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A compelling way to quantify the separation between classical and quantum computing is to
determine how many 1" gate magic states, t, a classical computer must simulate to calculate the
probability of a universal quantum circuit’s output. Unfortunately, efforts to determine the minimum
number of stabilizer state inner products necessary to decompose T' gate magic states (x:) have
proven intractable past t = 7. By using a phase space formalism based on Wootters’ discrete Weyl
operator basis over a finite field, we develop a new algebraic approach to determining y; for single-
Pauli measurements. This allows us to extend the bounds on x: to ¢t = 14 for qutrits, effectively

increasing the space searched by > 10'°", Our results show that by using such phase space methods
it is possible to validate NISQ circuits of larger size than previously thought possible.

Strong quantum simulation is the task of calculat-
ing probabilities of arbitrary output strings of universal
quantum circuits. This task is #P-hard [1] and therefore
any classical algorithm that improves on prior attempts
can likely only lower the exponential coefficient in the
cost of strong quantum simulation. However, such im-
provements are important for (i) simulating small-scale
(NISQ [2]) quantum devices, and (ii) understanding the
limits of classical simulation of quantum computers and
the practical onset of quantum advantage [3].

One of the most compelling ways to determine when
NISQ devices exhibit an advantage over current classical
computers is to determine how many 7' gate magic states
a classical computer much simulate to calculate the prob-
ability of the device’s outcomes. Universal quantum com-
putations can be written in terms of k-tensored T' gate
magic states |T)®* with (n — k) computational states,
that are then acted on by Clifford gates Uc and partially
traced over to obtain a marginal over any qudit [4]:

P, =Tr [ﬁp} : (1)

where p = |U) (U] for |¥) = Uc |T)®* |0)*™ ™ and 11 is
a projector onto a single-qudit Pauli operator eigenstate.
In this equation, the T' gate magic state, which for qubits
is |T)®F = %(|0> + e™/% 1))@k is a resource state that
extends the Clifford classical subtheory to quantum uni-
versality in the limit of & — oo [4]. We expect the cost
of computing Pk to grow exponentially with k since this
parameter dictates the degree of non-classicality of the
circuit.

Stabilizer states |¢;) are eigenvalue +1 eigenstates of
an Abelian subgroup of the Pauli group and they form
an over-complete basis in Hilbert space. Since Cliffords
simply permute stabilizer states, Eq. 1 can be rewritten
in terms of only stabilizer states by simply expanding
the T gate magic states in terms of their stabilizer de-
composition: |[¥) = Y"1 ¢; |¢;) for some ¢; € C (since
|0) is a stabilizer state). Since Pauli projections take sta-
bilizer states to stabilizer states, this expansion means
Eq. 1 can be expressed as a linear combination of inner
products of stabilizer states, P, = EZ}":I cic; (9519%),

where |¢}) = II|¢;). The inner product of two n-qudit

stabilizer states, (¢;|¢;), is governed by Gaussian elimi-
nation and therefore scales as O(n3). Thus, calculating
Py, scales as O(m3k?). This scaling can be improved to
O(myk?) by instead using an estimation technique that
computes inner products between |¢;) and random stabi-
lizer states from a uniform distribution [5], at the expense
of adding dependence on relative error and probability of
error. There has also been related work on the “approxi-
mate” stabilizer rank that exhibit similar scaling except
in terms of a less demanding additive error [6-9].

Let xx be the stabilizer rank of the T gate magic state
|T>®k—the minimal number of states required in a stabi-

lizer state decomposition of |T)®". Therefore, the small-
est that my can be is x; and determining its scaling with
k is crucial for understanding the optimal O(y,k®) cost
of classically computing Py. Although the T' gate magic
state is not only resource state possible, we focus on it
in this study because it is postulated that its stabilizer
rank X grows slowest with & [10].

The property that the tensor product of two stabilizer
states is a stabilizer state implies a trivial tensor bound on
the stabilizer rank for all integer powers of a state: y; <
(xx)"* where t is a multiple of k. However, it is possible
that the actual stabilizer rank y; is strictly less than this

trivial bound. If so, this implies that |\Il>®t’ has a more
efficient stabilizer decomposition, for ¢ any multiple of
t. Therefore, it is important to identify such reductions
in rank over the trivial bound, a problem we tackle in
this paper, as such reductions imply better asymptotic
bounds.

Prior searches for these improved tensor bounds for
the qubit T gate magic state have relied on numerical
Monte Carlo search [10]. The results can be summarized
in terms of four values: x1 = 2, x2 =2, x3 = 3, and x5 <
7. From these four data points and their tensor upper
bounds, one can surmise that x4 < (x2)? = 4, x5 <
X3X2 = 6, and x7 < (x2)%x3 = 12. All these bounds are
conjectured to be tight and numerical searches support
this claim [7]. The tensor bound implies the following
upper bounds on the T gate stabilizer rank: x; < (x1)! =
2t for arbitrary t, x; < (x2)¥/? = 2°% for even t, x; <
(x3)¥/3 = 2053 for ¢ a multiple of 3, and x; < (x6)"/¢ =
2~0-47t for ¢ a multiple of 6. These applications of the



trivial tensor bound tell us about the asymptotic scaling
of the strong simulation cost of Py and it is clear that
the last bound provides the most favorable such scaling.

To find a better asymptotic scaling requires reaching
larger t. Unfortunately, the number of stabilizer states
grows as 2(1/21e()*” [11] and the stabilizer rank grows
at least linearly with ¢, therefore any numerical search
must contend with a prohibitive search space of size
> 2(1/24+0(1)*  Monte Carlo stops converging apprecia-
bly on current hardware at t > 7. Therefore, a non-
numerical method is especially desirable.

In this direction, we previously showed that odd-prime-
d dimensional qudit T' gate magic states have the same
stabilizer rank for ¢ = 1 and ¢ = 2 as has been found
for qubits up to the exponential base factor—2% <+ d¢,
ie. (x1)! =d' and (x2)! = d [12]. In fact, we proved
that stabilizer decompositions that achieve these stabi-
lizer ranks for ¢t = 1 and ¢ = 2 have a one-to-one corre-
spondence with the quadratic Gauss sums that decom-
pose the T gate magic state’s discrete Wigner function.
Quadratic Gauss sums are the discrete analogue of Gaus-
sian integrals: Y ¢ 7 /4z)n exp[25t (T Az +3-x)], where
A € 7" and 8 € Z". Finding the minimum number of
quadratic Gauss sums can be accomplished with an alge-
braic approach and so can be extended to higher numbers
of qudits. Here we push this analysis further.

