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We study the collective radiation properties of cold, trapped ensembles of atoms. We consider the
high density regime with the mean interatomic distance being comparable to, or smaller than, the
wavelength of the resonant optical radiation emitted by the atoms. We find that the emission rate of
a photon from an excited atomic ensemble is strongly enhanced for an elongated cloud. We analyze
collective single-excitation eigenstates of the atomic ensemble and find that the absorption/emission
spectrum is broadened and shifted to lower frequencies as compared to the non-interacting (low
density) or single atom spectrum. We also analyze the spatial and temporal profile of the emitted
radiation. Finally, we explore how to efficiently excite the collective super-radiant states of the
atomic ensemble from a long-lived storage state in order to implement matter-light interfaces for
quantum computation and communication applications.

I. INTRODUCTION

Super- and sub-radiance have been an active topic of
research since the seminal paper of Dicke [1] on collective
emission of atoms confined within a distance small com-
pared to the wavelength of the resonantly emitted radia-
tion. An extended atomic ensemble prepared by a laser
field in the excited “timed Dicke” state collectively decays
by an emission of a photon predominantly into the phase-
matched direction [2, 3], while multiple scattering and
reabsorption of photons in large atomic clouds modifies
the exponential decay of the collective atomic excitation
[3-5]. The behavior of the single excitation states of the
atoms can be understood in terms of the collective eigen-
states of an effective non-Hermitian Hamiltonian [6, 7]
which exhibit enhanced (super-radiant) and suppressed
(sub-radiant) decay rates, together with level-shifts (col-
lective Lamb shift). Recent experiments have demon-
strated both sub-radiance [8, 9] and super-radiance [10-
14] in large, dilute atomic clouds. In this article, we
calculate the spectral and spatio-temporal properties of
the emitted radiation for various trapping geometries of
the atomic clouds, taking into account the interatomic
interactions in the high atom density regime [15-18]. We
also consider the excitation of the collective super-radiant
states from a long-lived storage state of atoms for Raman
conversion of an atomic spin-wave into an optical photon.

In addition to the fundamental interest in the physical
processes, our study is motivated by practical applica-
tions of matter-light interfaces for quantum information
processing and communications. Atomic ensembles have
good coherence properties and strong dipole transitions
for efficient coupling to optical photons [19-21]. More-
over, atoms can couple to microwave fields and thereby
be interfaced with superconducting circuits, which are
currently among the most advanced candidates for quan-
tum processors [22]. The atomic ensembles can then play
the role of quantum memories and microwave to optical
transducers [22-25]. In turn, photons can serve as flying
qubits to encode and reliably transmit quantum infor-

mation over long-distances [26, 27]. For optical photons,
transmission may occur through free space or via fiber
waveguides, and it is important to determine the spatio-
temporal profile of the photon emitted by the atoms to
optimally construct the paraxial optical elements that
will collect the photon and direct it to a distant receiver
[28].

This paper is structured as follows. In Sec. II,
we present the mathematical formalism to describe the
quantum interactions between N cold atoms at random
positions in a trap and the quantized radiation field me-
diating interatomic interactions and their collective emis-
sion. In Sec. III, we discuss solutions for two-level atoms
and identify how the trapping geometry influences the
emission properties of the system. In Sec. IV, we ex-
tend the analysis to three-level atoms where the initial
excitation is driven from a third storage state, and the
excitation dynamics is influenced by the atomic inter-
actions. Sec. V concludes the article and discusses the
prospects of applications.

II. QUANTUM INTERACTIONS BETWEEN
ATOMS AND LIGHT

We consider N > 1 cold atoms at random positions in
a harmonic trap, with the density distribution
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The relevant internal states of the atoms are the ground
state |g), an electronically excited state |e), and a long-
lived storage state |s), as shown in Fig. 1.

We denote the collective ground state of the atoms
as |G) = |¢1,92,---,9n). A weak (single-photon)
microwave or Raman process that acts symmetrically
on all the atoms can transfer the ground state to
the collective single-excitation storage state |S) =
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FIG. 1. Internal states and spatial configuration of an ensem-
ble of cold atoms with random positions in an elongated har-
monic trap. With all the atoms initially in the ground state
|g), a weak microwave or Raman transition (light-blue arrow)
creates a single collective excitation in the storage state |s).
The atoms can be transferred from the storage state to the
excited state |e) by a laser pulse with Rabi frequency © and
wavevector k.. The excited state atoms decay to the ground
state by emitting a photon into the free-space radiation field
E.

