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An all-optical method to retrieve the temporal intensity profile of an extreme ultraviolet (XUV)
attosecond pulse is proposed based on XUV-assisted high-order harmonic generation (HHG) by
an intense infrared (IR) pulse. For a harmonic located on the XUV-induced high energy plateau
(beyond the IR HHG plateau), the measured harmonic yield as a function of the time delay between
the XUV and IR pulses is shown to accurately map the temporal intensity profile of the XUV pulse.
Single- and two-color-orthogonal linearly-polarized IR pulses are used to demonstrate the method.

I. INTRODUCTION

Observations of ultrafast electron dynamics on few-
femtosecond and attosecond time scales have become ac-
cessible by means of pump-probe experiments with iso-
lated attosecond pulses (IAPs) [1-6]. There are two
available sources for IAPs: high-order harmonic gener-
ation (HHG)-based TAP with relatively small outcome
pulse energy and duration of tens attosecond [7, 8] and
free electron laser (FEL)-based TAP with higher out-
come pulse energy and duration up to hundreds attosec-
ond [9, 10]. It should be emphasized a great advance of
HHG-based sources in the enhancement of output inten-
sity by breaking the limit of 10'* W /cm? [11-14] and thus
become competitive to FEL-based sources. The tempo-
ral characterization of an TAP typically employs attosec-
ond streaking [15, 16], i.e., measurement of the photo-
electron spectrum produced by the TAP and a few-cycle
mid-IR pulse as a function of the time delay between
the two pulses. Methods used to completely character-
ize the temporal intensity and phase of an TAP include
FROG-CRAB [17], PROOF [18], iPROOF [19], VT-
GPA [20], ML-VTGPA [8], PROBP [21], and PROBP-
AC [22]. All of these methods (except for iPROOF [19])
are based on the strong-field approximation for calcu-
lation of the photoelectron spectrum produced by the
probe pulse at each step of the iterative reconstruc-
tion procedure. Although attosecond streaking methods
are well established for reconstruction of TAP envelopes
and even their carrier-envelope phases [23], photoelectron
measurements are characterized by smaller detection effi-
ciencies and lower signal-to-noise ratios than photon mea-
surements. Hence, a few all-optical methods for charac-
terization of an IAP have been proposed, including SEA-
and XUV-SPIDER [24], two in situ methods [25, 26], and
recently developed double-blind holography method [27].

In this paper we propose an all-optical method for di-
rect measurement of the temporal envelope of an TAP
[produced by any source of an intense extreme ultravi-
olet (XUV) radiation] without the necessity for an iter-
ative reconstruction procedure. It involves HHG spec-
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trum produced by an IR laser pulse and a time-delayed
XUV IAP. The method requires the detection of the har-
monic signal in the energy region beyond the IR-driven
plateau cutoff as a function of the time delay between the
IR pulse and the TAP. Our analysis, which is based on
an analytical parametrization of the HHG amplitude and
numerical solution of the 3D time-dependent Schrédinger
equation (TDSE), shows that the harmonic yield as a
function of time delay mimics the square of the IAP en-
velope, thereby providing a direct method for extracting
the temporal envelope of the XUV IAP.

This paper is organized as follows. In Sec. IT we discuss
adiabatic results for the HHG amplitude in a strong IR
field assisted by a weak IAP. We investigate factorization
of HHG amplitude in XUV-assisted channel in terms of
laser factor and photorecombination amplitude and sug-
gest retrieval procedure for IAP envelope from analysis
of harmonic yield as a function of time delay between IR
and XUV pulses. In Sec. III we analyze the accuracy of
suggested procedure by comparison of our analytical re-
sults with results obtained by numerical solution of the
3D TDSE for two configurations of IR pulse: (i) single-
color IR pulse and (ii) two-color IR pulse with orthogo-
naly polarized components. Our results are summarized
in Sec. IV. In Appendix A we present explicit form of
laser factor for HHG amplitude in terms of ionization
and recombination times. In Appendix B we provide
mathematical justification for the uncertainty in recom-
bination times. Atomic units (a.u.) are used throughout
this paper unless specified otherwise.

