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The Mollow triplet is a fundamental signature of quantum optics, and has been observed in
numerous quantum systems. Although it arises in the “strong driving” regime of the quantized
field, where the atoms undergo coherent oscillations, it can be typically analyzed within the rotating
wave approximation. Here we report the first observation of high-order effects in the Mollow triplet
structure due to strong driving. In experiments, we explore the regime beyond the rotating wave
approximation using concatenated continuous driving that has less stringent requirements on the
driving field power. We are then able to reveal additional transition frequencies, shifts in energy
levels, and corrections to the transition amplitudes. In particular, we find that these amplitudes
are more sensitive to high-order effects than the frequency shifts, and that they still require an
accurate determination in order to achieve high-fidelity quantum control. The experimental results
are validated by Floquet theory, which enables the precise numerical simulation of the evolution
and further provides an analytical form for an effective Hamiltonian that approximately predicts
the spin dynamics beyond the rotating wave approximation.

I. INTRODUCTION

The Mollow triplet was originally observed in coupled
atom-laser systems, where the laser field creates a series
of equidistant energy level manifolds and induces the cou-
pling inside each manifold [1]. The coherent atomic oscil-
lations modulate the laser driving field and spontaneous
emission acts as a detection tool for the triplet energy lev-
els [2]. The Mollow triplet structure has been observed
in atomic beams [3], ions [4], single molecules [5], quan-
tum dots [6-9], superconducting qubits [10], and cold
atoms [11]. Its potential applications, such as heralded
single-photon sources [12], quantum sensing [13-15], and
spin noise characterization [16], make it a versatile tool
in physics.

Even an electromagnetic field in the microwave range,
such as in magnetic resonance experiments, can produce
a similar level structure. Typical Larmor precession un-
der a single (classical) microwave driving (Rabi oscilla-
tion) is not able to reveal the Mollow triplet since the ob-
servation operator (o,) commmutes with the static split-
ting <2o.. By applying multiple driving fields to orient
the effective static splitting Hamiltonian along a trans-
verse direction, it becomes possible to observe the Mol-
low triplet by Rabi oscillation, as observed in nitrogen-
vacancy (NV) centers in diamond [17-19].

In previous experiments [3-11, 17-19] that showed the
Mollow triplet, the driving strength was smaller than the
static splitting, allowing one to conveniently solve the dy-
namics using the rotating wave approximation (RWA).
Previous theoretical studies beyond the RWA have pre-
dicted frequency shifts, imbalanced sidebands, and high-
order frequency components [20-22], yet experimental
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verification is still lacking. The aim of this paper is to
experimentally explore the Mollow triplet structure in
the regime beyond the RWA, thus providing further in-
sights into its theory and applications (e.g., to coherent
control[23] and quantum sensing[13-15].)

To overcome the challenges associated with the driv-
ing power needed to reach the regime beyond the RWA,
we use concatenated continuous driving (CCD). CCD
is a continuous dynamical decoupling technique with
multiple resonant modulated fields, and has been stud-
ied before in the context of qubit coherence protection
[17, 18, 23-32]. Here we use the CCD technique to en-
gineer an effective static field along the x direction and
a single-tone AC field in the rotating frame (interaction
picture) [24], as we show in Sec. II. Then, the ratio of the
driving to the static splitting can be made much larger
than in typical Rabi experiments, as they are both set
by the driving power [23, 27, 28, 33]. Though the strong
driving regime could be directly accessible in some cases
[34], the large driving power needed leads to worse driv-
ing inhomogeneity and heating effects, especially when
controlling qubit ensembles. In addition, in CCD the
measurement operator does not commute with the in-
teraction picture transformation, making it possible to
observe the Mollow triplet [19]. Thus, CCD is a good ex-
perimental tool to study novel physics beyond the RWA,
and in particular, the Mollow triplet.

To analyze our experimental results, we use Floquet
theory as a precise numerical tool to solve the evolution
as a summation of a series of modes. To gain further
insight, we also use Floquet theory as an analytical way
to evaluate the effective Hamiltonian and calculate the
corrections to frequency values and transition amplitudes
resulting from the strong driving. We can thus provide a
complete picture of the Mollow triplet structure beyond
the rotating wave approximation.


mailto:pcappell@mit.edu

II. MOLLOW TRIPLET WITH CCD
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FIG. 1. Observation of Mollow triplet with the
CCD scheme. (a) Principle of amplitude-modulated CCD
method. (b) Energy structure in the dressed atom picture
explaining the origin of the Mollow triplet structure. (c)
Measured Rabi oscillations under three modulation phases
¢ = 7/2 (top), ¢ = w/4 (middle) and ¢ = 0 (bottom). (d)
Mollow triplet. Fourier spectra of the Rabi oscillations shown
in (¢). When ¢ = 7/2, only the center band exists, which
corresponds to spin-locking. When ¢ = 0, only the sidebands
exist. For other angles, we can observe the three frequency
components comprising the triplet structure.