In the following, we will first introduce the Wigner-
Weyl-Moyal (WWM) formalism that forms the basis of
our approach in Section I and explain why its quadratic
Gauss sums are operationally equivalent to stabilizer
state inner products. We then sketch how to use the
WWM formalism to algebraically determine the bound
on the minimal number of necessary quadratic Gauss
sums. This is followed by our main results for t = 3,
t = 6 and ¢t = 12 in Section II. We then disucss the
significance of the reduction we find in Section III and
conclude in Section IV.

I. THE WWM FORMALISM

Instead of considering the magic state in terms of vec-
tors in Hilbert space, we consider a kernel (or quasi-
probability) representation; given a complete set of
Hilbert-Schmidt orthogonal operators l‘A%(w)7 indexed by
x = (x,,x,) € (Z/dZ)")?, any operator A € B((C%)")
can be represented as

Z Tr(R fl ]%
xE
(z/dz)?™

ZA

In particular, we consider the odd-prime d-dimensional
Weyl operators introduced by Wootters [13-15],

R(CL‘) =d" Z e%(yp‘wq_qup_%yp'yq)ZyPqu7

Yp,Yg €
(z/dz)™

where X and Z ~are d-dimensional generalized Pauli
operators [16]. R(x) are Hermitian, self-inverse and
unitary and so the coefficients p(x) are real-valued.
This representation is particularly simple for the Clif-
ford subtheory: the Wigner function of states A(xz) =
p(x) are non-negative if and only if they are stabilizer
states [17, 18] and the representation of Clifford gates

Uc(x) are symplectic positive maps that can be described

as affine transformations: [17, 19]: @’ = (! ;cq)T =

p’
M (zp, a:q)T +ve.
In the WWM formalism, Eq. 1 becomes

Z HpT xl H 6(qu') ) (2)

xeD |i1=1 j=k+1

p—{a

for some h € Z* and (z); is the ith element of . The
Clifford sequence Uc changes the restriction of the do-
main of the sum from x,41 = x4, =0 to D.

We showed previously [12] that

HPT :cz =

for P a polynomial in y, and @ over Z, for p-odd-prime
qudits. We refer to y, as intermediate variables in order
to distinguish them from x = (=x,,x,), which are the
final variables at which the Wigner function is evaluated.
For instance, we found that the Wigner function of the
two-qutrit tensored T' gate magic state [20, 21], |T)®* =
(10) + €5 [1) + e~ 5" [2))®2, can be transformed from
initial to final variables of pre2 with C7, to obtain [12],
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Yq, €L/37

for

(Mc'z+v),

mod d" = o} (3)

prex (T

> e,

Y, €(2/dZ)"

where

AZ(yZIl ’ "B) =

G%P(yﬂ sYqo ,:l:)
E )

Yqo €L/37Z

for P(Y4,,Yqs, ) & polynomial over Z that is quadratic
in y,,, where

“42 (yq1 ) 33) (6)

i [9..2 2 2
— E 623751 [39%19‘7{12 +6xg; 25, +6T, Ygq +624; Tgy y«n]

Yap €Z/3Z

27

xe 32 [69%2 Yqy T62q; yql +3zq, yql +3$q1 Yag 3T gy Tqy 942}

xe 32 [qul Ya1 Yao +3TasYqy Yao +qu1 Yqo +624, yqz +3yq, yq2]

[f”pl (qul +3zq; )+zp2 (quz +3xq, )] .
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Eq. 5 is a Wigner function that is a linear combina-
tion of three terms indexed by y,,, each of which is a



k [1 2 [3 [4 [5 [6 [7 [8 [9 [10 [11 [12 [13 [14
qubit:
Xk 2 2 3 4 6 7 12 inaccessible to Monte Carlo
Xt E ot 50-5¢ 5~0.5281 5~0.468t
k
qutrit
Xk 3 3 <8 inaccessible to Monte Carlo
&k 3 3 8 9 24 24 <72 72 <216 (216 < 486 |[486 < 1458 [ 1458
5; E 3t 30.5¢ 3~0-631¢ 3~0.482¢ 3~0-512¢[ 3~0.469¢

TABLE 1. Upper bound of qubit and qutrit 7" gate magic state stabilizer ranks xj are tabulated and compared to qutrit

quadratic Gauss sum ranks £ along with their tensor upper bounds (XZ/

* and fz/k respectively). The reductions in the qubit

scaling for k =1, k =2, k = 3 and k = 6 are observed for qutrits as well. Moreover, a further reduction is observed for qutrits

for k = 12, a result beyond the reach of Monte Carlo numerical search. (x&

a reduction over the trivial tensor bound.

quadratic Gauss sum over y,,. Quadratic Gauss sums re-
quire O(k3) computations to evaluate for k qudits; their
value depends on the determinant of their covariance
matrix and so they are governed by the cost of Gaus-
sian elimination of a matrix of size k x k with entries in
7Z/dZ [12]. Importantly, stabilizer state inner products
require Gaussian elimination of a matrix with the same
properties [11]. WWM quadratic Gauss sums are thus
operationally equivalent to Hilbert space stabilizer state
inner products.

As a result, we proceed to determine the cost of eval-
uating Eq. 2 in terms of the number of quadratic Gauss
sums in its sum. We previously showed that to find this
number it is sufficient to just determine the number of
quadratic Gauss sums necessary to evaluate prex(x) for
fixed x [12][22]. We define the minimum of this num-
ber &, and call it the quadratic Gauss sum rank. More
precisely, the overall cost of evaluating Eq. 2 scales as
O(&) for k < 2 [12], and empirically continues to do so
for k > 2. Since the product of two Wigner functions on
separate qudits is also a Wigner function, & satisfies the
same trivial tensor bound property as yr: & < (&)Y/*
for ¢t a multiple of k. Therefore, calculating Eq. 2 using
the WWM formalism scales as O(£,k?), similarly to how
using stabilizer state inner products scales as O(xik?).