\/LN Zivzl lg1,92,...,8j,...,9n). Subsequently, a spa-
tially uniform laser pulse can near-resonantly couple the
storage state |s) to the excited state |e) with Rabi fre-
quency 2. An atom in the excited state |e) can decay
to the ground state |g) by emitting a photon into the
free-space radiation field E(r) = >k Grug(r), where ay,
are the bosonic annihilation operators for the plane-wave

modes ug(r) = €x,o1/ 22‘;’@ e’® 7 forming a complete ba-

sis for the field within the quantization volume V. The
Hamiltonian of the system is

H= Zhwkakak—i—z Z hwy, | 1) 5 (el
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N
= S Qe ) s
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+eg - E(r)) le)j (g +H.d], (2)

where the first term on the r.h.s. is the Hamiltonian for
the field modes with energies hiwy, the second term cor-
responds to the Bohr energies fw, of the atomic levels
|) (1= g,s,e), the third term describes the interaction
of the atoms at positions r; with the coupling laser with
frequency w. and wavevector k. || £, and the last term
describes the coupling of the atoms to the quantized free-
space radiation field with the dipole moment g, on the
transition |e) — |g). For simplicity, we neglect the cou-
pling of the atoms with the free-space radiation and the
resulting decay on the |e) — |s) transition [29]. We set
the energy of the ground state to zero, hwy, = 0, and
assume that ws < we (We >~ we).

The state vector of the system with the single atomic

or photonic excitation can be expanded as
=D e sy @ [0) + Y bje " ej) @ |0)
J J
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where |G> = |glaQQa"'7gN>7 |SJ> =
|91a927---75ja---79N>7 |e]> = |glag2a"'7eja"'7gN>7
while |1) = dL |0) denotes the state of the radiation
field with a single photon in mode k. The state
vector evolves according to the Schrodinger equation
9, |V) = —LH|U), leading to a set of equations for the
atomic amplitudes

Orcj = i e ReTip ettt (3a)

Ob; = = iQetkeT cje et 4y Z gk (r ake’(%_“”‘)t (3b)
k

with A, = w. — we, and an equation for the field ampli-
tudes cast in the integral form

t
=13 gilr) / dt'by ()@ ()
7

where gp(r;) = %W‘j)

strength.

is the atom-field coupling

A. Atoms

Let us for the moment disregard the storage state and
the transition |s) — |e), assuming Q = 0, and con-
sider two-level atoms with the ground |g) and excited
le) states. We substitute Eq. (4) into Eq. (3b) and use
the Born-Markov approximation to eliminate the radia-
tion field [15, 16] obtaining a closed set of equations for
the atomic amplitudes

1 1
Orbj = —5T'b; — §FZ Fjibi. (5)
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Here T' = ﬁ% is the usual spontaneous decay

rate of the atom in the excited state |e) whose Lamb shift
can be incorporated into we [33, 34], and Fj; = fj;+1ig;; is
the complex dipole-dipole exchange interaction (includ-
ing the near-field terms) between the atoms,

i = 1= (o) ters)
s )
T R el



is the unit vector in the direction of the

where p = g:’
atomic dipole moment, #;; = :Tj is the unit vector along
the direction of the relative position vector r;; = r; — 7;
between atoms i and j, r;; = |ry;| is the distance be-
tween the atoms, and k. = w./c = 27/, with A, being
the wavelength of the resonant photon. Note that for an
isotropic dipole moment (¢ - 74;)? = £ ¥ #;; (or for suffi-
ciently low density with the mean interatomic separation
(rij) > Ae¢) the interatomic interaction takes the simple

keT,L] o~ eikerij
k Tij (Ol" FJZ — 2[ (p'Tij)2} ikeTij ) [57 7]

form Fj; =

B. Radiation Field

Consider now the wavefunction [32, 33] of the emitted
single-photon field

—iwpt

E(r,t) = (0] (G| E(r

=2 ux(r)
sz ik-(r—rj)

t
X/ dt/bj(t/)efiwk(tft')fiwﬁt"
0

(6)

We sum over the two orthogonal photon polarizations
o=1,2foreach k (éxs L k), >, €ko Eko=1—kREk,
where I is the unity tensor and k= %, and replace the
summation over the modes k by an integration via ), —
(%)g fd?’k = Gr )g fO dk k? f4 dQ)y; [33, 34], obtaining
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The integration over the 4w solid angle with df, =
sinfdfdp leads to AxSirormlip _ oo op) =

klr—r;]

M( klr=r;l — c.c), where #; = Z. We sub-
wi|r—r;| ’ J T

stitute th1s into the above equation, assume that during
the photon emission k is peaked around the atomic res-
onance k. = w./c and pull k2 out of the integral, and
extend the lower limit of integration over k to —oo, as in
the Weisskopf-Wigner approximation [32, 33]. We then

have
/OO dk(eik\v‘frﬂfick(tft’) _ efik\v‘f'r'j\fick(tft’))

= 25— b+l —my1/0) + 28—t — v =yl fe).
C C

Upon substitution into Eq. (7) the second term is always
zero, and we finally obtain

Peqk e~ we(t—[r—r;|/c)
E(r,t bi(t —|r —7;
(T ) 47T60 ; |T_Tj| ]( |Ir Ir]|/c)
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For a single atom at the origin, we have a

(in general anisotropic) spherical wave E(r,t) =

gjf::) e Ty b(t —r/c)[L —7; @ #;] - 9, while the in-

tensity of the emitted radiation in the direction of r is
o(r,t) = %Elér.o- B(r,t)|* = e Leng Lrjb(t —r/c)
for each polarization component €, , J_ . As an exam-
ple, for AM = +1 atomic transition with g = %(c&:l:zg)
we obtain the dipole emission pattern I; 4+ I %(1 +
cos?0).