Here we introduce the CCD scheme and show how it
can be used to reveal the Mollow triplet. We study a two-
level system with a static splitting wq along z, coupled to
an amplitude-modulated microwave applied along the x
axis given by € cos(wt) — 2€, sin(wt) cos(wp,t+¢). When
the RWA condition £, €, < wy is satisfied, by going into
the first rotating frame defined by Hy = Yo, and neglect-

2
ing the counter-rotating term, the Hamiltonian becomes

Hr = fgaz + %am + €m cOs(wWmt + @)oy,. (1)
where § = w — wy is the frequency detuning. Figure 1(a)
shows the static and oscillating fields in the lab and first
rotating frames. A similar Hamiltonian can also be engi-
neered by phase modulation, where the phase of the mi-
crowave is modulated as Qcos (wt + 222 cos(wmt + ¢))
and the Hamiltonian in the interaction picture becomes

) Q m
H[ = —70’z+*gz+6mw781n(wmt+¢)az' (2)

2 2 Q

Evolution under the CCD Hamiltonian in Eq. (1) can
be solved with a second interaction picture defined by

Wm

o, with o = QQ Oy — Q‘S o, and Qp = VQ2 + 52,
When 6 =0 and €m < €, %y dropping the counter-
rotating terms, the Hamlltoman in the second interaction
picture becomes

Q- m m .
H}z) = Twam + %(cosaﬂay +singo,). (3)

The spin evolution in the first rotating frame is simply

|¢(t)>§1) e~ i out =it} )t|1/)( 0)), where w,, modulates
the dynamics happening in the second rotating frame.
Then, we expect that the population in |0) to be gen-
erally a sum over the three frequencies wy,, wy,, £ A\,
where AN = (/€2 + (W, — Q)2 in the RWA (see Sup-
plemental Material). Since the (o,) population measure-
ment is along a direction that does not commute with
the second interaction picture transformation along o,
the Mollow triplet structure can be revealed by the CCD
scheme [17-19].

While this standard RWA description provides a sim-
ple analytical solution to the dynamics, using Floquet
theory (see Appendix C) provides further insight about
the energy level structure, in analogy to the quantized
field picture typically used to analyze the Mollow triplet
in atomic physics. Similar to the dressed atom ap-
proach [2] where a series of equidistant level manifolds
form the energy structure (see Fig. 1(b)), Floquet theory
also predicts a series of energy manifolds [35], --- , AT —
Wy AT, A 4w, -+, separated by integer-spacings of
Wm, where AT are the eigenenergies obtained by solving
the Floquet Hamiltonian Hr. Within the RWA, the Flo-
quet Hamiltonian is block-diagonal [36]. The off-diagonal
terms in each block induce transitions between two ad-
jacent level manifolds separated by w,,. The system-
field coupling modifies the splitting by AX = AT — A\~
which creates the Mollow triplet structure with a cen-
ter band at w,, and two sidebands at w,, + (AT — A7).
The dressed state energy difference within the RWA is

=/, + (W — Qr)?, where Qp = VQ2 + §2
is the effective Rabi frequency. Going beyond the RWA
allows one to observe a richer framework of dynamics
that we explore in the following.

Our device is based on NV ensembles used in Ref. [37]
with ~ 10'° spins being addressed simultaneously. Two
NV electronic spin states |m; = 0) and |m; = —1) with
a 2.207GHz splitting are used as the logical |0) and |1).
An arbitrary waveform generator creates the modulated
waveform to engineer the CCD Hamiltonian. By driv-
ing the NV centers with the amplitude-modulated CCD
scheme, we observe the Mollow triplet in the Fourier spec-
tra of the NV Rabi oscillations (see Figs. 1(c) and 1(d)).
In particular, we have phase control over the waveform,
can separately observe the center band (spin-locking con-
dition) as well as the sidebands, and carefully investigate
their behavior.



III. HIGH-ORDER MOLLOW TRIPLET

Previous work has explored novel phenomena caused
by strong driving, that is, when the driving strength be-
tween two levels is comparable or larger than their energy
gap. These include the Bloch-Siegert shift [38, 39], the
Landau-Zener-Stiickelberg interference [40, 41], coherent
destruction of tunneling (CDT) [42, 43], novel behav-
iors in the quantum Zeno and anti-Zeno effects [44, 45],
and asymmetric spectral features of the Mollow triplet
[20, 22]. Here we theoretically and experimentally study
the high-order Mollow triplet structure induced by strong
driving, including corrections to energy levels and tran-
sition amplitudes.

To analyze our experimental results, we use Floquet
theory which is known to accurately predict the system
dynamics, including high-order phenomena, due to the
counter-rotating terms beyond the RWA. Floquet theory
describes the periodic Hamiltonian as a time-independent
operator Hp in Fourier space. One can then numerically
calculate the evolution by truncating the (infinite) Flo-
quet matrix [36, 46]. Due to the simplicity of the compu-
tation, we perform a truncation to the Floquet matrix to
high order (400 x 400 blocks) to accurately calculate the
evolution. Analytical approximations in various parame-
ter ranges are also possible, either by moving to a suitable
interaction picture where on-resonance terms highlight
the corrections to the Hamiltonian due to the counter-
rotating terms [21, 22, 47-50], or by iteratively block-
diagonalizing the time-independent Floquet Hamiltonian
with a unitary transformation [46]. In addition to provid-
ing numerical and approximate solution model, the Flo-
quet picture, with its ladder-like energy structure, also
provides an insightful understanding of the dynamics, in
analogy to transitions and hoppings between energy lev-
els in the dressed atom approach [2, 35]. Floquet theory
can then be used as a tool to engineer desired Hamil-
tonian interactions, with applications relevant for areas
from many-body systems to quantum control [51, 52].

