOCC [12], and so it is not free in the re-
source theory of entanglement. Thus, by relaxing the
resource theory of entanglement, and as a consequence
expanding the set of free states, we show in what follows
how to obtain tighter, non-asymptotic upper bounds on
the entanglement transmission rates of a quantum chan-
nel.

The paper is organized as follows. In Section II, we es-
tablish some notation and some definitions required for
the proofs of our results. In Section III, we introduce
the resource theory of k-unextendibility. We also de-
fine quantifiers of unextendibility based on generalized
divergences, and we establish their properties. In Sec-
tion IV, we obtain upper bounds on the non-asymptotic
quantum capacity and one-way distillable entanglement.
In Section V, we showcase our bounds for depolarizing
channels and erasure channels. In Section VI, we revisit
the pretty strong converse for the quantum capacity of
antidegradable channels, and we employ the resource the-
ory of unextendibility to obtain tighter bounds on their
non-asymptotic quantum capacity. We finally conclude
with some open questions in Section VII.

Note on related work: The relation of this paper to our
previous one [5] is that, in this paper, we go into far more
detail on the resource theory and many of the proofs of
the claims in [5] are presented here. There is also another
paper [13] that uses k-extendibility to place bounds on
entanglement distillation protocols, but the kinds of pro-
tocols they consider and the particular way that they
use k-extendibility are different from our approach in [5]
and in the present paper. Another paper [14] employed
k-extendibility in the context of placing bounds on the
error in quantum communication protocols. They also
introduced a definition of k-extendible channels that is
slightly different from that given in [5].

II. PRELIMINARIES
A. States, channels, isometries, and k-extendibility

The Hilbert space of a quantum system A is denoted
by Ha. The state of system A is represented by a den-
sity operator p4, which is a positive semi-definite op-
erator with unit trace. The set of density operators is
denoted by D(H4). The density operator of a com-
posite system RA is defined as pra € D(Hgra), where
Hra = Hr ® Ha. The notation A" = A1Ay--- A, in-
dicates a composite system consisting of n subsystems,
each of which is isomorphic to Hilbert space H 4. The fi-
delity of 7,0 € D(H ) is defined as F(r,0) = ||ﬁ\/5||f
[15], where |[-||; denotes the trace norm.

A quantum channel is a completely positive trace pre-
serving map (CPTP) map. Let M4_ 5 be a quantum
channel, and let |I')za denote the following maximally
entangled vector:

D) ra = Z 1) i) a, (1)

where dim(Hg) = dim(H4) and {|i)r}; and {|i)a}; are
fixed orthonormal bases. We extend this notation to mul-
tiple parties with a given bipartite cut as

TYRaRp:AB = |T)Ry:a @ D) Ry.B- (2)

The maximally entangled state ®r4 is denoted as

1
Ppa = m|F><F|RA7 (3)

where |A| = dim(#H4). The Choi operator for a channel
M a_,p is defined as

I'sY = (idr @Ma ) (ITXT|rA) , (4)

where idr denotes the identity map on R.

Let SEP(A: B) denote the set of all separable states
oap € D(HA®Hp), which are states that can be written
as

oap =Y _plx)wh @715, (5)

x

where p(x) is a probability distribution, w% € D(Ha),
and 75 € D(Hp) for all z. These are the free states in
the resource theory of entanglement [6, 16].

A local operations and classical communication
(LOCC) channel L4p—,4/p can be written as

Lap—sap = Z‘c’%—nél’ ® fg—)B’? (6)
Y

where {€4_, 4/}, and {F}_ 5}, are sets of completely
positive maps such that £4p_. /g is trace preserving.
However, note that there exist separable channels that



can be written in the form in (6) but are not realizable
by LOCC [17, 18].

A special kind of LOCC channel is a one-way (1W-)
LOCC channel from A to B, in which Alice performs a
quantum instrument, sends the classical outcome to Bob,
who then performs a quantum channel conditioned on
the classical outcome received from Alice. As such, any
1W-LOCC channel takes the form in (6), except that
{€4_, 4}y is a set of CP maps such that the sum map
>y €4 is trace preserving, while {Fp , p }y is a set
of quantum channels.

B. Entropies and information

The quantum entropy of a density operator p4 is de-
fined as [19]

S(A), = S(pa) = — Trlpalog, pal. (7)

The quantum relative entropy of two quantum states
is a measure of their distinguishability. For p € D(H)
and o € By (M), where B4 (#) is the set of positive semi-
definite operators on H, it is defined as [20]

. J Tr{p[logy p — log, o]}, supp(p) C supp(o)
Dpllo) = { —+00, otherwise.
(8)

The quantum relative entropy is non-increasing under
the action of positive trace-preserving maps [21], that is
D(p|lo) > D(M(p)||M(o)) for any two density operators
p and o and a positive trace-preserving map M.

C. Generalized divergence and relative entropies

Let D be a function from D(H) x By (H) to R. Then
D is called a generalized divergence [22, 23] if it satisfies
the following data-processing inequality:

D(pllo) = DN (p) N (), 9)

where p € D(H) and o € By (H) and N is a quantum
channel. Specific generalized divergences of relevance
to this work are the sandwiched Rényi relative entropy
[24, 25], quantum relative entropy [20], and e-hypothesis
testing relative entropy [26, 27].

The sandwiched Rényi relative entropy [24, 25] is de-
noted as Dy (p||o) and defined for p € D(H), o € B (H)
and a € (0,1) U (1,00) as

1 Ca _a\ @
logQTr{<0127p0127> } (10)

Dalpllo) = ——

It is set to 400 for a € (1,00) if supp(p) € supp(o).
The sandwiched Rényi relative entropy is monotone non-
decreasing in « [24]:

Da(pllo) < Da(pllo), (11)

if a <, for a, 8 € (0,1) U(1,00). For certain values of

a, the sandwiched Rényi relative entropy D, (p|lo) is a
particular kind of generalized divergence:

Lemma 1 ([28, 29]) Let N : By (Ha) — By(Hp) be
a quantum channel and let pg € D(Ha) and o4 €
By (Ha). Then, for all a € [1/2,1) U (1,00),

Da(pllo) = Da(N (p)IN (o)), (12)

In the limit a@ — 1, the sandwiched Rényi relative en-
tropy Dg (p|lo) converges to the quantum relative entropy
[24, 25]. In the limit @ — oo, the sandwiched Rényi
relative entropy Dq(pl|o) converges to the max-relative
entropy [24], which is defined as [30, 31]

Duax(pllo) = 1inf{\: p < 2%¢}, (13)

with Dpax(pllo) = oo if supp(p) € supp(o). Another
generalized divergence of interest is the e-hypothesis-
testing divergence [26, 27|, defined as

Dy, (pllo) =
— log, ir/{f{Tr{Ao} 0 <AL TIAT{Ap} >1—¢},

(14)

for e € [0,1], p € D(H), and o € B4 (H).

D. Channels with symmetry

Consider a finite group G. For every g € G, let
g — Ua(g) and ¢ — Vg(g) be projective unitary rep-
resentations of g acting on the input space H 4 and the
output space Hp of a quantum channel AM4_, 5, respec-
tively. A quantum channel N4_,p is covariant with re-
spect to these representations if the following relation is
satisfied [32-34]:

MMWU@MWQNZW@MHMM”Q%:
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In our paper, we define covariant channels in the fol-
lowing way:

Definition 1 (Covariant channel) A quantum chan-
nel is covariant if it is covariant with respect to a group
G for which each g € G has a unitary representation
U(g) acting on Ha, such that {U(g)}qec is a unitary
one-design; i.e., the map () — ﬁdeG U(g)(-)U(g)
always outputs the mazimally mized state for all input
states.

The notion of teleportation simulation of a quantum
channel first appeared in [1], and it was subsequently
generalized in [35, Eq. (11)] to include general LOCC
channels in the simulation. It was developed in more
detail in [36] and used in the context of private commu-
nication in [37] and [38, 39].



Definition 2 (Teleportation-simulable channel)

A channel Na_,p is teleportation-simulable if there
exists a resource state wrp € D (Hrp) such that for all
pa € D(Ha)

Nag(pa) = Lra—p (pa ® wrB), (16)

where Lrap—p is an LOCC channel (a particular exam-
ple of an LOCC channel could be a generalized teleporta-
tion protocol [10]).

Lemma 2 ([41]) All covariant channels (Definition 1)
are teleportation-simulable with respect to the resource
state Na_,g(PRra).

III. FRAMEWORK FOR THE RESOURCE
THEORY OF k-UNEXTENDIBILITY

Any quantum resource theory consists of three ingre-
dients [16, 42]: the resourceful states, the free states, and
the restricted set of free channels. The resource states by
definition are those that are not free; they are useful and
needed to carry out a given task. These states cannot
be obtained by the action of the free channels on the free
states. Also, free channels are incapable of increasing the
amount of resourcefulness of a given state, whereas free
states can be generated for free.

A. k-extendible states

To develop a framework for the quantum resource the-
ory of k-unextendibility, specified with respect to a fixed
subsystem (B) of a bipartite system (AB), let us first
recall the definition of a k-extendible state [7-9]:

Definition 3 (k-extendible state) For integer k > 2,
a state pap € D(Hap) is k-extendible if there exists a
state o apk = OABBy--By, € D(HAB,B,-B,) that satis-
fies the following two criteria:

1. The state 0 AB, B,---B, 1S permutation invariant with
respect to the B systems, in the sense that for all
m € Sk,

0AB1By--By = W]ngk (JABlBQ"'Bk)7 (17>

where W™ 1is the unitary permutation channel asso-
ciated with m and Sy, is the symmetric group defined
over a finite set of k symbols.

2. The state pap is the marginal of cap,...B,, €.,
pap =Trp,..p {04, B} (18)

Determining whether a bipartite state is separable or
not is a computationally hard task [43, 44]. The k-
extendible states, introduced in [7, 9], provide a system-
atic way of testing the entanglement of a state. If a state

is entangled, it is not k-extendible for at least some k;
furthermore, it is not k’-extendible for all &' > k. How-
ever, if the state is separable, then it is k-extendible for
all k. Then the question regarding the separability of
the state can be reformulated as the verification of k-
extendibility of a state, which is a semidefinite program
(SDP). The size of the SDP increases with increase in k,
because the number of constraints that need to be spec-
ified increases. Nevertheless, checking for k-extendibility
of a state provides a hierarchy of SDPs in the sense dis-
cussed above, which can be insightful in understanding
the entanglement of a bipartite state.