In the far-field region, we have |r—r;| ~r—(r-r;)/r =
r — 7 -7r;, and therefore
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where k., = k..

Non-interacting atoms

Consider an ensemble of N atoms with density p(7),
such that [d®rp(r) = N, prepared initially in the col-
lective single-excitation (timed-Dicke [2]) state |Erp) =

ﬁ Zj\]:l eikem; lej). For non-interacting atoms, Fj; =
0, we have from Eq. (5) that b;(t) = \/1Ne 3Tt gikeor;

Disregarding the photon polarization, the emitted field
in the far-field region is

pegkg e—%f‘(t—r/c)

E® (p t) = e N e~ wet £(r), (10a)
eich ; B .
E(r) = . Ze(kc ke)ms
J
o eiker 3 7 N, i(ke—ke)r’
= d’r'p(r')e . (10b)

Substituting here the Gaussian density distribution p(r’)
of Eq. (1) and performing the integration over =/, we

obtain
B[22 4y 5 (2=1) ,
ex —— o + o ,
r p{ 1 7”2 z

2 72
(11)
where we assume that o,, = o1. Consider the field
amplitude £(r) along the z direction within a small axial

distance o = /22 + 92 < z, such that r = /22 + 0% ~

E(r)=N

z+ %. With 72 ~ 22 and (r — 2)? ~ 0, we have from
Eq. (11)
N . 0 k2 o o2
E(r) ~ z—l—% exp {zke (z—i-%) 5 301 (12)

Zb (t—r/c)e —tkeT;



On the other hand, a Gaussian field mode with the waist
wo at z = 0 has the form

() = % exp [zk (z + ﬁiz)ﬂ . (13)

where ¢, = kw?/2 is the Rayleigh length and qx(z) =
z 4 1(y is the complex beam parameter. In the far field,
22 4+ C,% ~ 22, we have

G exp {zk <z + Q—2> - ———} (14)
z— iy 2z 2 22 k|’
Comparing this with Eq. (12), we see that, apart from
the Gouy phase that originates from the imaginary part
of szgk , the far field £(r) is mostly emitted into a Gaus-
sian mode with wavevector £k = k. and a beam waist
determined from ¢ /k = w2/2 ~ o2, ie., wy = V20,
while the angular spread (divergence) of the beam is
Al = = ‘/U_ More qualitatively [30, 31], the prob-
ablhty of the cooperatlve photon emission into the phase—

matched direction within the solid angle AQ = 7(A#)? =
(1620—’1)2, as opposed to spontaneous, uncorrelated photon

gf)k (’I") ~

emission into the 47 solid angle, is

NAQ

4+ NAQ (15)

Pro ~

IIT. TWO LEVEL ATOMIC MEDIUM
A. Collective decay dynamics of interacting atoms

Let us assume that at some initial time ¢ = 0 the atoms
are prepared by a laser in the collective single-excitation
(timed-Dicke [2]) state

1 & 1 &
E etkemile) = — é.), 16
| TD NJ; | J \/Nj; | J> ( )
with |€;) = e*7ile;) and k. || 2. We expand the

state of the atomic ensemble as [¥) =3 bje~ el |e;) =
> bje~™t|&;), where the slowly varying in time and
space excited state amplitudes b; = e~"*<"ib; obey the
equations

- 1 - 1 ) -
Orbj = —5T'b; — §P2Fjielk~’wbi (17)
i

with the initial conditions Bj(O) = \/—% YV j. For a non-
interacting atomic ensemble, Fj; — 0, i.e., in the di-
lute regime of large mean interatomic separation (r;;) 2
NY4(g.))"/?, the initial state |¥(0)) = |Erp) will de-
cay with the single-atom rate I' to the collective ground
state |G) and emit a photon with the spatial profile of
Eq. (12). But in the high-density regime, the interatomic

1
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FIG. 2. Dynamics of the population prp(t) = [(Erp|¥(t))|?
of the initially prepared timed-Dicke state |Erp) of the atoms
in a harmonic trap with different aspect ratios os,y/0-; The
progressively lower curves correspond to decreasing o, and
increasing o, with the product o,0,0. kept constant. We
place N = 1000 atoms at random positions in an effective
volume Veg = (27)*/%0,0,0. = (27)*/28 um?, i.e., the mean
interatomic separation (r;;) = {/Veg/N =~ 0.5um. Each
curve corresponds to a single realization of the ensemble of
atoms at random positions, but different realizations for the
same atom number and trap geometry give very similar re-
sults (for large enough N as here). The wavelength of the
resonant transition le) — |g) is Ae = 780 nm, decay rate
I' =2 x 107 s7!, and the transition dipole moment is along
o= w“y (AM =1 transition). In the lower panel, we fit the
populatlon decay curves with the sum of three exponential
terms, prp(t) ~ pre TS 4 pee™ " + pzeT=!, having super-
radiant I's > I', single atom I', and sub-radiant I's < I" decay
rates.