When applied to a two-level system, Floquet the-
ory predicts a series of energy level manifolds yield-
ing three types of transition frequencies (modes), nwy,,
nwy, = (AT —X7) (see Appendix. C). The exact evolution
is a superposition of two Floquet eigenstates cTUT(¢) +
¢~ ¥ (t) and the ensuing Rabi oscillation is a sum over
these components, Poy(t) = >_; , |ain|cos(wint + ¢in)
where 7, n denotes the nth triplet with + = —1,0,1, and
the transition amplitudes a;, = |a; | exp(i¢; ) are ob-
tained from Floquet theory. |a; | can be tuned by vary-
ing the initial conditions and the driving phase. This
allows for control over the frequency modes involved in
the evolution (mode control).

A single mode evolution with only frequency compo-
nents nw,, can be achieved when the initial state is one of
the two eigenstates ¥ (0) and ctc™ = 0, which is equiv-
alent to a spin-locking condition. In the RWA case, only
components with n = 1 can be observed in the Mollow
triplet. However, when the counter-rotating terms in the

Floquet matrix are not negligible, frequency components
with n > 1 emerge (see Appendix C). At the same time,
values of the energy level A* and transition amplitudes
|a; »n| will both deviate from the RWA predictions.

In the following, we analyze the corrections to the
energy levels and transition amplitudes. The Floquet
approach can be used to analytically derive an effec-
tive, approximate Hamiltonian by systematically includ-
ing higher order corrections beyond the RWA. By apply-
ing the van Vleck transformation [46], a unitary trans-
formation to block-diagonalize the Floquet Hamiltonian,
we obtain the effective Hamiltonian up to first order cor-
rection in the second rotating frame

2
9 €m €, Q—wpy,
H§2H =50y tgglet —5 e (4)

where %aw is the correction term and we assumed § = 0
so that Qr = Q and the correction term is along x.
Under the resonance condition w,, = €2, the shift of
the level splitting inside each energy manifold is de,, =
3
20/ (54)2 + (88)2 — € = 558 With de /e = O((F)2)
which quadratically depends on the ratio €., /2. The di-
rection of the effective microwave field deviates from the
y axis by a small angle dp ~ g&/% = O(%) within
the XY plane. Such a linear dependence on g induces
drastic changes of the transition amplitudes |a;,|. The
amplitude of each frequency component can be found
analytically using the Hamiltonian in Eq. (4), yielding
a shift with respect to the RWA results. The ampli-
tude shift of the ith frequency component, d|a;,|, de-
pends on the initial state |¥(0)): for the central band,
dlao,1] = 0 when |¥(0)) is perpendicular to both the driv-
ing direction y and the Hamiltonian correction direction

3;{2(%)2 = O((%&)?) when |¥(0)) is along

the driving direction y; and d]ag,1| = %55 =0(%)
when |¥(0)) is along x. For the sidebands, in all three

~ VT em
~ T16v2 @
with £ corresponding to the two sidebands. Ultimately,

the existence of the correction term breaks the symme-
try of the two sidebands under the resonant condition
wm = Q and results in large changes of the transition
amplitudes especially for the sidebands. In comparison,
the energy level correction is less sensitive to the counter-
rotating effects.

x; blag| ~

scenarios, the shifts are linear in g+, 6a+1,1

A. Sideband asymmetry

We implement amplitude-modulated CCD experi-
ments to systematically study the evolution mode con-
trol under the resonance condition 6 = 0, with Q =
wm = (2m)3.75MHz. By applying a strong oscillating
field, €,,, = (27)2.08MHz, we are able to observe the side-
band asymmetry and the eigenstate shifts predicted by
the theoretical analysis above. We implement mode con-
trol by sweeping the phase ¢ of the driving, or the angle



0 of the initial states in the ZY plane (see also Appendix
Fig. 6 for results obtained when sweeping the initial state
direction in the XY and XZ planes). The corresponding
Rabi oscillations are measured by projecting the time-
dependent state onto |0). The FFT spectrum of the Rabi
oscillations and the fitted transition amplitudes |a; 1| are
plotted in Fig. 2.

