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We develop an efficient variational approach to studying dynamics of a localized quantum spin coupled to
a bath of mobile spinful bosons. We use parity symmetry to decouple the impurity spin from the environment
via a canonical transformation and reduce the problem to a model of the interacting bosonic bath. We describe
coherent time evolution of the latter using bosonic Gaussian states as a variational ansatz. We provide full
analytical expressions for equations describing variational time evolution that can be applied to study in- and
out-of-equilibrium phenomena in a wide class of quantum impurity problems. In the accompanying paper [Y.
Ashida et al., arXiv:1905.08523], we present a concrete application of this general formalism to the analysis of
the Rydberg Central Spin Model, in which the spin-1/2 Rydberg impurity undergoes spin-changing collisions in
a dense cloud of two-component ultracold bosons. To illustrate new features arising from orbital motion of the
bath atoms, we compare our results to the Monte Carlo study of the model with spatially localized bosons in the
bath, in which random positions of the atoms give rise to random couplings of the standard central spin model.

I. INTRODUCTION

Understanding dynamics of a quantum system coupled to
a reservoir is a ubiquitous problem in modern physics. Mod-
els of this type can be used as a starting point for describ-
ing many important phenomena in condensed matter physics,
atomic and molecular physics, and optics. Furthermore, co-
herent control and manipulation of quantum systems coupled
to many-body reservoirs are the primary prerequisite for a suc-
cessful implementation of quantum information processing.
Current constraints on the applications of quantum technolo-
gies arise from practical limitations on coherence of quantum
systems due to their interaction with external environments.

In the context of many-body physics, a problem of partic-
ular importance is the model of quantum impurity interacting
with a bosonic bath. This class of models can be used to de-
scribe a large number of physical systems, including electrons
coupled to phonons [1-3], spins coupled to a dissipative en-
vironment [4], the Bose Kondo problem [5-8], electrons in
semiconductors [9—11], and 3He-*He mixtures [12]. Renewed
interest in these problems comes from recent experiments
with ultracold atoms [13-22] that allow one to create many-
body systems with tunable parameters and to obtain detailed
characterizations of the dynamics. Theoretical studies lead
to significant advances in understanding of polaron physics
[23-39] beyond the conventional paradigm established in the
previous studies of solid-state systems [40, 41]. An impor-
tant common feature of these systems is that bath modes are
delocalized. Typical examples include phonons in crystal lat-
tices or Bose-Einstein condensates (BEC). In the Bose Kondo
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model [42], the bosonic spinful bath consists of paramagnons
of the nearby antiferromagnetic phase and is thus delocalized.

Another important class of quantum baths features local-
ized bath modes, such as nuclear spins that interact with
the electron spin on a quantum dot [43-45]. A paradig-
matic model for describing such systems is the central spin
model [46-59], which couples a central two-level system to
localized (i.e., immobile) environmental spins. This model
is also commonly used to describe dynamics of spin qubits
realized with phosphorus impurities in silicon [60, 61] and
nitrogen-vacancy centers in diamond [62]. A particularly in-
triguing feature of the central spin model is its quantum in-
tegrability [46], which implies the existence of an extensive
number of integrals of motion. Several powerful techniques
have been developed to analyze dynamics of this model, in-
cluding Bethe ansatz [46, 51, 63], the Chebyshev-expansion
method [64], perturbative approaches [45, 65, 66], effective-
Hamiltonian methods [67, 68], cluster correlation expansion
[69], the nonperturbative master-equation approach [70] and
a self-consistent Holstein-Primakoff approximation [57]. Re-
lation between the central spin model and the BCS theory of
superconductivity has also been actively explored [50, 71].