dipole-dipole interaction mediated by the multiple scat-
tering of the photon by the atoms, significantly mod-
ify this behavior, resulting in both accelerated (super-
radiant) decay with rate I's > I' and decelerated (sub-
radiant) decay with the rate I'y < I', as seen in Fig. 2
Moreover, for a fixed mean density of the atom cloud,
the super- and sub-radiant decays strongly depend on
the geometry of the atom cloud: atoms in an elongated
trap, 0. > 04, typically decay faster, which can be at-
tributed to the constructive interference of the photon
emission (scattering) in the forward direction with larger
optical depth. We can approximate the super-radiant
decay rate as

N
k202

e x,y

Ts~G r, (18)

where the numerical factor G depends on the geome-
try of the atoms cloud (G = % 22 2 for the four ge-

757375
ometries shown in Figs. 2, 3). This is consistent with
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FIG. 3. Same as in Fig. 2 (thin solid lines are for refer-

ence, with the upper-left, upper-right, lower-left and lower-
right panels corresponding to decreasing o,,, and increasing
0:), but for N = 2000 atoms, in traps with the same vol-
ume Vo = (27)%/28 um? but twice the atom density (dashed
lines), or in traps with rescaled dimensions o4 y,: — V204,42
and twice the volume Veg = (27)*/216 um® but the same den-
sity as in Fig. 2 (dotted lines). The insets in the lower panels
show the decay dynamics for N = 2000 atoms in the elongated
traps with the same lengths 0. = 4,8 pm but larger widths
Ony — ﬁax,y and twice the volume Vog = (271')3/216 um37
i.e. the same density as in Fig. 2.

the previously derived results for isotropic dipoles or
lower atom densities [3, 4, 6-8, 12, 13, 35-37], since the
interatomic interactions are predominantly long-range,

ikerij
F77’ = e’ikc’l‘i]‘

o (keri;)~23) is small when k, (r;;) > 1.

, and the contribution of the near-field terms

Increasing the atom number N and thereby the den-
sity in the same trapping volume accelerates the super-
radiant decay, i.e. further increases I'g, and decelerates
the sub-radiant decay, i.e. further decreases I'y, of the
collective timed-Dicke state as seen in Fig. 3. On the
other hand, increasing the atom number and propor-
tionally the trapping volume to keep the atom density
constant, we observe smaller modification of the super-
radiant decay, consistent with Eq. (18). Finally, for a
fixed atom density, changing only the width of the trap,
but not its length, increases the sub-radiant fraction of
the initial population (see the insets of Fig. 3), which in-
dicates that the sub-radiant dynamics is mostly governed
by the multiple scattering of the photons off the z axis,
while the super-radiant emission happens mostly in the
forward direction along z.
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FIG. 4. Eigenvalues of the effective Hamiltonian (19) for
N = 1000 atoms in four different traps as in Fig. 2 (same
color code, with the upper-left, upper-right, lower-left and
lower-right panels corresponding to decreasing o, and in-
creasing o). Main panels show the eigenvalues, as ob-
tained for a single realization of the ensemble of atoms at
random positions in the trapping volume; each eigenvalue
An = (we + dn) — iyn is shown as a circle centered at the
corresponding [0n,yn] with the radius equal to the norm
[(Erp|¥,)|? of the Frank-Condon overlap of the eigenstate
|¥,,) with the single-excitation state |Erp) of Eq. (16). The
upper inset in each panel shows the spectrum of eigenvalues
averaged over 10® random realizations of the ensemble, while
the lower inset shows the same spectrum with each eigenvalue
weighted by the corresponding FC factor (the shading is in
arbitrary units, for best visibility).