As described in [12], the prime-d exponential sum, for
arguments in Z, is invariant under some linear transfor-
mation M:

2mi
Y. ep - P(Myg,xp, ) (7)
Y, €
(z/dz)™

2
= Z exp TP(y‘” Tp, Xq)
My €
(Z)dz)™
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= z exp 7P(yq,mp,mq).
Y€
(Z/dZ)7Yl

This is because a linear transformation over the domain
of a field merely permutes the order of the sum.

It further follows that, given a marginal trace over
a single degree of freedom, a linear transformation M

)t/ * is only listed at the k values at which there is

merely changes the degree of freedom that is traced over:

SR e ®
(Z/dZ)’" (Z/dZ)2m
mm+1—0
ooy e,
q M lze
(z/dz)™  (z/dZ)*™
(M71 )m+1:0
= > X M ),
(Z/dZ) (Z/dZ)

where again, the final simplification results from recog-
nizing that the linear transformation only permutes the
order of the sum.

These identities generalize to displaced linear transfor-
mations (affine transformations) [12]. The latter capture
Clifford transformations, which form a symplectic sub-
group.

Eq. 2 is of the form of Eq. 8. We investigate the mini-
mal number of terms in its sum after any Clifford trans-
formation Ugs in Eq. 2. Therefore, due to Eq. 7 and
Eq. 8, it follows that we are free to additionally transform
Eq. 2’s y, and « variables by a linear tranformation cor-
responding to Clifford transformations without affecting
the worst-case analysis of the minimum number of sums.

Here, we find that products of the Clifford controlled-
not gate are sufficient for our purposes.

The choice of a sequence of controlled-not transforma-
tions is not unique and only serves to make any reduc-
tion in the number of quadratic Gauss sums to be more
easily recognized in an algebraic analysis. Generally, we
choose a transformation so that half of the qudit degrees
of freedom are “cubic” variables and the other half are
“quadratic” variables—for fixed cubic variables, the re-
maining variables form a quadratic Gauss sum. This al-
lows the “cubic” variables to function as indices that label
the quadratic Gauss sums and determine their covariance
and linear coefficients.

Further controlled-not transformations are made to re-
duce the number of quadratic Gauss sums by transform-
ing the coeflicients of some cubic indexing variables so



that they only depend on other cubic indexing variables.
This allows for repetitions or simplifications to become
apparent without relying on quadratic Gauss sum iden-
tities. This allows only the indexing variables to be in
the arguments of any additional Kronecker delta func-
tions that reduce the number of quadratic Gauss sums
that must be included in the full sum.

We employ this approach to operationally define the
cost of evaluating Py in Eq. 2. In particular, this paper
examines the odd-prime d-dimensional qudit & for & > 2.
We focus on the smallest such qudit: the qutrit (d = 3).

II. RESULTS

In much the same way that stabilizer decompositions
of a state are generally non-unique, decompositions of
a Wigner function in terms of quadratic Gauss sums
are also generally non-unique. This freedom is due to
the invariance of the discrete sum in Eq. 4 under lin-
ear transformations of its variables y, as these lie on
a finite odd-prime field Z/pZ. As we showed in the
previous section, this is true for both the intermediate
variables y, and the final phase space variables  when
the full trace is taken in Eq. 2, despite the additional
restriction in the domain. We use this freedom to al-
gebraically lower the number of quadratic Gauss sums
that are obtained from the trivial tensor bound for the
Wigner function of higher tensor powers of the T' gate
magic state. We find that products of linear transfor-
mations corresponding to the Clifford controlled-not C; ;
gate between qudit 7 and j, Mc, ; : (p,, Tp;, Tg;, Tq;) —
(Tp,, 2p; — Tp, mod d, vy, + x4, mod d, 14, ), are sufficient
for this purpose.

The trivial tensor bound indicates that &3 < 9. Af-
ter transformation by a C1272, 01273 and C3 3 (the overall
transformation we call C3), we find that the three-qutrit
T gate magic state can be written as:

pres(Mc,x) 9)

271
= Z exp |:9 (7y21 + 81’21) AB(quyqzam)
Ya1+Yas
€7/3%2
X [5(_'(y¢h - xth)) + 5(y¢h - :Eq1)5(A)] )

where 6(—a) = §((aP~t —1)P~1) is logical negation. Log-
ical negation of an argument « for prime p is simply
a?~t mod p: if x # 0 then 2P~! mod p = 0 and if x = 0
then (x — 1)P7! mod p = 1. Aj is a quadratic Gauss
sum and A is a the linear coefficient of this sum (see
Appendix A for their explicit form).

Eq. 9 is a linear combination of nine quadratic Gauss
sums indexed by y,, and y4,. However, the additional
Kronecker delta functions explicitly express the contra-
positive of the condition that these quadratic Gauss sums
are zero at y,, = 4, and A € {1,2}. Moreover, the delta
function terms are disjoint; given any (z,,x,) and y,,
only one term can be non-zero. However, given «, all the

terms are zero for at least one value of y, in the sum,
thereby reducing the number of quadratic Gauss sums.

Hence, the Wigner function of three tensored qutrit
magic states can be expressed in terms of only £5 = 8
non-zero quadratic Gauss sums. Extrapolating to higher
t using the tensor bound, this result shows that (£3)t/3 =
3atesst — 3~0.63t quadratic Gauss sums can represent t
magic states, for ¢ a multiple of 3.

We also find numerical evidence that y3 = 8 from run-
ning the same Monte Carlo search algorithm as [10] but
adapted for qutrits; we perform a random walk on the set
of x stabilizer states and try to maximize the projection
between the linear subspace they span and the k-tensored
T gate magic state ¢: F = ||II¢||, where II is the pro-
jector onto the linear subspace spanned by the stabilizer
states. At each step, one of the stabilizer states ¢; is ran-
domly selected and a random Pauli operator is applied
to it: ¢; — (I — P)(I —wP)g;, for w = exp 2. The new
(renormalized) stabilizer state is accepted if it increases
F’s value. Tt is rejected if (I — P)(I — wP)¢; = 0. Oth-
erwise, it is accepted with probability exp [-8(F — F”)],
where F' and F’ are the values of the projection before
and after the step, respectively. The walk is stopped
when F' = 1, its maximum. We begin with a small 5 and
“anneal” to a large final value.

