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Optical microcavities and metallic nanostructures have been shown to significantly modulate the
dynamics and spectroscopic response of molecular systems. We present a study of the nonlinear
optics of a model consisting of N anharmonic multilevel systems (e.g., Morse oscillators) undergoing
collective strong coupling with a resonant infrared microcavity. We find that, under experimentally
accessible conditions, molecular systems in microcavities may have nonlinear phenomena signifi-
cantly intensified due to the high quality of polariton resonances and the enhanced microcavity
electromagnetic energy density relative to free space. Particularly large enhancement of multipho-
ton absorption happens when multipolariton states are resonant with bare molecule multiphoton
transitions. In particular, our model predicts two-photon absorption cross section enhancements
by several orders of magnitude relative to free space when the Rabi splitting Q2 is approximately
equal to the molecular anharmonic shift 2A. Our results provide rough upper bounds to resonant
nonlinear response enhancement factors as relaxation to dark states is treated phenomenologically.
Notably, ensembles of two-level systems undergoing strong coupling with a cavity (described by
the Tavis-Cummings model) show no such optical nonlinearity enhancements, highlighting the rich
phenomenology afforded by multilevel anharmonic systems. Similar conclusions are expected to
hold for excitonic systems that share features with our model (e.g., molecular dyes with accessible

So — S1 — Sz transitions) and strongly interact with a UV-visible cavity.

1. INTRODUCTION

Light-induced nonequilibrium phenomena is a topic
of great contemporary interest due to its relevance to
the energy, biochemical, and material sciences. Nonlin-
ear spectroscopy provides tools for probing and control-
ling nonequilibrium quantum dynamics [, 2] driven by
external radiation. Applications of nonlinear optics to
chemistry include investigations of the dynamics of en-
ergy and charge transport in light-harvesting complexes
[3, 4], organic electronics [5], and other excitonic systems
[6]. Nonlinear optical processes are also basic to vari-
ous developing technologies including all-optical devices
[7, 8], quantum information processors [9) [10], and en-
hanced sensors [11].

Unfortunately, the nonlinearities of molecular sys-
tems are generally weak [I2]. Recently, hybrid mate-
rials consisting of a molecular ensemble hosted by a
photonic (or plasmonic) device (e.g., optical microcav-
ities and metallic nanostructures) have been explored
as potential sources of magnified nonlinear optical re-
sponse [I3HI6]. Under accessible experimental condi-
tions (room temperature and atmospheric pressure) the
light-matter interaction in photonic materials can be-
come strong enough that excited states corresponding
to superposition of (collective) material polarization and
cavity excitations emerge [I6H20]. The corresponding hy-
brid quasiparticles (modes) are commonly denoted by
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(cavity)-polaritons[21]. They show controllable coher-
ence and relaxation dynamics that allow modulation of
various physicochemical properties. Molecular phenom-
ena significantly influenced by strong light-matter inter-
actions include: energy transfer[22H24], charge and exci-
ton transport [25H27], and chemical kinetics [28-31].
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FIG. 1. Left: Planar microcavity consisting of two highly

reflective mirrors filled with a molecular ensemble (e.g.,
W(CO)s in solution) with sufficiently large collective oscilla-
tor strength that hybrid polaritonic states are formed. Right:
Mechanism for enhancement of two-photon absorption by an
ensemble of Morse oscillators (represented by the various il-
lustrative Morse potentials) under strong coupling with an
optical cavity. An external field resonant with the lower-
polariton (LP) drives the hybrid cavity and excites two-LP
states which can be tuned to be near-resonant with the an-
harmonically shifted doubly-excited molecular states forming
the totally-symmetric 25 state. This polariton-mediated ab-
sorption channel allows enhancement of several orders of mag-
nitude of the molecular two-photon absorption cross-section.

Recent experiments [32H4I] have surveyed the non-
linear optics of polaritonic systems to gain further in-
sight into the relaxation kinetics and optical response
of strongly coupled devices. In Refs. [36H38, [42], the
transient response and relaxation to equilibrium of vibra-
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tional polaritons (those arising from the strong coupling
of molecular infrared polarization with a resonant mi-
crocavity) were investigated with pump-probe and two-
dimensional infrared spectroscopy. These studies demon-
strated how vibrational anharmonicity is manifested in
the pump-probe polariton response [43]. However, the
observed time-resolved spectra were sensitive to vari-
ous system-dependent effects arising from the small Rabi
splittings of the studied materials, and significant static
and dynamical disorder which induces ultrafast polariton
decay into the weakly-coupled (dark) molecular modes.

In this work, we focus on universal (system-
independent) features of molecular polariton nonlinear
optics. Our aim is to provide qualitative and quanti-
tative insight on the potential to achieve giant optical
nonlinearities with molecular polaritons in the collective
regime (which is the case in most experiments) with a
large number of molecules in a microcavity (nonlinear
optical effects of single-molecule polaritonic systems have
been studied within a non-adiabatic model of the dynam-
ical Casimir effect in Ref. [44], as well as in vibrational
polariton spectra in Ref. [45]).

In Sec. [2] we describe our model, provide an analytical
expression for the nonlinear optical susceptibility of an
ideal molecular ensemble under strong interaction with a
microcavity (the full derivation is in Appendix , and
discuss its main features. In Sec. |3} we compare the free
space and the polariton-mediated two-photon absorption
(TPA) rates, and show that, especially when overtone po-
lariton transitions are resonant with multiphoton molec-
ular transitions, nonlinearity enhancements of several or-
ders of magnitude may be achieved with currently avail-
able optical cavities (Fig. [1)) as a result of three main
effects: increased electromagnetic energy density in the
optical microcavity relative to free space [13,46], creation
of new optical resonances, and strong coupling induced
suppression of lineshape broadening [47]. A discussion
of our main results and conclusions are given in Sec.
The appendices contain the derivations of the molecular
nonlinear susceptibility, and rate of nonlinear absorption
in free space and under strong coupling with an optical
microcavity.

2. MOLECULAR NONLINEAR RESPONSE
2.1. Effective Hamiltonian

The physical system of interest consists of a molecular
ensemble containing N molecules uniformly distributed
in a region enclosed by two highly-reflective planar mir-
rors separated by a distance L. of the order of the wave-
length of a specific material infrared excitation (L. is
usually between 0.1 and 20 pm) [48450]. This setup cor-
responds to a Fabry-Perot (FP) microcavity [13] 46] filled
with a homogeneous molecular system. Our description
of the molecular subsystem will include explicitly only
the modes which are nearly-resonant with the optical

cavity. The effects of all other molecular degrees of free-
dom will be treated phenomenologically by introduction
of damping to the molecular polarization (see below).

We suppose that the interaction between the cav-
ity field and the molecular polarization Zi\;l (1;]pi]0;)
(where p; is the effective dipole operator of the ith
molecule and 0; and 1; denotes states where the ith
molecule is in the ground and first excited-state, respec-
tively, whereas all other molecules are in the ground-
state) is significantly stronger than the coupling of ei-
ther subsystem to external (bath) degrees of freedom,
but still only a tenth or less of the bare vibrational and
cavity frequencies (so considerations exclusive to ultra-
strong coupling can be ignored [5IH53]).

The total Hamiltonian of the composite material is
given by Hr(t) = Hy(t) + Hm + Hym, where Hy(t)
and Hy; are the bare cavity (driven by an external time-
dependent field) and molecular Hamiltonians and Hpu
contains the interaction between the cavity EM field and
matter. The cavity Hamiltonian is given by:

Hy(t) = hwiblbi
k

n h\@ S { ka0 b~ Bk (0} (1)
k

where this effective Hamiltonian can be obtained from
input-output theory [54H56] which describes the interac-
tion of the optical cavity with left input and right output
flux operators by (t) and by . (t), respectively , and
we include only a single cavity band and EM field po-
larization (as the cavity band gaps are much larger than
the cavity and molecular linewidths, due to the small-
ness of the cavity’s longitudinal length L., and electric
field polarization conversion gives a tiny perturbation
on the results presented here especially as we consider
isotropic molecular ensembles [57]). The frequency of
the mode with (in-plane) wave-vector k = (kg,ky) is
k2 +m?2n2/L2/n (m € Z is the index of the
cavity band; n is the index of refraction of the cavity
interior; hereafter n = 1), and by is its annihilation
operator. The cavity leakage (decay) rate is k. The
Heisenberg equations of motion generated by Eq. [l] are
turned into the Heisenberg-Langevin equations when the
replacement wy — Wi = wi — ix/2 is performed .
The bare vibrational dynamics is generated by the
Hamiltonian Hj; given by

N N
Hy = Z hwoaj-ai — hA Z a;(ajaiaia (2)
i=1 i=1

where the vibrational creation and annihilation opera-
tors of the ith molecule are a;r and a;, respectively. The
fundamental frequency of each molecule is wgy, and the
anharmonic coupling is A > 0. We neglect intermolec-
ular interactions as they are too weak relative to light-
matter coupling (the situation could be different in other



situations, e.g., molecular crystals and liquid-solid inter-
faces [21], [58]). We treat the relaxation of the molecular
subsystem phenomenologically by converting the Heisen-
berg equations of motion (EOMs) of molecular opera-
tors into Heisenberg-Langevin EOMs via the substitution
wo — Wo = Wy — Ym /2, where 7, is the bare molecule
fundamental transition (homogeneous) linewidth.

The light-matter interaction is treated with the multi-
polar gauge [59] in the long-wavelength limit within the
rotating wave approximation[55] (see next paragraph for
a discussion of these and other approximations):

N
Hiy = — Z Z (gikagbk + é_h'kaib;r(> + Hpz, (3)
k i—1

where gji = p;- E%, is the coupling constant for the inter-
action between the jth molecular vibration (with effec-
tive transition dipole moment ;) and the cavity mode k,
with mode profile evaluated at the position r; of the jth
molecule, ie., E5 = iy/hwi/(2e0Ve)e™ " isin(mnz; /L)
(eo is the electrical permittivity of free space, V, is the
cavity quantization volume and z; is the position of the
molecule along the cavity longitudinal axis), f denotes
the complex conjugate of f, and Hp2 is the molecular
self-polarization energy [59]. Although this term ensures
the existence of a ground-state for the composite system
[60] and it becomes essential for an appropriate treatment
of a system with total light-matter interaction energy ap-
proaching or surpassing the bare cavity and molecular
frequencies [61], Hpz can be neglected under the strong
coupling conditions assumed here. Therefore, we will dis-
regard this term onward.

The length scale over which the cavity mode profile
varies substantially (of order 0.1-20 pm) is much larger
than typical molecular diameters (of order 0.5 — 5nm).
Thus, under strong coupling, the k ~ 0 cavity modes in-
teract coherently with material polarization consisting of
a macroscopic number of molecules. This notion forms
the basis for neglecting spatial, orientational and ener-
getic dispersion of the molecular excitations, since fluc-
tuations of these quantities are necessarily weak effects
compared to the collective light-matter interactions from
which polaritons emerge. Fluctuations about the mean
values of the molecular transition frequency and dipole
moment can lead to dephasing-induced polariton decay
[62 [63], weak-coupling of light to states which are dark
according to Eq. as well as polariton [64 65] and
dark-state localization [64], [66]. Since we are not con-
cerned with transport phenomena, we will not include
them in our model, although Sec. H| qualitatively ana-
lyzes their implications to our main results. Despite ne-
glecting these effects, we highlight that our input-output
treatment of the material and photonic components natu-
rally accounts for polariton dissipation via cavity leakage
and molecular homogeneous dephasing [43], 54, 55| [67].
In Eq. [3] we also assumed validity of the so-called
rotating-wave-approximation (RWA): only light-matter
interactions preserving the total number of cavity and

molecular excitations are retained. This approximation

is justified since\/ZzN:l lgik]? < wo, V k. In par-

ticular, we model systems where the collective light-
matter interaction (typically given as gV'N, where g is
the long wavelength limit of the single-molecule light-
matter interaction coupling constant) is less than 10%
of the bare molecule and cavity excitation energies, but
still larger than the energy scale associated to the dissi-
pative interactions between the molecule or cavity with
their respective environment. Under these conditions,
the off-resonant corrections to the RWA are negligible.
[511, [68, [69].