B. Single-excitation spectrum of the atoms

Equation (17) implies an effective non-Hermitian
Hamiltonian for N interacting atoms:

al r
Ha =300 (w17 ) (@]
Jj=1

r& N
s SN e )@l (19)
J=1j'#j

The solution of the eigenvalue problem Hg |¥) = A |P)
results in N generally non-orthogonal (right) eigenstates
|¥,,) with complex eigenvalues A,,. The real part of each
eigenvalue Re(\,,) = we + 6, determines the level shift d,,
of the corresponding eigenstate from the single-atom res-
onance we, while the imaginary part Im(\,,) = —,, yields
the level width or (half-)decay rate 7, of the eigenstate.
Note that for non-interacting system with Fj;; =
0V j # j, all N eigenstates would be degenerate,
An = we — iI'/2, and we could construct one “bright”
eigenstate |Up) = |E7p) that corresponds to the timed-
Dicke state of Eq. (16), while all the other eigenstates
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FIG. 5. Density of eigenvalues weighted by the correspond-
ing FC factors |(ETrp|¥,)|*> averaged over 10° random re-
alizations of the ensemble of N = 1000 atoms in the elon-
gated harmonic traps with lengths o, = 4,8,...,24 ym and
widths 0.,y = \/8/03, i.e., the same effective volume Vg =
(21)%/20,0,0. = (27)*/28 um®, and mean interatomic sepa-
ration (|ri;|) = {/Ves/N ~ 0.5 pum as in Figs. 2 and 4.

would be “dark”, (Erp|¥,xp) = 0, i.e., not accessible
from either the ground or the storage state by a uniform
laser field with wavevector k. (see below).

In Fig. 4 we show the spectrum of the effective Hamil-
tonian (19) for each of the four geometries of the trap
with N = 1000 atoms. Since the eigenstates |¥,) of
the interacting system can be populated either from the
ground state |G) or from the collective storage state |.S)
using a near-resonant laser with wavevector k., we calcu-
late the Franck-Condon (FC) overlap (Erp|¥,,) of each
eigenstate with the timed-Dicke state of Eq. (16). We
observe that the spectrum of the effective Hamiltonian
has super-radiant, v,, > I'/2, and sub-radiant, v, < T'/2,
states, and most of the sub-radiant states have small level
shifts |6,| < T, while the super-radiant states have a
broader spectrum of shifts from the atomic transition res-
onance w,. For trap dimensions o, , ~ 0. the averaged
spectrum, and the spectrum of eigenstates weighted by
the FC factors, are approximately symmetric about the
resonance, 0 = 0. But in the elongated trap o, > o0, 4
the super-radiant states with largest FC factors tend to
be shifted towards the lower frequencies § < 0 (see the
lower right panel of Fig. 4). This effect is even better pro-
nounced for highly-elongated traps, as shown in Fig. 5,
and it is closely related to the collective shift of resonant
light scattering by a one-dimensional atomic medium,
due to constructive interference of the red-detuned light,
as reported in [38].

The amplitude B, (t) of an eigenstate |¥,) excited
with probability |B,(0)> at time ¢ = 0 evolves ac-
cording to B,(t) = B,(0)e~»t. Taking the Fourier
transform [ dt By, (t)e™", we can then associate with
each eigenstate having the decay rate 7, and level shift

|Bn (0) 7z

dn a Lorentzian emission/absorption line (A=3.,)7142

- - non-inter.
1 H — o=05m ,
— o=1um Iy
— o=2um
— o=4um

L o,=8um
08 e
— oF=16um
— 0,=20um
0,=24um

Peakd/l’
&

L B

- N W A = OO

0.6

S()

0.4

0.2

FIG. 6.

Excitation spectrum S(A) of Eq. (20) for N =
1000 atoms in harmonic traps with different length o, and
width 0.,y = \/8/03, i.e., the same effective volume Veg =
(2n)3 20,050, = (27)%/?8 um®.
sively broadened and shifted towards the negative detuning

The spectrum is progres-

A with increasing o,. For each geometry, the shown spec-
trum is averaged over 10° random realizations of the atomic
ensemble. Insets show the peak position and full width at half
maximum (FWHM) of each spectrum.

with A = w — we. Since the excitation probability of
each eigenstate from either the ground or the storage
state via a laser with wavevector k. is proportional to
|(Erp|¥,)[?, we can then define the excitation (absorp-
tion) spectrum of the systems as

N

2 2
e

In Fig. 6 we plot S(A) for various geometries of the
atomic ensemble. With increasing length of the atomic
ensemble, the excitation spectrum is progressively broad-
ened and shifted towards the lower frequencies, i.e. neg-
ative detuning A. This is expected from Fig. 5, which
demonstrates that in the highly elongated atomic ensem-
bles the eigenstates with the largest FC factors are super-
radiant (v > I'/2) and red-shifted (6 < 0) with respect
to the single-atom resonance w.. The red shift of the col-
lective resonance in elongated atomic ensembles has been
experimentally observed in Ref. [13].

