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Abstract

A theory of pulse transmission is presented in which the medium through which the pulse prop-
agates is characterized by an inhomogeneous distribution that is either an atomic frequency comb
(AFC) or a medium of randomly spaced frequency spikes (RSM). For an AFC, we obtain analytic
expressions for the transmitted field amplitude, which is composed of the (partially) transmitted
incident pulse, plus a train of equally spaced echoes. For RSM, we derive expressions for the av-
erage transmitted field amplitude and field intensity. In the limit that the spike width is much
less than the spike separation, normally encountered with AFC, the overall atom-field dynamics is
dominated by dispersion - absorption plays a negligible role. The importance of the average group

time delay of the pulse is discussed.



I. INTRODUCTION

For the past twenty years or so, a strong interest in optically carried quantum information
has stimulated research on light-atom interactions. For quantum information storage and re-
trieval, various schemes have been proposed and demonstrated, such as Electromagnetically
Induced Transparency (EIT) [1, 2] and Atomic Frequency Combs (AFC). [3-5]

In EIT, the incoming signal pulse travels through a transparency window that a control
field has opened within the absorption line. Because of the control field, EIT works in three-
level systems, but a similar process can be observed in two-level systems, when a spectral
hole is burned in the inhomogeneously broadened profile of an absorption line. [6, 7] The
resulting refractive index dispersion may strongly reduce the group velocity inside that
window, far beneath the phase velocity. Provided the signal bandwidth is sufficiently small,
all the spectral components are confined to the middle of the transparency window and
experience the same group delay. Hence the signal emerges from the sample with neither
shape distortion nor energy loss, with a delay that is fully determined by the refractive
index dispersion. Although absorption is not involved in the process, nearly all the signal
energy is transferred either to the control field, in EIT, or to the off resonance atoms, in the
hole-burning variant, during the signal transit. The signal recovers its initial energy at the
medium output. Such a momentary pulse energy transfer to off-resonance atoms, without
shape distortion, also exists in adiabatic following. [8]

Of course, the absorption coefficient and the refractive index are linked by the Kramers-
Kronig relation, which follows from causality. At first glance, it might seem to be pointless
to separate one from the other since both affect the atom-field dynamics. However, as is
evidenced in the analysis of EIT signals, such an approach may prove productive.

In contrast to EIT, AFC is usually analyzed in terms of absorption rather than dispersion.
The AFC scheme is based on the capture of the incoming pulse by an inhomogeneously
broadened spectral profile, which has been shaped in the form of evenly spaced absorbing
spikes, with no absorption in the interval between them. The stored radiation is progressively
released through successive echoes. One may question the absorption oriented analysis.
Indeed, when the spike width is much smaller than the comb spectral period, the imaginary
part of susceptibility has a negligible effect on the atom-field dynamics. As in EIT, the

interaction with the active medium is actually dominated by dispersion but, unlike EIT, the



group velocity is not uniform over the pulse bandwidth, which results in a temporal shape
distortion of the incoming signal. Specifically, the AFC output consists of the (partially)
transmitted incident pulse, followed by a series of equally spaced echoes.

It was noticed quite early that nearly all the incident pulse energy is transmitted through
the AFC filter, without absorption, in the narrow spike limit. [4, 9, 10] However, since
analytic expressions for the successive echo contributions were not derived, one could not
obtain the time profile of the energy retrieval. In the present work we remedy this situation,
allowing us to determine the characteristic time of the radiation recovery. In addition, we
extend the calculation to random spike media (RSM), consisting of randomly distributed
absorbing spikes. For such a filter, the signal no longer consists of a number of echoes,
although the average field energy is radiated on a time scale comparable to that of an AFC
whose spike separation is equal to the average frequency spacing of the RSM.

The paper is organized as follows. In Section II, we provide a basic formalism for the
problem, along the lines of Crisp. [11] To simplify matters, we adopt a model in Sec. III in
which the incident pulse has a Gaussian temporal profile and the inhomogeneous frequency
distribution of the atoms consists of a comb of Lorentzian spikes or "teeth.” In Section IV,
we obtain an analytic expression for the transmitted field amplitude for regularly spaced
spikes (AFC). We then consider RSM in Sec. V, in which the spikes are placed at random
positions in frequency space with some predetermined average spacing; analytic expressions
are derived for the average transmitted field amplitude and intensity. In Sec. VI, we relate
the characteristic time for energy transmission to the average group time delay of the pulse.
The results are summarized in Sec. VII. In Appendix A, the results are generalized to
allow for arbitrary pulse envelopes and arbitrary spike profiles, along with specific results
for Gaussian and rectangular spike profiles. In Appendix B, derivations are provided for

some of the asymptotic limits discussed in the main text.

II. BASIC FORMALISM

In general, when a radiation pulse is incident on an atomic medium, the resulting atom-
field dynamics can be quite complicated, depending on the characteristics of the radiation
pulse and the properties of the medium. We limit our discussion to a medium that has a

broad inhomogeneous distribution of transition frequencies centered around frequency wy.



FIG. 1: Inhomogeneous frequency distribution g (d). The spikes or teeth are separated by dp
and the spike width is v5. The dashed red curve is the frequency spectrum of the input pulse,
whose temporal width is T),. Not shown is the very broad inhomgeneous envelope of the frequency

distribution, having width v, > 1/T,,.

From this distribution, an initial state is prepared which consists of an array of spikes, each
having width ~s. The atoms in the medium are modelled as two-level atoms, having upper
level 2, lower level 1, and frequencies wy; (0) = wp + 6. The values of § are determined by
the state preparation and are characterized by a frequency distribution g(d). Two situations
are envisioned. KEither the spikes are equally spaced with frequency separation dg > ~, to
form an AFC, or the spikes are centered at random frequencies having an average separation
do (RSM - random spike media)). A radiation pulse, incident on the sample, is assumed
to have a smooth envelope with temporal width 7, and a central frequency equal to wp.
The excited state decay rate of the atoms, 75, is assumed to be much smaller than ~,, and
the pulse bandwidth 9, is assumed to be much larger than dy; that is, the pulse bandwidth
covers a large number of the spikes (although many of the expressions to be derived are
valid for arbitrary ratios of 6,/d). The overall inhomogeneous width -, of the ensemble is
much larger than the pulse bandwidth, J, = 1/7,,. The pulse area is assumed to be much
less than unity. The situation is summarized in Fig. 1.