To give some physical context to the definition of a k-
extendible state, suppose that Alice and Bob share a bi-
partite state and that Bob subsequently mixes his system
and the vacuum state at a 50:50 beamsplitter. Then the
resulting state of Alice’s system and one of the outputs
of the beamsplitter is a two-extendible state by construc-
tion. As a generalization of this, suppose that Bob sends
his system through the N-splitter of [45, Eq. (10)], with
the other input ports set to the vacuum state. Then the
state of Alice’s system and one of the outputs of the V-
splitter is N-extendible by construction. One could also
physically realize k-extendible states in a similar way by
means of quantum cloning machines [46].

Although the following definition might be obvious, we
nevertheless state it explicitly for clarity:

Definition 4 (Unextendible state) A state that is
not k-extendible according to Definition 3 is called k-
uneztendible.

For simplicity and throughout this work, if we men-
tion “extendibility,” “extendible,” “unextendibility,” or
“extendible,” then these terms should be understood
as k-extendibility, k-extendible, k-unextendibility, or k-
unextendible, respectively, with an implicit dependence
on k.

Let EXTk(A : B) denote the set of all states oap €
D(Hap) that are k-extendible with respect to system B.
A k-extendible state is also f-extendible, where ¢ < k.
This follows trivially from the definition.

B. k-extendible channels

In order to define k-extendible channels, we need to
generalize the notions of permutation invariance and
marginals of quantum states to quantum channels. First,
permutation invariance of a state gets generalized to per-
mutation covariance of a channel. Next, the marginal of a
state gets generalized to the marginal of a channel, which
includes a no-signaling constraint, in the following sense:

Definition 5 (k-extendible channel) A bipartite
channel Nap_sarpr is k-extendible if there emists a
quantum channel Mag,...p,~a'By...; that satisfies the
following two criteria:
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FIG. 1. A visual depiction of the conditions for the channel
Mg, .8, —~arB;-B], to be a k-extension of Nap_ap. (a)
The extension channel ./\/1,4]31mlgk_m/BiMB;c should be per-
mutation covariant with respect to Bob’s systems. (b) The
extension channel /VlABl..BkﬁAqgi...B;C should reduce to the
original channel N4p_; op/ when tracing out the output sys-
tems Bé cee B;/C of MABl.,.Bk_,A/Bi..,B]/C.

1. The channel MABy--Bk—)A’B{---BL 18 permutation
covariant with respect to the B systems. That is,
for all m € Sy, and for all states pap,...5,, the fol-
lowing equality holds

Map,..B,—aB..B,WE,..5,(PAB, - B,))

:ng...B;(MABln-B;CﬁA’BimB’k(pABlmBk))v (19)

where W™ is the unitary permutation channel as-
sociated with the permutation .

2. The channel Nip_ap is the marginal of
MABI"'Bk_)A/Bi"‘B;C in the following sense: for ev-
ery state pApg,...B,

Nap—ap(pas,)
=Trpy..5; {Map,..B,sa'B;..B; (PaB,-B,)}.  (20)

We can alternatively write (20) as

Trpy..p; oMap,..B,—A'B].- B,

:NAB—)A’B' OTI'BZ,..Bk (21)

A channel M, ...B,—aB;...B;, satisfying the above con-
ditions is called a k-extension of Nap_sa'p: .

The conditions in Definition 5 are depicted in Fig-
ure 1. The condition in (20) corresponds to a one-way no-
signaling (semi-causal) constraint on the extended (k—1)

subsystems B¥~! := B¥\ B; to A'B] for all i € [k] (cf.,
[47, Proposition 7]). This condition can be reformulated
as [48]

Trpy..5 {MuB,..B, BB, (PAB: - Bx )} =

Trpy..5 {Map,..B,—a B, B, (RB,...B, (PAB, Bk )},
(22)

where REQ,“ By is a channel that replaces the state in
systems Bs--- By with a mixed state 7p,..5, (or any
other arbitrary state). Equivalently, the condition in (20)
can also be expressed as

Trpy..p {Map,..B,»a'B;..B,(XaB, ®YB,..5,)} =0
(23)

for all Xap,,Ys,...5, such that Tr{Yp,..5,} = 0 [47].

Classical k-extendible channels were defined in a some-
what similar way in [49], and so our definition above rep-
resents a quantum generalization of the classical notion.
We also note here that k-extendible channels were defined
in a slightly different way in [50], but our definitions re-
duce to the same class of channels in the case that the
input systems B; through By and the output systems A’
are trivial.

We can reformulate the constraints on the k-extendible
channels in terms of the Choi operator F%A, si g Of the
extension channel /\/IABI...]3k%14qgi“.3;c of Nap_,ap as

follows:
F%A’B’“B'k 2 07 (24)
TrA’B”“{FgAA/BkB/k} = IAB’C? (25)
0 T M _
(26)
M _TN P
Uiw iy, = Vaas, 5, © Ty (27)

The first constraint corresponds to complete positivity of
the k-extendible channel, while the second constraint cor-
responds to trace preservation of the channel. The third
constraint reflects the permutation covariance property
of the channel with respect to the permutation group,
and the last constraint corresponds to the no-signaling
condition.

The following theorem is the key statement that
makes the resource theory of unextendibility, as pre-
sented above, a consistent resource theory:

Theorem 1 For a bipartite k-extendible channel
Nap_ap: and a k-extendible state pap, the output
state Nap_arp(pap) is k-extendible.

Proof. Let pap,..B, be a k-extension of pap.
Let MAB1~~-B;C—>A’B;~~B;C be a channel that extends
Nap—ap. Then the following state is a k-extension
of Napoarp (paB):

MaB,..B,+A'B-B (PAB, By )- (28)



To verify this statement, consider that for all 7 € Sk,
the following holds by applying (19) and the fact that
PAB;---B, 1S a k-extension of pap:

Wi ..p; (MaB,..B,»a'B;-B; (pAB,--B,))
= MABlu-Bk%A’Bi--AB,’C (ng...Bk (PaB,-By)) (29)

= Muap,..B,—»a'B;.-B,(PAB, - B)- (30)

Due to (20), it follows that Nap_, a'p'(pap) is a marginal
of Map,..B, BB, (PAB,-B,). W

With the above framework in place, we note here that
postulates I-V of [42] apply to the resource theory of
unextendibility. The k-extendible channels are the free
channels, and the k-extendible states are the free states.

Example 1 (1W-LOCC) An ezample of a k-
extendible channel is a one-way local operations and
classical communication (1W-LOCC) channel. Consider
that a 1W-LOCC channel Nap_sa'p can be written as

NAB*)A’B’ = Zgﬁ%,qf ® ]:12’4)]3’7 (31)

where {E%_, 4/ }s is a collection of completely positive
maps such that Y- E%_, 4 is a quantum channel and
{FE_ g} is a collection of quantum channels. A k-
extension M ap, ...p,—~A'B;- B!, of the channel Nap_a'p
can be taken as follows:

MAB, By A BB, =

> R OFb oy ®Fh, 5 ® @ Fp g (32)

x

It is then clear that the condition in (19) holds for
MABl...BkﬁA/Bi..AB;C as chosen above. Furthermore, the

condition in (20) holds because each Fp, g s a channel

forie{l,... k}.

We now define a subclass of k-extendible channels.
These channels are realized as follows: Alice performs
a quantum channel £4_,4/¢c on her system A and ob-
tains systems A’C. Then, Alice sends C to Bob over a k-
extendible channel Af,_, ,. The channel A% _, -, is a spe-
cial case of the bipartite k-extendible channel Nap_, o'/
considered in Definition 5, in which we identify the in-
put C with A of Nap_a'p’, the output C’ with B’ of
Nap_ap and the systems B and A’ are trivial. Fi-
nally, Bob applies the channel Do p_,p/ on system C’
and his local system B to get B’. Denoting the overall
channel by KX, 4/ 5/, it is realized as follows:

Khipap () =Dopop o Ag oo Easac(s). (33)

Due to their structure, we can place an upper bound
on the distinguishability of a channel in the subclass
described above and the set of 1IW-LOCC channels, as
quantified by the diamond norm [51]. See Appendix A
for the precise statement and for details of the proof.

C. Quantifying k-unextendibility

In any resource theory, it is pertinent to quantify the
resourcefulness of the resource states and the resourceful
channels. Based on the resource theory of unextendibil-
ity, any measure of the k-unextendibility of a state should
possess the following two desirable properties:

1. data processing: non-increasing under the action of
k-extendible channels,

2. attains minimum value if the state is k-extendible.

Here we present a measure of unextendibility that is
based on generalized divergence and satisfies both criteria
discussed above:

Definition 6 (Unextendible generalized divergence)
The k-unextendible generalized divergence of a bipartite
state pap is defined as

E.(A;B), = inf

D , 34
ment m) (paplloas) (34)

where  D(p||o)
from (9).

denotes the generalized divergence

We can extend the definition above to obtain an unex-
tendible generalized divergence of a channel, in order to
quantify how well a quantum channel can preserve unex-
tendibility.

Definition 7 The k-unextendible generalized divergence
of a quantum channel Ny_,p is defined as

sup inf

D (NaoB(Yra)lloRB)
GrAED(Hpa) O rBEEXTK(R:B) (Nawp(¥ra)llors)

(35)

where D(+||-) is a generalized divergence and the opti-
mization is over all pure states ra € D(Hpa) with
dim(Hg) = dim(Hg).

In the definition above, we could have taken an opti-
mization over all mixed-state inputs with the reference
system R arbitrarily large. However, due to purification,
data processing, and the Schmidt decomposition theo-
rem, doing so does not result in a larger value of the
quantity, so that it suffices to restrict the optimization
as we have done above.

In Definitions 6 and 7, we can take the generalized
divergence to be the quantum relative entropy D, the
e-hypothesis-testing divergence Dj, the a-sandwiched-
Rényi divergence l~)a, the traditional Rényi divergence,
the trace distance, etc., in order to have various k-
unextendible measures of states and channels (see Sec-
tion ITC for definitions).



1. k-unextendible divergences for isotropic and Werner
states

In this section, we evaluate some unextendible diver-
gences for two specific classes of states: isotropic and
Werner states. In particular, we obtain an analytic form
for the k-unextendible generalized divergence (Proposi-
tion 1) for isotropic states [52] and Werner states [53],
and, as a consequence, we calculate its k-unextendible
relative entropy and Rényi divergence (Proposition 2).

Definition 8 (Isotropic state [52]) An isotropic state
D s U @ U*-invariant for an arbitrary unitary U,
where dim(H4) = d = dim(Hp). Such a state can be

written in the following form for t € [0,1]:

Iap — 45
-1 7

(t,d)

pug =tP%p+ (1—1) (36)

where CDZB denotes a maximally entangled state of
Schmidt rank d.