C. Angular emission profile

The (far) field emitted by the atoms, Eq. (9), in terms
of the temporally and spatially slowly varying atomic am-

plitudes b; = e~*<ib; is given by
A . k2 ker—wet)
E{(r,t) = (¢, p)a;% Zb (t—r/c)e’
(21)

i(ke—ke)- rj
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FIG. 7. Angular probability distribution U(6, ¢) of the photon emitted in the z direction, as a function of 6, = 6 cos(¢) and
0, = 0sin(¢) with 0 the polar and ¢ the azimuthal angles, for N = 1000 atoms in elongated harmonic traps with the same
effective volume Vg = (27r)3/2a'x0y0'z and different aspect ratios o4,y /0. The black solid line in the upper inset of each density

plot shows U(0,, 60, = 0) while the red dashed line is the Gaussian of Eq. (22) with the corresponding width A6 = V2

Only

keox y*

the interval of |8] < 0.27 is shown as in the remaining solid angle only a weak noisy signal is present.

which clearly reveals the phase matching condition k. ~
k. || 2 for constructive interference of photon emission.
The intensity of the emitted radiation in the direction

of v is Io(r,t) = %¢|E,(r,t)|?, while the total radia-

Our aim is to determine the probability of collecting
the photon by an appropriate paraxial optics into the
Gaussian mode

tion (energy) collected by an ideal detector at position Ch, e~ icket 22 + g2
ris U(r)ds = Y, 1, [, dtl,(r,t)ds, where ds is the P, (r,t) = = ———exp |ike | 2+ o~ (23)
- . . . . 95 (Z) 2%,(3)
surface element, or detector cross-section (pixel size), in ¢ ©
the plane perpendicular to r. From the discussion of
Eq. (12), we expect that the angular distribution of the
radiation emitted into the phase-matched direction z can %y (BT
2 141 115 1 089 082 076 0.71

be approximated by a Gaussian

U(0) o e—207/20° (22) 08 |
with the beam divergence A = 73;0 = ka. In Fig. 7 06

we show the angular probability distribution of U(6, ¢)
which is highly peaked around € = 0 due to cooperative
photon emission into the phase-matched direction, while

for larger angles § > Af we observe a weak background 0.2 ]
noise due to spontaneous, uncorrelated photon emission
by atoms at random positions. For large enough width 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

o, of the atomic cloud, the emitted radiation profile is
indeed Gaussian with the angular width Af. But as the
transverse width of the cloud becomes comparable to,
or smaller than, the wavelength, o, < Ae = 0.780 pm,
the angular profile of the beam starts to strongly deviate
from the Gaussian, i.e., it becomes narrower than the
corresponding Af and develops a “flat top”. We have
checked that the narrowing effect is also present in the
ensemble of non-interacting atoms, but the flattening of
the top is effected by interatomic interactions. Thus, to
maximize the collection of radiation from a highly elon-
gated atomic cloud, one should engineer a lens with an
appropriate non-circular curvature.
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FIG. 8. Probability P of Eq. (24) for collecting the emitted
photon into the Gaussian mode of waist wo = ﬂax,y as a
function of length o. (lower horizontal axis) or width o,y
(upper horizontal axis) of a cloud of N = 1000 interacting
atoms with fixed effective volume Veg =
(2m)®/28 (red solid line with open circles). Also shown is the
total probability of photon emission into the z direction within
the solid angle Q; = 7(2A6)? (blue dashed line with filled
triangles). For comparison, we also show the approximate
analytic results of Eq. (15) for an ensemble of non-interacting
atoms (black dotted line).

2m)? o040, =



V20,.,. To

this end, we calculate the overlap of the far field E((TH)
with ¢, on a spherical surface with large radius r =

VaZ +y2 + 22> 0,2, (i, integrating over the 4w solid
angle, [, dQ,[ () (r,t) ¢y, (r,t)]. The probability for
the emitted photon to be collected into the Gaussian
mode ¢y (r) is then

with the wavevector k. and waist wyg =

2
S ora | fir A J5 at 5B (1) 07, ()]

"= a0, T(r) [ A2 lon. (1P

(24)
In Fig. 8 we show P for various lengths o, and the cor-
responding widths o, , or the atomic ensemble with the
same effective volume and density. Note that the portion
of the radiation emitted into the phase-matched direc-
tion z grows monotonically with increasing cloud length
0., although this growth nearly stops once the decreas-
ing transverse width of the cloud becomes comparable
to the wavelength, o, , < A\ = 0.780 um. The proba-
bility P of the photon to be emitted into the appropri-
ate Gaussian mode also grows initially with increasing
0., but it is peaked around o, ~ 9um (0,, S 1um)
and then decreases, since the spatial profile of the emit-
ted radiation increasingly deviates from the Gaussian for
narrower atom clouds [cf. upper insets in Fig. 7]. Note fi-
nally that the approximate analytic result of Eq. (15) for
non-interacting atomic ensemble predicts larger emission
probabilities into the Gaussian mode, but this result also
does not take into account the narrowing of the emission
profile for highly elongated atom clouds.