This approach produces results that are possibly not
converged for the 3-tensored qutrit T gate magic state
at lower numbers of stabilizer states, since the search
space is very large (comparable to t = 7 for qubits). The
results are illustrated in Figure 1 and show a stabilizer
decomposition upper bound of 8. This further establishes
evidence that y, = & for k=1, 2, and 3.

Monte Carlo Search for the Stabilizer Rank
of the Three Qutrit T Gate Magic State
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FIG. 1. Three qutrit Monte Carlo stabilizer rank search.

The six-qutrit case undergoes a further reduction due
to two sets of quadratic Gauss sums evaluating to the
same value (see Appendix B). These sets are indexed by
the cubic intermediate variable y,,, for y,, fixed. In the

worst case over Clifford gates Ue in Eq. 1, only this last



reduction occurs and so the Wigner function consists of
&6 = 24(= 3% — 3) quadratic Gauss sums. This leads to
a trivial tensor bound of & < (&6)/6 = 3~0482 for ¢ a
multiple of 6.

Lastly, the twelve-qutrit case possesses two sets of
quadratic Gauss sums that evaluate to the same value, in
the worst case over Clifford gates Uc, and are indexed by
two values of the intermediate cubic variable y,,. How-
ever, compared to the six-qutrit case, this condition holds
for more indexing variables than would be proportionally
expected: Ygq,, ..., Yq,- Therefore, in the worst-case this
Wigner function consists of £12 = 3% x 6 = 486 quadratic
Gauss sums. This leads to a trivial tensor bound of
& < (€12)t/1% = 30469 for ¢ a multiple of 12.

Results up to t = 14, including the bounds discussed
above, are tabulated in Table I.

The trivial tensor bounds set the cost of classical strong
simulation of Py, and we can compare this cost to that
of existing simulation methods. In Figure 2, we com-
pare these bounds to the cost of a Monte Carlo numer-
ical method [23] based on qutrit Wigner function sam-
pling [24]. Note that the direct evaluation of Py using
the WWM formalism is an explicit algorithm (see Table
1 in [12]) that provably saturates the bounds shown in
Figure 2 for £ < 2, and empirically for £ > 2. We find
that the new bounds provide an exponential improve-
ment over existing methods.

(81)=3"
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FIG. 2. Logarithm (base 10) of the worst-case number of
terms required to evaluate Py for qutrits in Eq. 2 for a Monte
Carlo method based on Wigner negativity [23] (dashed curve)
compared to the qutrit trivial tensor bound from (&;)?, (fz)t/z7
(€6)'/° and (£12)t/12 (solid curves).

III. DISCUSSION

We have found that reductions in & over the trivial
tensor bound also exist for ¢ = 3 and ¢t = 6 as they do in
x¢ for qubits. Unlike the numerical approach, we are able
to push far past t = 7 and extend our search to t = 14.
We found that the upper bound cannot be improved over
the trivial tensor bound until ¢t = 12 where the new rank
produces an improved scaling bound of < 3~0469 for
qutrits (for ¢ a multiple of 12).

Using the same argument as in [11], and the fact that
the n-qutrit stabilizer group has size 3" [25], the number
of pure stabilizer states on n qutrits is

n—1 n—1
3 [T /2 =2/ T3 —2¥) = 30/2 e,
k=0 k=0

Despite the fact that this space grows faster than the
2(1/2+0()n* p_qubit stabilizer subspace [11], with the al-
gebraic approach presented here we are able to bound
well past t = 7 to ¢t = 14, an increase in the stabilizer
subspace of > 100" if the newly discovered upper bound

Examining the results in Table I, a deviation from the
relationship 2%¢ < 3%% can be observed for the tensor
upper bounds (xx)*/* and (& )% for k > 2. A similar
deviation was found for the approzimate stabilizer rank
of qutrits [26]. This is due to the conversion issue that
occurs from the exponential factor a being a real number
while x1 and & are constrained to be integers.

Finally, the techniques used in this work can be ex-
tended to d = 2 despite the fact that the WWM formal-
ism is not real-valued for qubits. This was accomplished
in recent work [27] and produced bounds on the classical
simulation cost of qubit circuits that similarly further
lowered the stabilizer rank for the qubit T gate magic
state from tensor products for k > 7.

IV. CONCLUSION

In this study we found that the cost of classical strong
simulation of universal quantum circuits with qutrit 7'
gate magic states using the WWM formalism, which
produces a linear combination of terms that are cost-
equivalent to stabilizer decompositions, exhibits novel re-
ductions for t =1, 2, 3 and 6 qutrits, in agreement with
the qubit case. Moreover, as this is an algebraic method
that is more tractable than numerical search for stabilizer
rank by Monte Carlo methods, we are able to derive sim-
ulation cost bounds up to t = 14 qutrit magic states and
find an improvement to the trivial tensor bound from the
12-qutrit T' gate magic state. Numerical implementation
of this method may allow for increasing this search to
even larger t values.
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Appendix A: Three Qutrit Magic State

We act on the initial state with C7,, C73, and Co 3 (the overall transformation we call Cs), which transforms
Yar = Ya1 — Yaos You — Yaqr — Ygs» a0d Yg, — Yg, + Yqs, respectively. We also act on the final phase space variables with

the same operators.This produces:

27 -
p(M03m) = Z eXp |:9 (7y31 + 81’21) A3(y(11ayqzayq:37w)

Yq1:Ya2
€Z/3%Z



A3(y(11 »Yq2>Yas> Tp1s Lpas Tpgs Lays Lggs 'TQS) (Al)
_ @ .2 + 2 .2 _ .2 +
- C€Xp 3 yql yQ2 yQ1 yqz yQ2xP2 yq1 x‘h y!h ngqu ng‘xm xpl qu
Yaz
€2/3°2

2 2 2 2
TYqs (Yg1 — Tqu) + Y ZLaz T Yq1YqoTao + TpoTgy + Ty Tgy — Lgy Ty, + Ygqu Tgy (Tqy +g,)

2 2 2 2 2
—Yqu (xpl + qu + Lq1 Ly + $q2) - yqleS ~Y1Yq2Tqs3 + ngxqg + Lp3Lgs — qu Lqs

2 2 2
—LqyLgaLqs + xquqz ~ Yqo (qu + qu)xqa. + Yau ($Q1 - $q2).’17q3 - ylhxqg - mqle3 — Lgy + AyQS

and

2 2 2 2
A= Yqu + Y Ygo — Ygo = Tps = Tgqy = TuTqy + Tq, (AQ)
Yo (Tgy + Tgy) + Tgy Ty + Yy (Tgy — Tgy +245) + 1.