Lemma 3 ([54]) An isotropic state pf:g) written as in

(36) is k-extendible if and only if t € [0,% (1 + %)]

Proof. Isotropic states are parametrized in [54] for y €

[0,d] as
d I 1
Z1 [<d‘y>§f+ (y—d) %} -

There, as shown in [54, Theorem II1.8], an isotropic state
is k-extendible if

(37)

y <1+ (d—1)/k. (38)

Translating this to the parametrization in (36), we find
that

d I 1
Fr] [(d—y)gf+<y—d>‘bfm]

d [d—vy J d—y N
=y | s )+ (T e ) o
(39)
d—ylsp — @4
=S YIAb T 2an Vgl (40)

d ? -1 d

Using the fact that t = y/d to translate between the two
different parametrizations of isotropic states, the condi-
tion in (38) translates to

t<l E—I—l
—d k '

This concludes the proof. =

(41)

Definition 9 (Werner state [53]) Let A and B be
quantum systems, each of dimension d. A Werner state
is defined for p € [0,1] as

2 2
W(p’d) = (1—p) ———II" —1II;, 42
AB ( p)d(d+1) AB+pd(d_1) AB>» ( )

7

where HﬁB = (Iap £ Fap) /2 are the projections onto
the symmetric and antisymmetric subspaces of A and B.

Lemma 4 ([54]) A Werner state Wﬁ@d) is k-extendible
if and only if p € [0, % (% + 1)]

Proof. Werner states are parametrized in [54] for ¢ €

(~1,1] as
(i-3) %]

There, as shown in [54, Theorem II1.7], a Werner state is
k-extendible if

d 1
(a0 22+

2 —1 (43)

g>—(d-1)/k. (44)

Translating this to the parametrization in (42), and using
that

Inp =145+ 1,5, (45)
Fan = I, — T, (16)
we find that
d IaB 1\ Fap
7 1{( - )d2+<q_d>d}
d [d —
= zq(Hj{BJFHZB)
2-1|d n
q 1 _
+ <d d2) (I 5 HAB)]
d [(d-—q q 1 .
e () e "
d—q q 1 _
e e @)
1+4¢ 2 I 1—gq 2 _
=TI — 1T, . 4
2 d(d+1) apt d(d—1) 4B (49)

Using the fact that p = (1 — ¢) /2 to translate between
the two different parametrizations of Werner states, the
condition in (44) translates to

< 1/d-1 1
P=9\ % '
This concludes the proof. m

For p,q € [0,1] and for any generalized divergence D,
we make the following abbreviation:

D(pllg) = D(x(p)[lx(q)),

(50)

(51)
where
k() = [0)}0] + (1 — =) [1)(1]. (52)

We then have the following:



Proposition 1 The k-unextendible generalized diver-

)

gence of a Werner state ngéd and an isotropic state

pgg) are respectively equal to

Ei(4; B)ww.a = inf D(pllg),  (53)
q€[0,5 (45t +1)]
Ey(4; B) ) = inf D(t|lq)- (54)

ac[0.5 (4% +1)]

Proof. By definition, E;(A; B)wr involves an infimum
with respect to all possible k-extendible states. It is
monotone with respect to all 1W-LOCC channels, and
one such choice is the full bilateral twirl:

wAB—>7j4”f3(wAB) (55)

= /du(U) [Us @ Uplwap [Ua®@Ug]".  (56)

Note that this can be implemented by a unitary two-
design [55]. The Werner state is invariant with respect to
this channel, whereas any other k-extendible state oap
becomes a Werner state under this channel. Let oap
denote an arbitrary k-extendible state. We thus have

DWW oan) > DITAW ST (0a8))  (57)

d

= DWW 1T (0a8)) (58)
,d r,d

=DWH W), (59)

where in the last line, we have noted that T}%(cap) is

a Werner state and can thus be written as Wf(‘%d) for

some r € [0,1]. Furthermore, by Theorem 1, Wgéd) is

a k-extendible state since g4 is by assumption. Thus,
it suffices to consider only k-extendible Werner states in
the optimization of Ex(A; B)y w.e). Next, the following
equality holds

D(Wi" [WiE") = Dllr), (60)
because the quantum-to-classical channel
wap — Te{Il} pwap HOXO| + Te{Il; pwap 1)(1] (61)

takes a Werner state ngpéd) to (1 —p)|0)(0] +p|1X1| and
the classical-to-quantum channel

2 2
T— (Wﬂ@mnzB + <1‘T|1>WHZB (62)
takes (1 — p) |0X0] + p|1)X1| back to Wﬁfg,d). Finally, we
can conclude the first equality in the statement of the
theorem.

The reasoning for the second equality is exactly the
same, but we instead employ the bilateral twirl

Thp(an) = [ du0) Ua © Uplwan Vs o U,
(63

This is a k-extendible channel, the isotropic states are in-
variant under this twirl, and all other states are projected
to isotropic states under this twirl. Also, the channel

wap = Tr{®apwap}|0){0|+Tr{(Iap — Pap)wap}1)X1]

(64)
takes an isotropic state ng) to t]0)0]+ (1 —¢) |1)X1] and
the classical-to-quantum channel

Iap —®aB

7 = (0]7]0)® 45 + (1|7|1) 21

(65)
allows for going back. These statements allow us to con-
clude the second inequality. =

Lemma 5 Let 1 > p > g > 0. Then the relative entropy
D(pllq) is a monotone decreasing function of q for p >
q > 0. That is, for 1 > p > q > r > 0, the following
inequality holds

D(plir) > D(pllq)- (66)

Proof. To prove the statement, we show that the deriva-
tive of D(p||q) with respect to g is negative. The deriva-
tive of D(p||q) with respect to ¢ is equal to

d l—p p
—D == _Z
a7 (pllq) .

T (67)

The condition that diqD(qu) < 0 is thus equivalent to
the condition

q p
e 68
<= (68)

1—¢q

This latter condition holds because the function z/(1—x)
is a monotone increasing function on the interval z €
(0,1). That this latter claim is true follows because the
derivative of x/(1 — x) with respect to x is given by

di(lfx)zlix+(1_xx)2’ (69)

which is positive for z € (0,1). =

Lemma 6 Let 1 >p>q >0 and let « € (0,1) U (1,00).
Then the Rényi relative entropy Do (pllq) is a monotone
decreasing function of q for p > q > 0. That is, for
1>p>q>r>0, the following inequality holds

Da(pllr) > Da(pll9)- (70)

Proof. To prove the statement, we show that the deriva-
tive of D, (pllq) with respect to ¢ is negative. The deriva-
tive of D, (pl||q) with respect to ¢ is equal to

-1

1

q p @
fq/ﬁ) -1

diqDaoqu) —|1-q+ ( (71)



_ (13"/01;?) ! . (12)

(/%) —Yi-a+1

Since ﬁ > 1%(1 for 1 > p > ¢ > 0 (as shown in the

previous proof), it follows that

(q p)a—1<0 (73)

1—q¢ 1-p

for all & € (0,1) U (1,00). We would then like to prove
that

Klﬁq/lfp)a—l] 1—q+1>0. (74)

Note that this is equivalent to

(i) o

which follows because

1- (ﬂq/ip)a € (0,1) (76)

and 1 — ¢ € (0,1). Thus, we can conclude that
diqDa(qu) < 0for 1 >p>gq >0, and the statement
of the lemma follows. ®

With all of the above, we conclude the following:

Proposition 2 The k-unextendible relative entropy of a

Werner state Wé%d) and an isotropic state pxg) are re-

spectively equal to

Ei(A; By

- { D(pl3 (% +1)) drelo t%ls(ed% NG
Fi(A: B) o

- { D(t]} (%H)) drel eéls(:%l—i_lﬂ - (78)

Similarly, the k-unextendible Rényi divergences are given
fora € (0,1)U(1,00) by

Ep(A; B)wo.a

0 ifpe 0,1 (%2 +1)]
Da(pl} (&2 +1)) dse » (19)

EQ(A;B)p(t,d)
_ 0 ifpe [0z (5F +1)]
T Da(tl|5 (2 +1)) else

E

(80)

2. Properties of k-unextendible divergences of a bipartite
state

In this section, we discuss some of the properties of an
unextendible generalized divergence, focusing first on the
quantity derived from quantum relative entropy. The k-
unextendible relative entropy of a state psp is given by
Definition 6, by replacing D with the quantum relative
entropy D. In particular, we prove several properties of
unextendible relative entropy, including uniform conti-
nuity (Lemma 8), faithfulness (Lemma 9), subadditivity,
additivity under tensor-product states (Lemma 10), and
convexity (Lemma 11).

We begin by proving the uniform continuity of unex-
tendible relative entropy. In order to do so, we use the
following result [56] concerning the relative entropy dis-
tance with respect to any closed, convex set C' of states,
or more generally positive semi-definite operators:

Dc(p) = gggD(p\\v)~ (81)

Lemma 7 ([56]) For a closed, convez, and bounded set
C of positive semi-definite operators, containing at least
one of full rank, let

k = sup|[Dc(7) — De(7)] (82)

7,7’

be the largest variation of Do. Then, for any two states
p and o for which 3| p—olly < e, with e € [0,1], we have
that

[De(p) — Delo)] < er+g(e), (83)
where g(e) = (e + 1) logy(e + 1) — elog, €.

Lemma 8 (Uniform continuity) For any two bipar-

tite states pap and ocap acting on the composite Hilbert
space Ha ® Hp, with d = min{|A|,|B|}, and

1
§||PAB —oaB| <e€l0,1], (84)
we have that
|Ex(A; B), — Ex(A; B)s| < elogy min{d, k} +g(e). (85)

Proof. This follows directly from Lemma 7. To see this,
observe that we have the following inequalities holding
for any states Tap and 7 5:

Er(A;B)r = 0,

Ey(A; B), < En(A; B),
< min{S(A),,S(B),}
<logd,

where Er(A; B), denotes the relative entropy of entan-
glement [6, 57].



