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We report a simple method for generating shaped attosecond pulses by using CO2 molecule.
Unlike most other molecules, owing to its unique energy and angle dependence and the presence
of deep minima in the photoionization transition dipole moment, the shape of harmonic spectra,
especially the position and depth of minima, can be readily controlled by tuning the degree of
alignment. The sensitive alignment dependence of the minima is due to the coherent interference of
laser-induced dipole from each molecule when CO2 molecules are moderately aligned, but not when
they are well-aligned or when they are isotropically distributed. Such a sensitivity offers a simple
route for controlling the spectral amplitude and phase of the generated harmonics and thus shaping
the generated attosecond pulses; for example, producing structured attosecond pulses by splitting
a single burst into two. We illustrate how such pulses are generated and how to characterize them.
This method offers a simple way to shape attosecond pulses at the generation step. It can be easily
implemented experimentally to generate attosecond pulses with strong phase variations for unique
applications.

I. INTRODUCTION

In the past decades, high harmonic generation (HHG)
resulting from the interaction of an intense infrared laser
pulse with atoms and molecules has been widely studied
[1–6]. Typically, harmonic signals exhibit a fast drop in
intensity in the first few orders, then followed by a long
plateau region where the intensity of each order remains
nearly the same until the cutoff, beyond which harmon-
ics are continuous. Since harmonics are coherent, by syn-
thesizing discrete plateau harmonics, an attosecond pulse
train (APT) can be generated [7]. In the time domain,
an APT appears as a train of bursts, each of which is of
attoseconds duration with a well-behaved shape. Simi-
larly, once the continuous harmonics are synthesized, in
the time domain it would appear as an isolated attosec-
ond pulse (IAP), with a well-behaved pulse envelope [8].
IAPs and APTs generated in atomic gas targets have
been widely used in numerous attosecond experiments
[9, 10] in the past decade.

Harmonics generated from an atom or molecule can be
understood qualitatively with the three-step model: ion-
ization, propagation, and recombination [11, 12]. This
model has been extended in the quantitative rescatter-
ing (QRS) theory [13–15] where the single-atom induced
dipole can be expressed as a product of the complex re-
turning electron wave packetW (ω) and the complex pho-
torecombination (PR) transition dipole d(ω), where ω is
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the photon energy. Here d(ω) is the complex conjugate
of photoionization (PI) transition dipole which is a prop-
erty of the atom, and W (ω) is the property of the laser
pulse. Thus, according to the QRS theory, a minimum
in |d(ω)|2 would appear as a minimum in the harmonic
spectrum. Changing the laser intensity or wavelength
can only modify the smooth wave packet but not the po-
sition of minimum in the harmonic spectra. This model
has been well-established for the harmonic spectra gen-
erated at the single-atom level. However, experimentally
the observed harmonic spectra are through the coher-
ent buildup of harmonics from multiple atoms in the gas
medium, then the position of minimum observed in the
harmonic spectra could be influenced by phase-matching
conditions, especially at high laser intensities where the
medium is modified by the laser. Ar, one of atomic tar-
gets, has been most extensively investigated, see e.g.,
Refs. [16–23].

Harmonic spectra from molecules have also been exten-
sively studied in the past two decades and the minima in
the spectra have been of great interest. For each fixed-
in-space molecule, the QRS theory also applies such that
minimum in the transition dipole moment would lead to
minimum in the harmonic spectra. Since molecules in
the gas medium are randomly distributed or partially
oriented, the generated harmonic spectra should be aver-
aged over the angular distribution of molecules. In addi-
tion, in molecules, sub-shell binding energies are not well-
separated, thus harmonics can be generated from elec-
trons in the highest occupied molecular orbital (HOMO)
as well as from those in the inner-shell orbitals (HOMO-1,
HOMO-2, ..., and so on). The contribution to the har-
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monics from each subshell should be added coherently.
At lower driving laser intensities, the harmonics are gen-
erated from the HOMO only. According to the QRS the-
ory, the position of the minimum is independent of either
the laser intensity or the wavelength. At higher driving
laser intensities, electrons from inner orbitals may also
contribute to the harmonics and the position of mini-
mum would then depend upon the laser intensity. Both
types of minima have been investigated extensively in the
past decades, and the QRS theory has been able to repro-
duce these measurements in general [13–15]. In particu-
lar, CO2 is one of the most popularly studied molecules,
for example, Refs. [24–45].