The starting point of the calculation is the Maxwell-Bloch (MB) equations in the slowly
varying amplitude and phase approximation for small area pulses. [11] The (stationary)

atoms are confined to a cylindrical volume having length L. The cylinder axis is taken to



be the z—axis and diffraction is neglected; that is, the incident and reradiated fields are
assumed to be constant over the cross-sectional area of the medium. The electric field is of

the form

1 ) )
Er(z,t) = §E (2,t) et (1)

where k = wy/c = 27 /X. We define a dimensionless slowly varying field amplitude by

Flzt) =, /QN,%};O%E(ZJ), 2)

where FE (z,t) is the field amplitude and A is the the atomic density, a dimensionless time
by
T =1t/T,, (3)

a dimensionless distance by
Z=z/L, (4)
and a dimensionless frequency distribution by

¢ =7a(7). )

p p
where A = 07, is a dimensionless frequency.

In terms of these dimensionless units, the MB equations can be written as

(i+12> F(Z.7) :i\/a/pm (Z,7,A)dA: (6a)

07  £0t1
Z,1, A r
M — ToV/CF (Z,7) G (A) — (72 + m) pn (Z,7,A),  (6D)
-
where
cT
§= 7 (7)
is the spatial extent of the initial pulse divided by the length of the medium,
C = iNA?L (8)
87
is a cooperativity parameter, and
Iy = 1T),. (9)

All frequencies have been expressed in units of T’ p_l. We have used a field interaction repre-

sentation for the off-diagonal density matrix element,
P21 (Z7 T, A) - ﬁ21 (Z7 T, A) eikLZ—iu)oTij (10)
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and have dropped the tilde. The off-diagonal density matrix element po; (Z, 7, A) is that as-

sociated with an atom having transition frequency wq; (0) = wp+9. Although not necessary,

we shall assume that £ > 1, typical of AFC experiments, which allows us to neglect the

time derivative term in Eq. (6a).

The solution for po; (Z,7,A) is

pa1 (Z,7,8) = T2V OG (A) / F(2Z,7) e (3r)=) gy

—00

— iTy/CG (A) / F(Z1—1)e (3+8)7 gpr
0

which, when substituted into the field equation, yields
OF (Z,1)
0z

This can be solved easily using Fourier transforms. [11] We set

F(Z,Q) = / U E(Z,7)dr

o0

(Q = wT, is dimensionless) to arrive at

OF (Z,Q) .
— = = —TLZOAQ)F (Z,Q
o7 20 ( ) ( ’ ) )
where
A
A(Q):/dAF2 G( ) .
5 +1 (A — Q)
Note that he electric susceptibility y (€2) can be written in terms of A(Q2) as
205CA(Q2)
Q) =1————.
X (@) =i—~

The solution for F (Z, ) is
F(Z,Q)=F(0,Q)exp[-T2,CA(Q)Z].
Taking the inverse Fourier transform we find

1 0 o~
F(Z,7)= - / eTTE(0,Q) e 20240 4.

—00

= —FQC’/dAG(A)/ F(Z,7t-1 e~ (FHia)T gt
0

(11)

(12)

(13)

(16)

(18)

The transmitted field intensity at the exit plane of the sample at time 7 is proportional

to a quantity 7' (7) defined by
T(r)=|F (L7,

6
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the total energy that has exited the sample at time 7, normalized to the input field energy,

is given by T )

S NE (0, 7)P dr

and the total energy that exits the sample, normalized to the input field energy, is calculated

W(r) =

(20)

as

[ P (L) dr
[ |F(0,7)) dr

‘ 2

W =W (0)=

ffooo ‘]3 (0,Q)] e-2r20RelA@)] gy
= N 2 . (21)
I P 0.9)| a2

If Re[A(Q2)] = 0 or, equivalently, if Im [x(€2)] = 0, then it follows from Eq. (21) that W =1
- there is no absorption.

Under normal AFC experimental conditions,
Ty <D, <A <1, (22)

where I's = 7,7}, is the (dimensionless) spike width and Ay = 6¢7}, is the (dimensionless)
average spacing between spikes. As a consequences, we will always neglect terms of order
I'y/T's. Moreover, we will always assume that I's/Ag < 1 and, in some cases, we will consider
the asymptotic limit that I';/Ay ~ 0, that is, the limit in which I'y/A, tends to zero. It
should be noted that, for finite I'y, the normalized total transmitted energy is not equal
to unity, even though I's/I's < 1, since there is some net absorption resulting from the
imhomogeneous frequency distribution associated with each spike. In these dimensionless

units, 1/, is the number of spikes contained in the bandwidth of the incident pulse.

ITII. GAUSSIAN INPUT PULSE AND LORENTZIAN FREQUENCY SPIKES
We now assume that the incident pulse has a Gaussian temporal profile,
F0,7)=Fe ™ F(0,Q) = V2nFye /2, (23)

Moreover, to simplify the presentation in the main text, we assume that the inhomogeneous

frequency distribution consists of a number of Lorentzian spikes superimposed on a very



broad Gaussian distribution. That is, we take a frequency distribution

LTRSS S
GL(A)_ ﬁrwe Z 1+<A Dn>2

o0

K 1 1
~ , 24

where I'y, = 7,7, > 1 is the total inhomogeneous width (in units of Tp_l), D, is the
dimensionless displacement of spike n from the central frequency of the inhomogeneous
frequency distribution, and x < 1 is a factor whose value depends on the manner in which
the frequency distribution of the spikes was created in the preparation stage. The integral
of G (A) over A is of order k (I's/T'y) Ny < 1, where Ny is the total number of spikes
covered by the inhomogeneous frequency distribution, accounting for the fact that only
a small percentage of the total inhomogeneous distribution is excited to the initial state.
Although a Lorentzian spike profile results in more net absorption than a Gaussian profile
having the same I'y owing to the long Lorentzian tails, in the limit that I'/Ay ~ 0 which
is of some interest in this paper, the transmission is independent of the spike profile. In
Appendix A, the results are generalized to arbitrary pulse and spike profiles.
For a Gaussian incident pulse and Lorentzian spikes, Eq. (15) becomes

1

e}

4(0) = . (25)
Vily &= Ts —i(Q = Dy)
and Eq. (18) reduces to
> : 2 ol Z 1
F Z dQ —iQr  —0°/2 _Oé() s 2
(Z,7) = e e exp 5 E T Q=D |’ (26)

where &y = agL is the dimensionless cw absorption coefficient on resonance for a single spike

given by
QFQCKZ

Oé():m.