Finally, we obtain the logyk upper bound on
Ei(A;B); by picking the k-extendible state for
Ey(A; B); = inf,, epxt. (4:B) D(TaBlloaB) as

1 1
O’AB:ETAB+ <1/€> TARTE. (90)

Such a state is k-extendible with a k-extension given by

k
1
OAB;y-Bj, = EZT31®~ QTp,_,®TAB,®TR, & - QTp, -
i=1
(91)
Then by using the facts that D(p|lo) > D(pl||o’) for 0 <
o <o’ and D(p||co) = D(pl|lo) —log, ¢ for ¢ > 0, we find
that

Ey(A;B), = inf
ocAaB€EEXTk(A:B)

1 1
< D(TAB zTaB + (1 - k) TA® TB) (93)
< D(7apllTap) —logs(1/k) =logy k. (94)

This concludes the proof. m

D(tag|loaB) (92)

Lemma 9 (Faithfulness) Fiz ¢ € [0,1]. The k-
unextendible relative entropy Ey(A; B), of any arbitrary
state pap s a faithful measure, in the following sense: If
Er(A;B), <e, then

inf )||pAB—UABH1 <+Ve-2In2 (95)

ocAB€EXT\(A:B

and if inf,,  erxt, (A:B) 5llpaB — oaplli < ¢, then
Er(A; B), < elog, min{d, k} + g(¢). (96)

Proof. The proof of the first statement follows directly
from the quantum Pinsker inequality [58, Theorem 1.15].
The second statement follows directly from Lemma 8. m

Lemma 10 (Subadditivity and non-extensivity)

1 2
For a state pa,B,A;Bs--A, B, wi,fBl ® wf4332 ®
e ® wXﬁl)Bn, the k-unextendible relative entropy is
sub-additive and non-extensive, in the sense that

Ek(AlAz <Ay BBy - Bn)p
< min {10g2 k, ZEk(Ai; Bi)wm} . (97)
i=1
In fact, the non-extensivity bound
Er(A1Ay---Ap; B1By -+ By), <logy k (98)
applies to an arbitrary state pa, B, A,Bs-A, B, -

Proof. The subadditivity proof is straightforward. We
show it for a tensor product of two states and note that
the general statement follows from induction:

Ex(A1Ay; B1Bo),

10

inf D(wAlBl @ TAs B, HJAIAZBIBQ)
OA{A9B By €
EXTk(AlAQ:Ble)

A

< inf D(wa,B, ® Ta,B,ll04,8, ® 04,8,)
0A,B,®0A,B, €
EXTy (A1 Ag: B Ba)

= inf
OAy By EEXTk(Al:Bl)
+ inf
O'AQBQGEXTk(AQ:Bg)

= Ei(A1; B1)w + Er(A2; Ba)~. (99)

D(wAlBl ||UA131)

D(7a,B,|l0a,B,)

The first equality follows from the definition. The first
inequality follows from a particular choice of o4, 4,8, B,-
The second inequality follows from additivity of relative
entropy with respect to tensor-product states.

The proof of the non-extensivity upper bound of log, k
follows from the same reasoning as in (92)—(94). =

Lemma 11 (Convexity) Let a bipartite state pap =
Y wex Px(x)php, where px(x) is a probability distribu-
tion and {phpts is a set of quantum states. Then, the
k-unextendible relative entropy is convex, in the sense
that

Ex(A;B), < Y px(2)Ep(A; B) . (100)
reX

Proof. Let 0% 5 be the k-extendible state that achieves
the minimum for p% 5 in Ey(A; B),e. Then,

Ey(A;B), = D(paglloas) (101)

inf
OAB EEXTk(A:B)

§D<ZPX(99)PZD43 ZPX(x)U£B> (102)

< ZPX(I)D(piBHUiB)

(103)

(104)

The second inequality follows from the joint convexity of
quantum relative entropy. m

The following lemmas have straightforward proofs,
making use of the additivity of sandwiched Rényi rel-
ative entropy with respect to tensor-product states, as
well as its joint quasi-convexity:

Lemma 12 (Subadditivity and non-extensivity)

For a state pa,B, A,By---A, B, = %(411)31 ® wa)B,z R ®
wXZ)Bn and o € (0,1) U (1,00), the k-unextendible
a-sandwiched-Rényi  divergence is sub-additive and

non-extensive, in the sense that
E?(Alfb <A BBy - Bn)p

< min {log2 k, Z E,(j(Ai; B;), } . (105)

i=1



In fact, the non-extensivity bound

Ef(A1Ay---Ap; BBy -+ By), <logy k (106)

applies to an arbitrary state pa, B, A, Bs--A, B, -

Lemma 13 The k-unextendible a-sandwiched-Rényi di-
vergence is quasi-convez; i.e., if pap € D(Hap) decom-

poses as pap = D ¢ x Px (¥)Plhp, where 3.,y px(7) =
1 and each p%p € D(Hag), then

E{(A; B), < sup Eg(4; B) e (107)

IV. UNEXTENDIBILITY, NON-ASYMPTOTIC
ONE-WAY DISTILLABLE ENTANGLEMENT,
AND NON-ASYMPTOTIC QUANTUM RATES

In this section, we use the resource theory of unex-
tendibility to derive non-asymptotic converse bounds on
the rate at which entanglement can be transmitted over
a finite number of uses of a quantum channel. We do the
same for the non-asymptotic, one-way distillable entan-
glement of a bipartite state.

A. Entanglement transmission codes and one-way
entanglement distillation protocols

An (n,M, e) entanglement transmission protocol ac-
complishes the task of entanglement transmission over
n independent uses of a quantum channel N4_, 5. The
case of n =1 is known as “one-shot entanglement trans-
mission,” given that we are considering just a single
use of a channel in this case. However, note that a
given (n, M, e) entanglement transmission protocol for
the channel N4_,p can be considered as a (1, M, ¢) en-
tanglement transmission protocol for the channel ./\fff’i B

An entanglement transmission code for N, is speci-
fied by a triplet {M,E, D}, where M = dim(Hpg) is the
Schmidt rank of a maximally entangled state ® 4/, one
share of which is to be transmitted over A/. The quantum
channels €4/, 4» and Dy, _, ; are encoding and decoding
channels, respectively. An (n, M, e) code is such that

F((I)RA,Q)RA>21—€, (108)

where

s = (Do sy o N 0 Earoon) (Brar). (109)

We note that the criterion F(®, 4, wp4) > 1—¢ is equiv-
alent to

Tr{q)RAwRA} Z 1—ce. (110)

We can also consider a modification of the above proto-
col in which the final decoding is a k-extendible channel
Dprpn_ypa» acting on the input systems R : B" and out-

putting the systems R : A. See Figure 2 for a depiction
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FIG. 2. Depiction of an entanglement transmission proto-
col assisted by a k-extendible post-processing channel. The
quantum channel A is used n times, in conjunction with an
encoding channel £4/_, 4» and a k-extendible post-processing
decoding channel Kzn_, 4, in order to establish entangle-
ment shared between Alice and Bob.

of such a modified protocol. We call such a protocol en-
tanglement transmission assisted by a k-extendible post-
processing, and the resulting non-asymptotic quantum
capacity is denoted by Q%k)(NAHB, n,e).

Another kind of protocol to consider is a one-way en-
tanglement distillation protocol. An (n,M,e) one-way
entanglement distillation protocol begins with Alice and
Bob sharing n copies of a bipartite state pap. They then
act with a 1W-LOCC channel Lanpn_,pr, 01, O pf%,
and the resulting state satisfies

F(ﬁA"B”%MAMB (pf}};), q)MAMB) >1—c¢, (111)
where ® 7, v, is @ maximally entangled state of Schmidt
rank M. We can also modify this protocol to allow for
a k-extendible channel instead of a 1W-LOCC channel,
and the resulting protocol is an (n, M,e) entanglement
distillation protocol assisted by a k-extendible channel.
Let D) (pap,n,e) denote the non-asymptotic distillable
entanglement with the assistance of k-extendible chan-
nels; i.e., D®)(pap,n, ) is equal to the maximum value
of Llogy M such that there exists an (n, M, e) protocol
for pap as described above.

B. Bounds on non-asymptotic quantum capacity
and one-way distillable entanglement in terms of
k-extendible divergence

We now establish an upper bound on the non-
asymptotic quantum capacity in terms of the unex-
tendible hypothesis testing divergence:

Theorem 2 The following bound holds for all k € N
and for every (1,M,e) entanglement transmission pro-
tocol over a quantum channel N and assisted by a k-



extendible post-processing:

1 1 1
—1 — 4+ - —| < EZ(R;B),, 112
ok |37+ T~ 3] S ERR B (112
where
EZ(R,B)T = inf Di (TRBHO'RB) (113)

ORB EEXTk(R;B)

is the k-unextendible e-hypothesis-testing divergence,
TrB = Nap(¥ra), and the optimization in (112) is
with respect to pure states ¥ra such that dim(Hg) =
dim(H 4). Similarly, the following bound holds for any
(1, M,e) entanglement distillation protocol for a state
pAB, which is assisted by a k-extendible post-processing:

1 1 1

— 10g2 [ +

Z_ | < E5(A:
v Mk} < Ej.(A;B),, (114)

Proof. Suppose that there exists a (1, M,e) entangle-
ment transmission protocol, assisted by a k-extendible
post-processing, that satisfies the condition in (108). Let

orpi € EXTy(R; A), and let ®,; denote a maximally
entangled state. Then the following chain of inequalities
holds

DZ(WRAHURA)

> —logy Tr{® 04}

_ —log2Tﬁr{/dU (U ®UL) ®p; (Ur® UZ)TURA}
(116)

= —log, Tr {q)RA /dU (Ur® UZ)TURA (Ur® U:i)} :
(117)

(115)

The first inequality follows because the condition in (110)
implies that we can relax the measurement operator A in
(14) to be equal to @ ;. The first equality is due to the
“transpose trick” property of the maximally entangled
state, which leads to its U ® U* invariance. For the last
equality, we use the cyclic property of the trace.