In spite of the extensive literature on HHG from CO2

molecules, for years there exists a well-known puzzle be-
tween the experiments of Vozzi et al. [35] and Rupenyan
et al. [38]. They reported harmonic spectra for aligned
CO2 molecules with the degree of alignment 〈cos2 θ〉 near
0.6, where θ is the angle between the molecular axis and
laser polarization. In Vozzi et al. [35] a sharp minimum
was observed at 60 eV, yet in Rupenyan et al. [38] a min-
imum was reported at 47 eV. In a theoretical simulation
in Rupenyan et al. [38], it was demonstrated that if the
degree of alignment is 0.44, the minimum would occur at
60 eV, yet no experiment has ever been carried out on
CO2 molecules with such “poor” alignment with 〈cos2 θ〉
near 0.44.

In order to understand the origin of the discrepancy
between the two experiments, we have carried out a
“standard” QRS-type calculation. Through simulations,
we have identified the plausible reason for the discrep-
ancy in the position of minimum of the two experiments.
More importantly, we have further found that the posi-
tion and the depth of harmonic minimum are extremely
sensitive to the alignment degree of CO2, especially when
molecules are only slightly aligned for 〈cos2 θ〉 as close to
0.40 if the molecules are parallelly aligned. Recall that
there is no deep minimum in the interested spectral re-
gion in the harmonic spectra if the molecules are isotrop-
ically distributed, i.e., 〈cos2 θ〉 = 0.33. We have traced
the origin of such strong alignment dependence to the
strong angular dependence in the PR transition dipole
moment of CO2, in particular, the position of a mini-
mum that is very deep and narrow, and varies rapidly
with the orientation of the molecular axis.

Recall that discrete harmonics can be synthesized to
form an attosecond pulse train (APT) while synthesizing
continuous harmonics can form an isolated attosecond
pulse (IAP). Once attosecond pulses are generated in the
gas medium, it is rather difficult to reshape the pulse
without significant loss of its intensity. In view of the
strong dependence of harmonic spectra on the alignment
degree of CO2, we propose to use this property as a prac-
tical method to generate shaped attosecond pulses. As
reported below, in Sec. II, we first show how we can in-
terpret the discrepancy of the position of minimum in two
experiments, and why such difference is special to CO2.
We then show how the deep minimum in the harmonic

spectra can be manipulated by fine tuning the degree of
alignment. In Sec. III, we examine features of attosec-
ond pulses in the time domain to demonstrate how they
would vary with the degree of alignment. To confirm that
such predictions indeed happen, we show how to deter-
mine the phases of such harmonics, focusing on the IAPs,
with the new phase retrieval method developed recently.
The retrieval of spectral phases for shaped APTs is then
addressed. We also discuss the possibility of generating
shaped attosecond pulses experimentally. The last sec-
tion provides a short summary of the present work.

II. UNUSUAL FEATURES OF HARMONIC

GENERATION FROM MODERATELY ALIGNED

CO2 MOLECULES

A. Origin of the difference in the harmonic spectra

between two seemly identical experiments

In earlier experiments, HHG of CO2 molecules were
typically carried out using laser wavelength in range of
800 nm to about 1.3 µm. To obtain a broad range of
harmonics, higher laser intensities were often used. In
such experiments, the position of the harmonic minimum
tends to change with laser intensity resulting from inter-
ference of harmonics from multiple orbitals [30, 33]. In
this work we focus on mid-infrared driving lasers that
have wavelength longer than 1.4 µm. Because of the
wavelength λ2-scaling of the cutoff energy of harmon-
ics, a broad spectral range can be obtained without very
high laser intensity such that the primary contribution
to HHG comes from the HOMO, with little from inner
molecular orbitals. According to the QRS model, in this
limit one expects the position of the harmonic minimum
to be independent of either the laser intensity or wave-
length. Indeed, in Vozzi et al. [35], harmonic spectra
of CO2 using wavelengths of 1450, 1600, and 1700 nm
were reported with several intensities around 1.0 × 1014

W/cm2. They found a clear deep minimum at about 60
eV and its position is independent of the laser intensity
or wavelength. In a subsequent paper, Rupenyan et al.
[38] reported the harmonic spectra from CO2 molecules
using wavelengths ranging from 1.16 - 1.46 µm, with the
alignment factor of 〈cos2 θ〉 = 0.54 - 0.64. Their 1.46
µm laser parameters match with those used in Vozzi et
al. [35], but the position of the minimum was found to
be around 47 eV. In both experiments, the molecules are
aligned by a weaker pump laser and the harmonic spectra
are generated by a more intense and shorter probe laser.
The two lasers are polarized along the same direction and
the molecular alignment degrees were both reported to
be 〈cos2 θ〉 = 0.60. Why do the positions of the mini-
mum in the two experiments differ so much even with
the same laser parameters and molecular alignment? In
Rupenyan et al. [38] a theoretical calculation similar to
the QRS theory was carried out in the single-molecule re-
sponse level, and the position of the minimum at 〈cos2 θ〉
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FIG. 1: (a)-(c) Simulated HHG spectra of aligned CO2 molecules at different laser intensities and wavelengths (to be compared
to Fig. 3 in Ref. [35]). In each figure, the laser intensity for individual spectrum is gradually decreased from top to bottom.
Laser intensities at the center of gas jet are indicated with I0 = 1014 W/cm2. Degree of alignment by a pump laser is 〈cos2 θ〉
= 0.40. (d)-(e) Comparison of theoretical HHG spectra and experimental ones of Vozzi et al. [35] and Rupenyan et al. [37] by
using 1.45- and 1.46-µm lasers, respectively. 〈cos2 θ〉 = 0.40 in (d) and 0.55 in (e) in the simulations. The simulated results
in (d) and (e) are smoothed by using the gaussian function (with a full-width-at-half-maximum of 0.3 times the fundamental
frequency) centered in the odd harmonics. Both the HOMO and two inner orbitals are included in the simulations. Arrows
indicate the positions of the deep minima. See text for additional laser parameters.