Appendix B: Six Qutrit Magic State

After transforming the intermediate and final phase space variables by C7,, C3 4, C3¢, C35, Ci3, Ci3, C¢5, C3 5,
0373, 05272, 02274, 062,37 0475, 0273, 0332, 06,27 05273, Cg73, 02,1, 01,5, 03,5, Cg,?’, 03,5, and 01,3 (the overall transformation
we call (), we find:

P(Mc (Tpy s Tpy s Tpy, Tpys Tpss Tpgs Tar s Tazr Tag» Laas Tas s Tag )

21 21
= Z exp |:9 (4y21 + 2-'1721)] €xp |:3F6(yq17yq3ayq47 Lp, wq) A6(yq7 Lp, wq) (Bl)
Yq1:Ya3:Yay
€7./3%7
where
I's (yth »Yaqs> Yaa> Tps mq) (B2)
= D'6(Ya1> Yas> Yass Tp1s Tpas Tpss Tpas Tpss Tpgs Tqrs Taas Tass Taas Tas s Tgg)
= 2y§3yq4 + 924 + 2y Tpg + 2YquTp, + 2y¢§4$q1 +Tp, Tg, + 2yq4x§1 +2YqsYquTqs T TpsTqs + y44$33
+(xp4 + qu (ylM + 233“11) + (yqe, + xQS)Q)x% + thh $34 + 23:24 + ygl (y(M + 2(33‘(11 + fo))
+Yq (3134 + 2($p1 + 96(211) + Tq, Tq, + 2$34 + Yqa (qu + $q4)),
Aﬁ(yq,mp,mq)
271
= Z exp {3 [ p2Tqx T xi (2yq, + 2yq, + 224, + 224,) + 2y ygs
Yq5:Yq5,Yae
€Z/3%Z
2y, 936 + 3y, yci + Ay, Yq + (Ygs + 2Yqu + Tqs + 25”(14)95?15 + AogsYqs (B3)
+xp5x% + xptsmqe- + 2(yQ3 + ylM + mqe, + SL'q4){L‘36 + EyquQ6] },
for
Yy =Yg + Ygu T 2(zq, +gy)s (B4)
Yyes = 2as + Ygu + gy + 224, (B5)
quﬁ = Yqs + Yq, + Q‘qu, + quw (BG)
quQ = 2xp2 + qu (ylh + yQ4 + mth + mth)’ (B7)
qu5 = 21‘1,5 + (2yCJ3 + th + 2!L'q3 + xLM)wqa? (BS)



and
Ay, = 2Tps + (Ygs + Ygu + Tgy + Tgy )T (B9)

In Eq. B1, the intermediate variables vy, , yq4,, and y4, are quadratic while y,, , ¥4,, and y,, are cubic. y,, is the only
intermediate variable that lies in the full 9-cycle and with respect to the intermediate variables it only has cross-terms
with the cubic ones. Hence, y,, indexes the quadratic sums over the intermediate quadratic variables in terms of
3-cocycles {0,3,6}, {1,4,7}, and {2,5,8}. The three cubic variables each take three non-periodic values which leads
to 3% = 9 x 3 quadratic Gauss sums (that are 3—dimensional). However, we can reduce this number by noticing some
properties.

If the linear coefficient of yg, or yg, is non-zero anywhere, it is non-zero for at least three values of (Ygy, Yq,)
independent of y4, . If the linear coefficient of y4, is non-zero anywhere, it is non-zero for at least three values of (yq, ,
Yq,) independent of y,,. Otherwise, yq, = Zq,, Ygs 7 Tq, gives you a set of quadratic Gauss sums (indexed by y,, and
Yq,) that must add up to a real number because yq,,’s quadratic coefficient is w.r.t. =4, and so is equal for y,, — x4, # 0
and so only its linear coefficient differs (linearly) meaning that any imaginary parts must cancel out when running
through all values of its quadratic coefficient: (y,, — z4,). Hence, y,4, 7# 4, index two sets of quadratic Gauss sums
indexed by y,, that each sum up to the same total. Thus, it is sufficient to sum up one set and multiply by two. This
takes six quadratic Gauss sums and replaces them with three.

This can be summarized by the following equation:

pres (Mo, x) (B10)
— Z ezgi (4921 +2$31)62§i FG(yql »Yq3:Yay )

Yq1:Ya3:Yay
€z/3%z2

X'Aﬁ(yqvaqu)

X |6((Sy, A Ay, )V (S,

ANAY )V (By ANAy,))

Yae

+[5(yq3 - x%) + 25(%}3 — Lgs + 1)]
X5(_‘(qu2 \ qus \ qua))‘s(yql — Tq,)

+5(_'(qu2 \ qus k4 qua))é(_‘(yql —2q,)) |

where

6(a v B) = 6(a)6(=B) + 6(—a)d(B) (B11)
+d(a)0(B), (logical inclusive disjunction)

and
d(a A B) =6d(a)d(B), (logical conjunction) (B12)

and the arguments for the delta functions are taken mod p odd-prime.

In Eq. B10, the first term includes all cases where the quadratic coefficients of yg4,, ¥4, and y4, are zero along
with their respective linear coefficients, as these produce plane waves that do not evaluate to zero. The second term
includes all cases where all these quadratic coeflicients are non-zero and y,, = x4, when the two sets of quadratic
Gauss sums indexed by y,, 7# =4, sum up to the same value. The third term includes the remaining terms when the
quadratic coeflicients of yg,, yq,, and yq, are non-zero and y,, # 4, .

As before for three-qutrit T' gate magic state, these three terms are disjoint—only one term is non-zero given (x,, €4)
and y,. However, from the discussion earlier, there are fewer terms here than for the unfettered sum over y ; the
number of quadatic Gauss sums is reduced by three.

The same sort of analysis can be found for the corresponding final phase space variables.