Let

Tpi= [ AU U UY) ops UnoU3).  (113)

The state 7, 4 is k-extendible because o, ; is and because
the unitary twirl can be realized as a IW-LOCC channel.
The symmetrized state 7, ; is furthermore isotropic be-
cause it is invariant under the action of a unitary of the
form U ® U*. From Lemma 3, we find that

B I, ®,
Opi=1Pp4+(1— t)-fA___R4,

11

for some ¢ € [0,4; + 1 — 5/z)- Combining (119) with
(117) leads to

Dy (wrillogs) = —logy t (120)
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1 1 1
> —1 — 4 - —]. 121
> w37+ 5 - ) 020
Since the above bound holds for an arbitrary state
0ri € EXTi(R; A), we conclude that

Ei(R;A), = inf  Di(wpallops)  (122)
O'RAEEXTI((R;A)
1 1 1
> — — 4+ - ——.
= ~log, [M Tk Mk:} (123)

Let prp = NasB(pra), Where pra = Eara (Prar),
and let ogrp € EXTy(R; B). Then for a k-extendible
post-processing channel D5, 5 1, we have that

Dy (prBllorB)

> DZ(DRBaRA(pRB)||DRB_>RA(URB)) (124)
= Dj(wpalloga) (125)
> Ei(R; ). (126)

The first inequality follows from the data-processing
inequality for the hypothesis testing relative entropy.
The channel Dy, 4 is a k-extendible channel, and
given that ogrp € EXTk(R; B), Theorem 1 implies that
opi € EXTy(R; A). The last inequality follows from
the definition in (113). Since this inequality holds for all

orp € EXTy(R; B), we conclude that
Ej(R; B), = Ei(R; A)... (127)

We now optimize Ff with respect to all inputs pra to
the channel N4_ p:

sup B (R; B)n(p) = Ei(R; B)n(p)-

PRA

(128)

Using purification, the Schmidt decomposition theorem,
and the data processing inequality of Ef(R; B),, we find
that

sup ER(R; B)n(p) = iup B} (R; B) Ar(y)- (129)
RA

PRA
for a pure state g4 with |R| = |A|. Combining (122),
(127), and (129), we conclude the bound in (112).
By employing similar reasoning as above, we arrive at
the bound in (114). m

Remark 1 Note that Theorem 2 applies in the case that
the channel N is an infinite-dimensional channel, tak-
ing input density operators acting on a separable Hilbert
space to output density operators acting on a separable
Hilbert space. In claiming this statement, we are sup-
posing that an entanglement transmission protocol be-
gins with a finite-dimensional space, the encoding then
maps to the infinite-dimensional space, the channel N
acts, and then finally the decoding channel maps back
to a finite-dimensional space. Furthermore, an entan-
glement distillation protocol acts on infinite-dimensional
states and distills finite-dimensional mazimally entangled
states from them. We arrive at this conclusion because
the e-hypothesis testing relative entropy is well defined for
infinite-dimensional states.



Remark 2 Due to the facts that Dj(pllo) > D;(pllo’)
for 0 < o < o', D5(p|lco) = D5 (p|lo) — logy c for ¢ > 0

[59, Lemma 7], D (pllp) = logs (1), and by applying

the same reasoning as in (92)—(94), we conclude that

1
sup Ef(R; B), < log, <1) + log, k, (130)

YRA —¢€

which provides a limitation on the (e, k)-unextendibility
of any quantum channel.

By turning around the bound in (112), we find the
following alternative way of expressing it:

Remark 3 The number of ebits (logy, M ) transmitted by
a (1, M,e) entanglement transmission protocol over a
quantum channel N and assisted by a k-extendible post
processing is bounded from above as

k—1 i 1
logy M < log, (k) —log, <2 supyp , ER(RiB)r _ k) )

(131)
where Ef(R; B). is defined in (113).

1. On the size of the extendibility parameter k versus the
error €

By observing the form of the bound in Remark 3, we
see that it is critical for the inequality

9= supy ., BR(RsB). _ 1

. (132)

to hold in order for the bound to be non-trivial. Related,
we see that this inequality always holds in the limit £ —
00, and in this limit, we recover the e-relative entropy of
entanglement bound from [4, 38]. Here, we address the
question of how large k should be in order to ensure that
the inequality in (132) holds.

Proposition 3 For a fized ¢ € (0,1), the following in-
equality holds

= 1
2~ FrWN) _ = >0, (133)

or equivalently, that

ES(N) < logy k. (134)
as long as
k> 2N 41, (135)
where
Ii(N) = sup D (Nasp(¥ra) IV RONAS B (1h4)) (136)

is the channel’s e-mutual information.
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Proof. This follows because the condition in (134) is
equivalent to

Ej(N) = sup inf
ra OrRBEEXTL(R;B)

< log, k.

D (Na—B(¢ra)lloRB)
(137)

We can pick the k-extendible state oﬁ g, for a fixed ¢Yra,
as follows:

1 1
ohp = ENA—>B(¢RA) + (1 - k) hr @ Nag(¥a),
(138)
implying that
E{(N) < sup Dy (Nap(ra)llofs): (139)

YRA

The choice aﬁB is k-extendible because the following
state constitutes its k-extension:

1 k
O'Id-éBlmBk = % ZNA%Bl (’lpA) @ ®NA—>B;’—1(¢A)
=1

@Nasp,(Yra) ®Nasp,,, (ha) @ -
QNasp, (1a).

operator ~A*  for

(140)

The optimal measurement
Dy, (Na—B(YrA) HUﬁB) satisfies

Tr{A*Nap(¥ra)} > 1 —¢,

which means that

(141)

Tr{A*oh s} = %TI‘{A*NAHB@/}RA)}
+ (1 - ]16) Tr{A*(r @ Nasp(¥a))}
> % [1—e]+ (1 —~ ]16) 2~ (142)

and in turn that
D (Nass(Wra)lohs)
< —log, <]1C [1—e] + <1 - ;) 21i<N>> . (143)

The goal is to have the right-hand side above less than
log, k for all ¢ r4, and this condition is equivalent to

1 1 .
— log, (k [1—¢] + (1 - k) 2—1hW>) < logy k. (144)

Rewriting this, it is the same as

1 1 ZIEN) 1
- [1—e]l+ <1 k) 27 "n > . (145)
which is in turn the same as
]. €
—% - (1 — k) 271 > ¢ (146)



1) 27 > ¢
s k>2iiWe 41,

& (k- (147)

(148)
This concludes the proof. m

Remark 4 We note that the lower bound on k from
Proposition 3 is not necessarily optimal and certainly
could be improved. For example, when ¢ < 1/2 and the
channel N is a two-extendible channel, k = 2 suffices in
order for the bound from Theorem 2 to apply, and thus
the bound in Proposition 3 can be very loose. The value
of Proposition 3 is simply in knowing that a finite lower
bound on k exists for every channel, such that one can
always find a finite k for and beyond which our bound on
entanglement transmission rates applies.

C. Non-asymptotic quantum capacity assisted by
k-extendible channels

In this subsection, we define another kind of non-
asymptotic quantum capacity, in which a quantum chan-
nel is used n times, and between every channel use, a
k-extendible channel is employed for free to assist in the
goal of entanglement transmission. Such a protocol is
similar to those that have been discussed in the litera-
ture previously [60-62], but we review the details here
for completeness.

In such a protocol (see Figure 3 for a depiction of an
example), a sender Alice and a receiver Bob are spa-
tially separated and connected by a quantum channel
Na_.g. They begin by performing a k-extendible channel

IC}(;)_M&AIB{7 which leads to a k-extendible state pill’l)AlB{’

where A and Bj are systems that are finite-dimensional
but arbitrarily large. The system A; is such that it
can be fed into the first channel use. Alice sends sys-
tem A; through the first channel use, leading to a state
1 1 .

0;,1)3133 = Na, 5B, (pi!’l)AlB{)' Alice and Bob then per-
form the k-extendible channel K35 p 4, 4 5, which
leads to the state

(2) (1)

— (2
Paya,By = ICA;BlB§—>A’2A2B§ (UA;BlB;)~ (149)

Alice sends system As through the second chan-

nel use Na,—,p,, leading to the state 0512,2)3235

Na,—B, (pSﬁAzBé). This process iterates: the protocol
uses the channel n times. In general, we have the follow-
ing states for all i € {2,...,n}:

(i—=1)
Bi_lB,gflaAgAiBl((UA’, Bi_1B] ),
(150)

(7) @)
Pajacs; =Ka_ { BiiBl,
(151)

() — (@)
o a5, = Naiss (Par4,8):

(4)
where ICA;_lBFlB;_la
The final step of the protocol consists of a k-extendible

Aara,p 18 a k-extendible channel.
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channel ICXL,E}Z B sMaMp» Which generates the systems
M4 and Mp for Alice and Bob, respectively. The proto-
col’s final state is as follows:

_ g(ntl) (n)
WMaMp = K:A;LBWB;L%MAJMB (UA;B,?,B;)

(152)

The goal of the protocol is that the final state was, ar,
is close to a maximally entangled state. Fixn, M € N and
e € [0,1]. The original protocol is an (n, M, €) protocol
if the channel is used n times as discussed above, |[M 4| =
|[Mp| = M, and if

F(wnamps Prrans)
(153)
(154)

= <(b|MAMBwMA1\/IB|(b>MAMB
>1—c.

Let Q%f )(N 'A-B,n,€) denote the non-asymptotic
quantum capacity assisted by k-extendible channels; i.e.,
Qgc) (Ma_sp,n,¢) is the maximum value of % log, M such
that there exists an (n, M, ¢e) protocol for Na_,p as de-
scribed above.

A rate R is achievable for k-extendible-assisted quan-
tum communication if for all € € (0, 1!, 6 > 0, and suf-
ficiently large n, there exists an (n,2"(%=9) ¢) protocol.
The k-extendible-assisted quantum capacity of a chan-
nel NV, denoted as gf )(N), is equal to the supremum of
all achievable rates.

Theorem 3 The following converse bound holds for ev-
ery integer k > 2 and for every (n,M,e) k-extendible
assisted quantum communication protocol over n uses of
a quantum channel N :

M 'k Mk l1—¢
(155)
where EP*(N) is the k-unextendible max-relative en-

tropy of the channel N, defined as

1 1 1 }

1 1 1
~ logy | — < EMX (AN 4 = logy [ ——
nogz[ + < E} (N)-i—n ogz( ),

ER™(R; B), = inf  Dinax oRB),
: ( )P orB€EEXTy(R:B) a ('ORB” RB)
(156)
TrB = Nasg(¥ra), and the optimization is with respect

to pure states pra with |R| = |A].

Proof. The above bound can be derived by invoking
Proposition 6 and following arguments similar to those
given in the proof of [62, Theorem 3]. We also require
the amortization collapse of E*®*(N), as given in Ap-
pendix B. m

Similar to the observation in Remark 3, by turning
around the bound in (155), we find the following alter-
native way of expressing it:

Remark 5 The number of qubits (logo M) transmitted
by an (n, M,e) k-extendible assisted quantum communi-
cation protocol conducted over a quantum channel N is
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A, M,
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FIG. 3. Depiction of a quantum communication protocol using a quantum channel A assisted by k-extendible channels before
and after every channel use. The quantum channel N is used n times, in conjunction with the assisting k-extendible channels,
in order to establish entanglement shared between Alice and Bob.

bounded from above as

k—1 max 1
logy M < logs (k) —log, <2nEk (N)[l —] - k;> )

(157)
where EP**(N) is the k-unextendible maz-relative en-
tropy of the channel N, as defined in (B7).

Related to the discussion in Section IV B 1, it is neces-
sary for the inequality 27 "F¥\V)[1 — ] — + > 0 to hold
in order for the bound in (157) to be non-trivial. The
following proposition gives a sufficient condition on the
size of k in order for the inequality in (157) to hold. This
condition can be checked numerically.