= 0.60 was found at 47 eV, in agreement with their ex-
periment. In the meanwhile, their simulation indicates
that a minimum at 60 eV occurs if 〈cos2 θ〉 = 0.44.

To investigate the discrepancy between the two experi-
ments, we perform our “standard” QRS simulations. Dif-
ferent from the calculation of Rupenyan et al. [38], we
use more accurate PR transition dipole matrix elements
where the many-electron correlation has been better ac-
counted for [46–48]. We also incorporate the propagation
effect of harmonics generated in the gas medium [51]. In
the simulations, we choose a pulse with duration of four
optical cycles. Laser beam waist is assumed to be w0

= 35 µm, and the gas length is 0.5 mm. The gas, uni-
formly distributed in the interaction region, is placed at
3 mm after the laser focus. These parameters are close
to those used experimentally in Vozzi et al. [35]. Our
simulation results are displayed in the left column of Fig.
1. They are to be compared to Fig. 3 of Vozzi et al.

[35]. It is shown that the position of minimum does not
change with either the laser intensity or wavelength. In
addition, as illustrated in Fig. 2, the position of mini-
mum does not change with laser focusing condition, nor
affected by the contribution from HOMO-1 or HOMO-2
orbital, except that the depth of minimum is reduced.
Most importantly, however, our simulation suggests that

minimum occurs at 60 eV with the alignment degree of
0.40, close to 0.44 as used in Rupenyan et al. [38].

To thoroughly compare our simulated spectra with
those from Vozzi et al. [35], in Fig. 1(d), we display
the envelope from each, including propagation effect, by
using alignment factor of 〈cos2 θ〉 = 0.40. The position
of minimum agrees quite well, but the depth of minimum
from the simulation is significantly deeper by one order.
Such discrepancy was not expected. Interestingly, when
we compare our simulation with the data of Rupenyan
et al. [38], not only the position of the minimum, but
also the envelope, are in “perfect” agreement with data,
when we use 〈cos2 θ〉 = 0.55, see Fig. 1(e).

To figure out the possible factor(s) contributing to the
discrepancy between ours and the one from Vozzi et al.
[35], we next look into the conditions of aligning lasers in
the two experiments. Although the same 〈cos2 θ〉 = 0.6 is
utilized, three other parameters are different in Vozzi et
al. [35] and in Rupenyan et al. [38], including the peak
intensity (4.0 vs 0.4 × 1013 W/cm2), the temperature
of gas jet (75 vs 40 K), and the pulse duration (100 vs
120 fs). In particular, to reach the cited high intensity,
the aligning laser in Vozzi et al. [35] is focused. Aiming
to test the effect of a focused aligning laser on harmonic
generation, we carry out simulations that account for the
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FIG. 2: (a)-(c) Simulated HHG spectra of aligned CO2 molecules under different macroscopic conditions. In each figure, the
total (HOMO, HOMO-1, and HOMO-2 together) spectra and individual HOMO, HOMO-1, and HOMO-2 spectra are plotted.
To avoid the overlap of real HHG spectra, they are smoothed by using the method of Bezier curves. Laser wavelength is 1600
nm, peak laser intensity at the center of the gas jet is fixed at 1.2 × 1014 W/cm2. The positions of the gas jet with respect to
laser focus are changed as indicated. Other parameters are the same as those in Fig. 1(b). (d)-(f) Time-frequency analysis of
macroscopic harmonic emissions at off-axis position (r = w0/3) of exit plane at three different macroscopic conditions. w0 is
the beam waist of the generating laser. (o.c. means the optical cycle of the 1600-nm laser.)