Neglecting the counter-rotating terms (dashed lines),
the two sidebands wy, + (AT — A7) have the same ampli-
tudes for both the phase and initial state sweeps. How-
ever, experimentally, we measure a large asymmetry in
the sideband amplitudes, with different asymmetry for
the phase sweep and the initial state sweep. Such an ef-
fect can be explained by the correction term ;%crx in the
Hamiltonian in Eq. (4) which makes the eigenstate shift
from the y axis in the XY plane, introducing a dissimi-
larity between the phase and initial state sweeps. In the
initial state sweep, a single mode evolution is achieved
when the initial state is prepared along a shifted direc-
tion (see Fig. 6(d) in Appendix). Tuning only the phase
cannot instead achieve such a single mode evolution. Ex-
periments show that the amplitudes of the sidebands de-
viate from the RWA prediction throughout all the ranges
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FIG. 2. Sideband asymmetry of the Mollow triplet
revealed by mode evolution control. Top panels (a-b):
Fourier spectra of the Rabi oscillations. Bottom panels (c-
d): transition amplitudes |a;,1|. Parameters are Q = w,, =
(27)3.75MHz, €,, = (27)2.08MHz. In (a)(c) we sweep the
phase of the drive, while in (b-d) the phase of the initial
state. (a)(c) The initial state is |0) and then the amplitude-
modulated CCD waveform is applied. Rabi oscillations are
measured from 0 to 4us under different phases ¢ of the
modulation term €, cos(wmt + ¢). The transition ampli-
tudes |a;,1| are extracted by fitting the Rabi oscillation to
3 272 ) ) s .
ao+ >, ae i cos(wit + ¢;). (b)(d) The initial state is
cos(4)|0) +isin(§)|1) and the CCD drive is applied with fixed
phase, ¢ = 0. We plot the Rabi Fourier spectra and transition
amplitudes following the same procedure as for (a)(c).
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in Figs. 2(c) and 2(d). The amplitude of the center band
only has a large deviation from the RWA prediction when
the initial state is close to the driving direction y in the
ZY sweep in (d) with # = 7/2. When the initial state
is far away from the y direction, the Floquet predic-
tion overlaps with the RWA prediction. The initial state
sweep experiments in Fig. 2 and in Appendix Fig. 6 show
that for the center band, d|ag,1|s > dlao,i|y > 6lao |-, as
predicted from the analysis, where z, y, z denote the cor-
responding directions of the initial state. Whereas analy-
sis with the effective Hamiltonian in Eq. (4) only provides
a qualitative estimate, Floquet simulation accurately pre-
dicts the values of the amplitudes quantitatively for all
experimental conditions.

In addition to frequency and amplitude shifts, we see
frequency components 2w, 2wy, £ (AT — A7) and even
3w, appearing in the range of f = 7 ~ 12MHz. Even
though their intensities are weak, these frequency com-
ponents represent results that are beyond those predicted
by the RWA.

Thus, large deviation from the RWA predictions hap-
pens in the evolution mode control experiments, indicat-
ing drastic modifications caused by the counter-rotating
terms. One application of the CCD scheme is to pro-
tect quantum information by tuning the evolution mode
to the robust center band when the spin-locking condi-
tion is satisfied. Our experiment shows that such a con-
dition is shifted and a simple phase adjustment is not
enough to find the optimal condition when the driving
strength is comparable with the static splitting. One so-
lution is to tune the driving strength 2 to compensate for
the Hamiltonian correction, as discussed in the following
subsection.

B. Resonance shifts

Without the counter-rotating effect, in the first rotat-
ing frame (see Eq. (1)), the resonance condition is sat-
isfied when w,, = Q (§ = 0). We study the resonance
shift caused by counter-rotating effects by experimentally
sweeping the main driving strength € under two differ-
ent modulation phases ¢ = 0,¢ = 7/2 (see Figs. 3(a)
and 3(c)). The frequency shifts due to counter-rotating
terms are very small when Q > €,,. A larger shift appears
when Q < (27)2MHz, and the Floquet prediction plot-
ted with dashed red and light blue lines in Figs. 3(a) and
3(c) showcases an improved fit on the experimental data.
Figures 3(b) and 3(d) are the oscillation amplitudes |a; .|
of the corresponding frequency components obtained by
fitting the Rabi oscillation data. The Floquet predic-
tions are plotted in solid lines while the RWA predictions
are plotted in dashed lines. When ¢ = 7/2, the disap-
pearance of the sidebands happens at Q ~ (27)2.9MHz
in (d), which is clearly on the left of the resonant fre-
quency (27)3.75MHz, indicating a change of the reso-
nance condition. Similarly, when ¢ = 0, the crossing
point of the two sidebands is also at Q ~ (27)2.9MHz in
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FIG. 3. Resonance shifts. (a) Q-dependence of the

Mollow triplet with parameters § = 0, wy,, = (27)3.75MHz,
em = (27)2.08MHz, ¢ = 0. (b) Transition amplitudes |a; x|
extracted from the data in (a) (see Fig. 2). The gray squares,
red circles, blue triangles, and light blue triangles are exper-
imental transition amplitudes |a; | of frequency components
Wiy Wim — (AT = A7), W + AT = A7, 3wy, — (AT — A7), respec-
tively. Solid lines and dashed lines correspond to the Floquet
prediction and the RWA prediction. (c-d) Same as as in (a)
except that the driving phase was set to ¢ = /2. Note that
the data points in (b) and (d) share the same normalization
factor to best match the Floquet prediction curves. Due to
the power saturation when Q/(27) = 6 ~ 8MHz, we add an
additional €cos(2wmt)oy term with € = (27)0.2MHz in the
Floquet calculations (Eq. (1)), as explained in Appendix D.