Consistent with our approximations, we have neglected terms of order I'y /T’y in the final ex-

(27)

pression for A(Q2) [although for Lorentzian spikes they could be included simply by replacing
[y with (T'y + T'y)].
Equation (26) can help us decide the relative importance of dispersion versus absorption

in the narrow spike limit. As I'y ~ 0, we can use the identity [12]

1 , 1
e sy o w53 S S D)“P(Q—Dn) (28)
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where P is the Cauchy principal value, to rewrite Eq.(26) as

Fo [ . o aolsZ ) 1
F(Z,7) ~ dQe e/ - §(Q—D,)+iP
(Z,71) ) e "Te exp[ 5 ;{TF ( )+ <Q_Dn):|]’
(29)
At Q- D, =0,
aolsZ
exp [— 5 ;m5 (Q—Dn)] ~ 0, (30)

but these are sets of measure zero, implying that the real part of A(Q2) (or, equivalently, the
imaginary part of the susceptibility), does not modify the expression for the field amplitude.
As a consequence, the atom-field dynamics is determined entirely by the dispersive part of
the susceptibility in the narrow spike limit. This will become even more apparent when we

consider the specific cases of regularly and random spaced spikes.

IV. ATOMIC FREQUENCY COMBS (AFC)

For an AFC, G, (A) can be written as

[e.e]

K 1 1
ﬁrw e —o0 m 14+ <A—n‘A0>27

T

Gr(A) = (31)
where Ay is the (dimensionless) comb spacing. There are approximately 2v/21n2/A spikes
within the full width at half-maximum of F (0,Q). For this choice of G (A), it is possible

to express A (§2) given in Eq. (15) as

kI o 1
AL (Q) = NG / dADs, (@ = A) g% (32)

where Dp, (A) stands for the Dirac comb distribution function,

. 1 &,
DAO (A) = Z (5<A — TLAO) — A_O Z €2Z7TnA/AO_ (33)

n=—oo n=—oo

Substituting the second form of Da, (A) into Eq. (32), we obtain

I, = o
AL(Q) _ fﬂxo 1+2Ze2ﬂan/A0672ﬂnF5/Ao ) (34)

n=1
Writing Ay, (£2) in this form simplifies the calculation of the transmitted field. We shall see

that transmitted signal at time 7, = 2wq/A depends only on those terms in the summation
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for which n < ¢. If the expression given in Eq. (31) is used for G (A) it would be
necessary to include ny., &~ Ag/T's terms in the summation to calculate the transmitted
fields. Note that, on integrating over A in Eq. (32), only positive n values contribute to
Eq.(34). This is a reflection of causality, successively propagated from the atomic response,
characterized by the frequency denominator [% —i (2 — A)], to the contributions from the
spikes characterized by the frequency denominator [I'y — i (2 — nA)], and finally to Ay ().
The field amplitude can then be written as
2 o0

0
21 J o

FL (Z, T) = dQeiiQT€792/2KL (dczy FS/AO7 Q/AO) ’ (35)

where the kernel K, (&Z,'s/Ag, 2/Ao) is defined as

o) Z b 2min ;
K1 (6:2,T5/ 80, Q) Do) = exp [—“T (1 +2) edo “””S))] (36)

n=1

and
s 24/maClak T

AO Fw AO

is an effective comb absorption coefficient.

OKC:ONéO

The kernel K is a periodic function of /A and can be expanded in a Fourier series as

K (6cZ,Tof/ Do, QDo) = > o (@2, T/ Ag) 7 20, (38)
p=—00
where
1/2 ’
cor (2, y) = / de Ky (6.2, y,x) e 2P, (39)
~1/2

By carrying out the summation in Eq. (36) and combining the resulting equation with Eq.

(39), we obtain

e27r'i(x+iy)
6727rip:1:
1 — e2mi(z+iy)

) 1/2
cor (@2, y) = ea“Z/Z/ dx exp {—&CZ
~1/2

~ 1/2 ad . .
_ e—acZ/Q / dr Z L(;l (&cz)QQM(:L’-l—zy)qe—Qﬂsz
-2 o

ef&cZ/2€f27rpyL71 &CZ >0
_ p(Gcd) 220 (10)
0 p <0

where we have used the generating function for the generalized Laguerre polynomial L, Y(z),

namely

exp {— lfc_hh} - f; L' (a)he. (41)



As a consequence, the field amplitude can be written as

hE

Fr(Z,7)=>» F (0,7 —2mp/A¢)cpr (@Z,T5/Ag)

i~
I
o

_ Foe_dCZ/Z Z e—(T—27rp/A0)2/2€—27rpFS/A0 L;l(@cZ). (42)

p=0
The output field amplitude consists of the initial transmission plus a number of echoes,
spaced at integral multiples of 27/A,. The field amplitude at the center of the nth echo is
Foe_&cz/2€_27mrs/AOL;1(dc).

If the echoes are well-separated in time, the total normalized transmitted energy is

L — |FLlT|dT

NGIZE !Fo| /
= ¢ e Z e 4mPl's/ Ao [L;l(&c)] 2 (43)

p=0
For I'y = 0.001, Ay = 0.06, and &, = 2, W, = 0.650. Had we chosen Gaussian or rectan-
gular spikes with the same width I'y, the total transmitted energy would be much closer to
unity (see Appendix A), since those spike profiles do not have the long frequency tails that

characterize a Lorentzian profile. In other words, Lorentzian spikes having the same full

width at half maximum as either Gaussian or rectangular spikes result in more absorption.

1. Ty/Ag~0
If I's/Ap ~ 0, Eq. (42) reduces to

F(Z,7) = Fye™522 3" e~ r=2m/ 0 221G, 7). (44)

p=0
The corresponding ratio of the energy in the nth echo to the initial pulse energy (assuming
the echoes are well-separated in time) is

W (@) = e [L," (@], (45)

which also holds for for the initial transmitted field, n = 0. For example, with a. = 2,
0.135 of the incident pulse energy is transmitted initially by the medium, followed by 0.54 of
the incident pulse energy in the first echo. That is, 0.54/0.87 = 0.62 of the energy stored

11



in the medium from the incident pulse is radiated in the first revival. This is clearly a
collective emission, resulting from stimulated emission as the radiation propagates in the
medium. With different choices of a., you can maximize the intensity in the nth echo. From

conservation of energy, we should expect that

S W (@) = e > [L(E)]" = 1. (46a)

n=0
A proof of this identity is given in the Appendix B.
The energy in successive echo pulses, W, (a.), converges slowly with n, since, for n > 1
and n > a,

mwywﬁpwwf-ﬂzﬁ—m@ymﬂ. (47)

" ~ ondin
For &, of order unity, Eq. (47) is a remarkably good approximation for n > 3. If we set

3/2 Moreover

n = Ag7 /27, we see that the normalized energy in the nth echo falls off as 7~
the total normalized transmitted energy at time 7, for n > 3 and &, of order unity is given

approximately by

(48)

In other words, the characteristic time for energy transmission is of order (2a./m4). From
Eq. (37), it then follows that the characteristic time is proportional to the cooperativity C,

reminiscent of subradiant decay from an atomic ensemble. [14]

2. Finite I's/ Ao

Of course, Eq. (48) holds only in the limit I's/Ay ~ 0. For a finite ratio of I's/A,
there are two time scales for the fall-off with n of the radiated echo signals. One is given
by Eq. (48), with a time scale on the order of several 7y &~ 27/A,, for &. of order unity
The second time scale is determined by the condition that nl's/Ay ~ 1, giving a time
scale of order 74 &~ 27 /[, effectively determined by the spike width, as in "normal” free
induction decay. If I'y/Ay < 1, as has been assumed, the signal falls off on a time scale 7,
for @, of order unity. On the other hand, for finite I';/A, the total normalized transmitted

energy is no longer equal to unity - an energy of order I'y/A, is stored in the medium for
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times I';' < 7 < I';'. That is, there is some net absorption of the incident energy by
the atoms that would ultimately be radiated as incoherent spontaneous emission for times
o7 = vt > 1. For example, in Appendix B, it is shown that, for 47';/A¢ < 1 and @&, of

order unity,
dJCC]‘—‘S
AV

The corresponding results for Gaussian and rectangular spikes are given in Appendix A.