laser intensity distribution at the gas jet position using
three different beam waists to represent different degrees
of focusing, where the peak intensity at the focus is 4 ×
1013 W/cm2. The simulation results are shown in Fig.
3. For the tight-focusing condition (beam waist w0 = 20
µm) the harmonic minimum indeed occurs at about 60
eV. As the beam waist is increased, the position of min-
imum is shifted to about 50 eV (w0 = 35 µm), close to
the 47 eV as observed in Rupenyan et al. [38]. Thus, for
the first time the origin of the discrepancy in the posi-
tion of harmonic minimum between the two experiments
is provided. In the meanwhile, the discrepancy of shal-
lower minimum in the experimental data as compared to
the much deeper minimum in the simulation in Fig. 1(d)
can be understood. If the harmonic spectra were gen-
erated with molecules that are uniformly aligned with
〈cos2 θ〉 = 0.40, then the harmonic minimum is expected
to be as deep as the one seen in the simulation. But
no such measurements have been reported so far. In ad-
dition, the simulation also predicts that the position of
minimum shifts rapidly with a small change in the degree
of alignment. These strong alignment dependence owes
to the properties of the photoionization transition dipole
moments in CO2, as we further discuss below. This prop-
erty offers the opportunity to control harmonic spectra
using moderately aligned CO2 molecules.

B. Efficient control of harmonic spectra by tuning

the alignment of CO2 molecules

The simulation of experimental harmonic spectra from
partially aligned molecules involves the following steps.
First, one calculates

d‖,avg(ω, α) =

∫ π

0

N(θ)1/2d‖(ω, θ)ρ(θ, α) sin θdθ. (1)

Here d‖,avg(ω, α) is the averaged PR transition dipole,
N(θ) is the ionization probability [49, 50], ρ(θ, α) is the
alignment distribution (in the probe-laser frame) for the
pump-probe angle α, and d‖(ω, θ) is the parallel (to the
probe laser polarization) component of the PR transi-
tion dipole. A similar expression can be written for
the perpendicular polarization direction. Here we con-
sider α = 0◦ only so there is no perpendicular polar-
ization component. Notice that the average transition
dipole for each molecule is calculated coherently. With
d‖,avg(ω, α) calculated, in the second step the harmonics
generated in the gas medium are obtained by solving the
Maxwell’s wave equations [51] to account for the effect
of phase matching. Since d(ω) does not depend on the
laser [22], the observed harmonic spectrum can still be
written in a product form, where the wave packet W (ω)
in the QRS theory is replaced by a volume integrated
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FIG. 3: Simulated HHG spectra of aligned CO2 molecules
under different focusing conditions of the pump laser. The
spectra were smoothed by using Bezier curves. The wave-
length of the pump laser is 800 nm, its intensity at the focus
is fixed at 0.4 × 1014 W/cm2, and its beam waist is varied as
indicated in the figures. The 0.5-mm long gas jet is located
3 mm after the laser focus. The wavelength and intensity (at
the center of gas jet) of probe laser are labeled in the figures.
Other macroscopic conditions for the probe laser are the same
as those in Fig. 1 (b).

wave packet W ′(ω) which varies smoothly with photon
energy. The macroscopic harmonic yields generated from
a single molecular orbital can then be expressed as [51]

S
‖
h(ω, α) ∝ ω4|W ′(ω)|2|d‖,avg(ω, α)|2, (2)

where W ′(ω) is called a “macroscopic wave packet”
(MWP). Thus, according to the QRS theory, the posi-
tion of the minimum in the experimental harmonic spec-
tra is determined by the angular distribution weighted
transition dipole moment in Eq. (1).
Fig. 4(a) shows the modulus square of the PR tran-

sition dipole for a fixed-in-space CO2 molecule at a few
angles from 40◦ to 60◦. Note that the position of min-
imum and the amplitude change rapidly with the fixed-
in-space angle. At the same time, the phase of the dipole
undergoes a change of π within a small energy range,
the narrower the minimum in Fig. 4(a), the smaller the
energy range. Fig. 4(d) shows how the averaged transi-
tion dipole and phase look like after the convolution with
angular distribution for the case of 〈cos2 θ〉 = 0.40. In a
narrow energy region near the minimum, both the ampli-
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FIG. 4: Photoionization transition dipole moment (the modu-
lus square) (a) and phase (b) of fixed-in-space CO2 molecules
at selected alignment angles. Only the parallel component to
the polarization direction of laser is shown. (c) Weighted an-
gular distributions at different degrees of alignment by includ-
ing the ionization rate N(θ) and alignment distribution ρ(θ).
(d) Averaged photoionization transition dipole (the modulus
square, blue short dashed line), phase of the dipole (red solid
line), and the modulus square of the macroscopic wave packet
(MWP) (green long dashed line) of the HOMO extracted from
HHG spectra (1600 nm, 1.2 I0) shown in Fig. 1(b).

tude and phase of the averaged transition dipole change
dramatically in a narrow photon energy region. In con-
trast, the wave packet varies slowly with photon energy
in the same energy region. Fig. 4(c) shows the angu-
lar distributions weighted by the alignment-dependent
ionization probability. While they do not change signifi-
cantly for 〈cos2 θ〉 = 0.38 to 0.45, Fig. 5(a) shows that the
modulus square of the averaged transition dipole changes
significantly, where the position of minimum moves from
63 to 55 eV, and in each case it is accompanied by a large
change of phase, as shown in Fig. 5(b).