We aim to investigate the nonlinear response of the
hybrid system to an input radiation field with k € R?
centered at kg =~ 0, with a small width dk. The fre-
quency wy, is nearly resonant with the bare molecule
fundamental frequency wgy. Therefore, we shall retain
only a single cavity-mode corresponding to ko ~ 0. This
assumes there is no variation in the polariton nonlinear
response with respect to changes of magnitude |dk| in the
incident wave-vector k.

Based on the above, we simplify Hy,(t) and Hypy and
employ the following effective Hamiltonian for the hybrid
cavity-matter system

N N
Hyp(t) =hwb'b + Z hwoa;rai — hA Z a;-ra;ra,-ai

i=1 i=1

N
- Z 1 (Egajb + Engai)
i=1

R CTNSA0) ST

where w. = wi,, b = bi,, b

k(]il’l
i/ hwe/(2e0Ve).

= b, and pE§ = gjie, =

2.2. Nonlinear molecular polarization under strong
light-matter coupling

The optical response of a hybrid microcavity can be
investigated by measuring the transmission, reflection
or absorption spectrum of light input into the system.
For instance, transmission and reflection spectra can be
obtained by applying the input-output relations to the
steady-state cavity field b(t) = Y-, ., b(w)e™“". Because
the cavity is weakly-coupled to the external fields, the ex-
pectation value (b(t)) admits a perturbative expansion in

powers of the input amplitude (b(t)) = >, (b(t)) PPV,

where (b(t))#™ Y = 0 [|bL|?P=1] (only odd powers of
the input field appear in the cavity response because
the material is assumed homogeneous and symmetric
with respect to spatial inversion [I, 12]). The mate-
rial polarization P(t) = p Zf\il a;(t) is strongly coupled
to the optical cavity. Therefore, molecular observables
also admit a perturbative expansion in powers of |bf;1 .
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FIG. 2. Pictorial representation of nonlinear optical measure-
ments performed on the polaritonic system described in the
main text. The frequencies w,,, w,, and w, correspond to those
of photons incident on a cavity strongly coupled to a material
system, whereas w; is the frequency of photons emitted by the
device. The arrows correspond to particular examples of tran-
sitions that can be induced by the external electromagnetic
field. The set of all possible allowed transitions is included in
the computation of X(3) given in

Note that the empty cavity is a linear system, and thus,
the source of the nonlinear part of (b(t)) is the molec-
ular subsystem (specifically, the source of (b(t)>(3) is

(3) _ N (3. (3)
(P(t)) Doicq i {ai()s see. Therefore, (P(t))
directly determines the amplitude of the nonlinear opti-
cal response of a strongly coupled system as measured by
the output transmitted and reflected light.

Neglecting quantum fluctuations of the input field,
|

X(g) (_ws; Wy y —Way, wu) =Nu

(2RA) G (
[u\/?GSQR (wo)

hk
2

where F is the cavity finesse (the electromagnetic field in-
tensity in a resonant cavity is stronger than in free space
by the factor 2F/m, or alternatively, F = @Q/m, where
m is the aforementioned band index, and @ = w./k is
the quality factor; [A| and Ref. [46]), and G, (w) is the
Fourier transform (FT) of the retarded single-molecule

bin(t) is a complex number that we express as:

bin(t) =1 Z \/?ewin(UJ)e—io.)t7 (5)

w>0

where P(w) is the power of the free space mode with
frequency w driving the cavity, and 6;,(w) is its phase
(A).

It follows that the third-order polarization in the
frequency domain (P)® (w,) can be written in terms of
the input electric fields as follows

<P>(3) (UJS) = Z X(g)(_ws;wm _ww’wU)Ei(rj)(wv)X

va vw'U 7w711

E{) (w0) ES (wa) + hec, (6)

where wy > 0 is the signal frequency, the brackets denote
expectation values, the driving frequencies w,,, W, , Wy, are
all positive, the input fields EW

o (wy) are directly pro-

portional to the by, (w,,) (see|Al), and x(®) is the nonlinear
molecular susceptibility [12] under strong light-matter in-
teraction conditions (Fig. . The ratio between y ) and
the bare molecular system nonlinear susceptibility Xé3)
provides an external-field independent measure of strong
light-matter coupling effects on the optical nonlinearities
of an arbitrary molecular system.

To obtain x®) for the system described by Eq. |4 we
solve perturbatively the Heisenberg-Langevin equations
of motion (EOM) for the molecular polarization to third-
order in the driving field b% [70, [71]. The EOMs for the
cavity and material polarization expectation values ad-
mit relatively simple solutions since the initial condition
(ground-state) and the time-evolution of the Heisenberg
operators (generated by Eq. [4| with natural frequencies
wp and w, replaced by complex frequencies with nega-
tive imaginary parts due to the coupling of each degree
of freedom to a corresponding Markovian bath) ensures
that pure-state factorization of normal-ordered operator
products holds throughout the derivation [I [70H72]. The

result is :

Gmm ws)Gmm (Ww)rmm,mm (wu + (-‘Jv)Gmm (wu)Gmm (wv) X

2F hrs

%

B G;(;(;);) (ww)

hx [2F
e

(
propagator

1

Gmm(Ww) =
hw — hwo + thym /2 —

luBo?N -~ (8)
hw—hwe+ik/2

Note the real part of the poles of G, (w) are the funda-



mental polariton resonance frequencies

c 2 QQ
oip = we+wo V(we —wo)? + R )
2 2
We +w We — wp)? + Q2
wup = 5 0 + ( 20) R. (10)

where Qr = 2|uES|V/N/h is the Rabi frequency (split-
ting). The imaginary parts of the polariton poles
in Gpm(w) correspond to their (linear) absorption
linewidths. Under weak-coupling conditions, we can ne-

2
glect the cavity-induced self-energy #ﬂm to ob-
J

(hw — 2hi0) (hw — hi — hive) [(hw — 2h0) (hw — 2ha.) — 492N |

5

tain the bare molecule propagator Gg,?ln(w) =1/(hw —
hwo + ih,,/2). Similarly, the photon-photon correlator
Gpp(w) has resonances at the polariton frequencies, as is
clear from its explicit form:

Gpp (w) = !

(11)

PR

hw — hw, + ihr/2 — [ Sy

In the weak-coupling limit, G,,(w) approaches the empty
cavity frequency-domain propagator Gl(j(]))) (w) =1/(hw —
hwe + ihk/2).

The function 'y mm (Wy +wy) is the two-particle elas-
tic scattering matrix element given by:

me,mm (W) =

where D(w) is a 4th-order polynomial of w given by:

D(w) =D(w) — 2¢° N (hw — 2h) (hw — 2k + 2hA)
—2¢*(N — 1)(hw — 2hag + 2RA) (hw — 2ha,.)
— 2¢° (hw — 2hi.) (hw — 2hd), (13)

where g = |uE§| is the single-molecule light-matter cou-
pling and D) (w) = (fw — hd. — hidg) (hw — 2hig 4 2A) x
(hw — 2hi. ) (hw — 2hiy).

The roots of D(w) correspond to the bright two-particle
resonances of the hybrid system, as can be verified by
comparison to the eigenvalues of the doubly-excited block
of the Hamiltonian in Eq. {4 with b% = 0. Specifically, if
we use a basis for doubly-excited totally-symmetric (with
respect to a permutation of the molecular labels) con-

J

D(w) ’

(

sisting of states containing two cavity photons |2p), a
totally-symmetric superposition of a single-molecule ex-
citation and a cavity photon |1gl,,) = J%’ a totally-
symmetric superposition where two different molecules
are excited |1m1m/>m7$m’ =, /m > e [1alp), and a
totally-symmetric superposition of doubly-excited molec-
ular states , |2,,) = ﬁzgﬂ |2,), the two-particle
excited-state eigenvalues and eigenstates can be straight-
forwardly obtained by diagonalization of a 4 x 4 ma-
trix (see |G| for a thorough discussion and derivations).
In the resonant case where w. = wy, and assuming

gV'N # +2A, we find the following approximate two-
particle eigenstates

N 1 N -1 g
UPy) = /| ———— |2 +\/711m—|— — 1) + ————— |2m) 14
N 1 N1 g
LP,) & ) ————[20) — 1/ = |11, A ) T 2., 15
P~ [ 20— S 1o + /L )+ g o) (15)

2

V2gA

~ _ 9 V/ VN = ,
N -1 N
|LU> - IN — 1 |20> - IN —1 |1m1m/>7 (17)

where the subscripts label the dominant character of each
state, e.g., the highest-frequency resonance is dominated
by the component with a doubly-excited UP mode while
the resonance with frequency wry corresponds to that

(

containing an LP,UP pair (see Fig. [3). In the large
N limit appropriate to almost all experimental studies
of light-matter strong coupling, the corresponding two-
particle energy eigenvalues are given by wyp, = 2wuyp +
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FIG. 3. Energy level diagram for a model sys-

tem with zero-detuning (w. = wo) and Rabi splitting
Qr > anharmonicity 2A, including only bright excitations
of the single and two-polariton manifolds (App. [G).

O(g/V'N), wry = 2wo, wa, = 2wy — 2A + O(A/N), and
wrp, = 2wrp +O(g/V/N). These energies agree with the
real parts of the roots of D(w) in the strong coupling
limit (Sec. 2).

Physically, Ty (wWy + wy) < Grm, mm (Wu, we) (App.
J

3
X

—Wg Wy, —Way, Wy

By contrasting Egs. and we find that the
nonlinear optical response of a molecular system (e.g.,
solution [37, [73], polymer [74, [75], etc) in an opti-
cal microcavity is significantly distinct from that in
free space mainly because of: (i) near-resonant in-
tracavity field intensity enhancement [which renormal-
izes the induced molecular transition dipole moments
p = g(w) = pu\/2F/mihy/Kk/ G ], and (ii) the
appearance of new (polariton) resonances correspond-
ing to hybrid superpositions of molecular polarization
and cavity modes. In other words, the molecular non-
linear response under strong coupling can be written
entirely in terms of cavity-renormalized single-particle
[Gg,??n(w) — Gmm(w)] and two-particle molecular re-
sponse functions [I‘SS,)n,mm(w) — I'pm,mm (w)] which are
non-perturbatively dressed by the interaction with the
cavity field, as well as (ii) molecular transition dipoles
1 which are renormalized by factors that depend on

= Nu(2hA) 3G9, (w) GO, (w,

7 where Gpym, mm(w) is the frequency-domain single-
molecule two-excitation propagator, i.e., the FT of the
probability amplitude that a molecule initially in its dou-
bly excited-state remains in the same state after time ¢.
Importantly, when N — oo, Eq. [T2] becomes:

CU72(:J0
w — 209 + 2A

~TO (W)

mm,mm

, N — o0,

(18)

me,mm( )

where T(9)(w) is the bare single-molecule two-particle
(elastic) scattering matrix (see next subsection and App.
@. This result is expected, since Iy mm(t) describes
the time-dependent propagation of single-molecule dou-
bly excited-states under interaction with the optical cav-
ity, and as we show in App. [G] the totally-symmetric
doubly-excited molecular state |2,,) = ﬁzyﬂ 12:)

(where |2;) is the state where the ith molecule is in the
2nd excited-state while the cavity and all other molecules
are in the ground-state) is only weakly-coupled to two-
polariton states via an interaction that is proportional to
the single-molecule light-matter coupling g. Therefore,
while polaritons play an essential role as intermediate
states for TPA by the molecular subsystem, Eq. [I§] indi-
cates the dynamics of molecular doubly excited-states is
almost insensitive to their coupling to the cavity electro-
magnetic field in the ensemble strong coupling limit.