(b). In Eq. (4), the detuning term Q‘% can be seen as a

compensation of the correction ;%. A simple calculation
predicts the compensation at Q =~ (27)3.4MHz, which
is still larger than the measured and simulated values of
~ (27)2.9MHz, indicating that just including the first or-
der correction in the effective Hamiltonian in Eq. (4) is
not enough, and more corrections need to be taken into
account. The Floquet calculation is an accurate way to
predict such a shift. Note that when  is small, the
measured amplitudes |a; | are lower than the theoreti-
cal curve: this is due to the small Rabi contrast under
weak driving (see details in Supplemental Material).

In addition to the resonance shifts, we also observe
higher-order frequency components corresponding to n =
2,3 in the Mollow triplet. In Figs. 3(a) and 3(c), we use
the dashed red and light blue lines to plot the first (n=1)
and second set (n=2) of frequency values of the Mollow
triplet predicted by the Floquet theory. In Fig. 3(c), we
clearly observe the 2w,, and 3w, components when € is
small. In Fig. 3(a), we see the sidebands of the n = 3 set
around Q/(27) = 1MHz, f = 8MHz and the sidebands
with n = 2 also exist but are partly hidden under the

dashed lines.

C. Frequency shifts and avoided crossing
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FIG. 4. Energy shifts and avoided crossing in the
Mollow triplet. (a) and (c) are the Mollow triplet structure
observed with the phase-modulated CCD at different values
of ¢. (b) and (d) are simulations by the Floquet approach
with the same parameters. Parameters are § = 0,Q = w,, =
(2m)3MHz, ¢ = 0 in (a-b), ¢ = 7/2 in (c-d).

Since the energy eigenvalues are less sensitive to the
counter-rotating effects, a larger driving strength e, is
needed to observe a frequency deviation from the RWA
predictions. We swept the modulation strength €, from
0 to ~ 39 in the phase-modulated CCD scheme, on res-
onance and for two different driving field phases (¢ =
0,7/2). The FFT spectra of the measured Rabi oscilla-
tions are plotted in Figs. 4(a) and 4(c), while Figs. 4(b)
and 4(d) show the equivalent spectra simulated by the
Floquet approach. We further compare the simulations
to the predictions based on the RWA (red dashed lines).
When €,, < (27)2MHz, three frequency components
W, W T €, dominate the spectra. Within this region,
both the Floquet and the RWA approaches correctly pre-
dict the frequencies of the three bands in the Mollow
triplet structure, with the two sidebands linearly depen-
dent on €,,. When ¢,, becomes larger, a pattern appears
in the higher frequency region corresponding to the third
manifold of the Mollow triplet structure w; 3 centered at
3w = (2m)9MHz, which follows a simple translation of
the lowest order pattern centered at w,, = 3MHz. In
our experiments, we can thus clearly observe at least two
higher order Mollow triplets as predicted by Floquet sim-
ulations, in addition to the one predicted by the RWA.
Note that the two sidebands frequencies are no longer
linearly dependent on €, and display a clear bending
around (27)4.8MHz due to an avoided crossing. We show



in Fig. 5 in Appendix that such avoided crossings are
caused by the mixing between the frequency components
Wm — (AT =A7) and AT — A~ due to the counter-rotating
terms. Such an avoided crossing only exists in the Flo-
quet simulation.

IV. CONCLUSION

In this work, we explored higher order effects in the
Mollow triplet structure by experimentally applying a
modulated driving field (following the CCD scheme)
and analyzing the results with Floquet theory. We ob-
served frequency components beyond the RWA predic-
tions, sideband asymmetry, and shifts of the eigenener-
gies AT and of the transition amplitudes |a;,|. Though
high-order effects in the Mollow triplet due to strong driv-
ing had been analyzed theoretically before, using differ-
ent approximations [20, 22], our work provides the first
experimental test, in addition to a numerical and an-
alytical approach to predict the features of the triplet
structure.

Our results not only demonstrate the ability of the
modulated driving protocol to observe effects due to the
strong driving, but also pave the way to exploiting this
technique for robust control. Indeed, as the nw,, fre-
quency components of the Floquet evolution are only
determined by the modulation frequency w,,, they are
robust against external noise and fluctuations in the driv-
ing fields. Such robustness can be used to generate long-
lived quantum states by adjusting the state evolution to
the Mollow center band through our mode-control tech-
nique [23]. Nevertheless, to achieve such robustness, a
precise knowledge of the Floquet eigenstates is needed to
accurately select the initial state or the driving phase,
as demonstrated by our experimental results. Thus, in-
sights from Floquet theory can be used to design robust
quantum operations and protect the quantum coherence
[23].These will further lead to applications such as in
quantum sensing [13, 14] and in novel bath decoupling
schemes, similar to what achieved with pulsed dynami-
cal decoupling [53], where precise control, even beyond
the RWA | can be beneficial.