IV. THREE LEVEL ATOMIC MEDIUM

In the previous Section, we considered an ensemble of
two-level atoms and assumed that initially the system is
somehow prepared in the ideal timed-Dicke state with
single collective excitation. But starting form the col-
lective ground or storage state of the atomic ensemble,
the preparation of timed-Dicke state may be hindered
by the strong interatomic interactions leading to spec-
tral broadening and suppression of the transition to the
collective excited states, as discussed in Sec. IIIB. We
therefore consider now all three atomic levels, and as-
sume that the initially populated collective storage state
|S) = \/— ZJ 1 |s;) is coupled to the excited state by a

laser with time-dependent Rabi frequency €(¢) and de-
tuning A., as shown in Fig. 1. The atomic amplitudes
obey the equations

Decj = iQ be' et (25a)
- , 1 1 , -
8tbj = Z.QCje_lAct ——I'b; — §F Z FjiGchvr”‘ bl (25b)
7]
For non-interacting atoms [28], Fj; = 0, assuming

a resonant laser A, = 0 with sufficiently weak Rabi

frequency [ < T, we can set Dib;
b; ~ ik e Tic;. Substituting this into Eq. (25a) and

= 0, obtaining

T/2
performing the integration, we have
Q@)
¢j(t) ~ ¢j(0) exp {—/ dt' ——— T2 | (26a)
= (1)
by (t) ~ zr—/20j(t), (26b)

with the initial condition ¢;(0) = 1/v/N V j € [1, N].
Using this solution in Eq. (9) or Eq. (21), we obtain

@e k ﬂ( T/C) 710.1
Egﬁ)(r,t) 4;60 \/N &, (r), (27a)
iker )
Ea(r) = (6r.g - 0) < Zez(kc—ke)"r‘j, (27b)

J
which, apart from the time dependence contained in

_ Q Q(t
B(t) = K exp |- fy arGOE

is the same as Egs. (10) with all the consequences dis-
cussed there. Detailed treatment of Raman conversion of
collective atomic excitation in a non-interacting ensem-
ble to a photon and its optimal collection via paraxial
optics is presented in [28].

} and field polarization,

A. Dynamics of population transfer

For strongly interacting atoms, the above simple solu-
tion does not apply, and we resort to the numerical so-
lutions of the atomic equations of motion (25). In Fig. 9
we show the dynamics of populations of the storage state
ps =2 lcj|?, the excited state pp = > |b;j|? and the
ground state pg = 1 — ps — pg upon applying to the
ensemble a coupling field with a smooth time-dependent
Rabi frequency §2(¢) and various detunings A. from the
unperturbed atomic transition |s) — |e). It follows from
the above discussion that the transition from the sym-
metric storage state |S) to the collective excited state
|Erp) driven by a uniform laser with wavevector k. || 2
is suppressed by either the small FC factors (ETp|¥,,)
or large widths =, of the single excitation eigenstates
|¥,,), which results in much slower population transfer
as compared to the non-interacting atoms. Moreover,
since the spectrum of the eigenstates |¥,,) weighted by
the corresponding FC factors is asymmetric and red-
shifted from the atomic resonance frequency we, we ob-
serve stronger excitation, followed by decay, for negative
detuning A. < 0. The inset in Fig. 9 shows the transfer
probability to pg at an intermediate time ¢ = 2 us as a
function of A., which is closely related to the excitation
spectrum S(A) of Fig. 6.

It is instructive to consider an effective three-level sys-
tem with the ground state |G), the storage state |.S) and
an excited state |E) which is shifted from the single atom
resonance by dg and decays to the ground state with rate
I's > I'. The initially populated storage state is coupled
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FIG. 9. Dynamics of population transfer of the atoms from
the storage state to the excited state that decays to the ground
state with the emission of a photon. The upper panel shows
the time-dependence of the coupling field Rabi frequency
Qt) = Qo [1 + erf( f/%fy"t )] with to = 1ps and o = 0.4 ps.
The lower panel shows the populations of the storage ps, ex-
cited pr and ground pg states for three different detunings
A, of the coupling field (with the detunings A./2m = £3MHz
leading to slower/faster transfer compared to A. = 0 case),
as obtained from averaging over 10? random realizations of
the ensemble for N = 1000 atoms in a harmonic trap with
dimensions o, = 8 um and o5, = 1 um. Also shown are the
populations for an ensemble of non-interacting atoms under
the same driving and decay conditions (light-gray curves).
The inset shows the transfer probability to the ground state
pe at time t = 2 us as a function of detunings A., as obtained
from a single realization of the random atomic ensemble (thick
solid brown line), and as obtained from the approximate an-
alytic solution of Egs. (28) with parameters Qeg = 0.920,
0p = —1.0I' and I's = 6.0 (thin dotted black line); note
that this value for I's was obtained in Fig. 2 by fitting the
decay curve for an initially excited atomic ensemble.

to the excited state |E) with an effective Rabi frequency
Qesr. The amplitudes ¢ and b of the storage and excited
states obey the equations

dyc = iQighetBe0m)t, (28a)

! (28b)

Oib = iQegee (Be=0m)t _ 5rsb,

which have an approximate analytic solution similar to
that of Egs. (26), namely

c(t) ~ ¢(0) exp [—/0 dt’rs/gs}?((izt 5%) .(29a)
. Qep(t)e AR ) (20D)