3. Absorption versus Dispersion

Before leaving this section, we would like to return to the relative contributions of absorp-
tion and dispersion to the signal in the narrow spike limit. By carrying out the summation

in Eq. (36), it follows that

5 &CZ 1 + 627ri(x+iy)
KL (OéCZ, Y, 'T) = €Xp l_ 2 <1 _ e?m(ac—‘riy)

= @*i% cot[m(z+iy)] 7 (50)

which, together with Eq. (35), implies that

1 < e :
I (27 7_) _ = / e—zQTe—QQ/Qe—z 2Z COt[Tl'(Q-HFs)/AO}dQ_ (51)

Equation (51) provides explicit proof that, in the limit I'y/Agy ~ 0, it is only the real part
of the susceptibility that contributes to the field dynamics.

V. RANDOM SPIKE MEDIA (RSM)

We now examine how the situation changes if we replace the AFC by a medium whose
G (A) is characterized by frequency spikes placed at random positions, having an average
spacing equal to Ag. The initial transmission is about the same as for a regularly spaced
comb, as is the total transmitted energy. Where the results differ is that the average field
intensity following the initial pulse no longer consists of a sequence of echoes - instead there
is a slowly decreasing average intensity that falls off in a time of order of several 27/A,.

The field amplitude is given by Eq. (26), namely

~ N,
F o0 , aol'sZ — 1
Frulm) = Jzo_w / dQe™ Ve Rexp | -2y o “i@-oy|
—00 Tl:1 S n

13



For a specific history, this expression can be evaluated numerically with the D,, chosen at
random in the interval (—NsA¢/2, NsAg/2), where N is the total number of spikes. To
average over all histories of random spike positions in frequency space, we recognize that,
on average, each factor in the product is the same; in other words,
(Fop (Z,7)) = [~ e~ 0%/2 <eXp {_ Gl 2 , ! DN (53)
V2r J s 2 T,—i(Q—D,)

where the average of any function v (D,,) is defined as

1 NSAQ/Q
v(D,)) = / v(D,,)dD,,. 54
AR v INRALY (54
Let us set
B aol'sZ 1
¢L‘<exp{ 2 Fs—im—Dn)D (55)

and expand the exponential to obtain
1 [Nefo/2 = [ al.Z 1 1
=5 [P [ ’ | 3
NsAo J_N,ng/2 = 2 Tsy—i1(Q—=D,)] ¢

1 = [™ alsZ 1 171
~1+ li dy | — — 56
+Nsl£>nooNA0 ;/_ y[ 2 Fs—l—iy} ql’ (56)

o)

where we have allowed the number of spikes to approach infinity. Note that the result no

longer depends on €2, implying that

(Fhr (Z,7)) = F(0,7) lim 7 ". (57)
Ng—o00
Using the fact that, for ¢ > 1,
) 1 q
/ dy [F —i—iy} = T0g 1, (58a)
we obtain N
. Ny . . WdoFsZ s o —acZ)2
Jim o= g (1-G0R0) = )
and
(F.(Z,7)) = F(0,7)¢ %/ = Fpem®#2e /2, (60)

where @., as defined by Eq. (37), is the analogous value of &, for a regularly spaced comb
with spacing Ay. The average transmitted field amplitude has the same temporal profile as

the input field amplitude and vanishes once the input field has traversed the sample. This is
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a general result, valid for any spike profile (see Appendix A), which is why the L subscript
has been suppressed in Eq. (60). Although the temporal profile of the average transmitted
field is identical to that of the input field, the same cannot be said of the average transmitted
field intensity.

The transmitted intensity at time 7, defined by Eqgs. (19) and (26), is

T, (7_) ’};(7)1 dQ// dQe™ Q2 le)/
—i(Q-Q)T Gl 215 + (€Y — Q)] 1
a “p[ 2 ;;R—MQ—D0W1+MW—QH]' o

Setting
Q=0 -Q, (62)

we can average Eq. (61) over all the D,,’s and write it as

@ (1) = O / ~ a0 /_ T gl e @ 0 (63)

2T Nyi—oo o

where

_ 1 NSAO/2 _
W1 (Q,Q) = / dD,, exp [—acAgHL(Q,9, D,)] (64)
NeAo J_N,n0/2

and
- B 1 (QFS—FiQ)

In the case of the field amplitude, it was possible to expand the exponential and carry

(65)

out the integrations over D, since all but the first two terms in the expansion vanished. The
situation is not so simple here since all terms in the the expansion contribute; however, for
the Lorentzian spike profile that we have chosen, it is still possible to analytically evaluate

all the integrals. To see this, we write Eq. (64) as

Z/ 4D, [—acAgHL(,, D,)]* | (66)

q

(@ Q) =1+ lim — AO

We can now change the integration variable from D,, to D,, = (D,, — ) so that the integrand

no longer depends on 2. We then carry out the integration over € in Eq. (63) to arrive at

| Fy|?

(T (7)) = 57 Jim

dﬂ T [, @) (67)
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where

S * = (_chO)q
Pra(@) =1+ Jim N q:Zl /_ dD—

! (2T, +i9) ¢
X [% (T +iD,) s+ 1(Q — Dn)}] : (68)

The integral of each term in the sum can be calculated analytically, leading to

2mi (Q — 21T, = [iB(2) /2] (2q —
(@) =1+ lim N, A, q_zl ! (q—l) (69)
where
a.Ag
B(Y) = Q=2 (70)

Using the fact that
> iy G (7 0) = s s - nis@n. @

where [,, is a modified Bessel function of the first kind, and Eqs. (64) and (69), we obtain

the average transmitted field intensity at time 7 as

R [~ O el : :
(T (7)) = |2 \;’% 1009/ i e O Lo i8] - hEB@)]) (72)
In Fig. 2, we plot \/(T} (7))/Fp for a. = 2, I's = 0,and Ay = 0.06, along with the corre-
sponding results for a regularly spaced comb (for I'y = 0, Eq. (72) is valid for an arbitrary
spike profile so the L subscript is dropped). The transmitted intensity initially follows the
input pulse profile, but then develops a long tail.