II. THEORETICAL BACKGROUND

A. Factorization of XUV-assisted HHG amplitude
for the short IAP

The XUV field can modify IR-driven HHG process in
two alternative ways. The first way comprises modi-
fication of ionization step in the three-step scenario of
HHG [28] and consists in replacing of tunneling ioniza-



s tion by the XUV single-photon ionization [29-32].
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The
second way is realized by absorbtion of XUV photon at
the moment of recombination [33]. In the latter case, the
HHG spectrum produced by an intense IR pulse assisted
by a weak (perturbative) XUV pulse includes additional
plateaus extending beyond the usual HHG plateau pro-
duced by the intense IR pulse alone. These new plateaus
stem from the additional channels made possible by the
XUV pulse; e.g., absorption of an XUV photon at the
moment of IR-field-driven electron recombination results
in the formation of a two-plateau HHG spectrum with
cutoff energies separated by the energy of the XUV pho-
ton [33].

As shown in Ref. [33], the XUV-assisted HHG ampli-
tude for the case of monochromatic XUV field can be fac-
torized as the product of a laser-induced factor, a; (),
describing tunneling and propagation in the intense IR
field, and a two-photon (or Compton) recombination am-

plitude, fr(clc) (E1), corresponding to absorption of an XUV
photon and emission of a harmonic photon of frequency
Qh7

AI(Q}MQ) Fﬂal(Qh)frcc( ) (1)

where Fg is the strength of the XUV field, Fy = Qy—1,—
Q is the returning electron energy in the single-photon
XUV channel, I, is the ionization potential of the atomic
target, and ) is the carrier frequency of the XUV field!.

The laser-induced factor a;(€2,) describes the ioniza-
tion and propagation steps of the three-step HHG sce-
nario. For monochromatic XUV field, it mimics the be-
havior of ag(,) (i.e., the laser-induced factor for the
IR field alone), a1(2n) = ao(Qn — 2) [33]. In the low-
frequency approximation within time-dependent effective
range (TDER) theory, the factor ag(€,) can be presented
as a two-fold integral over the times ¢’ and ¢ associated

with ionization and recombination times in the three-step
HHG scenario [33],

) dt | arE——
( h \/271'1 27T/ /

where Cy is the dimensionless asymptotic coefficient in
field-free wave function of a bound s-state at large dis-
tances, S(t,t') is the classical action,

iQut—iS(t,t")
t—tl 3/2 7

(2)

S(t,t)

t
= Lt—t)+ P2(&t,t)de,  (3)
t/

and P(&;t,t') is instantaneous (at the moment &) mo-
mentum of an electron moving along closed trajectory in

1 It should be noted that although the analytical results for XUV-
assisted laser factor were reported only for the case of a linearly
polarized monochromatic IR field, the explicit form of the IR
vector potential A (t) was not used explicitly in the derivations
presented in Ref. [33]. Thus the results of Ref. [33] are valid also
for a short IR pulse.
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the time interval (¢',¢) in the IR laser field with vector

potential A (&),

P(E1) =+ | An(e £)de'| . (@)

In the quasiclassical approximation, the atomic factor
ap(n) can be presented in terms of real electron tra-
jectories [34-36],

N) = Qjag (), (5)

where aéj ) (Qy) is the TDER partial laser factor for the j-
th closed classical electron trajectory in the IR field and
Q; is the Coulomb factor, which extends the TDER re-
sults to the case of real atomic systems [37]. Explicit form
of the factors agj ) and Q, can be found in Appendix A.
In order to generalize these results to the case of a
short XUV pulse, we employ the following form for the
electric field vector of an XUV pulse,
Fxyy(t —

) = iFXUVfXUV( — )COS [Q(t — T)],

(6)

7152 (t— T)dQ/ (7)

fXUV t—T / fXLv

where Fxyy, 2, 7, and fxuv(t) are respectively the ampli-
tude, carrier frequency, time delay, and temporal enve-
19p\e of the XUV pulse. We assume the Fourier-transform
fxuv(€) has a pronounced maximum near ' = 0. Than
replacing Foo — Fyoy fxoy ()@ +D7 in Eq. (1) HHG
amplitude for the short XUV pulse can be found as
a Fourier-transform of the ”monochromatic“ amplitude

Al (Qhu Q)7

A () = / oy faoe (@) /@497
Xdl( )frec( )dQ/ (8)