In addition, broadband quantum gates can be achieved
through modulated driving, e.g., via numerical optimiza-
tion [54]. Though such quantum optimal control has been
typically studied assuming the validity of the RWA [25],
Ref. [23] and this work provide further insights on how
to achieve optimized quantum control pulses without the
limitation of the RWA. In particular, our work shows
that to achieve optimal quantum control with the CCD
scheme, we should pay attention not only to the eigenen-
ergy shifts due to the counter-rotating terms, but also to
amplitude changes and resonance shifts, both of which
prove to be more sensitive.

Beyond applications to robust quantum control men-
tioned above, our results provide a versatile technique
for studying many interesting effects caused by strong

driving, overcoming practical experimental limitations in
reaching the strong-driving regime, that could be applied
to investigate other phenomena such as coherent destruc-
tion of tunneling and dynamic localization [21, 44, 45, 50].
Finally, our work can find applications in optimizing the
performance of quantum sensing [13, 14, 32] based on
driven qubit sensors.

ACKNOWLEDGEMENT

This work was supported in part by DARPA DRINQS
and NSF PHY1915218. We thank Pai Peng for fruitful
discussions and Thanh Nguyen for manuscript revision.

Appendix A: Concatenated continuous driving

Concatenated continuous driving has been explored
in several works [17, 18, 23-32|, typically in the con-
text of protecting a qubit against decoherence. Here
we focus on the simplest scheme, where only a second
modulation is applied to the first driving field. There
are two types of modulation that have been developed:
amplitude modulation or phase modulation. By apply-
ing an amplitude-modulated microwave along the x axis
Q cos(wt) —2€,, sin(wt) cos(wmt+¢), the Hamiltonian can
be written as

H= %az + (Qcos(wt) — 2¢,, sin(wt) cos(wpt + @)) o
(A1)
where wq is the level splitting of the two-level system,
Q, €, are the driving strengths of the main driving and
modulation terms, respectively. We will assume €, €, <
wp and § = w — wy <K wp throughout this work. In
the first rotating frame defined by transformation U; =
exp(—i%taz), and applying the RWA, the Hamiltonian
becomes
) Q
Hr = —50: + 50 + €m cos(wmt + @)y
In the phase modulation method, the driving waveform
has a time-dependent phase, yielding the Hamiltonian

(A2)

H= %02 + Qcos (wt + kﬁm cos(wpmt + ¢)> o (A3)
We can apply a rotating frame transformation U; =
exp(—i fg Ho(t)dt") with Ho(t) = Lo, — mfm sin(wy,t+
¢)o,. The transformation is thus given by U =
exp [—z’ (%taz + GMW@)} and within the RWA,
the Hamiltonian in the interaction picture is

)

Q m
HI = —50',3 + 50’:1; + 6’m(‘uﬁSin((’d"lt + d))o-z

Note that this Hamiltonian has a form similar to
the Hamiltonian in Eq. (A2) obtained with amplitude-
modulated driving. However, since the modulation is

(A4)



applied by varying the first driving phase, there is no
noise associated with €,, 22 due to field inhomogeneities
or fluctuations (although noise associated with imperfect
resolution and faulty electronic elements are still possi-
ble.) The phase modulation method usually has better
performance such as longer coherence time [23, 27, 28],
and less power limitations which enable larger €,,.

Appendix B: Mollow triplet within the rotating
wave approximation

The linear oscillating term in Eq. (A2) can be
decomposed into a co-rotating term (cos(wmt +
¢)oy + sin(wmt + ¢)o,) and a counter-rotating term
& (cos(wint + ¢)oy — sin(w,t + ¢)o,s), where o, =
cos Bo, + sin o, with sinf \/Q%w. By drop-
ping the counter-rotating terms, in the second rotating
frame defined by —*~0,, where o+ = cos B0, —sin S0,

Hamiltonian becomes H(2) TV + Q% —wy)o, +
“(cospoy, +singo,). The spin evolution in the sec-
ond rotating frame is simply \1/}(t)>§2) = e_iH§2>t|w(O)>.

In the first rotating frame, the spin state is W(t))(ll) =

e . Going back to the lab
frame adds an additional relative phase between |0) and
|1) but keeps the population unchanged. Such proce-
dure predicts that the population in |0) is a sum over
the three frequency components of the Mollow triplet,
wm7wm—|—\/e$n wm—QR \/62 m — R )?
where Qr = VQ2 462 is the effectlve Rabl frequency.
Compared with the case of normal Rabi oscillation, the
population measurement in the CCD scheme does not
commute with the second rotating frame, making it pos-
sible to observe the Mollow triplet [17-19].

wmt

nE(—sinfBo.4cosfoz) |’l/)(t)>§2)