Appendix C: Twelve Qutrit Magic State

After transforming the intermediate and final phase space variables by Cf, 11, Ciog, C37, Cg5, Cis, C31, CT 10
2 2 2 2 2 2 2 2 2 2 2 2
C8’10> 06,87 04’67 02,43 Cl2,9u 09,127 C’9767 06,97 010,77 C7,107 03’57 07’57 05,77 03’17 Cl,Sa 05’37 C3,5a 08757 CV5,8; C’9,77



2 2 2 2 2 2
Cis, Cs3, Cus, Co3, C5 3, C35, Cs6, Cg 1, Ci16y Cg1, Cr11, Cr12, Cia3, Ciy 4y Cra1, Crs, Cf 7, and Cr 11, (the
overall transformation we call C13), we find:

p(MCm (xpl 3o s Tproy Lgys - ’mqw))
211 211
= Z exp |:9 (7y22 + 8$22):| exp |:3F12(yq1’ -3y Yqes T CCq) AlQ(yqa Ty, xq)a (Cl)
Yq1s5--:Yq
612/3226
where
Fl?(yqu -~y Yqe> Lps :Bq) = (02)

205, + 2Yi,Yas + YasYay + 2y Yas + 2YasYasYas + 2Yas Y + 2y Yas + 2Ya5YasYas

FYasTp1y + YasTp1y + YaoTpiy + YasTps + YaoTps + YasTpa + 2YaaTps + YasTps + YaoTps + 25 Tps

FYa5Tps + 2Yg6Tps + 2Yq6Tps + 2Ya3YaaTar T 2Ya3YasTar T 2YasYasTaqr + Tpy Ty + 22py, Ty,

+20p,2q, + 22p,Tq, + TpsTq, + yggxqz T YgaYquTgy + 2y§4xq2 + 2Yg5Ygs Tgy + 2YquYqsTgo + 292637@

TTpoTgy + YgsTqy Tgs + yq3m32 + yqﬂi + 2yq6x(212 + 2Yq3YqaTqs + 2yc214xq3 + 2Yg5Yg5Tqs T YauYgs Tqs

—|—y253:q3 + 2Yg:YasTas + Yqu¥aqsTas + 2Tp, Tgy + 2Xp, Tgy + TpTgs + 2Yq, Ty, Tgs + 2Ygs Ty, Tqs

F2YgsTqoTgs + YqaTgoTgs T 2Yqs TgoTgqs + Tqy Tgy Tgs + xixqg + yq4x§3 + quw?M + yq6x33 + xq2$33 + 5633

+y¢§3$q4 + Yg3Ya1Tas + YgsYasTas T YasYasTas T TpaTas + 2Yq3Tqy Tgy + YgsTqoTqs + YqulqrTqs + 2YqeTqa Ty

+x2233q4 + 295 Tq5Tqs + YqsTasTas + YasTas Tas + YasTas Tau + 2T, Tgy Tqy + Tq,Tg5Tg, + xggxih + 23!q3$§4 + 233q23334
+2xq3x34 + yggxqs + 2Yq3Yqu gy + yimqs + 2Y4,YqsTqs + 2?43593% + YgsYgs Tas T 2YquYgeTqs + 2Tpy Tgy

F2psTas + 295 g1 Tags T YasTar Tas T Yas Tar Las T 2Ya5T a1 Tas + 2YquTgaTags T Ygs LanTgs + 2L g, T g5 T g5

—|—2x3233q5 F 2Ygs T Ty + 2Yqu Tgs Ty + YqsTgs Tgs + 2T, Tgy Tgs + a:ggxqs + 295 Tqu Tags + 2Yq, Ty Tys

F2Ygs TqaTgs + 2YqsTqsTgs + Tqy TqaTgs + 2T Tqy Ty + 2T g Tg, Tgy + x34a:q5 + 2yq3x§5 + 2y, :1:35

erqsxgs + a:qlxgs + 2:rq2x(215 + qusxgs + 2:1:25 + (yg3 +2xp,, + 2wy, + 22p, + Xy + Tpg + 2Ygs Ty,

+Zg, (Ygs + 274,) + 3733 + (2Tg, + Ty )Tqy + Ygs (Ygu + 2% g5 + gy + Ty ) + Tg5 (27g, + gy + 274, + Tg)

+Yqu (2T g, + Tgy + 2245))Tg4 + 255@9”36 + Yg1 (YasYgs + 2Tpy + Tpyy + Tpy + Tp, + 20pg + 2yg, Tgy + 2YgsTgs + TgoTgy
F2T g, g, + YguTgs + Ygs Tgs + 2YqeLgs + 2T gy Tgs + 2L gy Tgs + Tqy Tgs + xgs + Ygo (2qs + Tgy + 224,)

FYas Yaa + Ygs + Tgo + 2(Tgy + Tg5)) + 2(Ygs + Tg5)T4gs) + 932(23/% + 2Ygs + Ygo + 2Tgy + Ty + Tgy + 2(Tg5 + T44))
—i—qu(Zyg3 + y§4 + ygs + 2xp, + YqsTq, + Qxi + 2Yg Ty + Tgq, Ty + 2Tg, g, + x§3 + 2Ygs g, + 2Tg, T,

TLgyTq, + 23324 + Yas (2Ygs + Ygs + Tgy + 2(Tgy + Tgy) + Tgy) + Ygs Tgs + 204, Ty + Tgp Tgy + 2T, Tgy + 2$35 +

(Ygo + Tgp + 224,)Tgs + 255(216 + Yau Ygs + 2Tgy + Tgy + Tgy + 2(T45 +745)))



Al? (yq7 Lp, wq) (C?))

27
= Z €xXp {3 lzyq12y312 + xilZ (2y43 + 2y‘15 + 2xQ3) + Equ yglo + ‘rim (zy% + 2xq3 + xq»'i) + Eyqs yl?s
Yq7s--3Yq
éZ/32212

A8y Y2+ Byo Wa V2, + Do, Wao)Wer + 02, (20gs + 20gs + 2ygq + 204, + 224,)
g1 (Yo Yas T YarYas + YasYas + YasYas + Tpis T YasTar + YasTar + Yau Tas

+YgsTas + Tq1Tgs + YgsTas + Ygs Tas + TgsTge) + Ay, Y0

+2g11 (2Y01 Yas + 2Yq1Yas T YgsYas + y§5 + 2Yq,Ygs + YasYgs T Tpiy T 2Ygs Ty

F2Yq5 g1 + 2Yg6Tqy T 2Yqy Tas + YasTas + 2%, Tgs + YgaTas + Y5 Tas T YgeTas T TqsTas
+2Yg, Tgs + YgsTge + 2Tqy Tgg + Tgs Tygg) + Tar0 (Y1 Ygs + 2?423 T YaqsYqs T YgsYaqs