If the frequency profile of the XUV pulse, EQTV(Q’), has
a distinct maximum near € = 0 and the two-photon
recombination amplitude is a smooth function of the ab-
sorbed photon energy, so that

deLV afrcc

. . (1) _ _
|fXLV(t T)frec (Qh Ip )l > dt 89

) (9)

one can evaluate the integral in Eq. (8) by replacing the
-dependent recombination amplitude by its value at
the carrier frequency of the XUV pulse, i.e., at Q + Q' =
Q). This approximation results in the factorization of the
HHG amplitude for a short time-delayed XUV pulse in
terms of a two-photon recombination amplitude and a



157 laser-induced factor,

A1 (Qn) = Ta’l(Qh)fr(clc)(El)

Q) dt | dt/ ————
ar( h \/271'1 27T/ /

/ (€

where the last integral in (11) is the temporal profile (7)
of the XUV pulse. Thus, the final form of the laser-
induced factor for the short IR and XUV pulses within
TDER theory is

FXU\/eiQ (10)
ez(Qh Q)t—iS(t,t")
tl)3/2

—zQ (t— T)dQ/ (11)
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Q Ut J /ez(Qh Q)t—iS(t,t")
t
ar () \/271'1 2 / / f')3/2
XfXUV( —T), (12)

where S(t,t') is given by Eq. (3). Comparing Eqs. (2)
and (12) and taking into account Eq. (5), the laser factor
a1 () within the quasiclassical approximation may be
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presented in terms of aé‘j)(Qh — Q) as follows:

Z Qj CL(J) (n — Q)fXUV(tSj) =),

16

a

(13)

where t£7) is recombination time for the jth classical tra-

w7 jectory. Explicit form of the laser factor a; (Qy) indicates
that HHG yield on the XUV-induced plateau is maxi-
mized for time delay coinciding with recombination time
of electron in IR field, while in previous studies of XUV-
assisted HHG [29-32], the time delay was tuned to the
ionization time, which ensured maximal effects of IAP on
harmonics generated in the IR plateau.

Since our basic result (13) was obtained within qua-
175 siclassical approximation, we provide an estimate for
ws the accuracy of this approximation, which assumes: (i)
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177 Smooth behavior of fr(clc) (E1) as a function of Q [see
ws discussion of Eq. (9)]; and (ii) The applicability of
o the classical trajectories approximation. The condition
w0 (1) gives a restriction on the temporal profile fxuy(t),
1w i.e., the characteristic time scale of the XUV envelope,
w2 | fxuv/(dfxuv/dt)], at the recombination time 9 _ 7
183 should exceed the uncertainty in the recombination time
184 t(J ). This uncertainty can be estimated using the time-
185 energy uncertainty principle, €0t ~ 1. If £(¢) is the clas-
1 sical dependence of the electron energy (in the field of the
17 IR pulse) on the recombination time [28], its variation is
1 given by the first derivative, 66 = £(t)0t ~ F2dt/(4w) for
10 harmonics in the middle part of the HHG plateau, and by
1o the second derivative, 6€(t) = E(t)6t%/2 ~ F26t?/6, for
w01 cutoff harmonics [since £(t) tends to zero there] [34, 35].
12 Thus, according to the uncertainty principle, we find,

6t = [1/EAINY? ~ \Jaw/F2, E@tW) £0, (14a)
5t = [1/EXINY2 ~ (6/F2)Y3,  E(tY)) =0,(14b)
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where Fip and w are the characteristic peak field strength
and carrier frequency of the IR pulse. (See Appendix B
for more details.)

B. Retrieval procedures

Using (13), the yield of harmonics on the XUV-induced
plateau, Y1 (Q, 1), is given by,

yl(Qh7 ) |A1 Qh fo'e Z |Q(J)| fXU\ (t(J) _ 7’)
+ Z (J) [ } fXLV( l _T)fxuv( ¢ —7)(15)
33" 55#5"
where agj) = a((Jj) (Qn, — Q). The interference term [second

line of Eq. (15)] can be omitted if: (i) The duration of
the TIAP, Txuv, is much smaller than the minimum differ-