Appendix C: Floquet theory

Floquet theory can be used to solve the quantum dy-
namics under a Hamiltonian periodic in time [36]. Simi-
lar to Bloch theory which can solve a Hamiltonian peri-
odic in space and gives rise to a series of band structures
in k-space, Floquet theory also predicts a series of "band’
structures in frequency space. Although the principles of
Floquet theory is simple and straightforward, the physics
residing in its energy structure equips it with the ability
to solve detailed dynamics of higher order phenomena
such as multi-photon process [35]. Given a time-periodic
Hamiltonian H(t) = H(t + 2Z), the wavefunction has
the form W(t) = e "®(t) where ®(t) = ®(t + 2T) is
periodic in time and A denotes the eigenenergy of the
system. To solve for the wavefunction time evolution, we
can apply the following steps. (1) Decompose the Hamil-
tonian H (t) and the state vector ®(t) into a Fourier series
>, Hoe ™t and ®(t) = ®,e . (2) Write out the
Floquet matrix Hp (see Eq. (C3)). (3) Solve for the

eigenvalue problem of the Floquet matrix Hp® = A®.
(4) Apply the initial conditions to get the coefficients

of each eigenstate W(t = 0) = 3. c* 37 2. (5)
Obtain the evolution ¥(t) =" “\IJ"‘( ). Below we ex-
plicitly show how to implement this procedure.

1. General derivation of Floquet theory

To solve the Schrédinger equation i 2 W(¢) = H(t)¥(¢),
we obtain the eigenvalue problem for the periodic part
o(t),

0
H(t) — i D(t) = AD(t) (C1)

Plugging in the Fourier expansions
P et H(t) =" Hye ™' we obtain

<Z Hn(t)eiinwt — Z;) Z (I)me*imwt — )\Z (I)me*imwt
: : ()

Writing out equation above in matrix form, we obtain

o) =

. : 0 : : :
. H0+w H_l 0 (I)_l (I)_l
H1 Ho Hfl (I>0 =A (I)O

0 H1 Ho—w ‘1)1 (I)l

where the matrix in Eq. (C3) is the Floquet matrix Hp.

By solving for the eigenenergies A* and eigenvec-
tors (---,®%, ®5,®¢,---)T of the Floquet matrix,
one can find the time-dependent energy eigenvectors

of the system Wo(t) = oo e ATtinwtga
eSO e wtpe The evolution of the system

can then be expressed as a superposition of these eigen-
vectors

“+oo
an\pa Zc e —iAYt Z e*inwtq)g
T (C4)

with coefficients ¢ determined by the initial condition

=2 > e

n=—oo

(C5)

a. Quasi energy If A% is the eigenenergy of the sys-
tem, A\* + nw for any integer n is also the eigenen-
ergy of the system since U(t) = e A"d(t) =
eI tminwl (ginwtHe (1)) The eigenfunction ¥* for the
eigenenergy A® is the same as the eigenfunction W™
for the eigenenergy A\® + nw. As a result, it is usually
possible to limit the range of the eigenvalues within the
first “Brillouin zone” [0,w) since all eigenvalues in the
other zones will be a simple (frequency) translation of
the values in the first zone.



b. Number of solutions in a two level systems For
two level systems, the Hamiltonian H(¢) can be written
as a 2 X 2 matrix. The wavefunction ¥(¢), its periodic
part ®(t), and the Fourier components ®,,, are two di-
mensional vectors. Thus, there are only two non-trivial
solutions denoted by A*.

2. Concatenated continuous driving

We consider the Hamiltonian of the amplitude-
modulated concatenated continuous driving in the in-

teraction picture H; = —gaz + %UI + €m cos(wmt +
¢)o,. Fourier decomposition of Hamiltonian gives Hy o =

+
—%O'Z + %ai, Hr 1 = 5 ¢ay. Applying the Floquet
approach to solve for the exact evolution of the system
we obtain the following eigenvalue equation

-3 g Win 2 0 =i 0 0 P10 10
B i e o 0 o TS B
0 _emjp—idv 8 Q 0 —Emjoid Do0 o0
. 2 2 3 ’ = ’
cm jeio 0 3 § ?ie“’b 0 ®o,1 g o1 o
0 0 0 —ie f-w, 2 P10 210
2 s 2
0 0 Cmjei? 0 5 2~ Wm P11 L1

The evolution of the system can be written in terms of the Floquet energy eigenvalues and eigenvectors, taking into

account the initial conditions:

+ — + —iATtH+ —iATt
4 —ixTt Qoo —inwt | — —irt L _ c Potce Qo) —inwt
W(H) = e }j(q,i Jermtreeny (Gro) e < w3 (C+6_M gt s o einrgl ) ©

n n,l

(C7)

The system evolution is probed experimentally by measuring the system population by projecting the state onto |0).

The probability of being in the |0) state Pjg)(t) presents three classes of frequencies: nw £ (A*

integer:

7i/\+t + — =i TtdH—
RO) (I)n,O—’—C e cI)n,O) X

§ e znwt

§ ezmwt(c+*ez)\ tq);*o+c *ez)\ tcbm*o)

m

— A7) and nw, with n

(C8)

We can rewrite this expression as

P)|0 Z|a1 n|COb wz nt+¢z n)

'L?’L

(C9)

with w; , = nwym+i(AT—=X7), wherei = —1,0,1, ax1,, =
la+1,n|exp(ig+in) =2 ci*chfbff_n 0@?,0, and ag, =
25, |2y, @ff_n ofbki)o The first few frequencies and
coefficients are listed in Table I.