FTTpio + YgsTqr T Yq1Zas T YqsTgs T YgsTas T YgsTqs + Tq1 Tgs + 29533 + 2Yq, g5 + 2Yq5%q5
+2Yge g5 + 22, Ty + 1‘35 + YgsTge T TgsTge + 2Tg5Tgq) + quw Yaro + quu Yqu1

+(29, + Yo Yz + 2Ya:Yas + Yau + 2Ya1Yau + YaoYas + 2Ya1Yas + 2aYas

TYquYqs + 2:’/35 + 2Yq1 Y6 T Ya:Yas + 2Yq3Ya6 + 2YauYgs T YasYas + Tpr T Y Tgn

T Tqy + 2YquTqy + 2Ygs Tqy + 2Yge%q, + 25531 +Yq1 Tgy + 2YqsTgo + 2Ygs Ty + YgeTas
+Tq,Tgy + 2Yq,Tgs + 2YgsTqs + YquTqs + 2YqeTgs + 2T, Tgs + 9533 + 2Yq, Tgy + YgsTau
FYa5Tqs + 2YqsTqs + 22q, Tqy + Tg3Tqy + 2Yq1 Tgs + YgsTas T Yas Tas + 2YqeTgs 1 2T g, Tgs
Fg3T g5 + 2Yaq1Tas T YaaTas + 2YasTas + 2YaaTas T YgsTas + 20, Lge + LquTas + 22544
+22q,Lqs + 2T g5 Tqe ) Tqr + (Ygqn + 2Ygs + 2Wgs + Ygo + T + 2T, + $q6)$(217 + qu7 .
H(2Yq, Yoo + Yy + 2Ya1Yas T 2Ya:Yas T Yas + YarYas  YaoYas + Yas Yau

"‘924 + Yg2Ygs + YasYas + 2YqaYas T YaoYas + YasYgs T 2Yqulqs + Tps + 2YgaTqy

F2YgsTqr + YauTar T 2Yq1 Tgo + 2YqoTgy + 2YgsTgn + YquTas T YasTaz T YgoTaz + 27q, Zg,
J“ng + 2Yq, Tgy + 2YqyTgy + 2YqsTas + YquTgs T Ygs Tas + YgeTas + 2T g Tgs + 20, Ty
+x33 T Y Zas T Y2 Tas T YgsCau T 2YquaTas T 2YgsTqy + 2YgeTqs + Tqu Tqy + T Tqy
TLg3Tqy + x34 +Yq1 Tgs + 2YqoTas + 2YgyTgs + YaquTas + 2Ygs Tgs + 2Yge gy + Lq, Tgs
12450 g5 + 20q3% g5 + TquTgs + YarTas T YasTas T 2YqaTge T TaTgs + LgsTas + 20, T4
F224; T ) g5 + (2Ugy + 2Ygs + Ygu + 2Tg, + 2345 + Tg, + xqs)xis + qus Ygs + (2931
+2Yq1 Ygs + YgsYqs + yi + Ya1Ygs T YasYas + YauYas T Tpo + Y1 Tqr + 2YgsTq,

TYqsTqr + 25531 +2Yq, gy + YgquTas + YgeZgs T 2Tq1 Tgy + YgsTqs + 2YqiTqy + YgeTqu
+Tg,Tq, + 1:34 F Y1 Tgs + 2qu T + 2YgeTgs + Tqy Ty + 2Tq, gy + Ygqu Tgs T Y3 Tas
FYqaTqs + Ty Tgs + TgsTas + TaqaTas T 2Tq5Tg6)Tgo + (2qr + 2Yqs + 2¥qy + 224, + 224,

}.

+2xQ4 + $q5>$39 + qug yq9




where

qu7 (Yas) = (2Yqr + Yas + Yas + 2Yge + Tqy + 22g, + Tgq) (C4)
Yy = (Ygo + Ygs + 2Yqy + 2%g, + 2Tgy + Tg, + Tyy) (C5)
Eng = (ylh + yqs + yQ4 + 2x!h + 237(13 + 2xQ4 + ‘qua) (06)
Equ = (yQ3 + 21'% + mqs) (07)

Eyqu (y%) = (yqs + Yqs + Yae + 2x113 + 2xfI6) (CS)
Equ = (yQB + Yqs + 2$QS) (09)
Ay, = Y + 2Ya0Yas + Yoo Yas + 295 + YarYas + 2YasYas + Y Yas + YarYas + 2YasYas + Yo, (C10)