ence in recombination times, Typy < min (|t t£‘7/)|); or
(ii) The harmonic yield for a given energy (2}, is due to a
single closed classical trajectory. This suggests two alter-
native procedures for retrieval of the IAP pulse envelope
by measuring the HHG yield vs. time delay 7:
Procedure (i): Choose a harmonic 2, associated with
two or more well-separated electron trajectories. The
harmonic yield as a function of time delay 7 will then

comprise a sequence of bursts at the recombination

times t(J), separated by the time differences between

recombination events, each of whose shapes replicates
fﬁw(t? ) 7). The relative height of each burst is given
by |a§J)|2. To reconstruct the IAP temporal envelope,
one should normalize all bursts to unity and then over-
lap the different scaled yields in order to form a single
burst replicating square of the XUV pulse envelope with
higher accuracy than for a single jth burst alone.
Procedure (ii): Choose a harmonic {2}, associated with
a single electron trajectory with recombination time t( ),
The harmonic yield vs. time delay 7 will then mimic the
square of the XUV pulse envelope, f2, (tgo) - 7).

III. NUMERICAL RESULTS

We now proceed to illustrate retrieval procedures (%)
and (ii) by accurately calculating the XUV-assisted HHG
spectrum for the hydrogen atom for two cases: a single-
color linearly polarized IR pulse; and a two-color IR pulse
with linearly polarized, orthogonal components.

A. Single-color IR field

For a single-color, linearly polarized IR pulse, we rep-
resent the electric field of the pulse as,

ER(t) = 2ERfIR(t) COS Wt, (16)
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FIG. 1. (a) HHG yield for a 5-cycle IR pulse field (16),

with Ti1g = 20 fs and w = 1 eV, and a Gaussian XUV
pulse (17), with frequency Q = 41 eV, Txuv = 202 as, and
7 =10.95 fs. The IR and XUV pulse peak intensities are the
same: Iir=Ixuv = 2 X 1014W/cm2. Vertical dashed and dot-
dashed lines indicate the harmonic energies €2, = 130 eV and
Qn = 153 eV. (b) Color-coded time-frequency distribution of
the HHG yield in (a).

where its envelope is fir(t) = sin? (7t/Tig) for 0 < t < Ty
and zero otherwise, Ty is its total duration. The XUV
pulse is parameterized according to Eq. (6).

Numerical calculations were carried out for a five-cycle
IR pulse (Tiz = 20 fs) with peak intensity Iz = 2 X
10 W/em?, w = 1 eV, and an XUV pulse with Q =
41 eV, Ixyy = 2x10 W/em? for (i) a Gaussian envelope,

fXUV(t - 7') = fG(t)7

2
fa(t) = exp |- 25010,
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with XUV pulse durations (full-width at half maximum
of the intensity, FWHM) of Txyy = 202 as and 303 as
(two- and three-cycle pulses); and (ii) for a tailored pulse
with envelope given by two shifted Gaussian functions,

fxov(t—7) = falt— 1)+ 2fc(t — 74)/3, (18)

23 where 74 = 47 /Q. For the single-color, linearly polar-
24 ized IR field, the 3D TDSE was solved for the Coulomb
s potential by expanding the wave function in spherical
26 harmonics [38].

27 In Fig. 1(a) we present the HHG spectrum for a Gaus-
us sian XUV pulse (17) with Txyy = 202 as and a time
xuo delay 7 &~ 10.95 fs. As shown in Fig. 1, the XUV field
20 induces a second plateau. To retrieve the XUV pulse
s envelope, we choose two harmonic spectrum energies,
2 QO = 130 eV and Q) = 153 eV (see Fig. 1). In principle,
253 for Q, = 130 eV two (long and short) trajectories, whose
24 recombination times differ by =~ 0.8 fs, may contribute.
255 However, as is seen from Fig. 1(b), only single trajec-
26 tory contributes for 2 = 130 eV because the duration
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of XUV pulse is much less than 0.8 fs. For 2, = 153 eV a
single trajectory contributes, since its energy lies beyond
the XUV-induced plateau cutoff.