To gain further insight into the molecular nonlinear
polarization in the strong light-matter coupling regime,
we now compare Eq. [7] to the nonlinear susceptibility of
the bare molecules in free space (under the rotating-wave
approximation) given by

I‘(mozn,mm (wu + WU)G(mOZn (WU)G(W(L)L@(WU)&%,wqﬁwarwu' (19)

(

the cavity finesse F and the bare photon propagator
(b= fi(w)].

The renormalization of the induced molecular dipoles
is a result of the well-known enhancement of the intra-
cavity electric field relative to free space [46] [76]. In the
weak coupling regime, a Purcell-like result follows where
the molecular nonlinear susceptibility in a microcavity

Eq. [7) is simply related to that of the bare system (Eq.

, & — X(()B) X intracavity field enhancement factors.

Fig. [ illustrates the discussed features of the po-
laritonic nonlinear susceptibility functions by comparing
the real and imaginary parts of x®)(—w;w, —w,w) and
X(()g)( w;w, —w,w) for a representative set of parameters
gathered from prior experiments performed under condi-

tions of infrared strong coupling (namely, a Fabry-Perot

cavity containing a W(CO)g solution) [37, [42]. Specif-
ically, we used wy = 1983 cm™1,v,, = 3 ecm~ !,k =
6 cm 1, Qr = 40 cm™! and A = 8cm~! at both
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FIG. 4. Left (Right): Imaginary (Real) parts of

X(B)(—w;w, —w,w) and X[()S)(—w;w, —w,w) for a system with
wo=1983 cm ™, ym =3 cm~ ',k =6 cm™ ', Qg = 40 cm ™7,
and A = 8 cm™'. The dotted (grey) curve corresponds to re-
sults obtained for the bare molecular system, while the thick
(purple) corresponds to we — wo = 7 cm ™', the dot dashed
(orange) has w. —wo = —7 cm ™' and the dashed (blue) curve
represents the case where w. = wo.

zero (w. = wp) and positive and negative detunings
we—wo = £7 em~!. This model has polariton frequencies
wrp = 1963 cm™!, and wyp = 2003 cm~'. Notably, Fig.
shows that: (a) the cavity-assisted nonlinear response
is maximized at the polariton frequencies (as expected
by virtue of the renormalization of the molecular and
photonic response functions due to the formation of po-
laritons), (b) the third-order susceptibility is consistently
stronger near wy,p relative to wyp (as expected from the
fact that 2LP is more strongly perturbed by the doubly-
excited molecular states than the 2UP state), and (c)
the magnitude of the polaritonic nonlinear susceptibility
can be significantly stronger than the bare (due to the
renormalization of the molecular transition dipole mo-
ment in the cavity-mediated nonlinear response as dis-
cussed above.

However, by virtue of the cavity-matter strong
coupling, the nonlinear polarization contribution to
the energy absorbed by the molecular subsystem is
not directly proportional to the imaginary part of
x®) (—w;w, —w,w) (in contrast to the nonlinear absorp-
tion of bare molecules; see next section and App. [E).
Therefore, we leave additional comments and a more de-
tailed numerical comparison of the real and imaginary
parts of Eqgs. [7] and [19] as a function of cavity detuning
and Rabi splitting to App. [F] and focus below on the
nonlinear absorption spectrum of the strongly coupled
material.

3. POLARITON-ENHANCED TWO-PHOTON
ABSORPTION

The steady-state rate of excitation (absorption spec-
trum) of a molecular system driven by the electromag-

netic field can be written as (App. [E[and

Wr(w) = 7 [m(E@) P@)],  (@0)

St o

where E(w) is the frequency-domain representation of
the free space or cavity Heisenberg electric field operator.
For a molecular system in free space interacting weakly
with a classical monochromatic EM field with (positive-

frequency) amplitude Ei(: ) (w), it follows that the photon

absorption rate (in the rotating-wave approximation) is

[

2
Wo(w) =pIm |xg"(~wi)] 1B (@)
2
+ 2Im [ (—wiw, —w,0) | B @) + .
(21)

This expression is clearly invalid when the molecular en-
semble interacts strongly with a cavity, since in this in-
stance, the cavity field and the material electrical polar-
ization are correlated, and therefore (F(w)P(w)) cannot
(in general) be factorized into (F) (w) (P) (w) (where E
refers to the cavity EM field). Nevertheless, the external
input field interacts weakly with the cavity, and the rate
of absorption by the strongly coupled molecular system
admits the following perturbative expansion in powers of
the input field amplitude

where E.(w) = E§b(w). The contribution to the ab-
sorption spectrum dependent on the nonlinear response
of the molecular subsystem is given by WNt(w) =

2Im [(EI(w)P(w))M)}. In App. we obtain WNE(w)
by employing the Heisenberg-Langevin EOMs following
the same approach taken to obtain Eq. [7}

For simplicity, we restrict our analysis of the nonlin-
ear absorption spectrum to the zero-detuning case where
We = wp. We also simplify WNF(w) by using the follow-
ing conditions necessarily valid at strong coupling: Qp >
s = A(k+vm), and Qr > hn = Ak /(K+Ym). Under
these conditions, the nonlinear component of molecular
absorption under strong coupling with a cavity can be ex-
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pressed as WNL(w) = Zi:l WhLa () ’Ei(;)(w)’ , where

Nt gy o 20 ! :
W (w) =~ 7 [4(w_w0)2+/<;2 + (QR/FL)2]
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x Re , (23)
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where ¥ (w) = x®) (—w;w, —w,w), Wy = 2wp—2A, and

(a:0:)® (2w) = —T .o (20) G (@) G (w)

x PﬁG&?(@?EﬁP(w)} ey

The expression for the nonlinear absorption by
the molecular system under strong coupling
with a cavity is more complicated relative to

the bare system given by W§L(w)|E-(+)(w)\4 =

mn

w4, For

mn

%Im [X((JB)(—w;w, —w,w)} |E example,
WNL(w) shows dependence on both the real and imag-
inary parts of x(3) (Egs. and [24)) in addition to the
steady-state population of molecular doubly excited-
states PL (w) = SN [{asa:)® (2w)[2/2 (Eqs. [25] and
26). This additional complexity of nonlinear absorption
under strong coupling conditions is expected, since
while external fields acting on the bare system drives
transitions between three molecular states (ground, first
and second excited-state), at least seven energy levels
(Fig. may play a role in the nonlinear response of a
material strongly coupled to an optical cavity.
Nevertheless, the main features of WNY(w) can be ob-

tained from Eqgs. Specifically,

1. The nonlinear absorption intensity is largest when
the input field is nearly-resonant with either the
LP or UP, since this maximizes |G (w)|* which
appears in all of Egs. Physically, the po-
lariton resonance condition for maximal photon ab-
sorption is a consequence of the optical filtering
performed by a microcavity (off-resonant external
fields are suppressed relative to the resonant). The
polariton optical filtering effect is clearly illustrated
in Fig. where we observe significant features in
the nonlinear absorption spectrum only near the
polariton frequencies. We obtain additional insight
by zooming in at the two-photon absorption res-
onance (2w = 2wg — 2A) in Fig. [6] where we
find that, under strong coupling, the two-photon
absorption at the bare frequency becomes weaker
when Qr— A increases, i.e., when the two-polariton
resonances 2wrp and 2wyp are detuned from the
bare molecular doubly-excited states.

2. While the main features of the bare system non-
linear absorption in Fig. can be attributed to

N
[¢)]

N
o

= o
S 08 A i
z LWL & 4
E 0.0 B - ‘.'J"/:\V
3 -05 A Y
= ¥

-1.0p

-1.5}

1960 1970 1980 1990 2000

w(em™)

FIG. 5. Ratio of nonlinear absorption for a model system
with wo = we = 1983 ecm™ Y,y =k =3 ecm™ 1, A =8 cm™,
and Qr = 45,40 and 35 cm™ ! to the maximum of the bare
molecule nonlinear absorption. The bare system contains
a ground-state bleach and stimulated emission resonance at
wo = 1983 em ™! with negative differential absorption, and a
much weaker (positive) two-photon absorption resonance at
wo—A = 1975 cm ™!, while the strongly coupled systems show
dispersive nonlinear absorption signals at frequencies around
the LP and UP corresponding to each of the listed coupling
strengths. These dispersive features emerge from ground-
state bleach/stimulated emission contributions to W™, and
positive contributions corresponding to nonlinear absorption
at slightly shifted polariton frequencies induced by their weak
interaction with the bright molecular doubly excited-states.

Qg =45cm™

WM (w) W (wo-2)

0.0

1972 1973 1974 1975 1976 1977 1978

w (cm’1)

FIG. 6. Ratio of two-photon absorption rate of two strongly
coupled (wp = w. = 1983 em Ly, =k =3 em™ LA =
8 cm™!, and Qg = 45,40 and 35 cm ™) systems relative to
that of the molecular ensemble in free space normalized by
the maximum of the latter.

ground-state bleach and stimulated emission (large
negative peak at w = wy = 1983 cm™!) and two-
photon absorption (small, barely visible peak at
w = wp—A — see Fig. [f]for a clear view of this res-
onance), the polaritonic nonlinear absorption can-
not be as easily interpreted since the spectra shows
dispersive features at both LP and UP frequencies.
Although, the negative nonlinear absorption fea-



tures can be ascribed to ground-state bleach and
stimulated emission at polariton frequencies, the
positive contributions to WNN(w) arise by two-
photon absorption at frequencies slightly shifted
from the polaritonic. Both LP and UP positive-
nonlinear absorption peaks are red shifted. These
red shifts can be ascribed to the interaction be-
tween each polariton mode and the molecular dou-
bly excited-state. In the case of the LP, we can see
from Eq. [I5| that a perturbative estimate of the en-
ergy of the |LP2) state indeed gives a two-LP state
with energy slightly smaller than 2wyp. Conversely,
Eq. predicts a negligible blue shift to the two-
UP state relative to the unperturbed system. Thus,
the origin of the red shift in the positive nonlinear
absorption peak observed near wyp cannot be ex-
plained with the estimate in Eq. However, this
equation does not consider dissipative effects due to
cavity leakage and bare molecule interaction with
the surrounding bath. These effects give rise to fi-
nite linewidths for the UP resonances, which in our
model, gives rise to the positive red shifted peaks
near wyp. Note that, for the obtained parameters,
the UP nonlinear absorption signals become weaker
as 2wyup — 2w — 2A increase, showing that spectral
overlap between the two-UP absorption transition
and the molecular two-photon absorption play an
essential role in the generation of the discussed sig-
nals.

The points discussed in this part are in contrast
to the observations of reduced Rabi splitting in
pump-probe measurements of vibrational polari-
tons [36 B7]. The latter are understood to arise
at relatively long times from polariton decay into
the reservoir of weakly coupled (dark) states. As
mentioned above (see also next section), we dis-
regard such incoherent effects in our model. This
explains the absence of Rabi splitting contraction
in our computations.