Proposition 4 Fiz ¢ € (0,1), a channel N, and n > 1.
The following inequality holds

max 1
2 BN — ] — = >0, (158)
or equivalently,
1
nEP*(N) + log, (1_5) < log, k, (159)
as long as
klfl/n
B> 2l | S (127 W0) | (160)
[1—e"
where
Imax(N) = sup Dmax(NA—>B (wRA)HwR & NA—>B (wA))

YRrA
(161)
is the channel’s maz-mutual information.

Proof. The condition in (159) is equivalent to

[Emax N = su inf Dmax N
) wRI: orpEEXTy(R:B) (Nawp(ra)lors)
(162)

< log, k.

We can pick the k-extendible state aﬁB, for a fixed Ypa,
as follows:

Uzﬁ,B = %NA%BWRA) + (1 - 1> YR @ Nasg(¥a),

k
(163)

implying that

EN) < sup Diax(Nassp(Vra)llohp).  (164)

Now defining, for a fixed ¥ra,
)\(1/)) = ImaX(R; B)N(zp) (165)
= Diax(Nass(¥ra)|[Yvr @ Nasp(¥a)), (166)

we find that

P
ORB

= %NA%B@[}RA) + (1 - ]1) YR @Nasp(a) (167)

> %NA—>B(¢RA) + (1 - ]19) 2 YN B(tbRraA)
(168)

1 1

- [k + <1 - k) 2_’\(“’)] NasB(VRra). (169)

Now exploiting the fact that Dpax(pllo) < Dmax(pllo’)
for o > o' > 0, as well as Dyax(p|lco) = Dmax(pllo) —
log, ¢ for ¢ > 0, we find that

SUp Dinax(Nas 5(Vra)llod )

YRA

< sup {Dmax(NAaB(wRA)||NA—>B(1/)RA))

YRA
_ 1 _ 5w
log2<k + <1 k) 2 } (170)
1 1

= sup { log, (k + (1 - k;> 2’\(11’)” (171)

YRA

1 1

= —logy( —+ (1 — = )27 Tmax(\) 172
om(3+(1-1) (172
— —log, <21mx<N> + % (1 - zfme))) . (173)

The goal is to have the inequality in (159) holding, and,
by the above analysis, this results if the following inequal-
ity holds



1
oo )

1
+ log, <1) <logy k. (174)
—€
Rewriting this, it is the same as

I ] 1
2_Imax( ) — (1 _ 2_Imax( )) 1 _ —
[ + 3 [1—¢] > 2

= [2_Imax(~/\/) + % (1 _ 2_Imax(N)):| [1 _ E]l/n > 1

kl/n
=1 [k‘Q‘Imax(/\/) 4 (1 _ 2—Imax(/\/')):| [1 o 6]l/n S pl-1/n
(175)
kl-1/n
& k2 IV 4 (1 — o Teex ) 5 T (176)
( ) [1 _ 6]1/"
1-1/n
& k> 2lmax(V) u _ (1 _ 27Im&X(N)) '
e
(177)

This concludes the proof. m

A similar comment as in Remark 4 applies to Proposi-
tion 4.

We now define k-simulable channels and observe how
the upper bounds on non-asymptotic quantum capacity
simplify for these channels.

Definition 10 (k-simulable channels) A channel
Na_p is k-simulable with associated resource state WA
if the following holds for every input state py € D(Ha):

Naop(pa) =Kpapppa @wrp), (178)

where Krap—p 1s a k-extendible channel.

Note that a teleportation-simulable channel, as given
in Definition 2, is a particular example of a k-simulable
channel, whenever the LOCC channel in (16) is a 1W-
LOCC channel.

For a k-simulable channel, an (n, M,€) quantum com-
munication protocol assisted by k-extendible channels
simplifies in such a way that it is equivalent to an
(n, M, €) entanglement distillation protocol starting from
the resource state w®” and assisted by a k-extendible
post-processing channel. This kind of observation was
made in [1, 36] and extended to any resource theory in
[61]. See Figure 5 of [61] for a summary of the reduction
that applies to our case of interest here. We then have
the following:

Corollary 1 Let N be a k-simulable channel as in Def-
inition 10. The following bound holds for all k € N and
for every (n, M, €) quantum communication protocol con-
ducted over the quantum channel N and assisted by k-
extendible channels:

o | L Lo L
82\ 1 Tk Mk

where Wy is the resource state in Definition 10.

] < Ej(R%; B")yen,  (179)
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V. EXAMPLES

We now showcase the above bounds for depolarizing
and erasure channels.

A. Depolarizing Channel

The action of a qubit depolarizing channel D% , ; on
an input state p is as follows:

p
Dhp(p) = (L=p)p+ 5(XpX +YpY + ZpZ), (180)

where p € [0,1] is the depolarizing parameter and X, Y,
and Z are the Pauli operators. A depolarizing channel is
a covariant channel for all p € [0, 1], which is a fact that
is easy to see after expressing its action as D , p(p) =
(1—q)p+ql/2, for ¢ = 4p/3. This property is crucial to
obtain an upper bound on the unextendible e-hypothesis-
testing divergence of the depolarizing channel.

To this end, we first argue that the optimal input
state for n independent uses of the depolarizing channel
is an mn-fold tensor product of the maximally entangled
state Pra = 32, serony [INilr @ i)(jla. For tensor-
product channels, we can restrict the input state to be
invariant under permutations of the input systems, due
to Lemma 16 in Appendix C. Also, for covariant chan-
nels, the input states that optimize the k-extendible rel-
ative entropy are of the form given in Lemma 16 in Ap-
pendix C. Therefore, it suffices to restrict the input state
to be a tensor-power maximally entangled state; i.e., we
conclude that

E{ (DY) =

ORn BN EEi}Ig'f‘k(Rn;B") Dfal([DiZ*)B((I)RA)](gn ||0R"B")'
(181)

We make a particular choice of the k-extendible state
ornpn above (which is not necessarily optimal) to be a

tensor product of the isotropic states Uif’g), defined as

(t,d)

I g — @
Pl =10y + (1 - )= —A8

S (182)
where ®¢, denotes a maximally entangled state of
Schmidt rank d, and ¢ € [0,1]. Note that the ac-
tion of DP on a maximally entangled state results in an

isotropic state affg ) parametrized by p. Since the states

®n Rn
(0%32 )) and (af;g))

are diagonal in the same basis,
the e-hypothesis testing relative entropy between the two
states is equal to the e-hypothesis testing relative entropy
between the product Bernoulli probability distributions
{1 —=p,p}*™ and {t,1 — t}*"™. We therefore obtain the
following bound on the number of ebits transmitted by
n channel uses of the depolarizing channel:
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FIG. 4. Upper bounds on the number of qubits that can be
reliably transmitted over a depolarizing channel with p = 0.1,
and € = 0.05. The red dashed line is the bound from Theorem
2. The green dash-dotted and blue dotted lines are upper
bounds from [4] and [3], respectively.

1 1 k—1

—log, M < ~log, [ —— ) —

n 0g2 = n ng( ]C )
Liog, (2 PiC—ppy (i) 1) gy
no o2 k

The resulting classical hypothesis testing relative entropy
between the product Bernoulli distributions can be dis-
tinguished exactly by the optimal Neyman-Pearson test
[63].

Note that (183) converges to the upper bound given
in [4] in the limit as k — oco. Refer to Figures 4 and 5
for a comparison of various upper bounds on the non-
asymptotic quantum capacity of the depolarizing chan-
nel. For tensor products of the isotropic states agg),
the numerics suggest that the minimizing state is either
k = 2 extendible or a separable state. If the minimiz-
ing state is a separable state, then the bound in (183) is
equal to the TBR bound from [4].

B. Erasure channel

The action of a qubit erasure channel [64] on an input
density operator p is as follows:
Ehplpa) =1 —ppp +plefely,  (184)
where p € [0,1] is the erasure parameter and |e)e]| is a
pure state, orthogonal to any input state. The optimal
input state for n uses of erasure channel, when consider-
ing its unextendible generalized divergence, is the n-fold
tensor product maximally entangled state ®%7,. This
follows also from the covariance of the erasure channel
and Lemma 16.
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FIG. 5. Upper bounds on the number of qubits that can
be reliably transmitted over a depolarizing channel with p =
0.25, and € = 5x 1075, The red dashed line is the bound from
Theorem 2. The green dash-dotted and blue dotted lines are
upper bounds from [4] and [3], respectively.

Our goal is to obtain upper bounds on the entangle-
ment transmission rate when using the erasure channel
n times. Consider sending n shares of the maximally
entangled state ® 44/ over n uses of the erasure channel
&L, p- The output state pa, B, 4,B,.--4,, B, has the form

n

2. )| Qs |-

znef{0,1}n j=1

pAlBlAsz"'Aan =

(185)
where for all j € [n],

o, € {Pamma, @leNels }. (186)
and for all z™ € {0,1}", p(z™) € [0,1] is a product dis-
tribution such that 3, (3. p(z") = 1. Due to an
i.i.d. application of the channels, we find that the prob-
abilities p(z™) corresponding to a state 7% 5 4. By A, B,
with the same number of erasure symbols are equal. The
total probability for having ¢ erasure symbols in the
state pa, B, A, B,---4, B, is equal to (7)(1—p)"~p’, where
e{0,...,n}.

Without loss of generality, the block-diagonal form of
the output state of n uses of an erasure channel, when
inputting a tensor-power maximally entangled state, al-
lows us to restrict the class of k-extendible states o €
EXTy(A™; B™), over which we optimize the unextendible
e-hypothesis testing relative entropy, to be of the form
in (185), except with p(z™) a probability distribution
that is not necessarily product and chosen such that
the state is k-extendible. This follows because the state
PALByAsBy-A, B, 1S invariant under n independent bi-
lateral twirls, along with n independent and incomplete
measurements of the form {|0X0| + |1)X1],|e)}e|} by Bob,



while such a 1W-LOCC channel symmetrizes the k-
extendible state to have the aforementioned form. We
let 04,8, 4,84, B, be of the form in (185) with coeffi-
cients (probabilities) set to g(z™). Furthermore, we note
that pa,B,A,B,--A, B, 1S permutation invariant after Al-
ice and Bob perform a coordinated random permutation
channel on their composite systems locally. This allows
us to restrict the form of 04,5, 4,8,.-4,, B, to be permu-
tation invariant under such a symmetrizing permutation
channel because it is a k-extendible channel.

From the argument above, we find that the minimiz-
ing state has the block structure given in (185), and the
coefficients for states in the sum with the same number
of erasure symbols are equal. We now want to obtain
conditions on the probabilities ¢(z™), where 2™ € {0,1}"
from the k-extendibility of the state oa,pB,4,8,.--4, B, -
The constraints that we impose on g(z™) are not unique.
That is, there could exist other constraints such that the
state 04, B,4,B,--A,, B, is still k-extendible.