In Fig. 2(a) we present the harmonic yield for Q) =
130 eV for a Gaussian XUV pulse envelope (17) as a
function of time delay, 7 — 79, where 79 ~ 11.15 fs is
the return time for the extreme closed classical trajec-
tory contributing to the formation of the cutoff harmonic.
There are two bursts, separated by the difference in re-
combination times for short and long trajectories. The
relative heights of the two bursts are given by the corre-
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sponding magnitudes |a§3 ) |2 for the long and short trajec-
tories. To retrieve the XUV pulse envelope, we use Pro-
cedure (i) and scale both bursts to the same height [see
the gray solid circles in Fig. 2(a)] and then overlap the
burst on the right to the one on the left (see the parallel
arrows pointing left). As a result, the set of transferred
points (blue circles) and the points for the first pulse
(red triangles) perfectly reproduce the original shape of
the XUV pulse envelope. Note that the accuracy of this
retrieval method decreases as the XUV pulse duration
approaches the difference between recombination times
of short and long trajectories (which increases with in-
creasing wavelength of IR pulse); it also has a lower limit
for the XUV pulse duration given by the “resolution”
time, 6t [cf., Eq. (14a)].

In Figs. 2(b) and 2(c) we present the dependence of
the harmonic yield on the time delay 7 — 7 for the har-
monic €y = 153 eV and XUV pulses (17) and (18) re-
spectively, with Txyy = 303 as. For XUV pulses with
Txuyy = 303 as, the harmonic yield as a function of time
delay accurately reproduces the square of the XUV pulse
envelope, f2,,(t), for both symmetric and asymmetric
XUV IAPs. For shorter IAPs (e.g., Txyy = 202 as), how-
ever, the retrieved envelope is much broader than that
of the XUV pulse owing to the comparable magnitudes
of the XUV pulse duration and the “resolution” time,
0t ~ 246 as, for the cutoff harmonic [cf., Eq. (14b)]. Thus
for a single-color IR pulse single-trajectory Procedure (ii)
based on cutoff harmonic has much smaller accuracy than
Procedure (i) based on plateau harmonic.
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208 B. Two-color IR field with orthogonal polarizations

Procedure (i) can work, however, by using an alter-
native IR field waveform that supports only a single-
trajectory contribution to the HHG spectrum. Such a
waveform is realized for a two-color field with linearly
polarized, mutually perpendicular components [39, 40],

(19)

where 5 = 0.8 is the field strength ratio for the second
and first harmonics. In this case any harmonics in the
middle part of the plateau can be used to map the XUV
pulse envelope. The characteristic resolution time for
s harmonics in the middle part of the plateau is determined
300 by both the intensity and the frequency of the IR field,

29!

©

30

S

30

=2

30

o

30,

)

ER(t) = ERfIR(t) [Z coswt — ﬂ)/\( sin th],
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FIG. 2. An illustration of retrieval Procedure (i) (a) and Pro-
cedure (ii) (b,c). Red lines with triangles: TDSE results for
dependence of HHG yield for harmonic energy €, = 130 eV
(a) and 9, = 153 eV (b,c) on the time delay 7 — 79 (where
7o = 11.15 as) between the single-color IR pulse (16) and
Gaussian XUV pulse (17) with Txuv = 202 as (a) and 303 as
(b) and XUV pulse (18) with Txuv = 303 as (c). Blue solid
curves show original XUV pulse envelopes. Dashed grey curve
with circles in (a): scaled dependence of HHG yield on the
time delay; blue solid circles: shifted data points (see text
for details). Carrier frequencies and intensities of the IR and
XUV pulses are the same as in Fig. 1.

s0 0t &~ /4w/FZ%. Since the frequency of the IR field is
small, the resolution of the retrieval Procedure (ii) for
the two-color IR field (19) increases in comparison with

that for the single-color case (16).