. W3 () is the only component of WNY(w) which
is positive for all values of the input frequency.
Therefore, it necessarily gives molecular excited-
state absorption contributions to WNY(w). Fur-
ther evidence is given by the fact that WNLs(w)
is proportional to the steady-state population of
molecules in the doubly-excited state, and thus,

8nA? P, (2w)

I;[rNLB,(w) ~ )
_ 2 2 4
(W= wo)? +7,/4 ‘Eff)(W)‘

(28)

All other contributions to the nonlinear absorp-
tion can be either positive (when excited-state ab-
sorption processes dominate) or negative (when
ground-state bleach and stimulated emission pro-
cesses dominate [I]) depending on w.

. Based on the previous items, we expect the TPA
rate will be largely enhanced relative to free space

when the doubly-excited molecular states are ap-
proximately resonant with either one of the avail-
able two-polariton transitions (see Fig. , ie.,

2wy — 2A = 2wrp, A >0, or
2wy — 24 = 2wup, A <0, (29)

since in this case, all response functions showing
up in Egs. [7| and (namely, Gpm(w), and
the scattering amplitude Ty, mm (2w)) become res-
onant at w = wrp (if A > 0) or w = wyp (If A <0).
Physically, the polaritons provide the resonant op-
tical window to efficiently drive the transitions of
interest. In the studied case of zero cavity detun-
ing, the conditions described in Eq. 29 can be sum-
marized as the Rabi splitting being equal to the
anharmonic shift, that is, Qr = +2A.

When the criteria in Eq. are satisfied, we expect
strong enhancement of nonlinear absorption based
on the following argument: if the input field con-
sists of photons with w = wp — A and Eq. [29] is
satisfied, polaritons will be efficiently pumped, and
a fraction of those will subsequently decay by pop-
ulating molecular doubly-excited states. In other
words, when the two-polariton resonance condi-
tion is satisfied, the molecular doubly excited-states
provides an efficient sink for the energy stored in
two-polariton modes. This effect was indeed re-
ported in a recent experiment [42], where evidence
was given that (for systems with weak system-bath
interactions and slow molecular polarization de-
phasing) the second excited vibrational state was
preferentially populated over the first when the
pump (input) field was resonant with LP. This en-
hancement in nonlinear absorption is verified in
Fig. [7] for various cavity lengths, and is further
discussed below.

. Conversely, in the limit where two-polariton states

are highly off-resonant with the molecular TPA
(|12A — Qg| > 0), the nonlinear response substan-
tially weakens. This is illustrated by Fig. [6] which
shows that as the Rabi splitting (molecular den-
sity) gets larger, the two-photon absorption inten-
sity becomes suppressed relative to free space. In
this limit, the studied model approaches the Tavis-
Cummings (TC) model [77], where a collection of
two-level systems interact strongly with a single-
mode cavity. The nonlinear response given by this
system is known to become negligible in the large
N limit [78]. As we show in App. in the TC
model, the two-level system nonlinearity produces
a large N limit anharmonic shift proportional to
[uE§|/VN.

Eqgs. — [I7 provide some insight into why the
model studied deviates substantially from the TC
results when |2A| approaches r: under such near-
resonance condition, the state |2), ~(correspond-



ing to a totally-symmetric combination of doubly-
excited molecules) interacts resonantly with either
LPy or UP, states. Therefore, molecular dou-
bly excited-states become an efficient channel for
the nonlinear decay of the corresponding (two)-
polariton energy. As long as the bare anharmonic
shift |2A] is close to Qg, it does not matter how
large N is. Conversely, in the TC model, the
molecules are represented as two-level systems, and
therefore, the mechanism discussed here is excluded
from consideration.

It follows, therefore, that the condition given in Eq.
[29] allows the harnessing of the enhanced electro-
magnetic field of optical cavities to enhance TPA.

Points 3 and 4 are the main conclusions of our work.
We will now quantitatively illustrate that under exper-
imentally accessible conditions, it is possible to employ
cavity-strong coupling to substantially enhance the TPA
cross section of a resonant molecular system.

In Fig. [6] we present the infrared TPA spectrum
for a molecular system in free space (we take repre-
sentative parameters for W(CO)g in solution [37, 42],
wop = 1983 ecm™} A =8 em™!, v = 3 em™1!), and under
strong coupling with a microcavity (w. = wg,k = =) for
Qr =40 cm™! and Qp = 35 cm™!. The curves are nor-
malized by the maximum of the bare system TPA. Figure
[6] shows the strong dependence of the TPA cross-section
on the light-matter interaction: when Qp = 40 cm™!
(2 — 2A = 24 cm™ 1), the nonlinear absorption is sup-
pressed relative to that given by the bare system. How-
ever, a slight decrease of {2 to 35 cm ™! leads to enhanced
TPA due to a stronger spectral overlap between the LPo
mode and the molecular doubly excited-state transition
from the ground-state.

In Fig. [7] we explore the great potential for obtain-
ing polariton-enhanced TPA with optical microcavities
of varying longitudinal lengths L., L./2 and L./4 (with
L. =10 pm, and cavity-mode indices m = 4, m = 2 and
m = 1, respectively, which would require cavity mirrors
with transmissivity [t|? ~ 0.01%). We assume the cav-
ities are resonant with the molecular fundamental tran-
sition, and the TPA condition Qp = 2A = 16 cm™! is
valid (the remaining bare molecule parameters are the
same as in Fig. @ The two main conclusions from Fig.
m are that: (a) the polariton-mediated TPA cross section
predicted by our model can be larger than the bare one
by close to 4 orders of magnitude for accessible parame-
ters, and (b) a decrease in cavity length leads to stronger
nonlinear signals, so that the cavity-mediated TPA will
be maximally efficient when the strongly coupled cavity
mode has the lowest possible longitudinal quantum num-
ber and mirrors with highest available reflectivity. These
conditions, in fact, maximize the intracavity electromag-
netic field enhancement relative to free space (see App.
A).

A similar increase in nonlinear response signal strength
with decreasing molecular concentration (Fig. @ or cav-
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FIG. 7. Enhancement of TPA rate of strongly coupled sys-
tem when Qr = 2A, with wo = we,y = 3 ecm A =
8 cm ™! for optical microcavities with different cavity lengths
(Le, Le/2, Lo/4) and corresponding decay rates.

ity longitudinal length (Fig. [7)), was observed and quali-
tatively analyzed in a different context in Ref. [79].

4. DISCUSSION AND CONCLUSIONS

The computed enhanced polariton-mediated TPA pro-
vides an upper bound estimate to future measurements
of TPA under strong coupling conditions. Experiments
performed on analogous systems could give reduced en-
hancements relative to those presented here for at least
two reasons: (a) the intracavity enhancement factor (rep-
resented by the cavity finesse) varies spatially accord-
ing to the cavity mode profile (sin(wz/L) in the sim-
plest case), whereas we assumed that all molecules are
within a small region around an antinode of the cavity
field (so that the cavity field enhancement factor is max-
imal), and (b) inhomogeneous broadening of the molecu-
lar subsystem which allows for potentially fast polariton
relaxation into reservoir (dark) modes, as well as reduc-
tion in efficiently of polariton pumping due to photonic
intensity borrowing. Although we recognize the impor-
tance of these approximations, we disregard them in our
explorations, since the inhomogeneity of the cavity mode
profile is expected to change the nonlinear response prop-
erties by factors of order 1 (alternatively, spacers may be
introduced between the molecular system and the op-
tical cavity so that the molecules occupy only a small
region around the antinode of the cavity mode profile),
while (lower) polariton decay can be slowed down by in-
creasing the Rabi splitting and (or) lowering the temper-
ature. Moreover, polariton transitions are well-known to
be homogeneously broadened within their lifetimes [47],
and therefore, for molecular systems with significant in-
homogeneously broadened transitions, we expect polari-
ton lineshapes to be significantly narrower than that of
the bare system (given the polariton “hole-burning” ef-
fect [80] yielding subnatural linewidths). In this instance,



the mechanism for polariton-mediated TPA presented in
our article would become even more efficient than in the
model considered here.

While our study focused on infrared polaritonics, we
note that the phenomenology observed in molecular vi-
brational and electronic strong coupling can be very
similar depending on the system. For instance, ultra-
fast pump-probe transmission recorded for a microcavity
strongly coupled to an organic semiconductor in Ref. [33]
showed qualitative features identical to the first reported
vibrational polariton pump-probe data [36]. The exciton-
biexciton ladder described in in Ref. [33] is also notable in
the studied context because the energy of the correspond-
ing biexciton is more than twice of the excitonic, which
would enable verification of the A < 0 case of Eq. In
fact, whenever electronic transitions are only weakly cou-
pled to high-frequency vibrational modes, and the elec-
tronic S; — Sy (first to second excited-state) transition
is dipole-allowed and slightly red- or blue-shifted from
the Sp — S1 (ground to first excited-state), we expect
electronic TPA rates to have similarly appealing poten-
tial for enhancement in optical cavities under the strong
coupling regime as discussed in Sec.

It is also notable that, although our model and ex-
pressions allow us to derive quantitative nonlinear prop-
erties of molecular systems described as three-level sys-
tem ensembles, the enhancement of molecular nonlinear
polarization by intracavity field effects and subnatural
polariton linewidths thoroughly discussed in Sec. [2:2]
are universal features of the nonlinear susceptibilities of
molecular ensembles under strong coupling. In fact, our
work qualitatively corroborates recently reported nonlin-
ear response enhancement induced by strong coupling
of microcavities with organic semiconductor materials
[81], B2] whose effective Hamiltonian is not given by Eq.
Specifically, Barachati and coworkers [81] ascribed
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third-harmonic generation efficiency gains under cavity
strong coupling to intracavity field energy density en-
hancement, whereas the recent Z-scan measurements re-
ported by Wang et al. [82] showed that polariton res-
onance effects were also essential to obtain increases in
the magnitude of the nonlinear index of refraction and
absorption.

In summary, we have derived and analyzed the nonlin-
ear optical susceptibility and TPA rates for a molecular
system under strong coupling with an infrared micro-
cavity. By contrasting the polaritonic response with
that of bare molecules in free space, we found that en-
hanced nonlinearities in the strong coupling regime may
emerge due to intracavity field enhancement, creation of
suitable optical resonances, and subnatural polaritonic
linewidths. Our results suggest an increase of several
orders of magnitude can potentially be achieved for the
polaritonic nonlinear optical response, especially, when a
multipolariton transition is resonant with a multiphonon
(or multi-electronic state) absorption of the molecular
system. Application of molecular polaritonics in two-
photon imaging [83], entangled photon spectroscopy [84]
and efficient generation of hot molecular excited-state
distributions via (polariton) ladder climbing [S85HS8] are
also envisioned with possible bypassing of deleterious
intramolecular vibrational relaxation.
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Appendix A: Basic definitions for empty microcavity

We employ input-output theory[54] [55] to describe the
open quantum system dynamics of a planar optical mi-
crocavity consisting of two highly-reflective symmetric
mirrors [13] separated by a distance L.. The input radia-
tion is taken to have zero momentum along the transverse
direction to the cavity longitudinal axis. Since we work
in the limiting case where a single cavity mode interacts
with the material system, we only consider the free space
electromagnetic modes to the right and left of living in
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a 1D space with length L sufficiently large for the cor-
responding field operators to satisfy periodic boundary
conditions.