We emphasize that the averaged transition dipole
shown in Fig. 4(d) is for molecules that are partially
aligned along zero degree with respect to the probe laser.
For 〈cos2 θ〉 = 0.4, for example, the averaged transition
dipole gets significant contributions from a broad angular
range, see Fig. 4(c). In fact, for fixed-in-space molecules,
the transition dipole can have a minimum only when the
orientation angle of the molecule is within a range of 30◦

to 60◦. Thus the minima in Fig. 5(a) for different degrees
of alignment are caused predominately by the coherent
superposition of transition dipole in that angular range.
If the molecules are well aligned, then there would be
no minimum in the averaged transition dipole. It can
be seen already for 〈cos2 θ〉 = 0.50, as seen in Fig. 5(a).
This figure also shows why the position and depth of the
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minima in the averaged transition dipole are so sensitive
to the degree of alignment. We mention that Fig. 5(a)
would mimic the harmonic spectra since the macroscopic
wave packet is a smooth function of photon energy.

III. FEATURES OF ATTOSECOND PULSES

SYNTHESIZED FROM A HARMONIC

SPECTRUM THAT CONTAINS A DEEP

MINIMUM

A. Efficient shaping of attosecond pulses
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FIG. 5: (a) Averaged photoionization transition dipoles (the
modulus square); (b) their phases, for the HOMO and paral-
lel component only. Alignment degrees are indicated. (c) At-
tosecond pulses synthesized by off-axis (r = w0/3) harmonics
from 55 to 65 eV. Gaussian envelope is applied to harmonics
lower (or higher) than boundary ones. The results obtained
from higher alignment degrees in (c) have been multiplied by
some factors for easy comparison. The high harmonics are
obtained by including both HOMO and two inner orbitals,
and other macroscopic conditions are the same as those in
Fig. 1(b) for 1600 nm and 1.2 I0.

The previous section focuses on the harmonic spectra
near the energy range where the minimum in the spec-
trum is very pronounced. Considering harmonics cal-
culated from a 1600-nm laser with the duration of four
optical cycles, we synthesize the ones covering from 55 -
65 eV which include the harmonic minimum. Fig. 5(c)
shows the time profile of resulting attosecond pulses over

one-half optical cycle. (The time profiles at other half
cycles are similar, see Fig. 6.) Here, the time-domain
attosecond pulses show two peaks within each half-cycle,
in contrast to attosecond pulses that have only one single
peak if the harmonics do not contain a minimum. Very
clearly, the relative contrast between the two peaks de-
pends sensitively on the degree of alignment, consistent
with the similar sensitive dependence of the harmonic
spectra. This figure illustrates that one can change the
temporal profile of attosecond pulses readily just by sim-
ply tuning the degree of alignment slightly. Note that the
harmonic spectra were taken from Fig. 2(a) using focus-
ing conditions that long-trajectory electrons have been
removed through good phase matching.
The results presented in Fig. 5(c) are based on simula-

tions with known alignment of molecules. One may argue
that in experiments the precise alignment is not known
such that the predicted shaping of attosecond pulses can-
not be realized. This is not true. The degree of alignment
can be readily adjusted by changing the input power of
pump laser. It is straightforward for experimentalists to
locate the existence of harmonic minimum without know-
ing the precise probe pulse intensity (since the position
of minimum does not depend on the intensity of prob-
ing laser). To find the pump laser that would provide
the deepest minimum one can just directly look at the
harmonic spectra as it is tuned. This is most easily car-
ried out experimentally either by adding an iris in front
of the pump laser to fine tune its input power, or by
slightly adjusting the relative fraction of the pump and
probe lasers’ input power (or by somewhat adjusting the
time delay between the two lasers). Fig. 7 presents some
simulation results. For gas temperature of 30 to 50 K,
a pump laser intensity below 1.2 × 1012 W/cm2 can al-
ready cover the alignment in the desired range.