The normalized averaged transmitted energy at time 7,
<WTL (T>> _ QL /T dT/ /OO dQe—92/4eiQT/e_&c€iB(Q>{IO[iﬁ(Q)]_II['Lﬂ(Q)]}’ (73)
T J - —0o0

is plotted as a function of 7 for both a regularly spaced comb and a RSM, for the same
parameters as those in Fig. 3. It can be seen from the figure that the RSM transmitted
energy is roughly the same as for an AFC for long times. This is consistent with the fact,
derived in Appendix B, that, for I's/Ag ~ 0, the asymptotic form of (W, (7)) is identical
to that of the corresponding AFC [Eq. (48)].
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Finally, the total average transmitted energy is given by

(W) = (W,p, (00)) = o~ aee O {Io[ip(0)] -1 [iB(0)]}

_ et (o)1 (0)] (74)

where
. éVCCAO
= —8(0) = _ 75
7 = =if(0) = 5 (75)

For T'y = 0.001, A¢g = 0.06, and &, = 2, (W,) = 0.696, which is slightly larger than the

corresponding value W, = 0.650 for a regularly spaced comb (the corresponding difference
between the AFC and RSM results for Gaussian rectangular spikes having the same width
[’ is much smaller, since the spikes in those cases have less overlap). In the limit that o > 1,

it follows from the asymptotic form of the Bessel functions that

dCFS
(W) = exp (—2 AL ) . (76)
If, in addition, @&l,/Ag < 1,
acl's
(W) 1 -2/ (77)

and we recover the same result as that given in Eq. (49) for an AFC. In the limit that
['s/Ag ~ 0, (W,r) ~ 1 - there is no absorption. We present in Table I a summary of the

results.

VI. CONNECTION BETWEEN ENERGY TRANSMISSION TIME AND GROUP
DELAY

The delayed transit of a light pulse in an EIT medium [1, 2] or in a medium having
a spectral hole burned in its inhomogeneous frequency distribution [6, 7] is conveniently
analyzed in terms of the pulse’s group velocity v,. Such an approach is appropriate because
v, is uniform over the incoming pulse spectrum, resulting in pulse propagation without
distortion. As already pointed out, the incoming pulses undergo strong distortion in other
dispersion-dominated processes such as AFC. The question then remains as to whether or

not the concept of group velocity is of any use in explaining pulse propagation in AFC. As
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FIG. 2: Square root of the averaged transmitted intensity /(T (7))/Fy (red, solid curve) for a
RSM as a function of 7 for &, = 2, I's = 0, and an average spike spacing Ag = 0.06. The blue,

dashed curve is the corresponding AFC result.

AFC RSM

Fr(Z,7) Fge*dczﬂ S e—(r=27p/A0)? /2 Fge*dcz/2e*72/2
xe~2mPls/Bo "1(6,.7)

Wi (7= Z2), (Wop (7)) |le70e g e tmwl/0 3 [T dr! [, dQe P e
% [Lljl(dc)]Q % o~ Gce P I [iB(Q)] -1 [iB(Q)]}
—a 0o —dmpl's /A —1/x \12|| —a ‘(&WCFASO)

Wr, (W.r) e~ e szoe TPLs/ 20 [Lp (ac)] e~ e

) o ()

Ly/Ag~0; W(r), (Wy(7)) 1_\/?c. rs A

TAoT?

47TF5/A0 < 1; Wg, <WL7’> 1-9 dgl;s

TABLE I: Summary of results for Lorentzian spikes and a Gaussian input pulse. The asymptotic
results are valid for &, of order unity. In the limit that I'; /A ~ 0, the results are valid for arbitrary

spike profiles. The quantity §(12) is defined by Eq. (70).
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FIG. 3: Transmitted AFC energy (blue, dashed curve) and average RSM transmitted energy (red,
solid curve) for &, = 2, I'y = 0,and Ay = 0.06. The transmitted energy is normalized to the input

field energy.

we shall see, the characteristic time for energy transmission in an AFC is related to the
average group velocity of the pulse.

An analytical expression of the AFC field amplitude has been obtained in Sec. IV as a
summation of the contributions from all the frequency spikes in the inhomogeneous frequency
distribution. From Egs. (18) and (51), it follows that, in the limit I'y/Ag ~ 0, the Fourier

transform of the field amplitude is given by
F(Z,Q)=F(0,Q) K2 (78)

where

K(Q) = —% cot (192/A) (79)

is a dimensionless propagation constant, K (2) = k(Q2)L. The dimensionless group velocity,

V,(Q) =v,T,/L, as defined by

sin? (1Q/A) , (80)

V() = (3—5) _ 2%

is a periodic function of €.

T,
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At the centers, ., = (n+1/2)A,, of the intervals between adjacent spikes, Vj is
maximum, while it equals zero at the spike positions. Averaging over one period, we
find V, = Ag/md., with relative standard deviation 1/4/2. At the the exit plane of the

medium, Z = 1, the corresponding (dimensionless) average time delay is defined by

B tg 1 T,
=2 = _ = ) 81
Tg Tp ‘/g AO ( )

It turns out that 7, provides a rough estimate of the time at which the echo having the most
energy is radiated. The echo having the maximum intensity is centered at 7 = r7,, where
r equals unity for a. = 2, and decreases with increasing &., asymptotically approaching a
value r = 0.5. It is noteworthy that, for &, = 2, the first echo contains the most energy and
is centered at 7 = 7.

Given the strong distortion of the incoming pulse temporal shape by the AFC filter, it
might be better to associate the average time delay with the normalized, integrated retrieved
energy W (7) defined by Eq. (20) rather than the transmitted field itself. For an AFC, the

normalized transmitted energy following the nth echo is.

W (a Tn = QX—?) = e_dci (LY (@) (82a)

q=0
Of course, 7, = 0 if &, = 0. Rather remarkably, for n = &., W (a., 7,,) ~ 2/3 (if @, is not
integral, that is, if &. = ng + s, where 0 < s < 1, [(1 — 8) W (G, Tng) + SW (Qey Trg+1)] =
2/3). In other words, approximately 2/3 of the incident pulse energy is transmitted in a

time of order 27,. This result is consistent with Eq. (48), derived for large values of n,
2 1 /a. 2 /7T
W(dc,Tn:Ln>%1—— e, V2 Iy, (83)

which predicts that 2/3 of the energy is transmitted for 7, = 27, (3/7)*.