We suppose the system is probed in transmission geom-
etry, where the incident light irradiates the “left” mirror
and the optical signal is generated by the photon flux
traversing the “right” mirror. The output photon flux is
given by

(05 (8)] bous (),

where the output annihilation operator boyt(t) is written
in terms of the “right” free space modes at a future time
ty >t [54]:

(A1)

7

Ver

where bl(w’) is the Heisenberg annihilation operator for
a photon with frequency w’ in the free space to the right
of the optical cavity at ¢;. In the absence of any input
on the system from the right mirror, the input-output
relations allow us to directly relate the (right) output
EM power at time ¢t with the state of the cavity at the
same moment. In particular[54] [55],

bR (1) = / A/ B (W )e ™ =) ¢ St (A2)

bgut (t) = Eb(t)7

(A3)
where b is the cavity mode annihilation operator and
k is the total cavity leakage rate (including field decay
through both mirrors). The latter is proportional to the
mirrors transmission probability |t|?, as well as inversely
related to the cavity round-trip time 7. = 2L./c, (L. is
the cavity longitudinal length) [46], i.e.,

|t|2 2 C A
= — = t —_— 4

TC (&

In this work, we suppose the microcavity is driven by
a superposition of coherent state fields which are nearly-
resonant and weakly interact with the cavity (x is much
smaller than the cavity photon frequency). The rotating-
wave approximation is employed throughout, as is cus-
tomary in an input-output treatment [55]. We suppose
the electric field of the external source which drives the
system is expressed as:

Bl = [B @e e + B (w)e!]

w>0
hw . )
= Z i/ %V [ain(w)e_“"t - oz;[n(w)e’“’t} ,
w>0

(A5)

where € is the free space permittivity, V = SL is the
quantization volume of the Lh.s (or r.h.s.) free space,
and a4, € C is a coherent state amplitude characterizing
the phase and intensity of the input external field mode
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with frequency w. The photon flux corresponding to each

frequency in is given by |ain(w)|?c/ lﬂ The photon
input operator is thus

Pfg:’) ewi,,(w)7 (A8)

bl (w) =i

where P(w) = hw|aiy(w)|?c/L and 6, (w) is determined
by the relationship ay, (w) = |ai, (w)]e?n(«)

We conclude this section by reviewing some relation-
ships between the cavity electromagnetic field intensity
in the presence of steady driving, and the corresponding
free space intensity. This identification will be essential
for the comparison of the nonlinear optical response of a
hybrid cavity with that of the bare molecular material.

First, we recall that the mirrors of a good cavity have
nearly vanishing photon transmission probability || —
0. The cavity is usually characterized by (a) the total
photon leakage rate x (Eq. dependent on both geo-
metric parameters (e.g., the cavity length) and the qual-
ity of the mirrors (via its dependence on [t|?), and (b)
its finesse coefficient F = 7+/]r|/(1 — |r|) (where r is
the field reflection probability amplitude) [46], which de-
pends only on the quality of the mirrors. As we demon-
strate below, the finesse provides a simple measure of the
steady-state intracavity (resonant) electromagnetic field
intensity I. enhancement compared to free space. In par-
ticular, at a cavity antinode, it follows that[46],

Ic 7107 (AQ)
where [ is the free space electromagnetic field intensity
[46]. In terms of the finesse, the cavity leakage rate x can
be written as

e

K,:Lc]:.

(A10)

Alternatively, F is a given as a simple function of the

1 Here, we used the following expression for the mean photon flux

Segc [T/2
0 <[ L

fin = o) B o)

T J_7/2
= 3 Jain(w)[2e/L (A6)
w>0

which is thus given in units of photon number per unit time.

2 Note that our input fields are obtained from superpositions of
coherent states of the electromagnetic field in the 1.h.s. free space
defined by

bL

b= g [ @) ) = Sl e,

(A7)

where b} (w’) is the annihilation operator of the left mode with
frequency w’ evaluated at a time to < t. [54]
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cavity quality factor Q = w./k [46]:

TC We
7= Lcwc;
Q
==X All
- (A11)

where m € Z is the longitudinal quantum number of
the cavity mode, and we used that the symmetric planar
cavity mode frequency corresponding to m is given by
we = cmm /L.

We conclude this section by deriving the cavity elec-
tric field enhancement factor from input-output theory.
Consider an empty cavity driven by an external field
with power P(w) = hw|aiy(w)|?c/L, where aj,(w) € C.
Using the previously defined parametrization bk (w) =
in/P(w)/hwe?®n ) for the input field, it follows from
the input-output treatment of an empty driven cavity
that the steady-state positive-frequency component of
the empty cavity electric field (in the rotating-wave ap-

proximation) E§+)(w) is given b

c | _lbﬁl(w)
Eéﬂ(w) - EO\/;w — We + iH/Q

_ MC "{/2 z@in(w)
- 2605L0|am( w)| /@Lw—wc—i—m/Q

2 2
Y AL O (A14)

T w—we+ir/2 ™

where we used E§ = iv/hw./2€0SL.. In the last line we
employed w = w. + 0 and the limit where dw/w. — 0,
ie., w =~ w.. This approximation is consistent with
the weak-coupling and near-resonant assumptions of
input-output theory[54] 55], and is usually satisfied when
w is resonant with polaritons in the strong coupling
limit (with Rabi splitting significantly weaker than the
relevant bare molecule and cavity frequencies).

Equation demonstrates the well-known results
that under resonant driving (w = w.) (a) the cavity
electromagnetic field intensity is enhanced by a factor
of 2F /7 (at cavity antinodes) compared to free space,
and (b) the cavity field is phase-shifted by —m /2 relative
to the phase of the external field.

3 This equation can be simply derived by using the Heisenberg
equations of motion for the driven cavity mode operator

(ihdy — hise)b(t) = —ihﬁbh(t)

b;
e bw) = —iny [ @)
2 hw — hwe + ik/2

L
(+) . hwe by (w)
— FE; =
@) ! 5e05L. -\ 2505Lc \/ 2 w—we + k)2’

(A13)
where we used @ = we — ik/2, and b(t) =, b(w)e~ it

(A12)




Appendix B: Nonlinear susceptibility of strongly
coupled molecular system

In this section, we derive the steady-state third-order
polarization induced by continuous-wave input fields act-
ing on a molecular system strongly-coupled to an optical
cavity as described in the main text. This polarization is
the source of the nonlinear optical signal discussed above.
The results obtained here are essential for the computa-
tion of the nonlinear molecular absorption under strong
light-matter coupling which is described in the next sec-
tion.

To obtain the material nonlinear polarization we solve
perturbatively the equations of motion (EOM) for the
expectation value of the molecular polarization operator
in terms of the driving input fields.
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From the effective Hamiltonian introduced in the main
text (Eq. 4), we obtain the Heisenberg-Langevin EOM
for the expectation value of the cavity-photon annihila-
tion operator using i60;b(t) = [b(t), H| — ifikb(t)/2:

(njt mc) <b(t>>:_m\f ) — 5 S (as).

i=1

(B1)
where the cavity leakage rate r (derived within input-
output theory) was introduced by the replacement w, —
We = we — ik/2. Eq. describes the time-dependent
response of the cavity to a collective molecular polariza-
tion and to the driving by the input field. Similarly, the
molecular response to the cavity electromagnetic field is
expressed by the analogous Heisenberg-Langevin EOMs
satisfied by the time-dependent single-molecule and col-
lective material polarizations:

(i~ 10 ) ) = 15 00— 2080 ] (s

(z’hjt - h@o) (Y ai(t)) = —Np>Eg (b(t

= 1P B§ (b(t)) — 2n8p {al (1)) {ai(D)as (1)) (B2)
— 2hAp Z al(t) i(t))
N
— 20 Z Bai(t)) (B3)

*N#QEO (b(t

where Wy = wp — i9m /2, and we obtained the final equa-
tions in each case using the factorization property of the
expectation value of normal-ordered (all annihilation op-
erators are to the right of the creation) correlation func-

tions which, for (a'(t)a(t)a(t)) is valid to O (\Ein\?’) (see
e.g., Refs. [71][72]). Hence, Egs. and [B3| are valid to
O (|Eul’

Each of the time-dependent expectation values appear-
ing in the Egs. and [B3]admits an expansion in powers

of the input field (b%) (since the cavity is only weakly-
coupled to the external modes). For instance, we can

write (a;(t)) = 32, (a:(£))"”, where (a;(£))” = O [(b5)"].
Hereafter, we will employ the following frequency-domain
expansion of the expectation value of time-dependent op-
erators, e.g.,

= > {0y (w)e

w w>0
+(0) ) (wye™t.  (B4)

Performing an expansion of both sides of Egs. and

(

[B3]in powers of the input electric field amplitude we find
the third-order contribution to the cavity and molecu-
lar annihilation operator expectation values satisfy the
following coupled equations in the frequency domain:

Se =N (3)
wES a; w
0 (@) = Lz 00 ) )
N
(hw — hixe) > (pa:)™® (w) = —=NpEg (6)® (w)
=1
*2FLA/LZZ (1) —Waq
a,b i=1
X 6w,—wa+wb- (B6)

The positive frequency material third-order polarization
component with frequency w is given by <P>(3) (w) =
MZ?;I (ai>(3) (w). As shown above, it can be expressed

in terms of the photonic variable <b>(3) (w) and lower-
order molecular correlators. Inserting the formal solution

of Eq. [B| into Eq[B5] we find:

(aiai)® (wr)
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D (<o) (@ia) (@2)
) = 2RARES e O, —twa+wp > B7
< > ( 2200} WQZL% ; hw h(.do) N‘,UE(C)P ,—Watwp ( )
4 -
® (w) = —25A o — B (—wa) (@ia)® ()3, BS
2 e “Z Z (o — i) (o — i) — NTuggp? 4/ () (i) ) ()
[
The first-order molecular expectation values (ua; (wa)>(1) cavity photon is similarly given by:
describe the linear polarization induced on each molecule. )
By solving the coupled cavity-matter equations (Egs. <b>(1) (w) = —ih K (hw — hio )by (w)
and[B3) to first-order in the input field, we can obtain the 2 (hw — hioe) (hw — h) — |ME8|2 N
linear molecular polarization in the strongly coupled de-
vice. In the frequency domain the equations to be solved = Gpp(w) [—ih\/gbi];l (w)} , (B13)
are:

<b>(1) (w) = —’Lh\fbm - H _8 Zﬁil_<a'>(1) (w)

hw — héde hw — hid, ’
(B9)
(hw — hiso) Y {a = —NuB§ (1) (w). (B10)
i=1
The explicit solution for the linear polarization

<P>(1) (w) = Zil (uai>(1) (w) induced by the input field
is given by:

W (o) = ih /B N p? Bgbi;, (w)
= h\gw-mo)(hw—mo)—wcfzv

= NGl [BEGG it S 0)]

(B11)

where G,(,%) (w) = 1/(hw — hd,) is the bare cavity photon
frequency-domain propagator, and G, (w) is the single-
molecule response function renormalized due to the ma-
terial strong interaction with the optical cavity

1

Grm(w) = RN (B12)

hw — haog — oo

Note the light-matter weak-coupling limit for the molec-
ular response function Gop, = 1 /(fw — hdg) can be
straightforwardly obtained from the above expression by
performing a power series expansion in terms of |uE§|.
The linear response induced by the external field on the

where G, (w) is the frequency-domain representation of
the cavity photon retarded propagator under strong cou-
pling conditions

Gpp(w) = (B14)

lnBg|*N
ﬁw—h&o

hw — ha, —

Note that the hybrid cavity linear response field ampli-
tude given by Eq. [B13| has the same form as that for
an empty cavity The bare cavity result is ob-
tained trivially by simply taking ¢ — 0 in Eq. The
following relationship between the cavity and molecular
polarization retarded Green functions will be useful later:

Gmm (W)
Gpp(w) = G;(;%) (w)m (B15)

The last expectation value which we need to compute
in order to obtain the hybrid cavity third-order response
is (ai(t)ai(t)>(2) (see Eq. . The time-dependence of
this function is coupled to the other totally-symmetric
(with respect to permutation of the molecular indices)

2-particle variables of the system, namely, <b(t)b(t)>(2)
which describes the evolution of the two-cavity photon
state, (ai(t)b(t)>(2) which probes the correlated propa-
gation of a photon and the ith molecule phonon, and
<a¢(t)aj(t)>(2) ,i # j, that describes propagation of vi-
brational excited-states in distinct molecules.