Let us first consider n = 2 channel uses. By what
we discussed above, the minimizing k-extendible state
O A, B, A, B, then has the following form

OA1B1AyBy =
c0®a,B, © Pa,p, + 01 (Pa, B, ®7a, © |e)e]p,
+ Py, @4, ® |e><e‘31)

T esma, @ leelp, @ ma, ® leNel, . (187)
where {c¢;}; for i € {0,1,2} is a probability distribution
such that cg + 2¢; + co = 1. Focusing on the special case
k = 2, we now want to obtain constraints on each ¢; such
that o4,B, 4,8, 1S & two-extendible state. To this end,
we replace all the terms ®4,p, in the above state with
the two-extendible state 1@ 4,5, + (1 — 3) ma, ® leXel,-
We obtain the following state, which is guaranteed to be
two-extendible by construction:

Co

1 Dy B, @Dy, B

C C
(24 @y, @y @ elel, +
Ta, ® leel, © Pa,p,)

€o
+ (G +e+e) (ma, @ leNely, ®ma, @ leXel,)
(188)
Abbreviating the new coefficients as by, b1, and bo, the

above approach leads to the following constraint on them
such that the state o4, p, 4,5, is two-extendible:

bo % 0 O Co
b1 = % % 0 C1 (189)
b2 1 2 % 1 Co

We now generalize the above procedure of obtaining
two-extendible states for two channel uses to obtaining
k-extendible states for m channel uses. We obtain the
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following condition on the coefficients b;:

bo b)co
bl ? C1
bl =M | (3)e2] (190)
bn (n)en

where the general form of the matrix M, 1 1)x(ns1) =
[My,0] is given as

n—uo 1 u—v 1 n—u
= 1— = -
me= (020 (-8) (5)
if u > v, and otherwise, m,,, = 0, where n is the number
of channel uses and u,v € {0,...,n}. The coefficients

are such that co,ci,...,c, € [0,1] and >°7_ (’;)cj =1
We then have that

(191)

inf DZ(pAlBZ“'Aan||U.{41B1-~~AHB,L)

‘7:4131‘,‘14"3" €EXTy
Disl({a’()?a’lv L 7a71} || {bOabh cee 7bn});
(192)

< min

0,915--+39n

where the distribution {ag, a1, ..., a,} is induced by mea-
suring the number of erasures in p4, p,..., B, and the co-
efficients {bg, b1,...,b,} are chosen as discussed above.
The inequality follows from restricting the form of the
minimizing state. By exploiting the dual formulation of
the hypothesis testing relative entropy [65], we can now
write the expression in (192) as the following linear pro-
gram:

3 g
min  Dj ({aog,a1,..
€0,C15-+4,Cn

—lo max 1—¢)— o). (193
S LR R o IR

o ant [[{bo, b1, ..., bn}) =

i=0
such that
Vi e [0,n], a; —ya;+b; >0, (194)
bi = Zmi,jcj, (195)
§=0
0<¢ <1, (196)
y=>0, a; 20, (197)
3 (n) ¢ =1. (198)
=0

For the plots in Figures 6 and 7, we have taken
0A,ByAsBs--A, B, t0 be in a particular set of extendible
states as defined above. Within this set, we have opti-
mized over at most £ = 10 extendible states.
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FIG. 6. Upper bounds on the number of qubits that can be
reliably transmitted over an erasure channel with p = 0.35,
and ¢ = 0.05. The red dashed line is the bound from Theorem
2. The green dash-dotted line is an upper bound from [4].
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FIG. 7. Upper bounds on the number of qubits that can be
reliably transmitted over an erasure channel with p = 0.49,
and € = 0.05. The red dashed line is the bound from Theorem
2. The green dash-dotted line is an upper bound from [4].

VI. PRETTY STRONG CONVERSE FOR
ANTIDEGRADABLE CHANNELS

As a direct application of Theorem 3, we revisit the
“pretty strong converse” of [66] for antidegradable chan-
nels. A channel M4 ,p is antidegradable [67, 68] if
the output state Ma_,p(pra) is two-extendible for ev-
ery input state pra. Due to this property, antidegrad-
able channels have zero asymptotic quantum capacity
[12, 69]. Theorem 3 implies the following bound for the
non-asymptotic case:

Corollary 2 Fize € [0,1/2). The following bound holds
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for every (n, M, &) quantum communication protocol em-
ploying n uses of an antidegradable channel N interleaved
by two-extendible channels:

1 1 1
—logy, M < —1 .
n 082 n Og2<1—25)

Proof. Let M4_,5 be an antidegradable channel, and
suppose that pr4 is a state input to the channel. Then
the output state Na_,p(pra) is always a two-extendible
state (due to anti-degradability) [68]. As a direct conse-
quence of Theorem 3, the following bound applies to ev-
ery (n,M,€) quantum communication protocol employ-
ing n uses of an antidegradable channel A interleaved by
two-extendible channels:

1 1 1 1 1 1
——1 — - —— | <=1 — ). (2

nOgQ{M+2 QM]_nOg2<1—€) (200)
This follows by setting & = 2 and noticing that
Supy,, B (R; B); = 0, where pp = Na_p(¢¥ra),
for such antidegradable channels. After some basic al-
gebraic steps, for € < 1/2, we can rewrite this bound
as

(199)

1 1 1
—logo M < —1 — . 201
n 082 nOgZ[Q(l—s)—l] (201)
These steps are as follows:
EEST S S I D A O
n 82|02 oM a2\
2M 1
1 — | <1 —_— 202
togy | | <lom (1) o)
2 1
203

CIEM S 1=

20— <1+1/M
e2(1-¢) -1<1/M
o 1-2 <1/M.

This concludes the proof. m

We conclude from the above inequality that, for an an-
tidegradable channel, there is a strong limitation on its
ability to generate entanglement whenever the error pa-
rameter € < %, as is usually desired for applications in
quantum computation. We also remark that the bound
above is tighter than related bounds given in [66], and
furthermore, the bound applies to quantum communi-
cation protocols assisted by interleaved two-extendible
channels, which were not considered in [66].

More generally, if the output of the channel is always
a k-extendible state, then we have the following bound:

Corollary 3 Fiz e € (0,1 — 1/k). Let Nap be a k-
extendible channel, in the sense that Na_p(pra) is k-
extendible for every input state pra. Then the following
bound holds for every (n,M,e) quantum communication
protocol employing n uses of the channel N interleaved
by k-extendible channels:

1 1 1
~logy M < —logy [ ——— |-
n L L =55

(207)



Proof. This follows by the same reasoning as in the pre-
vious proof. If the output of the channel is k-extendible,
then employing Theorem 3 gives that

1 [1 1 11 1 1
- =1 — - —| <=1 — ). (2
n ©82 + ME] — n Og2<1—€) (208)

Mk
We then employ the following algebraic steps:

1 1 1 1 1 1
_ L~ | <= -
nlOgQ_M+k ME | n10g2<1—6) (209)
1 k—1+M] 1 1
_ T - Tl < = -
nlog2 W _nlog2<1_€> (210)
kM 1
<
k—14+M ~ 1—¢ (211)
k 1
< 212
(k—1)/M+1~ 1-¢ (212)
El—e)<(k—-1)/M+1 (213)
E(1—¢)—1
— | <1/M 214
= s (210
k
- e <M (215)
We then get that
1 1 1
—logo M < —1 — . 216
nOgQ —nog2<1_kﬁ1€> ( )

This concludes the proof. =

Thus, for a fixed ¢ € [0,1—1/k), we conclude that
the rate of quantum communication for a single-sender
single-receiver k-extendible channel decays to zero as
n — oo. Related, if the communication rate for a
sequence of codes used over such a channel is strictly
greater than zero, then it must be the case that the error
in communication is greater than or equal to 1 — 1/k,
which is a higher jump than discussed in the previous
case. An example of a channel for which this effect oc-
curs is a quantum erasure channel with erasure probabil-
ity 1—1/k.

Another example of a channel for which the bound in
Corollary 3 holds is the universal cloning machine chan-
nel (a 1 — k universal quantum cloner followed by a
partial trace over k — 1 of the clones) [46]. When the
dimension of the channel input is M, the bound in Corol-
lary 3 is in fact saturated, as observed in the proof of [54,
Theorem III.8].
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VII. CONCLUSIONS

In this paper, we obtained tight non-asymptotic
bounds on the rates of entanglement transmission of a
channel assisted by a k-extendible channel. To obtain
these tight bounds, we developed the resource theory of
unextendibility. The free states in this resource theory
are k-extendible states, which have been studied previ-
ously for quantifying the entanglement present in a quan-
tum state. We define k-extendible channels, and prove
that these are free channels in the resource theory of k-
unextendibility. We then obtain non-asymptotic upper
bounds on the rate at which qubits can be transmitted
over a finite number of uses of a given quantum channel,
by utilizing the monotones introduced for the resource
theory of unextendibility. We show that these bounds
are significantly tighter than those in [3, 4] for depolar-
izing and erasure channels.

An interesting research direction would be to further
explore the resource theory of unextendibility. One plau-
sible direction would be to use this resource theory to
obtain non-asymptotic converse bounds on the entangle-
ment distillation rate of bipartite quantum interactions
and compare with the bounds obtained in [70]. Another
direction is to analyze the bounds in Theorem 2 for other
noise models that are practically relevant. Finally, it re-
mains open to link the bounds developed here with the
open problem of finding a strong converse for the quan-
tum capacity of degradable channels [66]. To solve that
problem, recall that one contribution of [66] was to re-
duce the question of the strong converse of degradable
channels to that of establishing the strong converse for
symmetric channels.
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Appendix A: Class of k-extendible channels

Before stating the proposition, we state an alternate
representation of 1W-LOCC channels, which is of rela-
vance in the proof. 1IW-LOCC channels can also be rep-
resented as

Derp—pr o Poyor o Moe0€asarc, (A1)
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where £4_, oc is an arbitrary channel, M,_, & is a mea-
surement channel, Ps_, - is a preparation channel, such
that C is a classical system, and D¢ p_, s is an arbitrary
channel.

Proposition 5 The diamond distance of the channel

Kk s g in (33) to a 1W-LOCC channel is bounded
from above as

LaBaB

lo

. k
1nf ’C rpr
Loap . arp EIW—LOCC K505

2|CP?

< |C|m,

(A2)

where |C| = |ABA'B’|, and 1W-LOCC denotes the set
of all 1W-LOCC channels acting on input systems AB
and with output systems A’'B’.