FYa1Yas T 2Ya2Yas T YasYas + YaaYas T 2Ya5Yae T 2%p; + Y Tqr T YguTqy + 2YquTqy + 2Yg5 T,
+2yqs g, + 25”(211 + Yq Tg, T 2YgsTgp + 2Ygs Ty + YgoTao + gy Ty + 2Yg,Tgy + 2YgsTgs + Ygu Tgs
+2YgeLqy + 2Tg, Tgy + 3333 + 2Yq, Tgy + YgsTas + YgsTga T 2YgeTas + 28q, Tgy + Tgy gy + 2Yg, Ty
FYa:Zgs + YgsTas + 2YqeTgs + 20q, Tgs + Tq3Tqs + 2Yq1 Tgs T Ya2 s + 2Yq3Tqs + 2YquTqs T Ya5Tqs
+224,Tgg + Tgo Ty + 245 Tge + 24, T g + 285 Tgq + (2Ygy + Ygs + Ygs + 2Yge + 27g, + Tgy + 2345)Tg,)
Ay, = WanYas + 250 + YarYas + YaoVas + 2os + 20, Yas + 2Ya0Yas + 2YsYas + 200, (C11)
+2Y42Yas + 2YasYas T YauYas T 2Ya2Ya6 + 2Ya5Yas + YauYas + 2%ps + 2UqTq, + 2Yg5 T g,
tYqaTqr + 2Yq1 Tgo + 2YgqoTqy + 2YgqsTgy + YquTqy + YgsTao + YgeTgy + 2T¢, Tg, + 3532 + 2yq, Tgy
+2ytI2x¢I3 + 2yq31'q3 + yq41'q3 + y%x% + yqexqrs + 2x41x43 + 2mq2x% + 9033 + yqlx% + y42$¢I4 + yq3x44
+2Yq, gy + 2Ygs Tgy + 2YgeTqy + Tqy Ty + TgyTgy + Ty Tgy + 5'334 + Yq Tgs + 2YqoTgs + 2YgquTgs + YqaTys
F2Yq5Tqs + 2YqeTqs T Lq1Tgs + 20goTgs + 22g3T g5 + Lqu Tgs + YgoTgs + YgsTas + 2YqaTgs + TgoTgs + Tgs2gq
+224,Tqs + 2TqTgs + (Ygo + Ygs + 2Ygqs + Tgo + Tgy + 224, + 20¢;)Tgq)
qug = (ygl + Y1 Ygs + 2YgsYqu + 2y§4 + 2Yq1 Yas + 2YasYas T 2Yqu¥as + 2Tpy + Yq1 Tgy + 2YgsTqy (C12)
TYg6Tq, + 29‘21 + 2Yq1 Tgs + YquTgs + YgsTgs + 2%q, Tgy + YqsTay + 2YquTqs + Yge gy + Tgy gy + Ii
FYqiTqs + 2YquTgs + 2YgeTqs + Tq, Tgs + 2Tq, g5 + Ygu Tgs + YgsTqs + YquTas + Ty Tgs T TgzTgg + Tgy Tgq
+224;%gs + (Ygr + Ygs + Yau T Tay T Tgy + Tgu + 2345 )T4,)
= (2Yq,Yqs + 1123 + 2Yg5Ygs + 2YasYas + 2%p1o + Ygs gy T Ya1 Tas + YgsTas + Ygs Tas + YasLas (C13)
TTq Tgy + 23”33 + 2Yq Tgs + 2Yqs g5 + 2Yge Ty + 2Tq, Tgs + x§5 + Zg10 (Ygs + Tgs + 2%g5) + Ygs Tge
FTgyTgs + 205 Tg5)
quu = (Y1 Yas + Y1 Yas + 2YgsYqs + 2935 + Y1 Yas T 2YasYas + 2%pyy + 2Yg3 g, + 2Yg5Tq, + 2YgeTq, (C14)
F2Yqi Tgs + Ygs Tgs + 224, Tq5 + YgsTgs + Ya5Zgs + YasTas + TasTas + 2Yq Tgs + Ygs Tas T 20q; Tgs + Lg52gq

—qun (yqs + yq5 + yqe + x% + x%‘))

Yaio

and
qun = (2Yq1Yas + 2Ya1Yas + 2Ya5Yas + 2Yg5Yas t 2Tp1s + YgsTay + Ya5Tgy + Yau Tas + YgeTgs + Tqy Tgs
J'_xlhz (yqe, + yQS + qu) + ngl‘qa + yQqua + xQ?,'rQG)' (015)
In Eq. C1, the intermediate variables y,,, ..., ¥4, are quadratic while yg,, ..., y4 are cubic. y,, is the only

intermediate coordinate that lies in the full 9-cycle and with respect to the intermediate variables it only has cross-
terms with the cubic ones. Hence, 7,, indexes the quadratic sums over the intermediate quadratic variables in terms
of 3-cocycles {0,3,6}, {1,4,7}, and {2,5,8}. The three cubic variables each take three non-periodic values which
leads to 3% quadratic Gauss sums (that are 35—dimensional). However, we can reduce this number by noticing some
properties.

Given Yq,, Ygqos Ygs and yg,, if the quadratic coeflicients of the quadratic variables is zero, then the number of
quadratic Gauss sums reduces from 3? (indexed by y,, and y,,) to at most 3. This reduces the sum to 3° quadratic
Gauss sums.

Otherwise, if the quadratic coefficients of the quadratic variables are not zero, then the Wigner function exhibits
another property. The coefficient of the yg . term is only dependent on y,, of the cubic indexing intermediate variables.
The coefficients of the y,, term is dependent on the y§7 and ygl | quadratic variables. Given a fixed yg,, ¥g,, ¥Ygs, and
Yq, that does not set any of the quadratic coefficients of the quadratic variables to zero, it follows that for two values
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of y, (and say y,, = 0), the quadratic coefficients of y37 and y§11 are switched. Since these are separable quadratic
coefficients, it follows that the Gauss sum at these two values of y4, has the same magnitude for all y,,.

The Wigner function is real so the imaginary parts of these quadratic Gauss sums of equal magnitude must cancel
out. Their complex conjugates lie across Yy, , Ygs» Ygs OF Yqu, Ut N0t y4,. There are only three options for the phase
for every y,, (corresponding to the three co-cycles) for the pairs of equal magnitude quadratic Gauss sums indexed
by 4. For y,, = 0, one of the options is for no imaginary part and so it follows that the quadratic Gauss sums
in that sector that have equal magnitude must be real, or have the same imaginary part. For the two other sectors
(Ygo # 0), the same behavior holds since the only term that displaces a phase from being real is the sole yf;’z term,
which is independent of y,, and yg,.

This latter case produces 3* x 6 = 486 quadratic Gauss sums, which is the worst case.

This can be summarized by the following equation:

P(M012 (xpla s Tpiay Lgyye ey xqm))
211 211
— Z exp [9 (7yg’2 + 83722)} exp {SFlg(yql, e s Yges T :cq)] Ai2(y,, Tp, Tq) (C16)
Yqq15 -9 Yq
612/3226

X {5(\/27(23}% A qui ) + 5(_‘(\/}27(23/% A qui ) [5(2yq7 (0) - quu (1)) [25@(16) + 5(9(16 - 2)}

+0(Dy,, (1) = By, (2))[20(ygs — 1) + 0(yqe)] + (S, (0) = By, (2)) [20(ygs) + 0(yas — 1)]} }

The first term includes all cases where the quadratic coefficients of ., . . ., ¥4, are zero along with their respective
linear coeflicients, as these produce plane waves that do not evaluate to zero. The second term includes all cases
where all these quadratic coefficients are non-zero and y,, indexes the same quadratic Gauss sums for two values of
Yqs for some values of the the cubic variables.

The same simplification can be made for the final phase space variables (x,, ). In the worst-case, this produces
&0 = 3* x 6 = 486 quadratic Gauss sums, which produces a tensor upper bound of 5%12 = 3~0.469¢
Numerical examination of this Wigner function seems to indicate that this number can be lowered even further.