The system of Heisenberg-Langevin equations for the
bright two-particle variables mentioned above can be de-
rived using the operator equations of motion generated
by the Hamiltonian in Eq. (4) of the main text, to-
gether with the same replacements effected above wy —
wo — Ym/2, and w. — w, — ik/2. Tt follows from the
input-output treatment [55] that under the assumptions
of Markovian molecular bath, and in the absence of an
input molecular polarization, the resulting two-particle
EOMs are given by:



18

_m% — 2 (hio — hA)] (a;(t)ai(t))® = —2uES (a:(t)b(t))? (B16)
in gy (1 -+ 1) (as(p(0)® = 5 G0} ~ S far()ay () — i [ShO @OV, e
" 2 2

in g — 2nie] M) = ~uEg 5 (b)) 2 i a(t) G0V (B18)
mi - m} (ai (t)a; (1) = =B [(a®b()® + a; )], j# 1. (B19)

(

These equations show, as expected, that two-particle which can be written as:
states are driven by the input field only in the pres-
Y P Y P 2(Tw — 2hi)

ence of non-vanishing first-order photonic or molecu- (a;0:)? (w) =2 2200 (L ES? 2 (W)

(1) (1) v D( ) 0 ext
lar polarization (represented by (b(¢))*” and {(a;(t))""). w
To solve this system in the frequency domain, we note . 2(hw — 2h&.) (hw — 2hi) WES ( )
that the electromagnetic field interacts equally with each D(w) 0fexc (@),
molecule, and therefore, (a;(t)b(t)) = (a;(t)b(t)), for all (B20)
1,7 € {1,...,N}. From the same argument, it also fol-
lows that the correlators (a;(t)a;(t)),;, and (a;(t)ai(t))  where b (4) = 72th (% ) ©) (w) and fmb(w) =
are independent of the molecular indices. These consid- )
erations imply that, while the system of two-particle eqs. _th in 7, (w), and D(w) is a 4th-order poly-

given above has (N+1)2 unknowns, only four of those are ~ nomial, with 1tS roots corresponding to the bright res-
(2) ( onances of the doubly-excited manifold of the system.

Denoting by D (w) the bare noninteracting 2-particle
resonances, D) (w) = (hw — hi, — hdg)(hw — 2hag +
2hA) (hw — 2k, ) (hw — 2hdy), it follows that the inter-
acting complex two-particle energy eigenvalues are given
by the roots ofD( ) = DO (w) — 29N (hww — 2hicg ) (hw —
2ha0+2hA) — 29 (N — 1) (hw — 2hdg +2RA) (hw — 2hk.) —
292 (hw — QEADC)(hw — 2hiy), where g2 = |uE§|? as in
the main text. We can also write Eq. [B20] in terms of
retarded single and two-particle Green functions in the
frequency domain:

independent. In order to proceed, we need (a;a;)'” (w)

(a50:)? (w )__2Zh\/7Gmm7PP( ) (nE§)* (blab™) (w )“h\fG””n mp(W)HES (Phat) (),

K
= —h*Z Z [2Gmm,w(wu + wy) Gpp(Wu) + Grmm,mp(Wu + W) Grm (wu)G;(;%) (wu)] (;“E(C))Q biLn (wv)bil;l(wu)dw,wﬁwv

2
uv
(B21)
[
where G, pp(w) corresponds to the Fourier transform of ~ agators can be written explicitly as:
the probability amplitude for a two-cavity photon state to .
undergo a transition into a state where a given molecule Grmpp(w) = 2P — 2heo + zh%n)’ (B22)
is doubly excited, and Gyum mp(w) is the transition am- D(w)
plitude into the doubly-excited state of a given molecule G (w) = 2(hw — 2hw, + ihk)(hw — 2hw + ihyy,)
from an initial state containing a photon and a single mm,mp\&) = D(w) '
vibrational excitation of the same molecule. These prop- (B23)

Using the relation introduced in Eq. we rewrite the
two-particle molecular response as:
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(@0) ) =5 X {2 t 00 [600 6] [68060)] "+ Gommpli ) [68 )]}

uv

G ) ) [ ity [5Gt )] [y 36D @t )] B (B20)

(

By symmetrizing the summand of the previous equation, we obtain:

J

(0600 () = 3 D +0) G )G ) [~ Bt 5G9 )] [ 5619 )

uv

X 5w,wu+w1,a <B25)

(

where T' is the two-particle scattering matrix, and The nonlinear component of the molecular polarization

me,mm is the amplitude for the elastic Scattering of two <P(ws)>(3) = U Zf\il <a,i (ws)>(3) can now be given the
excitations in the same molecule. It may be written as: explicit form:

(hew — 2hio) (hw — hidg — hid) [(hw — 2hdo) (hw — 2hd.) — 49> N]

D(wy + wy)
(B26)

I‘WLm,rnm (UJ) =

J

(Pw))® = 3" 2NRA G (@) G (W) D (W + @) G (00) G (@) X

Wuwv Ww

- hx |2F _
Gy (w0) G () Gy () (2\/ ) B @) B @u) B (@), - ioe (B27)

(

where we used —iE§\/Ebk (w) ~ 5/ 2E E{P (W) (from  of the molecular nonlinear susceptibility [12], we find
Eq. |A14). From the above expression and the definition
J

X(S) (_ws; Wy y =Wy, Wu) 2hA]\/v/vLC"Ymrn Ws mm w mm mm (wu + wv)Gmm (Wu)Gmm (wv) X

[M 2f7m H 2F ﬁHGm( )] [M\/? atel’ <wu)] B oot (B28)

(

Appendix C: Nonlinear absorption spectrum under will calculate the nonlinear part (in the input electric
strong coupling field amplitude) of the external field power dissipated by
the molecular system under steady-state conditions.
In this section, we compute the nonlinear part of the

absorption spectrum of an optical microcavity strongly Mathematically, the steady-state regime is charac-
coupled to the molecular polarization. In particular, we terized by a time-independent molecular excited-state



population i.e., O Zf\il {al(t)ai(t)} = 0. Using the

Heisenberg-Langevin equation for Zf\;l aI (t)ai(t), we
find that steady-state implies:

N
= —ilym Z (alai)(®) + p (E()bT Z a; — E§ Z ajb) (t)
i—1 i—1

N c
— Z’ym (ala;)(t) = 2Im <Z 'uhEObTai> (t) (C1)
i=1

The last equality expresses the balance between the
steady-state rate of molecular excited-state decay (L.h.s.)
and driving by the external field mediated by the cavity
(r.h.s). Hence, the photon absorption rate by the molec-
ular system can be written as:

(C2)

ss ?

W = %Im (ETP)

where Ef = E§b' and P are the (complex conjugate)
cavity electric field amplitude and collective molecular

J

(hio; — hio) (BIP) = —p®| Eg[* | N (b'b) —

Because we only care about the O (’bﬁl 4) absorption

@ _

(hio; — hi) (B P) —?| B | N i)

where we also used that the input fields are classi-
cal states uncorrelated with the cavity. Our task is
now to express the steady-state cavity photon num-
ber N, = (b'b), total molecular excited-state popula-

tion N,,, = Zf\il (ala;) and intermolecular coherences
<ajaj)l. ; n terms of the input field operators to the de-
sired orders. The steady-state cavity photon number sat-

J

N
E aa]

N
E an
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polarization in steady-state, respectively. Both FE. and
P admit power series expansions in the external fields
(see Sec. . The first non-vanishing nonlinear terms in
the series expansion of P scales cubically with the in-
put field bY. Therefore, it follows that the nonlinear
response contribution to the photon absorption rate W
scales as | Ey,|*. To obtain this quantity, we will solve the
coupled Heisenberg-Langevin EOMs for population and
coherence variables in the presence of driving by the ex-
ternal input fields. From now on, we will denote steady-
state quantities by the usual expectation value notation
without the subscript “ss”, as we will always work under
steady-state conditions. Moreover, we will disregard the
frequency dependence of all quantities until we obtain
the final expression for the nonlinear absorption. In this
section, we take the input field to be a monochromatic
beam, i.e., b, (w') =0 for all W' # w.

In steady-state, the cavity-molecular polarization co-
herence (E] P) satisfies

- 2hApZ ETa a;a;) — zh\/g (E§ (biI;l)T P). (C3)
[

component, and pure-state factorization holds, it fol-
lows by the same argument employed in Sec. that

<bTajaiai> = (bTa;r) (a;a;) . Thus,

N
~ohn > (L) o) ® i[5 B (48)' ()
i=1

(C4)

(

isfies
2 (4) 2 NG
4) L
N _—ﬁlmwgm —\/;Re<(bin) b) ", (Cb)

whereas the total molecular excited-stated population
and intermolecular coherences are given by:

@) _ % iy
Ny’ = ,wm Im (EJP) (C6)
(4) (4) 2(N -1 4) 4A N (2)
ZZ ((ajaj) + (a;fai> ) = (mm)lm (EIP)" + - Z Im {(a}a}) <ajal.>(2)] , (CT)

i>j j=1

ij=1
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. . 2
where to obtain the last line, we used |, <a;a}>(2) <ajaj>(2)} - Im U(ataw@)” —

Using Eqgs. 49-51, we find the intermediate result

n N
(4) 2N (4) 2 o @) 4A (2)
NN = 3" (afa;)™ = —h—nlm (EIPY"Y — N “Re () o)y — — > Im [<aja}> <ajai>(2>} , (C8)
ij=1 moii=1

[
where 7! = k71 4+n~!. We now have all of the quantities particular, it follows from inserting our last result in Eq.
required to obtain the rate of nonlinear absorption W. In that

J

N
N O o @) %\/7 Iy @], 2RA FR g
(his: — hidso) (ETP) _2hnlm[<EcP> |+ : HRe[(bin) (b) }—FN,YmZIm{(ajaj)(a]al)}

ij=1

N
~ 20w oo (ol B i[5 B 0! (). (o)

i=1

(

where we used Qr = 2|uE§|VN. Let 7, = K + Ym, in terms of the input field variables. to obtain:
WL = W) = %Im ((E(J[P>(4)) and the r.h.s of Eq.

we can eliminate Re ((E);P}M)) and solve for WNL
|

B 277h77$ 02 2 t (3) 4A(N — 1) (2) (2
WNL — _ 217 (o — Foo)® + (haga 2/4] + Q%ﬁs/QTg {\/;Re [(b};) (b)® } + — Im [(a}ab (aja:);, (QW)} }

+ 21 (o — MO)QTTZ;S)Q/ZL] Q%2 {QA,MNRG [(aiai>(2) <ajE;f>(2)} n \/Elm [ES <biI;]>T <P>(3)}}

2nhns(we — wo) { 4AuN

m | (a;a;)? (ol E
S (oo — o) + G2/ A 2 | e [<u> <1EC>]+

(

where we used that Im (a}a}} <ajai>} = 0 when i = j.  tion is given by:

Thus, our final expression for the total nonlinear absorp-
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W) = T e TR |V 3 ] 0 <w>]
20 [(hw, — huwo)? + TIQI(%;Z;S) 2/4] + Q2. /2 QA(]W\;_ DI [<a§a}>(2) (—2w) <ajal>§¢)z (2@}
" 2 (. — JT??;;’X)? et el ) (~2) (uai )@ (2)]
T o [ — P 1 mg%m)Q/zl] T2 V2R (b ()] (P ()]
o e QZLZU)J EM Os))i/zl] T (aia)® () (ual B (~2)]
" 2 (e 2725?? Zé“;“iﬁ e e [B§ Ph@)]) (P)® ()] - (C11)
[
Each of the above terms can be further simplified by us- \/g \/% Ei(;) () (see Bq. [A14) can be employed to sim-

ing results obtained in Sec. [B} For instance, the identities
) ) = ~E5Gy @) (P)? (@) and iEf [bh(w)]" =

(@0}, () = = ()@ (@) +

hw — 2hig + 2RA
nEg

(aib)® (w) = —

(hw — 2hwo + 20A + i) (hw — 2hwo — iA Yy, )

plify the first line of the last equation, while the 2nd, 3rd,
and 5th lines can be simplified using the following results

from Eqs. [BI6 and

<aib>(2) (w)} , and

(aiai>(2) (w), which imply that

— (@)1 (@) =

1. Zero detuning

(hw — 2hwo)2 + h292,

x 2 {a;a;)® (w). (C12)

(

isfied Qg > hn and Qpr > hn,, the nonlinear absorption
can be written as a sum of four simple contributions

4

The physical content of the terms in Eq. becomes WL (W) = Z W (i) ’E_H—)(w) 4 (c13)
clearer in the zero-detuning case where w. ~ wg, in which —= m ’
case the last two lines of Eq. vanish. Taking advan-
tage also that when the strong coupling condition is sat- where
J
2nk 1 1 2F
WL () =2 Re |1/ —x® C14
() I {4(w—w0)2+/92 + (QR/h)Q} ey X (C14)
4n w — wo 2F
WNL2 () a0 2 Im |1/ =y ® C15
(w) h4(w70.)0)2+/€2 m[ T ( ) ’ ( )
2
(2)
AAZN ‘(aicu) (2w)
W (w) ~ — : (C16)
(w—wo)?>+75/4  |EM (W)
(2(4) — LUQ())QAN ‘<aia’i>(2) (20‘))
WAL () ~ - (c17)

(Qr/2h)?

B (w)4



Appendix D: Nonlinear susceptibility of bare
molecular system

In order to describe the free space nonlinear polar-
ization induced on a bare molecule ensemble driven by
external continuous-wave fields, we employ an effective
Hamiltonian that is similar to that used to model the
molecular system in an optical cavity. The main differ-
ence is that each molecule now interacts with several EM
modes (with vanishing momentum along the z,y direc-
tions) quantized with periodic boundary conditions. The

J

(0, — hizo) (pas(t)) = —2hAp {al (ay(B)ai(t)) — 1> 3 B (b () €7/°.

Using pure state factorization [I} [71], [72], the equation of
motion for the third-order component of {(a;(t)) is given
by:
1)
(ai()ai(6).
(D3)

The time evolution of the relevant first and second-order
molecular expectation values are given by the solutions
of the equations

(ihdy — hido) (ai (1)) = =iy Buin(t), (D4)

(ihdy — hé) {a; ()P = —2hA (al (1))

(ihdy — hiszo) (ai(t)ai())® = =21 (@i(t)) B (t)e 57",

(D5)

where we made the replacement E,;in(t) = Fow (b (t)).
Using the long wavelength limit, and thus disregarding
the spatial dispersion of the electromagnetic field (as in
the computations performed for a molecular system in
a cavity), the frequency-domain solutions of the prior
equations are:

NG _ E.,in
() (@) = 3 g (D6)

2
A\ (2) _ 207 Eyyin Bwyin 5
<aza1> (W) Z (hwu + hwy — on)(hwu — mo) W, Wy Fwe

o (D7)
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total Hamiltonian in the rotating-wave approximation is:
N
H= Z hwbibw + Z (hwoalai - hAaZTaIaiai)
w 1=1

N
— 1303 (Bowalbue™/° + Boaidle /<)
i=1 w>0

(D1)

where w = ¢k, k = 2nm/L,m € Z, and z is the
projection of the position of molecule 7 on the field

hw
2¢0V *

field which drives the material polarization is introduced
as a boundary condition to the electromagnetic mode
operators in the Heisenberg picture, i.e., the input field
satisfies the homogeneous part of the EM field equations.
We assume the FEj, are classical variables, as in the
computation performed with the optical cavity in the
previous sections.

direction of propagation, and Ey, =1 The input

The equation of motion for the expectation value of
the molecular polarization is given by:

(D2)

(

where h(:)zo = h(JJQQ — Zh’)/m, and hwgo = 2h0.)0 — 2hA is
the energy difference between the doubly-excited vibra-
tional state and the ground-state. These results can also
be written in terms of bare molecule single-particle and
two-particle retarded response functions in the frequency
domain:

(@) (w) = —pG (W) Ewin, (D8)
<az‘ai>(2) (w) :M2 Z Gﬁffln,mm (wu + ‘Uv)Gggzn (wu)

X BuyinBuyino wy+wy (DY)

where GSS},L(M) = 1/(hw — hwo) and ngzn,mm(w) =
2/(hw — hdyg) are the Fourier transform of the single-
particle and two-particle retarded molecular Green func-
tions, respectively. In the time domain, they measure
the probability amplitude that a single and a two-phonon
state exist for a time ¢ after their creation. Note that the
last equation may also be written in terms of a vibration-
vibrational scattering matrix element I' Si)mmm (w) =

(Aw — 2hwg) /(hw — higg) as follows

(@:0:)® (@) =" Y T s (Wa + 00) G (W) Gl (w0)

X Ewu,inEwi,in§w,wu+wU . (DlO)

Direct insertion of Egs. [D6| and [D7]into the frequency-
domain representation of Eq. gives the following so-
lution:



(ai)® (wy) =

4YPRAE, inEwyinFuw,in
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(D11)

u,V,W

In terms of the bare molecule Green functions and
phonon-phonon scattering amplitudes, the bare third-

J

(P) (W) = > 2hANpAG, (W) GO (@)D D

Wy Wy W

NG (—5 0, ~wars ) = 2RAN G0, (0,) G0, (00)

Appendix E: Nonlinear absorption spectrum of bare
molecular system

The steady-state rate of photon absorption by the
molecular system in free space can be computed from
the Hamiltonian in Eq. In particular, the steady-
state condition stipulates that in the presence of an ex-
ternal radiation field, the rate of excitation of the molec-
ular system is equal to its rate of decay, and therefore
O Zf\il (cz;»r (t)a;(t)) = 0, where ¢ is an arbitrary time dur-
ing which the system satisfies the condition given above.

Using Heisenberg-Langevin equations of motion for the
description of the response of the molecular system to the
external electromagnetic field we find that:

03 alat) = 3 Y

=1 w

(b, (t)ai(t))
(E1)

|:2MEOw

The lLh.s of the above equality corresponds to energy
|

Wik (w) = fImZEw in (P(ws) >(3)

Zﬁz Z Im[Xo

Ws Wy WyWy

The nonlinear absorption spectrum for photons with

5w.w Wy —Way *
Z (hws — o) (B — hag) (Raw + hwy — o) (ay, — hag) oo Tev e

(Wu + wy ) Gmm (wv ) Gmm (wu ) Ew“ inEww inva in0us

(_ws; Wy, —Wa, Wu)EwSi

(

order molecular nonlinear polarization Pés) (ws) =
uzilil (ai(ws))@ can be written as

53 Wy Wy —Wy 3

(D12)
[
which implies the bare nonlinear susceptibility
mm,mm (wu + wv)ng);n (Wv)Ggr?zn (Wu)du, w,—wptw, - (D13)

(

extracted from (or transferred to) the molecular system
by the bath, whereas the r.h.s describes the pumping of
the molecular system by the electromagnetic field. As-
suming the usual weak coupling condition to be valid
in free space, and taking the external field to be given
by a macroscopic coherent state with negligible quantum
fluctuations, it follows that the bare rate of photon ab-
sorption is given by:

= 23t [Ban) (PW)), (B2)

where (P(t)), refers to the free space (weakly coupled
to the EM field) molecular polarization, i.e., (P(t)), =

(vazl pa;i(t)),. Thus, the nonlinear contribution to the
molecular absorption spectrum is given by:

O R I

where tg is sufficiently long that the system is in steady-
state. Equivalently, we can write

nEwuinEwwinEinn:I 6ws,wv—ww+wu (E4)

(

frequency w is given by:

2|Ewin|4
h

Wil (w) = Im [X(()g)(—w;w, —w,w)} . (E5)



Using Eq. we find the nonlinear rate of absorption of
J

4hApt
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photons by the molecular system is given by:

hym (hwo — hw)

Wt (w) = N

4
N 4hAp

|Ewin |4

h’ym(hwgo/Q — hw)

Each of the two terms in the above rate of nonlinear ab-
sorption correspond to a distinct nonlinear absorption
resonance. This can be seen by noting that the first
term vanishes when w = wgy, whereas the second van-
ishes when 2w is resonant with the two-photon transi-

J

VAT

2
P [(eo = haoo)? + 22, /A7 (2P — Buomo)? + 22,
2
h

[(hw — w)? + h2y2, /4]7 (2hw — hwao)? + W27,

| Ein|*. (E6)

(

tion with frequency wag = 2wy — 2A. When A /v, > 1,
the lineshapes corresponding to the two possible non-
linear absorption resonances are well separated, and we
can isolate the contribution to W¥(w) corresponding to
two-photon absorption:

th(ﬁWO—fw) |E . |4'

2
WOTPA(w) = Nﬁ

The textbook expression for the two-photon absorption
rate [12] follows from the last result by taking the limit
where A > ~, and by assuming only probe frequencies w
around the TPA resonance at wy — A (so that no other
quantum transitions interference with the absorption) In
this case, it follows thatﬂ

2nN 20t
WA (W) ~ 2wW)|Egin|* E9
0 (w) A (hw — hbdo)2p2( w)| | ) ( )
where ps(2w) = —1Im [G%%,mm@w)}:
1 2
p2(2hw) = =2 Im {m]
! 2hy (E10)

T 7 (2hw — hwao)? + K22,

4 Specifically, letting w = wg — A — € with € — 0 and v, /A — 0,
we have

RA (wo — hw) _R2A%(14¢/A)
(e — hwo)2 + h2~2, /42 [(hw — heo)?)?
. h2A? (1+¢/A)
T (hw — hwo)? B2A2(1 + €/A)?

= m [14+0(e/A)].  (E8)

(s — P2 + 123, 4T (2o = o) + RO,

(

Appendix F: Quantitative comparison of molecular
nonlinear susceptibility of bare and strongly coupled
systems

In this section, we provide an additional quantitative
discussion of the main features of the molecular non-
linear susceptibility under strong coupling with a cav-
ity. Our analysis will focus on the system with sus-
ceptibility curves given in Fig. [dlwhere we employ pa-
rameters corresponding to W(CO), molecules in hexane
[37] with wp = 1983 ecm™, v, = 3 em™}, A = 8 ecm ™!
to illustrate and compare the real and imaginary parts
of the bare nonlinear susceptibility (Eq. to that
obtained for the same system under strong coupling
with an optical cavity (Eq. with K = 6 cm™!,
Qr = 40 cm™!, and the following cavity frequencies:
we = 1977 em™1,1983 em~1,1990 em~! [42 43| [79).
All results assume a monochromatic input field with fre-
quency w (thus, w, = wy = wy = wW).