Proof.
. k .
Letting S¢ O CYC, denote an extension channel for

AL, -/, observe that

1 k
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The first inequality follows from (33), by choosing a par-
ticular IW-LOCC and from the monotonicity of trace
norm with respect to quantum channels. The first equal-
ity follows from the definition of diamond distance. The
second inequality follows from the definition of diamond
distance, which has an implicit maximization over all the
input states. We now observe that

1nf HTI‘C/k 1 OSC—>C'C' C/ PC—)C’ OMC*}C”

<101, inf [[he/1c1- TR /el (A6)
2|C/‘2
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The first inequality follows from bounding the diamond
distance between the two channels by the trace norm
between the corresponding Choi operators (see, e.g.,
[71, Lemma 7]). The last inequality follows from [72,
Eq. (11)], which in turn built on the developments in
[73]. m

Appendix B: Amortization does not enhance the
max-k-unextendibility of a channel

The amortized entanglement E4(N) of a channel
Na_,p is defined as the following optimization [61] (see
also [74-78]):

Es(N):= sup [E(Ra;BRp); — E(RaA;RB),l,
PRy, ARp
(B1)
where E is an entanglement measure, Tgr,Br, =

Nag(praary) for a state pr, ar, and R4, Rp are ref-
erence systems associated with the systems A, B, respec-
tively. The supremum is with respect to all input states
PrRAAR; and the systems R4, Rp are finite-dimensional
but could be arbitrarily large. Thus, in general, E4(N)
need not be computable. The amortized entanglement
quantifies the net amount of entanglement that can be
generated by using the channel N4_, g, if the sender and
the receiver are allowed to begin with some initial en-
tanglement in the form of the state pr,ar,. That is,
E(RAA; Rp), quantifies the entanglement of the initial
state pr,ar,, and E(Ra; BRp), quantifies the entan-
glement of the final state produced after the action of
the channel.

The purpose of this appendix is to prove that the un-
extendible max-relative entropy of a quantum channel
does not increase under amortization. Similar results are
known for the squashed entanglement of a channel [60], a
channel’s max-relative entropy of entanglement [76], and
the max-Rains information of a quantum channel [62].
Our proof of this result is strongly based on the approach
given in [62], which in turn made use of the developments
in [3].

We begin by establishing equivalent forms for the un-
extendible max-relative entropy of a state and a channel.
Let mk (A; B) denote the cone of all k-extendible op-
erators. This set is defined in the same way as the set
of k-extendible states, but there is no requirement for a
k-extendible operator to have trace equal to one. Then
we have the following alternative expression for the max-
relative entropy of unextendibility:

Lemma 14 Let pap € D(Ha ® Hp). Then
EP™(A; B), = log, Wi(A; B),, (B2)

where

Wi(A; B), = inf

{Tr{XaB} : pap < Xap}.
XABGmk(A;B)

(B3)
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Proof. Employing the definition of k-unextendible max-
relative entropy, consider that
E;*(A;B),

= inf
ocAB€EEXT(A:B)

=log, HiglfB{u :pap < poap,oap € EXTy(A:B)}
(B5)

Dyax(paBlloas) (B4)

=log, )i(gi{Tr{XAB} :pap < Xag,
XaB EEXlk(A,B)} (Bﬁ)

This concludes the proof. m

Let E}**(N) denote the unextendible max-relative en-
tropy of a channel A/, as defined in (35), but with the
generalized divergence D replaced by the max-relative
entropy Dpax. We can write E"**(N) in an alternate
way, by employing similar reasoning as given in the proof
of [79, Lemma 6:

EPN)

= max inf

Dinax 1/2FN I a )
psE€D(Hs) 055 EEXTy(S;B) (Ps " Tsprsploss)

(B7)

where T}/, is the Choi operator for the channel .

An alternative expression for the unextendible max-
relative entropy E**(N) of the channel N is given by
the following lemma:

Lemma 15 For any quantum channel Na_, g,

EP(N) = logy Sk (N), (B8)

Ye(N) = inf {ITt5{Ysp} : T¥5 < YsB},
Ys€EXT(S;B)
(B9)

and T% is the Choi operator for the channel Na_p.

Proof. The proof follows by employing (B7) and
Lemma 14, and following arguments similar to those
needed to prove [62, Lemma 7], given that mk is also
a cone. W

Proposition 6 (Amortization inequality) Let

PRiARp be a state, and let Na_p be an arbitrary
quantum channel. Then the following inequality holds
for the k-unextendible max-relative-entropy of a channel

N:

Ep™(Ra; BRp), < Ef™(RaA; Rp), + EF™(N),
(B10)
where Wi, Bry = NasB(PRAARS)-

Proof. We adapt the proof steps of [62, Proposition 8]
to show that amortization does not enhance the unex-
tendible max-relative entropy of an arbitrary channel.



By removing logarithms and applying Lemmas 14 and
15, the desired inequality is equivalent to the following
one:

Wi(Ra; BRB)w < Wi(RaA; Rp), - Xp(N),  (BI11)
and so we aim to prove this one. Exploiting the identity
in Lemma 14, we find that

Wi(RaAA; Rp), = inf Tr{Cr, ar, } (B12)
subject to the constraints
Craary € EXTL(RaA; B), (B13)
CRuARp 2 PRAARR: (B14)
while the identity in Lemma 15 gives that
EpW) = inf | Trp{YsB}H w0 (B15)
subject to the constraints
Ysp € EXTy(S; B), (B16)
Ysp > I'Yp. (B17)

The identity in Lemma 14 implies that the left-hand side
of (B11) is equal to

Wk(RA;BRB)w :infTI‘{ERABRB}, (B18>
subject to the constraints

ERABRB EEXT]C(RA;BRB), (B].g)

EraBrs 2 NasB(pRaaRS)- (B20)

Once we have these optimizations, we can now show
that the inequality in (B11) holds by making an appro-
priate choice for Er,pr,. Let Cr,ar, be optimal for
Wi(RaA; Rp),, and let Yg, gr, be optimal for X(N).
Let |T')sa be the maximally entangled vector. Choose

Er,Bry = (I'|sACryars ® YsB|T)sa. (B21)
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We need to prove that FEgr,pr, is feasible for

Wi(Ra; BRB)w- To this end, we have

(IsaCryars @ YsB)|T)sa
> (D)sapraars @ T4p)D)sa

=NaB(PRAARS)- (B22)

Now, since Cr, AR, € EXik(RAA;RB) and Ysp €
EXT & (S; B), it immediately follows that (I'|sACr, AR, ®

YSB)‘F>SA S Eka(RA;RBB).
Consider that

Tr{Er,BRrs} = Tr{(l|sa(Cryar; @ Ysp)[[')sa}
=Tr{Cr ar,Ta(Yan)}

=Tr{Cr,arsTa(Trp{YaB)}}

< Tr{Craars HITa(Trp{YaB})|
=Tr{Craars HTre{Yan}
= Wk(RAA; RB)p . E(N) (B23)
The inequality is a consequence of Holder’s inequality
[80]. The final equality follows because the spectrum of
a positive semi-definite operator is invariant under the
action of a full transpose (note, in this case, T4 is the
full transpose as it acts on reduced positive semi-definite
operator Ya).

Therefore, we can infer that our choice of Er,pr, is
feasible for Wy (R4; BRp),. Since Wy (Ra; BRp)., in-
volves a minimization over all Er, pr, satisfying (B19)
and (B20), this concludes our proof of (B11). m

Remark 6 We briefly remark here that if a channel
Na_p can be simulated by the action of a k-extendible
channel K agrp'—p on the channel input pa as well as a
resource state wrp' (i-€¢., Nap(pa) = Karp —B(pa ®
wrp)), then the k-unextendible divergence of that chan-
nel does not increase under amortization, for divergences
that are subadditive with respect to tensor-product states.
This is a special case of the more general observation put
forward in [61, Section 7] for general resource theories.

Appendix C: Exploiting symmetries

In this appendix, we provide the following Lemma 16, similar to Proposition 2 of [81], which is helpful in determining
the form of the state that optimizes the unextendible generalized channel divergence of a quantum channel that has
some symmetry. Its proof is identical to that given for [81, Proposition 2], but we give it here for completeness.

Lemma 16 Let Na_,p be a covariant channel with respect to a group G. Let pa € D(Ha), and let Y5, be a
purification for it. Define prp = Na,p(V'h4) and pa == ﬁ > geo UA(g)pAUL(g), Let ¢, 4 be a purification of pa

and prp = ./\/'A_,B(qﬁ%A). Then

Ey(R;B); >

Proof. Define
1

Rl

Ex(R; B),.

—=> 19)p Ur®Ua(9)][¥) s

(C1)

(C2)
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so that ¢pra is a purification of pa. Let Tppp € EXTy(PR: B), and, given that a local channel is a k-extendible
channel, observe that

> lgXalpTrrilaXalr =Y p(9)lg)glp @ Thy € EXTW(PR:B), (C3)
geg g€eg

where 78, = ( 5 9lTPrB |9) p and p(g) = Tr{(g| 7prp |9) p}. Then

D(Nag(¢pra) |TPRB)

=D | Nasn| Y, |g|‘ 9Xg'lp © [Ir ® Ua(@)Whallr © UL ||| 7rre (C4)
g,9’€G

>D (X Grladale © Nacss (Vala)vaVA0)) | S p(@)laalr & (C5)
geg g€eg

=D S L laialr © Val@)Nas s (@50 VA S p@)ladale © s (C6)
geg|g| geqg

=D Z lgXglp @ Nas (¥ 4) ZP )lg) 9|P®V (9)775VE(9) (C7)
geg|g| g€eg

>D | Nacss@h) | p0)VE(9)T5VE(9) (C8)

geyg
2 0 PVass(Vra)lIThs) (C9)
= Eu(R; B),. (C10)

The first inequality follows because any general divergence is monotonically non-increasing under the action of a
quantum channel, which in this case is the completely dephasing channel (-) — 37 _c19)g|p(-)lg)g|p. The sec-
ond equality follows because the channel A is covariant. To arrive at the third equality, we use the fact that any
generalized divergence is invariant under the action of isometries. To get the second inequality, we apply the par-
tial trace over the classical register P, which is a quantum channel. The last inequality follows because the state
> ogeg p(g)Vg(g)T}%BVB (g9) is k-extendible, given that it arises from the action of a 1W-LOCC channel on the k-
extendible state Tprp. Noticing that the chain of inequalities holds for arbitrary 7prp € EXTy(PR; B), we can then
take an infimum over all possible 7prp € EXT\(PR; B), and we arrive at the following inequality:

Ei(PR; B)x(s) > Ex(R; B), (C11)

The desired inequality in the statement of the lemma then follows because all purifications of a given state are related
by an isometry acting on the purifying system, and the unextendible generalized divergence is invariant under the
action of a local isometry. m
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