B. Characterization of shaped isolated attosecond

pulses

To demonstrate shaped attosecond pulses in the time
domain, it is best performed with isolated attosecond
pulses (IAPs). We illustrate this with theoretically con-
structed IAPs. As given in Eq. (2), an IAP can be
theoretically constructed in the energy domain, for ex-
ample, through multiplying a continuous Gaussian (or
any) envelope by d(ω), which has the known amplitude
and phase [as given in Figs. 5(a) and (b)].
The method of characterizing shaped attosecond pulses

is not different from the one used to characterize IAPs
generated in atoms. Both the amplitude and phase of
the harmonics have to be known. The amplitude can
be deduced from the photoelectron spectra for simple
atoms ionized by the attosecond pulse alone, while the
spectral phase can be determined by measuring the so-
called streaking spectra generated by atoms in the com-
bined field of the attosecond pulse and a moderately
intense infrared laser. By analyzing the photoelectron
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FIG. 6: Attosecond pulses shown in different half optical cycles by synthesizing off-axis (r = w0/3) harmonics at the exit
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those in Fig. 1(b).

spectra versus the time delay between the two pulses,
the spectral phase of attosecond pulses has been reliably
retrieved using the FROG-CRAB method. However, a
better method called PROBP [52] has been demonstrated
since the latter removes the so-called central momentum
approximation. (The PROBP-ACmethod [53] developed
most recently is for broadband pulses so it is not needed
here.) In the following, we demonstrate how to retrieve
the three shaped attosecond pulses that are generated
from CO2 molecules with slightly different degrees of
alignment.

The electric field of an IAP (in frequency domain) is
described by U(ω) exp[iΦ(ω)], where the amplitude is

U(ω) = |d(ω)| × E0e
−(ω−ω0)

2/(∆ω)2 , and the phase is
directly taken from d(ω) as shown in Fig. 5(b). The
central frequency ω0 is set to be the dip position of the
modulus of the transition dipole moment d(ω). The am-
plitudes of U(ω) are plotted in Figs. 8 (a)-(c) for the three
cases of 〈cos2 θ〉 = 0.4, 0.42, and 0.5, and the phases of
Φ(ω) and the corresponding temporal intensity envelopes
of IAPs are shown in Fig. 9 (blue solid lines). We use
such IAP fields combined with a moderate 800-nm laser
to interact with Ar atom, and the resulted photoelectron
spectrograms are shown in Figs. 8(d)-(f), simulated by
using the strong-field approximation (SFA). A minimum
band is formed near the central frequency subtracted by
the ionization potential of Argon, where electrons could
hardly be emitted. The minimum positions for 〈cos2 θ〉
= 0.4, 0.42, and 0.5 are around 44 eV, 42 eV, and 35 eV,
respectively. Similar spectrograms have also been exam-
ined in Ref. [54], where the minimum band originates
from the phase jump in the transition dipole moment of
the target atom.

To retrieve the spectral phase of the IAP pulse from
the spectrogram, we apply the PROBP method [52]. The
spectral phase is expanded using B-spline basis functions.
In addition to the size of the basis set (n) and the num-
bers of knots (n+k in the case without multiplicity, where
k is the order of B-splines), which have been discussed in
Ref. [52], the multiplicity and the distribution of knots
are explored here. Including multiplicities to the end
knots ensure that a non-zero value of the target func-
tion at boundaries is taken into account. The multiplic-
ity increases the size of the knot points from (n + k) to
(n + k + m1 + m2), where m1 (m2) is the multiplicity
of the first (last) knot. In the following, we focus on
m1 = m2 = m. Besides multiplicity, distribution of the
knot points is important in order to effectively describe
a drastic change in a target function without using too
many basis functions. A non-uniform placement of the
knots is adopted in replacement of the uniform distribu-
tion used in Ref. [52]. The non-uniformity is controlled
by a parameter α, which generates an exponentially in-
creasing grid spacing as we move away from the cen-
tral frequency of ω0. With these two features included,
the pre-optimization process of the basis functions be-
comes a scan through the parameter set of {n, k,m, α}.
The most favorable basis set, which gives the optimum
fitness within around 100 generations, is then used for
the second-stage optimization to find the expansion co-
efficients of that basis set. For our retrieval, the num-
ber/order ofB-spline basis functions are n = 9 and k = 4,
and the multiplicity of the end knots is the same as the
B-spline order, i.e. m = 4.

Figs. 9(a), (c), and (e) show our retrieved results of the
spectral phases for 〈cos2 θ〉 = 0.4, 0.42, and 0.5 (orange
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dashed lines), respectively, in comparison with the input
spectral phases (blue solid lines). The phase jumps in all
three cases are reconstructed faithfully with the PROBP
method except in the energy regions where the spectral
amplitude is small. The input (blue solid lines) and the
reconstructed temporal intensity profiles (orange dashed
lines) calculated by using the input and retrieved spectral
amplitudes and phases are shown in Figs. 9 (b), (d), and
(f). Good agreement is reached.