These results suggest that both the emission time of the maximum echo, as well as the
characteristic time for a large fraction of the incident pulse energy to be transmitted is linked
to the average group delay. It is more difficult to define an average group delay for RSM.
However, the temporal evolution of the AFC retrieved energy is very similar to that of RSM,

as illustrated in Fig. 3.
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VII. CONCLUSIONS

We have studied the transmission properties of regularly and randomly spaced atomic
frequency arrays. Throughout the discussion, we have emphasized that the transmission
originates from a continuous exchange of energy between the atoms and the field. In the
limit of narrow comb teeth, there is negligible absorption of the field by the medium, even
though the field energy may be temporarily stored in the medium. In other words, it is
optical dispersion rather than absorption that determines the atom-field dynamics. For a
regularly spaced comb, the output consists of the (partially) transmitted incident pulse,
followed by a succession of regularly spaced echoes. For a RSM, the output intensity has a
continuous rather than echo-like dependence. The time scale for total transmission depends
on both the spacing of the absorption teeth and the ratio of the tooth width to the tooth
spacing. In the limit that the spike width is much lass than the spike separation, the time
of emission for an AFC has been related to the group delay of the medium.

The research of PRB is supported by the ARL Center for Distributed Quantum Infor-
mation, AFOSR, and the National Science Foundation.

VIII. APPENDIX A - GENERALIZED RESULTS

In this appendix, we generalize the results to allow for arbitrary pulse and spike profiles.
The resulting expressions are then evaluated for a Gaussian input pulse and both Gaussian

and rectangular spike profiles.

A. AFC

We replace the frequency distribution given by Eq. (24) with

G(@) = At 3 g (B

S
n=—oo

e B (),
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where the function h(z) is an arbitrary function having a width of order unity normalized

/Zh(%>dA:Fs/Zh(x)dx:Fs. (85)

Then, following the same procedure as in Sec. IV, we find

such that

_mk T = 2minQ/ Ag
A(Q) = NG 1+2;e by (Ds/Ao) (86)
with
by (y) —/ dz h (z) e 2™y, (87)

In the asymptotic limit that I's/Ag ~ 0, b, (I's/A¢) ~ 1, proving that the results are
independent of the shape of the spikes in this limit.

Setting
@c:@&:ﬂE7 (88)
v Ag  h(0) A
where
2./7,C
G = @h(m (89)

is the dimensionless cw absorption coefficient on resonance for a single spike, we obtain the

field amplitude as

1 o0 o~
F(Z,1)= 7 / e (0,Q) K (62,15 /Ay, Q/Ag) dQ, (90)
™ —0oQ
with
K (00Z,T/ D0, Q) Ng) = e %P exp | —acZ Y by T/ Ag) €27 50 (91)
n=1

The quantity a. is an effective comb absorption coefficient.

When the kernel is expanded as in Eq. (38),we find the expansion coefficients

e~ %22 (&.Z,Ts/A >0
) (3 Z,T, ) Ay) — O (3cZ Lo/ Bo) P (e
0 p <0
and .
F(Z,7) = Foe %22 em0=2m/80 20 (6,.2,T,/ Ay) (93)
p=0
with

1/2 e ) )
Q)= [ doexy [—ijn ) ] (94)
- n=1

1/2
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The exponential can be expanded as

exp [—ben (v) €2Trina] _ H Z (—x')qbg (T, Ay) e27imae

n=1 ¢q=0 7

2 3 4 5
_ [1 — aby (y) e2mio + ['Tb12(|y)] ehmio _ [mblsgy)] eOio + [$b14<'y)] eBmio _ [$b15('y)] o 10io

% [1 _ me (y) e47ria + [beQ(!y)] eSTrio‘] [1 _ l‘bg (y) BGMJ} [1 _ :L‘b4 (y) GBMU} [1 _ l‘b5 (y) elOm’a} 7

(95)

where we have written out a few terms. The integral in Eq. (94) is now calculated easily
using

1/2 ' '
/ do exp e2TN7 e T2TIPe — Onps (96)
~1/2

where 9,,,, is a Kronecker delta. In this manner, we obtain

Qo (z,y) = 1; (97a)
Q1 (z,y) = —bix; (97b)
2
Qa () = —baw + B (97¢)
3
x
Qs (w,y) = —bsx + (boby) 2° — b?y; (97d)
2 2 4
Qa(z,y) = —baz + (5351 + b—Q) x? — %mg + bilx—§ (97¢)
2! 2! 4!
2 2 4 5
Qs (7,y) = —bsx + (baby + bzby) 2* — bsby + biby) s Pl L 97f
21 2 RETRERRT]
b2 byb? b3
Qo (,y) = —bez + | bsby + bsby + = | 2% — 2142y bibobs | 2
2! 2! 3!
LA bl 5, 62"
+ (?4-55 x —bgax —{—bla, (97g)

where b, = b,(y). No further simplification is possible, as was the case for Lorentzian spikes.

In the limit that I'y/Ag ~ 0, all the b,’s can be set equal to unity and we recover
¢y (6eZ,0) & cpr, (6eZ,0) = e *#PL 1 (a.2), (98)

found previously for narrow Lorentzian spikes.
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IX. RSM

The distribution G (A) is still given by Eq. (24), with the sum from n = —oco to oo
replaced by a sum from n = 1 to n = N, and with nAq replaced by D,,, where D, is a
frequency chosen at random in the interval (—NyAq/2, NyAg/2), with N, allowed to approach
infinity. The field amplitude is then given by

A Dn
1 OO —iQT 17 OéoZ
FT(Z,T)fV%/_OOe F(Q,0)exp |— Z/ Q A)dA . (99)
which can be rewritten as

[ee) Ns ~ 00 h A7Dn

]. o ~ a()ZFs ( Fs >
F.(Z QTE(Q,0 — dA | . 100
(&.7) = 27/ (& )geXp 21 (0) /_m%_m—m (100)

This expression can be evaluated numerically with the D,, chosen at random in the interval
(=NsAo/2, NsAy/2)
We now want to average this expression over random spike positions in frequency space.