) = i — A —op) €

with ¢(0) = 1. The probability of population transfer to
the ground state can then be approximated as pg(t) =
1—c(t)]? —|b(t)|?. In the inset in Fig. 9 we compare this
analytic result with the exact numerical result and find
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FIG. 10. Angular probability distribution U(6,¢) of the

photon emitted in the z direction for Raman excitation of
the atomic cloud with all the parameters the same as in
Fig. 9. The left panel shows U(0,¢) vs. 6, = 0 cos(¢) and
0, = 6sin(¢) as obtained for a single realization of the ran-
dom atomic ensemble; For large integration times, the photon
emission pattern is the same for different detunings A. of the
coupling field, and the probability of cooperative emission into
a Gaussian mode of waist wo = /204, is P ~ 0.583, with the
remaining radiation incoherently scattered into all 47 direc-
tions. The right panel shows U(0, ¢) for a non-interacting
atomic ensemble under the otherwise identical conditions,
leading to P ~ 0.727 [for comparison, the analytic result
of Eq. (15) and Fig. 8 is P = 0.794]. The black solid line
in the upper inset of each density plot shows U(6s,0, = 0)

while the red dashed line is the Gaussian of Eq. (22) with the
V2

keog y "

corresponding width Af =

reasonable agreement for appropriate parameters Qeg, 0
and I's.

B. Radiation field

The angular distribution U (6, ¢) of the emitted radia-
tion is shown in Fig. 10. We observe that for an interact-
ing atomic ensemble the spatial profile of the radiation
emitted in the phase matched direction z closely matches
a Gaussian mode of waist wg = ﬁozﬂy. But the proba-
bility of cooperative emission into this Gaussian mode is
rather small, P ~ (.58, since multiple photon scattering
by the atoms result in large fraction 1— P 2 0.4 of the ra-
diation to be incoherently emitted into all 47 directions.
For comparison, for a non-interacting atomic ensemble
we obtain a much larger P ~ 0.73, even though the for-
ward emitted radiation has somewhat narrower angular
distribution than that of the expected Gaussian mode
[for slightly narrower Gaussian collection mode, we ob-
tain P ~ 0.77 close to the theoretical result of Eq. (15)
and Fig. 8]. Hence, dilute atomic ensembles with reduced
multiple photon scattering seem to be better suited for
achieving higher efficiency of photon collection into ap-



propriate Gaussian modes [28].

Remarkably, even though the dynamics of population
transfer between the collective atomic states depends on
the detuning A. of the coupling field [cf. Fig. 9], for
large integration times, when the population of the sym-
metric storage state of the atomic ensemble is completely
depleted, ps = 0 and ps =~ 1, we obtain the same emis-
sion pattern U(f,$) and photon collection probability
P ~ 0.58 of the interacting atomic ensemble for any de-
tuning A.. Thus the atomic ensemble indeed behaves as
an effective three-level medium with a single broad inter-
mediate excited state [cf. inset in Fig. 9], rather than as
a collection of single-excitation states |¥,,) with different
widths and coupling strengths.

V. CONCLUSIONS

A topic of great interest of current research is the in-
teraction of light with regular arrays of strongly (dipole-
dipole) interacting atoms [39-45]. Such systems possess
cooperative resonances corresponding to super- and sub-
radiant optical modes and can serve as, e.g., perfect op-
tical mirrors [39, 42, 44, 45] or tailored, highly-efficient
photon emitters into the desired spatial modes [41, 43].
These unique properties, however, critically depend on
the periodic, defect-free spatial arrangement of single
atoms in lattices with subwavelength spacing.

Here, we have considered a high-density regime of ran-
dom atomic ensembles with the subwavelength mean in-
teratomic distance. This system permits much smaller
degree of control of the super- and sub-radiance and spa-
tial emission pattern of the radiation, as compared to the
perfectly periodic 1D, 2D or 3D arrays of atoms. Yet,
the random atomic ensembles are much easier to real-
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ize experimentally in various trapping geometries, which
still allow a certain amount of control of their optical
properties, as we have shown above. In particular, we
have found that the phase-matched, super-radiant emis-
sion of radiation is strongly enhanced in elongated atomic
ensembles, while multiple scattering of photons off the
phase-matching direction is mainly responsible for the
sub-radiant emission. It would be interesting to inves-
tigate how the super- and sub-radiant collective modes
can be selectively suppressed or converted on demand
into each other, and how to control and further enhance
the directionality of the photon emission using, e.g., spa-
tial and/or temporal modulation of the amplitudes and
phases of the atoms in extended traps, which can be ac-
complished by spatially varying electric or magnetic fields
or ac Stark shifts induced by off-resonant lasers. Finally,
studying multiple excitations in strongly-interacting but
random atomic ensembles beyond the liner optical regime
would be an interesting and important problem to tackle
via development of effective analytic and efficient numer-
ical tools.
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