The phase characterization method demonstrated here
for theoretical streaking spectra can be applied to an-
alyze experimental data to retrieve shaped isolated at-
tosecond pulses. Pulses similar to Figs. 9(b), (d), and
(f) can be generated simply just by fine tuning the align-
ment degree of the pump laser on CO2 molecules. By
changing the wavelength or the intensity of probe laser
would not change the shaped attosecond pulses. The
strong variation of attosecond pulses generated here by
slightly tuning the degree of molecular alignment can be
viewed as a dramatic demonstration of coherent control
since the effect relies on the coherence of harmonics gen-
erated from all molecules in the gas medium. The effect
is dramatic because the phase of transition dipole varies
rapidly through π in CO2 near the minimum of transition
dipole matrix element. Such large phase change cannot
be achieved using external phase modulators.

C. Retrieval of the phase of shaped attosecond

pulse train using the RABITT method

Here we show how to retrieve the phase of split at-
tosecond pulse trains from experimental data to recon-
struct their temporal profiles as displayed in Fig. 6. The
so-called RABITT (reconstruction of attosecond beating
by interference of two-photon transitions) [55] method is
often used for retrieving the spectral phase of discrete
harmonics. Experimentally, photoelectron spectra gen-
erated by the APT in the presence of a moderate IR
pulse at different delay times are recorded. The electron
spectra versus time delay would appear like those shown
in Fig. 10. Besides the odd harmonics, even harmonics,
called sidebands, would appear. The sideband signals
show modulation which can be expressed as

S2q = A2q +B2q cos[2ωIRtd − (ϕ2q+1 − ϕ2q−1)−∆atomic
2q ].

(3)

One can see that S2q oscillates with frequency 2 ωIR as
a function of APT-IR time delay td. The atomic phase
∆atomic

2q is usually small compared to the phase of the har-
monics, and is neglected here. We thus can determine the
phase difference ϕ2q+1−ϕ2q−1 between two adjacent odd
harmonics by fitting the oscillation of sideband signal.
In the absence of experimental streaking spectra for

shaped APT presented in this article, we generate
the streaking spectra using the strong-field approxima-
tion (SFA). The infrared field is given by EIR(t) =

EIRe
−t2/τ2

× cos(ωIRt + φCEP), where EIR is the field
strength, ωIR = 2π/λ is the angular frequency, τ is the
duration of the field, and φCEP is the carrier envelope
phase. For the shaped harmonic spectra, it is constructed
by using the modulus of the averaged photoionization
transition dipole in Fig. 5(a) multiplied by a discrete
Gaussian envelope peaking at each odd harmonics of 800-
nm laser, while keeping its phase, see the blue solid and
orange dashed lines in 10(b), respectively. Applying the
RABITT method, from Fig. 10(a), the retrieved phases
at odd harmonics (orange solid circles) are shown in Fig.
10(b), which agree reasonably well with the input ones,
and the fast π phase jump between harmonics 37 and
41 is demonstrated. Note that a better resolution of the
retrieved phase jump can be obtained by using a longer-
wavelength laser as the streaking field to reduce the IR
photon energy between the orders [23].

IV. CONCLUSIONS

In summary, we have identified a new alignment-
induced enhancement of the minimum in high harmonic
generation of CO2 molecules. While minima in the har-
monic spectra are ubiquitous in molecules, the minima
are in general not very deep and the phase change of har-
monic across the minimum in general is less than π, for
example, 2.7 radians at Cooper minimum in Ar [23] and
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FIG. 9: Panel (a), (c), and (e) (the left column) show the in-
put phases (blue solid lines) and the retrieved phase (orange
dashed lines) for 〈cos2 θ〉 = 0.4, 0.42, and 0.5, respectively.
The retrieved results reproduce the input spectral phases well
except in the energy regions where the spectral amplitude is
small. Panels (b), (d), and (f) show the corresponding inten-
sity profiles using the input phase and the retrieved phase.

at 48 eV in CO2 [29], and 2.6 radians in CH3Cl [56]. It is
also known that such large phase change in general will
generate moderately shaped attosecond pulses as in the
case of Ar [23]. What is different in this study is that the
harmonic minima are much deeper and the phase under-
goes a change over π in a relatively small energy region.
Unlike the minimum in Ar, the minima discussed here are
significantly enhanced because of the interference of har-
monic minima from aligned molecules. Thus the position
and depth of minima are very sensitive to the degree of
alignment. This sensitivity offers a simple and practical
method for shaping attosecond pulses by slightly chang-
ing the alignment degree of CO2. This method works at
relatively small degree of alignment, thus they are easily
realized in experiments.
While we have identified CO2 as a working medium

for efficient generation of shaped attosecond pulses, other
molecules like N2O [38] which have deep harmonic min-
ima probably work as an effective medium as well. In
addition, we have considered parallel pump and probe
polarizations in this article only, similar sensitive align-
ment dependence has been found for non-parallel con-
figurations. In the latter cases, when minimum occurs
for the parallel polarization harmonics, the perpendicu-
lar components in general will not be at the minimum.
Thus, by exploiting the non-parallel pump-probe geome-
try the present method may be used to generate polarized
shaped attosecond pulses [57] that can be easily tuned
with the alignment degree of molecules. Such shaped at-
tosecond pulses would provide new tools for probing ul-
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trafast electron dynamics and open up new opportunities
in attosecond sciences.
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nane, and H. Kapteyn, “Extracting the phase of high-
order harmonic emission from a molecule using tran-
sient alignment in mixed samples,” Phys. Rev. A 76,
061403(R) (2007).