On average, each factor in the product is the same; in other words,
Ns

(F. (Z,7)) = 217T / i (0, 0) <exp —27‘(_5‘]2?0) /_ Z 72h<(;—5n)A)dA > (o)

Gz > M
W = <exp —Mjo) /_OO o —<i(Q _>A)dA > (102)

and expand the exponential to obtain

Let us define

q

w: 1 /'NSAO/2 dD Z OZOZ /OO F2h (A;—SDR> dA l

NSAO

N.Aoj2 2 —i(Q2—A) q!
q
o0 h(Z

~14 1 dr| -
_’_NSILHOONA[)Z/ n 27Th(0)/oo&_i(g_x_Dn) ) q‘

q

00 o ~ oo h|Z
. 1 a2 <Fs> 1
+N5131MN8A0;/00 y QWh(O)/OO%+i(y+:B) i (103)

where we have used the fact that the number of spikes is taken to approach infinity. Note

that the result no longer depends on €2, implying that

F,(Z,7) = F(0,7) lim v™ (104)

g—>OO
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Using the fact that

(K%dy(/m <f> q:wrﬁw, (105a)

r
~ Dt

and letting Ny approach infinity, we obtain

_ a T ] _ —&cZ/2
F.(Z,7)=F(0,7)exp [ 27 (0 )AOZ =F(0,7)e : (106)
where
~ dO Fs
) 107
Y= (0) Ay (107)

is the analogous value of & for a regularly spaced comb with spacing Ay. Regardless of the
spike profile, the average transmitted field has the same temporal profile as the input field
and vanishes once the input field has traversed the sample.

The transmitted intensity at time 7, defined by Eq. (19), is

T, (7) 4W2/n dQC/j 4F (9,0) [F(5,0)]

o oo ;&kﬁ)m+uw—m]
i(Q-Q)r Qo Ts
X e~ exp |— , , dA| . (108)
o) 2 /.. T =i~ 2] [ 1@~ 3]
Setting
Q=0 -0, (109)
y=A—Q, (110)
and defining
_ 1 [~ - _ *
Mm:§i/(MFmﬁme+Qﬁﬂ, (111)
™ — 0o
we can average Eq. (61) and write it as
(T, (1) = 2r lim dQ B(Q)e™ [y ()], (112)
2—0
where
(Q) NsAp/2 o 9) (FQ + ZQ) h yi%:D">
P lim / dD,, exp |— / - dy
! N, A0 P20 J_ N, Ao /2 2mh(0) (2 +iy)] [ —ily — Q)]

For convergence, we need to retain the I'y’s in the denominator.
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We define

| o (Ty+i0)h (=52)
H(Q,D,) = —— li " dy, 114
(€2, Dn) 27‘(1_‘81“21210/00[%—%2'34}[%—i(y—@)] Y (114)
such that
NyAo/2
0 1 dD,, exp [~ L0 H(Q, D,)] . 11
) = gy dim, [ dDuesp (-6 AH (2, D) (115)

For a given spike profile h, it is rather a straightforward, but computationally challenging, to
obtain (7). (7)) using a value NsAy > 1, so as to cover the entire bandwidth of the incident
pulse (which is equal to unity in these dimensionless units). Note that, in the asymptotic
limit that I's ~ 0, h [(y — Q — D,,) /Ts] ~ T (y — Q — D,,) and H(Q2, D,,) becomes indepen-
dent of spike shape.

A. Specific Examples - Gaussian Input Pulse and Gaussian and Rectangular Spike.

We would like to present some results for a Gaussian input pulse
F(0,7) = Foe ™7 F(0,9Q) = V2rFpe V72, (116)

and both Gaussian and rectangular spike profiles,

c(AfTs) = %e_y/rs? (117a)
hi (AJT,) = © (1 - r%) . (117b)

For a regularly spaced comb of Gaussian or rectangular spikes,

—nA
QOFZAG —OéOG Z ( n 0)

n=—oo

= a, (1 +9 Z eQm’nQ/Aoefn 7r2F2/A2>

n=1

Q = 27N
= & (ET <3 Z—O WZF?/A%> + 2¢;sm( ”A” )waQF?/A%) . (118a)

0

00 . Q—nlg
N 12 — nA| i . Tl
20Tutn@) =un 30 0 (1= EE7Rd ) + 2| B
n=—o00 s/2
00 ' sin (_n21;3>
N P e
n=1 Ao
B i Ay i(20-T4)/A i(2Q4T5)/A
:Oé 1— _F_ [ln (1 — € s 0) _ln (1_6 ° D)i| Y (118b)
m
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where ET is a Jacobi theta function (EllipticTheta in Mathematica),

w(z)=e [14 ® (iz)], (119)

® () is the error function,
doa = 2225 (1200)
Qor = %, (120b)

and

D, 2J/aClyw Ty

Sl 121
OéOG\/_ = Qor—~— Ao T, Ao (121a)
For these pulses,
L'y
e (_Ao) = ¢V TIR/AL, (122a)
: nnl
r St (To)
bur (—) =—7 (122b)
AO _AES

For an AFC the amplitude of the first several echoes is calculated easily using Eqgs. (93),
(92), and (122). For RSM

- Q- D,
QCFQAGT(Q) = dOG w ( T ) (123&)
n=1 §
[o¢] . Q_Dn
- |Q - Dn‘ ? Ts/2 +1
2CT AR () = O(1l—— —In|5— 123b
2 AR (€2) aORZ ( T./2 +ﬂ_nQ_Dn_1 ( )
n=1 Fs/2
The output field amplitude is given by
F(Z,T) eI o~ 22/2-T2CZAQ) g () (124)
\/ 27 /

The real part of A(Q) is equal to zero except for a range of frequencies of order I'y centered
at frequencies Q,, = n\g or 2, = D,,, while Im [A(Q2)] consists of dispersion like profiles
centered at these values. In calculating the field amplitude, therefore, it is a very good
approximation to neglect the contributions from the real part of A (€2) since they are limited
to a narrow frequency range and do not affect the integral significantly. It is the dispersive
part of the susceptibility that determines the field evolution. For example, in the limit
that I's/Ag ~ 0, it follows from Eqgs. (118) and (124) that the field amplitude for an AFC
becomes

7 (Z 7- _ZQTG_Q2/26—% cot(7rQ/A0)dQ7 (125)

“ 7 L.
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consistent with Eq. (51).
For finite 'y /Ay, the exact field expression for an AFC with Gaussian spikes is

~ V2T ) oo

whereas the approximate expression, neglecting the real part of the susceptibility, is

Fy [> . e Z = .
FG (Z, 7_) —~ 0 672QT€7Q2/2 exp [_ - g (1 + 2 Z e?ﬂ'an/AoeTZQWQFE/A%)] 7 (126)
n=1

Fy [> _ = 2§
FP(Z,7) = 2°7T / e eV 2 exp [—idchZe”2”27§/Ag sm( ”A” )dQ . (127)
- n=1