Fig. [dshows that the bare and strongly coupled molec-
ular system display strikingly contrasting nonlinear po-
larization. The imaginary part of the bare nonlinear sus-
ceptibility shows absorptive lineshapes, whereas disper-
sive behavior can be observed for the polaritonic. The

opposite is true for the corresponding real parts. The ab-

sorptive lineshapes for Im [X(()g)(—w;w, —w,w)| centered

at wp and wg — A (see small bump of grey curve around
w = 1975 cm™!) are expected since this function is
directly proportional to the nonlinear absorption rate
(Eq. by the bare molecules. The weak resonance
at wyg — A corresponds to two-photon absorption by the
molecular subsystem which absorb two input photons



with w = wyp — A to generate a population of molecules
with energy hw = 2fuwy—2hA in the doubly-excited state,
whereas the resonance at wq results from stimulated emis-
sion by excited-state population and ground-state bleach
which contribute to the reduced nonlinear photon absorp-
tion probability at the fundamental frequency wq (thus
giving rise to the observed negative amplitude).

It is harder to interpret Im [x®)(—w;w, —w,w)]. As
discussed in Sec. [C] by virtue of the cavity-matter
strong coupling, the nonlinear polarization contribu-
tion to the energy absorbed by the molecular sub-
system is mot directly proportional to the imaginary
part of x® (—w;w, —w,w). Nevertheless, the most ob-
vious features of the molecular nonlinear susceptibil-
ity under strong coupling are visible from Fig. [
For instance, the absorptive lineshapes displayed by
Re [X(S) (—w;w, —w, w)] are all centered at the LP and the
UP frequencies for each of the studied systems. Stronger
nonlinear polarization always happens at w = wpp in
comparison to w = wyp. This happens because, while
for N > 1, the nonlinear response mediated by LP and
UP arises mainly from their interaction with molecular
doubly excited-states (see App. , larger spectral over-
lap exists between the molecular two-photon transition
and the LP5 resonance (for the parameters here chosen).
As a result, energy or amplitude transfer between polari-
tons and molecular doubly excited-states is more efficient
when the LP is resonantly driven by the external field (see
detailed discussion and connection to experiments [42] in
Sections 3 and 4 of the main text).

Note also that, for the parameters chosen to obtain Fig.
[ the maxima of the nonlinear susceptibility obtained
for the molecular system inside and outside of an opti-
cal cavity are of the same order of magnitude. However,
we expect that if Qg is modified so that two-polariton
states (LP5 in this example) become nearly-resonant with
molecular doubly excited-states, the molecular nonlinear
susceptibility under strong coupling will likely undergo
significant enhancement, since in this case, spectral over-
lap between LP5 and molecular doubly excited-states will
be large, and the latter will provide an efficient sink for
energy disposal by the former (this is not the case for any
of the scenarios shown in Fig. {4).

We conclude this section by presenting in Fig. [§] the
behavior of the strongly coupled molecular nonlinear sus-
ceptibility for Qr = 20,16, and 12 cm™! for a sys-
tem with zero real and imaginary detuning (w. = wp =
1983 ecm~! and kK = v = 3 cm™!, respectively) and
A = 8 cm™!. Our expectation of an enhanced molec-
ular nonlinear susceptibility under strong coupling with
a moderate quality cavity is now verified. Figure [8|shows
that as Qr — 2A — 0, the nonlinear polarization of the
molecular subsystem becomes larger, especially when the
two-LP frequency 2wy — 2r approaches the TPA res-
onance at 2w = 2wy — 2A. We can observe enhance-
ment of both real and imaginary parts of 3 relative
to Xé3) by two orders of magnitude at w = wg — 2A
when the condition Q2rp = 2A is satisfied. Note that
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FIG. 8. Left (Right): Imaginary (Real) parts of

X (—w;w, —w,w) and xo(—w;w, —w,w) for a system with
equal cavity and molecular fundamental frequencies and
decay rates and varying Rabi splitting. The barely vis-
ible dotted (grey) curve corresponds to results obtained
for the bare molecular system, whereas the thick (purple),
dashed (blue), and dot dashed (orange) correspond to Qr =
20,16, and 12 cm ™!, respectively.

Im [X(B)(fw; W, —w, w)] has absorptive lineshapes at the
TPA transition. This feature suggests that the enhanced
signal at w = wrp is due to two-LP decay into molecular
doubly excited-states. This channel is discussed in detail
in Secs. 3 and 4 of the main manuscript.

Appendix G: Energy eigenvalues and eigenstates of
non-dissipative system

In this section, we obtain the optical spectrum of the
hybrid system discussed in the main manuscript. For
this purpose, we neglect the effects of dissipation, so that
the obtained transition frequencies are real. In fact, the
Hamiltonian of the hybrid system can be written in this
case as:

N N
H =hw.b'b + Z hwoa;-rai — hA Z azajaiai
i=1 i=1

N
— f ,
; hg (azb + bTal) ,

where g is the single-molecule light-matter coupling con-
stant. two conservation laws follow from the effective
Hamiltonian given in the main text. First, the Hamil-
tonian is invariant under permutation of the molecules.
Thus, the eigenstates of H can be classified according to
the irreducible representation fo the permutation group
of N symbols (Sy), and time-dependent evolution only
allows transitions between states which belong to the
same irrep. Second, it follows from the RWA approxi-
mation to the light-matter interaction that the Hamilto-
nian evolution of the composite system preserves the total
number of excitations of the photonic and matter subsys-
tems M = Zfil ajai +bTb. Therefore, the eigenstates of
H may also be classified according to the total number
of excitations in the molecular and photonic subsystems.
For instance, the ground-state of the system (M = 0) has
all molecules in the ground-state, while the cavity field

(G1)



is in its vacuum state. The states with M = 1 contain
either a single excited vibration (|1;) where 1 < i < N),
or a single-photon (|1o)), etc.

Of the many irreps of Sy, only the totally-symmetric
is relevant in our case. In the manifold of states with
M = 1, this feature is well-known: only the totally-
symmetric superposition of states with a single excited
molecule exchanges energy with the cavity field. The
non-totally-symmetric states are dark and thus provide
no contribution to the optical response of the hybrid sys-
tem (in the studied ideal model).

The lower and upper polariton states are denoted by

ILP) and |UP). They can be written in terms of the
local-mode basis states as follows:
|ILP) = —sin(6/2) |10) + cos(0/2) |1s) , (G2)
[UP) = cos(6/2) [1o) +sin(8/2) |1s) , (G3)

where 20 = tan~! [29\/N/(wc—w0)} and |lg) =

N-1/2 Zfil |1;) is the molecular singly-excited bright
state, and we denote by g the single-molecule light-
matter coupling.

The bright subspace of the doubly-excited state (M =
2) manifold contains the four two-particle (hybrid) states
which are totally-symmetric under permutation of the
molecular labels. These states are the only which can be
accessed via two-photon transitions in our model (dark
modes are never accessed since they require molecular
permutational symmetry-breaking operators which are
disregarded in our treatment). They are given by:

Z|101
Z|1 1),

a>b

|20>7 |101

|1m1m'>m7$m’ =

1 N
= = ‘2a>
WZE

Figure S1 illustrates how Hamiltonian evolution induces
transitions between these states. From this figure, we
can also see that these four states are the only which
can be accessed from a two-photon initial state. In the
subspace spanned by the priorly defined states, the total
Hamiltonian is given by:

(G4)

2hwe hg\/ﬁ 0
B hgV2N  hwo + hwe  hg/2(N — 1) figv/2
T 0  hgy2(N —1) 2hwo 0
0 hgv/2 0 2hwo — 2hA
(G5)

where the matrix was ordered in the same way as the
basis states in Eq. From now on, we will focus
on the case where w, =~ wy since this gives the simplest
analytical results, and is also the most relevant.

If the molecular oscillators were two-level systems,
we would obtain the restriction of the Tavis-Cummings
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Hamiltonian to the M = 2 Hamiltonian, which is given
by:

2w, hgv2N
hgV2N  Tfiwo + fiwe

0 hgy2(N—1)

0
hg\/2(N — 1)

2hwo

H2BTC =
(G6)
When wy = w,, the TC eigenstates can be readily ob-

tained since the secular equation can be written in the
simple form:

(2wo — A) {(2% — N2 - 2N - 1)92} — 26N (2wp — \) =0,

(G7)
which has solutions:
g
)\UP2 = 2w + 29N — 1/2 = 2wyp — N (G8)
g
)\LPz = 2wg — 2¢ N*]./QWQWLP“Fma (G9)
S = 2w, (G10)

where the approximate expressions resulted from taking
the limit where N — oo. In terms of the bare states |2g),
|191,,) and |1,,1,,/), the eigenstates corresponding to the
above energies are given by:

|1 Tonr)

e, [ N \ﬁ N —
|[UPy™) = 4N—2‘2O>+ 2|101 m) + N =
(G11)
‘LPTC> 4N ‘20 \/7‘101 ‘( |1 1
(G12)

N — 1| . N
oN 1% ON — 1

ILUTC) = [T Lpr) (G13)
Using these states along with the |2;) as the new basis
vectors for the totally-symmetric doubly-excited mani-
fold of the system allowing two excitations, the Hamil-
tonian matrix (with the row and column indices in the
order [LUTC) | |[UPTC) | |LPTC), |2;)), acquires the simple

form:

Sy 0 0 0
s | 0 mEe o hig -
Hy=1"0 0" mps  —ng | Mwe=lwo
0 hg —hg 2hwy — 2hA
(G14)

From this, we can see that the state \LUTC> is also an
eigenstate of the complete Hamiltonian, and that de-
spite its delocalization, the totally-symmetric doubly-
excited molecular state |2g) is only weakly-coupled to
polaritons (the corresponding coupling constant is given
by the single-molecule light-matter interaction energy
g). If we take the single-molecule light-matter cou-
pling to be very weak compared to the energy differences
ATE, — (2w — 2A) = gv/AN — 2+ 2A and AfS, — (2wo —
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FIG. 9. Scheme representing the bright (totally-symmetric matter and cavity states) two-particles states which play a role in
the nonlinear spectroscopy of vibrational polaritons discussed here. Above each arrow connecting a pair of states we provide
the corresponding Hamiltonian matrix elements (coupling constants).

2A) = —gv/4AN — 2 + 2/, we can obtain reasonable ap-
proximate eigenstates and eigenvalues of HP(N). This
will almost always be a valid assumption, even if 2A is
nearly equal to gv/4N — 2, since the single-molecule-light
coupling constant ¢ is generally too small compared to
the energy scale of vibrational motion, and there exists a

J

22

large number of (non-totally symmetric) molecular dou-
bly excited-states with energy 2wy — 2A that provides an
efficient decay channel for LPs states. In other words, the
TC eigenstates will almost always be very good approxi-
mations to the eigenstates of HY(N). The leading-order
perturbatively-corrected eigenvalues are given by:

1 g g |1 2g
wup, A 2wy + gVAN — 24 ————F 2y — ¥z , G15
UP oTd 29VAN —2+2A " T oUN T 2¢VAN —2+2A (G15)
woip, ~ 2w —gVAIN 3L 200 a9 ] 2" (G16)
LPe & 20— 9 2gVAN —2-2A T 9N 2g/AN —2-2A

2

g

~ 2w — 2A + A G17

“re = B0 BT AN 1 - A7 1
wrLu = 2&}07 (GlS)

where we included the exact eigenvalue of the |LU) state for completeness. The corresponding approximate eigenstates

can be written as:

|UPy) ~ /4NN_ 5 120) + \Euolm) + ,/4%7__12 Ly L) + m 120n) (G19)
10 g 20y 3 ot 4/ o + AT 3a ) (G20)
125) & |21m) — TGN _921) — (\/JV|20> + \/ﬁ|1m1m/>) + gz(zN\/_E?)A_ A7 |Tolm) . (G21)
LU) = el 20) = ) o L) (G22)

2N -1 2N -1
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