When the RWA is valid, €, < wq,, 2, and the resonant
condition w,, =~ (2 is satisfied, counter-rotating terms can
be dropped yielding a block-diagonal Floquet Hamilto-
nian. (Note that a frame transformation that aligns the
static field along z and the oscillating field along x is
needed to obtain this block-diagonal form.) Following
such procedure gives At — A\~ = /2, + (w — Qr)2,

(

where Qr = VQ2 + 62 and the only non-vanishing os-
cillating components in the population are the first five
components listed in Table I. When the approximation is
not valid, more frequency components are involved and
the evolution is made more complicated.

3. Two definitions of A\*

As discussed above, there are two nontrivial solutions
AT, A~ for the Floquet matrix up to a translation of nwy,
where n is any integer. One definition of A* is by limiting
their values within the first zone [0,w,,), which is used
in the numerical simulations in this work to simplify the
calculation. An example of such a definition correspond-



TABLE I. Components of time dependent population P (t).

Frequency w; n [

Coefficients a;n

0 LI
AT -~ 2>, c+*c_<I>z,B<I>;0
Wm 2 Zi |Ci|2 Zk (I)kij;l,oq)kio
Wm — (>\+ A7) QZk C+C_*‘I’:oq’;+*1 0
wm + (AT =T 23, C+*Ciq)k+:l,0q);0

=
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FIG. 5. Frequency components predicted by Floquet
theory. Frequency components predicted by Floquet theory
corresponding to the measured frequency components shown
in Fig. 4. There are two ways to represent the frequencies: in
(a) AT, A~ are limited to the first zone [0, wn) where wy, =
(27)3MHz. In (b) AT, A~ change smoothly as we increase €, .

ing to Fig. 4 is shown in Fig. 5(a). In this paper, we use
this definition for the amplitude calculation in Figs. 7(b)
and 7(d) and Figs. 3(b) and 3(d) where we see a sudden
switch between the frequency components wy, + AT — A\~
and 3w, — (AT — A7) when Q ~ (27)6.8MHz. How-
ever, this definition makes it difficult to clarify whether
we observe frequency components beyond the RWA. To
clarify that we observe higher order frequency compo-
nents w;, with n > 1, we use a definition that has a
correspondence to the prediction obtained from the an-
alytical RWA approach and no longer limits the range
of A*. Figure 5(b) shows such a definition where each
manifold of Mollow triplet is clearly seen. In Figs. 7(a)
and 7(c) and Figs. 3(a) and 3(c), the dashed lines are the
frequency prediction from the Floquet theory using the
same definition.

Appendix D: Mode control of the evolution and
resonance shifts

In the main text we demonstrate control of the sys-
tem evolution by sweeping the driving phase and the ini-
tial state. This enables tuning the evolution to highlight
different frequency modes. Here we provide additional
demonstration of such mode control by sweeping the ini-
tial state in the ZX plane and XY plane (see Fig. 6).
These results further highlight the need to take counter-
rotating effects when describing the system evolution un-

Sosf 1 05F

(o}

©

2041 1 04f

Q

E 'y . -4

] AR TP RLETTIT L _

So2t i 402t € 4

S 3 3 I \

S Ty E iy TTTE -

goi t3s R ETE: i 01y "
0 S " ) \
0 w2 T /. 27 0 /2 T 37/2 27

Angle 0, Angle 6,

FIG. 6. Evolution mode control and sideband asym-
metry for state-swept experiments. (a) and (c) are FFT
spectra and transition amplitude |a;| of the initial state sweep
in ZX plane. (b) and (d) are FFT and |a;| plots of the ini-
tial state sweep in XY plane. Parameters are ) = w,, =
(27)3.75MHz, €,,, = (27)2.08MHz, ¢ = 0.

der strong driving.

As we increase the driving strength to observe these
effects we reach the saturation limits of our apparatus.
This leads to unwanted, albeit interesting, additional
modulations of the dynamics.

We reproduce in Fig. 7 the results shown in the main
text (Fig. 3) but in the Floquet simulations we do not
take into account saturation effects due to imperfect elec-
tronics and power saturation of the amplifier. When
we add an additional term € cos(2w,t) to the Hamilto-
nian in Eq. (1) to mimic the saturation effects, we repro-
duce the gradual switch between frequency components
3wm — (AT = A7) at Q =~ (27)6.8MHz. Instead the Flo-
quet simulation without any additional terms predicts
that the switching happens suddenly at a single point
(see Fig. 7 and Supplemental Material for more details
on the power saturation and avoided crossings).
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FIG. 7. Resonance shifts. (a) Q-dependence of Rabi
spectra with parameters § = 0,wn, = (27)3.75MHz,€,, =
(27)2.08MHz, ¢ = 0. (b) Transition amplitude |a;,»| for fre-
quency component in (a). Symbols are experimental data,
solid lines the Floquet predictions while dashed lines are RWA
predictions. (c¢) 2-dependence of Rabi spectra with parame-
ters 6 = 0, wnm = (27)3.75MHz, €, = (27)2.08MHz, ¢ = 7/2.
(d) Transition amplitude |a; »| for frequency component in (c)
following the same conventions as in (b). Note that the data
points in (b) and (d) share the same normalization factor to
best match the theoretical prediction curves.
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