311
312

313

s To demonstrate the Procedure (i) retrieval accuracy

for the two-color IR pulse (19), we calculate the XUV-
assisted HHG spectrum for a carrier frequency w =1 eV
and peak intensity Iz = 2 x 10'* W/cm?. Unlike the
case of a single-color linearly polarized IR pulse, we solve
the 3D TDSE in Cartesian coordinates by a split-step
method with a fast Fourier transform [40, 41]. To speed
up the computations, rather large spatial steps were used
(0.325 a.u.). Therefore, in order to obtain the correct H
atom binding energy, I, = 13.65 eV, we employed a soft-
Coulomb potential, U(r) = —asech?®(r/a) — tanh(r/a)/r
with @ = 0.3 and a = 2.17 [40, 41]. The characteris-
tic resolution time interval (14a) for the above IR pulse
parameters is 0t ~ 123 as. The HHG spectrum for the
above-specified IR pulse and a two-cycle Gaussian XUV
pulse (17) with time delay 7o = 10.73 fs (correspond-
ing to the recombination time for the harmonic with
energy 130 eV) is shown in Fig. 3(a). The harmonics
involving the absorption of the XUV photon lie in the
energy range 120 eV< y, <150 eV [see Fig. 3(b)]. We
choose two harmonics from the middle of this interval
s (see Fig. 3) to retrieve the XUV pulse envelope.
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18 In Fig. 4 we present the dependence of the harmonic
s yield on the time delay 7 — 79 for two harmonics from
a0 the plateau region in Fig. 3(a), O, = 130 eV and Q) =
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FIG. 3. (a) HHG spectrum for a two-color IR field (19) with
B = 0.8 and 2-cycle XUV pulse (17) (Txvuv = 202 as). Carrier
frequencies and intensities are the same as in Fig. 1. Vertical
dashed lines indicate the energy positions Q, = 130 eV and
Qn = 134 eV. (b) Color-coded time-frequency distribution of
the HHG yield for the same parameters as in (a).
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FIG. 4. Dependence of HHG yields on time delay 7 — 7o
(where 79 = 10.73 fs) for harmonic energies (a) Qn = 130 eV
and (b) Qn = 134 eV in the XUV-assisted HHG spectrum in
Fig. 3. Intensities and carrier frequencies are the same as in
Fig. 1. The XUV pulse duration is Txuv = 202 as. Red lines
with triangles: retrieved square of the XUV pulse envelope;
solid blue lines: square of the original XUV pulse envelope.

s 134 eV; 79 = 10.73 fs is the return time for the shortest
electron trajectory for the harmonic with €, = 130 eV.
One observes good agreement between the retrieved and
s original XUV pulse envelopes. Note that the position of
us the maximum for the retrieved pulse for Q = 134 eV
us in Fig. 4(b) is shifted by 50 as with respect to that for
s Qn = 130 eV in Fig. 4(a). This shift stems from the
us difference in recombination times for these two harmon-
s10 ics. Thus, the retrieval Procedure (ii) using a two-color
30 IR pulse (19) allows one to measure the difference in re-
ss1 combination times for the harmonics on an attosecond
2 timescale, thereby providing an alternative procedure for
353 recollision time measurements (cf. Ref. [42]). Note also
34 that one can overlap the scaled harmonic bursts for dif-
355 ferent harmonics similarly to the Procedure (i) of over-
ss6 lapping different trajectory bursts for the same harmonic
57 [as shown in Fig. 2(a)].
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IV. CONCLUSION

To conclude, we have proposed an all-optical method
for reconstruction of an XUV TAP envelope from analysis
of XUV-assisted harmonic yields beyond the IR-induced
HHG plateau as a function of time delay between IR and
XUV pulses. The resolution of the method depends on
the position of harmonic in HHG spectrum: for harmon-
ics on the slope of an XUV-induced plateau, the resolu-
tion is determined only by the intensity of the IR field,
while for harmonics in the middle part of the plateau, the
resolution increases with decrease of the IR pulse carrier
frequency. In addition, the proposed method makes pos-
sible a direct mapping of electron recombination time
difference and relative contribution of closed classical
trajectories to the HHG yield as functions of the har-
monic energy. Finally, we notice that experimental real-
ization of proposed retrieval schemes requires accounting
of medium effects [43-45], which can be minimized, so
that the HHG yield can be reduced to a single atom re-
sponse [46, 47]. This makes possible realization of in situ
methods [25, 26], measurement of ionization and recom-
bination times [42], and realization of proposed retrieval
procedures due to uniformity of nonlinear dynamics and
propagation effects for harmonic with frequency Q, —€2 in
IR-plateau region and XUV-induced harmonic )}, which

is given by the same factors aéj) [see Egs. (5) and (13)].
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Appendix A: Explicit Expressions for the Adiabatic
Approximation Result for the Laser-Induced Factor