Ver 0

For Ay = 0.06, and &, =1, F (1,7) /Fy (red, solid curves) and FZ’ (1,7) /Fy (blue, dashed
curves) for the third echo are plotted in Fig. 4 for I'; = 0.001 and Fig. 5 for I'; = 0.0005,

respectively. As can be seen the two expressions differ very little and would overlap entirely
in the limit that I's/Ay ~ 0. Although Eqgs. (126) and (127) are equal in the limit that
I', /Ay < 1, computationally, in the case of an AFC, it is easier to use the ezact expression
for the field amplitude. That is, to calculate the field amplitude for the gth echo using
the exact expression, it is necessary only to keep terms in the summation in Eq. (126)
up to Nmax = ¢, whereas, it is necessary to keep terms in the summation in Eq. (126)
up t0 Nmax = A¢/I's > 1 at all times. The reason for this is that only terms varying as
exp (2mip§2/Ag) with p > 0 appear in the expansion of the exponential Eq. (126), whereas,
if we expand the exponential in Eq. (127), both positive and negative values of p will enter.
In calculating the approximate amplitude we make an (absolute) error in the amplitude of
each amplitude of order I's /Ay, resulting from the fact that we have neglected the extinction
of the integrand in small intervals having width /7['s centered about Q = 27n/A,. For
['s/Ap ~ 0.017, this deviation of the approximate solution from the exact one can be seen

in Fig. 4.
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FIG. 4: Exact transmitted field amplitude Fg (1,7) /Fp (red, solid curves) and approximate (in-
cluding only dispersion) transmitted field amplitude F” (1,7) /Fy (blue, dashed curves) for the
third echo are plotted for &, =1 Ag = 0.06, and I's = 0.001.

FIG. 5: Same as Fig. 4, except that 'y = 0.0005.

29



The total transmitted energy, normalized to the total energy of the pulse, is

1 o [ . O —nAg\’
Wea = ﬁ /_OO o~ exp | —aog n;oo exp |— (F—SO) ds2
1™ [ >
= —/ e exp |—deq (1 +2 Z cos (2mnS2/Ag) e ™" ”2F2/A2> dQ;  (128a)
V) i =
1 [ Q—-D,
We, = T / e exp | —apq Z exp ( ) ds?; (128Db)
™ — o
1 [ [ —nA
Wr = ﬁ/ e~ exp | —aor Z C) (1 — #) ds2; (128c¢)

Way = %/: e exp _—aORZ@ (1 - |QF /12) |>] . (128d)

The total, normalized transmitted field energy is equal to unity, with a small correction of

order 'y /A for &, of order unity. To a good approximation, for I'y/Ay < 1,

r, doc T, Aodc '

I
Ay’

WR ~ <WR,«> ~1-— (129b)

where the average is for random spikes having average separation Ajy. For I'y = 0.001,
Ag = 0.06, and &, = 2, W = 0.928 and Wx = 0.983, much closer to unity than the value
Wr, = 0.650 found for Lorentzian spikes.

X. APPENDIX B - ASYMPTOTIC RESULTS

In this appendix, we derive the asymptotic results for the total transmitted energy Wy,
in the limit that I'y/Ag < 1 and for the average transmitted energy at time 7, (W, (7)) in
the limit that Ag7 > 1 and I's/Ag ~ 0.

A. Wy in the limit that I';/Ag < 1 for an AFC

We start from Eq. (43),
die — —17~ 12
=e %y e [L, (a)], (130)
q=0
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with b = 47’ /A and define

q=0
Then

dy oy, AL N)]

A T L 1 q bq

. Y+ 2e Z . (:E)—dx e
q=0

=—y—2e"> L' (x)L) (x)e ™. (131)

q=1

We can use the identity

(L' (@) + Ly @] — [Lg' @]~ [L4 @]

LY (z)Ly_y(z) = 5 (132)
along with the recursion relation
LE(x) 4+ Lt (z) = L () (133)
to arrive at
2§;Lgl<w>L2_1<w>e-”q - fj ([L5@)])* = [L7" @) = [L51@)]") ™
-l e =) Y e (134)

where we have used the fact that L)(z) = L' (z) = 1. Combining Eqs. (131) and (134), we
find

W e ey (L) e (135)

v =1-(=c") [ L@y @), (136)
where

y (2) =Y [Ly() e (137)

v (@) = Y L) e+ oY (L) e (138)
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and take n sufficiently large to allow us to replace [L,(z)]” by its asymptotic expansion for

large q,

e~ [Ly(z)]? ~ [1 4 sin (44/q7)] . (139)

1
21\ /qx

We then replace the second sum in Eq. (138) by an integral and calculate

g(n,b) = / N 2;:;(]_:6 1+ sin (4,/37)] dg, (140)

an integral that can be evaluated in terms of error functions. In the limit that b < 1,
1 T cos(4y/nx)
b,x) ~ —— -t ———= -2 : 141
slnbr) = = ((f5 2OD)  ) (1a1)
If vbn < 1and x 2 1, g(n,b,z) =~ /1/ (47xb) and

n

VO ()~ e L) e

— 142
=0 Varab (142

Moreover, for vbn < 1 and x 2 1, the summation term is much less than the second term

and

y O (z) ~ . (143)

Substituting this into Eq. (136), we arrive at
y(x)~1—(1—e) Loy (144)
b s

Wy, = y(d.) ~ 1 — 23/a@ls/ Ao, (145)

or

B. (W,r (7)) for Agr > 1 in the limit that I's /Ay ~ 0 for RSM

We start from Eq. (73),

(Woe (7)) = 5 / dr’ / T e AT e ()5
™ oo oo

= (Wy) — 2i / ar / " e A e M B DB, (146)
™ o0

where (W,1) = (W, (00)) is the average total transmitted energy and

chO

7 (Q —2iT,) (147)

p(Y) =
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For A¢t >> 1, the oscillating factor ¢ in the second line of Eq. (146) insures that only

values

Q< Ay <1 (148)

contribute to the integral. As a consequence, |3(€2)| > 1 and the Bessel functions can be

replaced by their asymptotic values

DL [iB(Y)] = L [iB(% ,/Wﬁ \/Q&AO\/2F +iQ (149)

Substituting this result into Eq. (146), we obtain

(150)

20,
i — AO‘ V2T, 10|
0

1 [o.¢] (e.)
(Wit (1)) & (Wor) = o / dr’ / Q2 exp
™ T —0oQ

where we have dropped the e*/* factor in Eq. (146) since Q < 1.
To make further progress, we now take the asymptotic limit I'; /A ~ 0 for which (W, ) ~

1 and
20,0

1 > / > - /
<WTL(7—)>N1—%/T dr /_OoneXp [ZQT - A

The integral over (2 is tabulated,

(151)

= , 2ia. () 1 2700 oane
/OOdQexp Q7 — A | 7\ B, g~ Ge/ (R0, (152)

Since it has been assumed that Ag7 > 1. it follows from Egs. (150) and (152) that, for a.

20,
=1- . 1
(W \/ 27TA0 3/2 TA\oT (153)

As we have proved already, in the asymptotic limit I'y/Ay ~ 0, all results are independent

of order unity,

of spike shape, implying that Eq. (153) is valid for arbitrary spike profiles.
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