[28] T. Kanai, E. J. Takahashi, Y. Nabekawa, and K. Mi-
dorikawa, “Observing molecular structures by using high-
order harmonic generation in mixed gases,” Phys. Rev.
A 77, 041402(R) (2008).

[29] W. Boutu, S. Haessler, H. Merdji, P. Breger, G. Wa-
ters, M. Stankiewicz, L. J. Frasinski, R. Taieb, J. Caillat,
A. Maquet, P. Monchicourt, B. Carre, and P. Salieres,
“Coherent control of attosecond emission from aligned
molecules,” Nat. Phys. 4, 545-549 (2008).

[30] O. Smirnova, Y. Mairesse, S. Patchkovskii, N. Dudovich,

D. Villeneuve, P. Corkum, and M. Yu. Ivanov, “High
harmonic interferometry of multi-electron dynamics in
molecules,” Nature 460, 972-977 (2009).

[31] P. Wei, P. Liu, J. Chen, Z. Zeng, X. Guo, X. Ge, R.
Li, and Z. Xu, “Laser-field-related recombination in-
terference in high-order harmonic generation from CO2

molecules,” Phys. Rev. A 79, 053814 (2009).
[32] H. J. Wörner, J. B. Bertrand, P. Hockett, P. B. Corkum,

and D. M. Villeneuve, “Controlling the Interference of
Multiple Molecular Orbitals in High-Harmonic Genera-
tion,” Phys. Rev. Lett. 104, 233904 (2010).

[33] R. Torres, T. Siegel, L. Brugnera, I. Procino, J. G.
Underwood, C. Altucci, R. Velotta, E. Springate, C.
Froud, I. C. E. Turcu, S. Patchkovskii, M. Yu. Ivanov,
O. Smirnova, and J. P. Marangos, “Revealing molecu-
lar structure and dynamics through high-order harmonic
generation driven by mid-IR fields,” Phys. Rev. A 81,
051802(R) (2010).

[34] C. Jin, A. T. Le, and C. D. Lin, “Analysis of effects of
macroscopic propagation and multiple molecular orbitals
on the minimum in high-order harmonic generation of
aligned CO2,” Phys. Rev. A 83, 053409 (2011).

[35] C. Vozzi, M. Negro, F. Calegari, G. Sansone, M. Nisoli,
S. De Silvestri, and S. Stagira, “Generalized molecular
orbital tomography,” Nat. Phys. 7, 822-826 (2011).

[36] K. Kato, S. Minemoto, and H. Sakai, “Suppression of
high-order-harmonic intensities observed in aligned CO2

molecules with 1300-nm and 800-nm pulses,” Phys. Rev.
A 84, 021403(R) (2011).

[37] A. Rupenyan, P. M. Kraus, J. Schneider, and H. J.
Wörner, “Quantum interference and multielectron effects
in high-harmonic spectra of polar molecules,” Phys. Rev.
A 87, 031401(R) (2013).

[38] A. Rupenyan, P. M. Kraus, J. Schneider, and H. J.
Wörner, “High-harmonic spectroscopy of isoelectronic
molecules: Wavelength scaling of electronic-structure
and multielectron effects,” Phys. Rev. A 87, 033409
(2013).

[39] M. Qin, X. Zhu, Y. Li, Q. Zhang, P. Lan, and P.
Lu, “Probing rotational wave-packet dynamics with the
structural minimum in high-order harmonic spectra,”
Opt. Express 22, 6362-6371 (2014).

[40] H. Yun, K.-M. Lee, J. H. Sung, K. T. Kim, H. T. Kim,
and C. H. Nam, “Resolving Multiple Molecular Orbitals
Using Two-Dimensional High-Harmonic Spectroscopy,”
Phys. Rev. Lett. 114, 153901 (2015).
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Y. Mairesse, S. Patchkovskii, V. Serbinenko, H. Soifer, S.
Stagira, C. Vozzi, N. Dudovich, and O. Smirnova, “Mul-
tidimensional high harmonic spectroscopy of polyatomic
molecules: detecting sub-cycle laser-driven hole dynam-
ics upon ionization in strong mid-IR laser fields,” Faraday
Discuss. 194, 369-405 (2016).
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