The integrals in Egs. (2) or (12) can be evaluated us-
ing the adiabatic (or low-frequency) approximation of
Ref. [36]. In this approximation, the analytical result
for the factors ao(2y) and a1(n) can be presented in
terms of real classical trajectories, Egs. (5) and (13), de-

fined by the corresponding real initial (ionization), tz(-j ),

and return (recombination), 9 times [36]. These times
are solutions of a system of transcendental equations,

K| K} =0,
K?
Tj :El —ASJ,

(Ala)

403

404

405

406

407

408

409

~
=
o

411

412

413

414

415

416

417

where
K; K; ’ ’
K | 2Rt F (K - K)
A& = — J J 5 - ,(A2)
2At; _F]/ — K]/ . _F]’

and FEj is returning electron
ap(Qy) and B4 = O — I,

) 49 K = /20, K|
OP(ED 4D D)o, K, = P ) 19, B
1_77”.71 .1_7 VA rooir oyl )y Ay
Fu(t"), ] = ("), Fu(t) = ~0Aw()/0(ct). As
shown in [36], a(g])(Qh) [and corresponding agj )(Qh)

energy [Eq = Qy, — I, for
—Q for a1(Q) ], At; =
= P(tgj);tgj),tl(-”), K; =

agj ) (Qn — )] has an explicit form in terms of real classi-
cal times tgj) and tgj),

af’ () = a{™™aloP (), (A3)

(prop)

where the propagation factor, a; , is given by,

(prop) S )it
a;” " () = i—— B —,
Aty K- K

,tl(j)) / 8155‘7'); and where the tun-

, is given by,

(A4)

where Kj = 8P(t£‘j);t£‘j)
(tun)

neling factor, a;

P
3

<t

a(ltun) _ Co [k e

SR PRy o)

3

J

where

2
F? - K

2y =\/2I, + KI*.

The Coulomb factor, Q;, in Egs. (5) and (13) consists
of two factors [37],

Q= Q{4 RY, (A6)
Z/k
3
) 2K /
Q) = (?> . Fj=\/F7,
J
- 1Z/k
R, = ,

(A1b) . where Z is the charge of the residual atomic core.



a9 Appendix B: Derivation of quantum uncertainties

420 [Egs. (14a) and (14b)]

The adiabatic approach is justified by the smoothness
of the pre-exponential factors compared to the rapidly
oscillating exponential function in Eq. (12). In particu-
lar, the characteristic time scale of the XUV envelope,
| fxuv/(dfxuv/dt)|, at the time t9) — 7 should exceed the
vicinity of the recombination time t? ), which gives the
main contribution to the integral in Eq. (12). This vicin-
ity, dt, is determined by the second derivative of the ac-

tion S(t,t') at the recombination time £,
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1925(t, 1)
ot = 5# ; (B1)
oty’
430 Where
S L S K K=o FR e, (B2)

(6t£j))2
s The parameter «; differs only slightly from one trajec-
a2 tory to another; its value lies in the interval 0.45 - 0.55

33 for both a linearly polarized IR pulse and a two-color
s IR pulse with linearly polarized, mutually perpendicular

a5 components. Setting «; ~ 0.5, Egs. (B1) and (B2) give
s Eq. (14a) of the main text for 0¢, which may be inter-
a7 preted as a quantum uncertainty in the recombination
33 time.

Near the high-energy cutoff, the second derivative of
the action tends to zero, so that the integration in (12)
must be treated in an alternate way [35]. In this case,
the vicinity of the extreme recombination time is given
w3 by the third derivative of the action,

439

440

441

442

—-1/3
1935(t), 119
ot = 67(( (_)’)g ) : (B3)
oty
ws Where
335(t£‘j),t(‘j)) . L9
———5—~ =K; K; + K;" =§;F, (B4)
(815&”)

. . . . . 2
w where K; = 92P(t9);49) 1) /(aéﬂ)) . In Eq. (B4),
us the spreading factor, J;, is ~ 1 for both a linearly po-
a7 larized IR pulse and a two-color IR pulse with linearly
ws polarized, mutually perpendicular components. Setting
1 §; ~ 1, Egs. (B3) and (B4) give Eq. (14b) of the main

a0 text.
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