Until now the above two classes of many-body systems,
namely, quantum impurity problems with mobile and local-
ized bath modes have been analyzed separately. In particular,
it is not obvious how to generalize the previous theoretical ap-
proaches developed in the central spin problem so as to han-
dle the case of delocalized (i.e., mobile) environmental spins.
In this paper, we develop a variational approach to study a
generalized type of a quantum impurity problem in which en-
vironmental bosons are mobile and spinful while interaction
between the localized spin and the surrounding mobile spins
is spatially extended. A particularly intriguing aspect of this
problem is the interplay between spin dynamics and orbital
motion of host particles. A flip of the impurity spin dramat-
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ically changes the interaction between the impurity and envi-
ronmental bosons, and vice versa, orbital motion of bosons
affects spin-exchange processes because the interaction de-
pends on the positions of atoms. This unique interplay thus
compounds the difficulties of including both orbital motion of
mobile bosons and nonlocal spin interactions characteristic of
the central spin model. To solve such a class of challenging
problems, we describe a new variational approach that first
decouples the impurity by employing the canonical transfor-
mation [72] (at the expense of introducing interactions among
the bath particles) and then approximates coherent dynamics
of the bath with the bosonic Gaussian states. We provide ex-
plicit analytical expressions for the nonlinear time-evolution
equations of the vector of coherent expectation values and the
covariance matrix of individual modes.

The last two decades have witnessed remarkable develop-
ments in giant Rydberg impurities in ultracold atoms, offering
a new experimental platform for quantum information pro-
cessing [73] and for realizing new types of strongly corre-
lated many-body states [74-81]. In the accompanying pa-
per [82], we point out that Rydberg excitations in ultracold
atoms naturally realize the new class of the quantum impurity
problem, which we term as the Rydberg Central Spin Model
(RCSM). We here discuss in detail how our general theoret-
ical approach can be applied to study nonequilibrium prop-
erties of the RCSM. While polaronic effects in Rydberg spec-
troscopy have recently attracted considerable attention, the fo-
cus of previous studies has been either on settings in which
only a triplet scattering channel needs to be included and thus
spin dynamics is frozen [74-81], or on low-density regimes,
where only few-body molecular physics is relevant [83-87].

This paper is organized as follows. In Sec. II, we present
details of the variational approach to studying dynamics of a
quantum spin coupled to a generic bosonic environment with
the only requirement of having parity symmetry (e.g., symme-
try of the rotation by 7 around a certain axis). We introduce
a canonical transformation that completely decouples the im-
purity from the environment. We present the formalism to ap-
proximate the time evolution of the environmental wavefunc-
tion in the transformed frame using a bosonic Gaussian state
as a variational ansatz. We derive analytical expressions of the
equations of motion for the variational parameters. In Sec. 111,
we apply our general approach to analyze nonequilibrium dy-
namics of the RCSM. We compute absorption spectrum that
can be experimentally probed with Rydberg spectroscopy and
obtain real-time dynamics of the Rydberg-electron spin. To
elucidate the crucial role of the orbital motion of bath atoms,
we also analyze the central spin model with random couplings
by employing the Monte Carlo sampling. Finally, we summa-
rize the results and present an outlook in Sec. IV.

II. GENERAL FORMULATION
A. Impurity decoupling

In this section, we formulate the variational approach in a
general way so that it can be applied to a wide class of quan-

tum impurity problems. Specifically, we consider the follow-
ing class of Hamiltonians

H = Z ena(;;rlal;na + Se . Senv + hzk§57 (1)

where l;na (IA)IW) are bosonic annhiliation (creation) operators
of environmental modes n = 1,2, ..., N, of energy €,, with
two internal degrees of freedom o =1}, /. We note that envi-
ronmental modes are not specified here; they can be, for ex-
ample, momentum eigenstates or single-particle bound states.
The localized spin-1/2 operator is denoted by S. = 6. /2.
The second term represents a Kondo-type interaction between
the localized spin and the environmental spins, in which we
introduce the spin-density operator Senv including couplings
as

N 1 ~ A
Sgnv = 5 Z g?nnb:rnao'gﬁbnﬁ (2)

mnaf

with a = z,y, 2. Here, the g;,,,, are arbitrary N, x N; Her-
mitian matrices labeled by a and represent a generic form of
an impurity-environment coupling that can in general be long-
ranged and anisotropic. We note that this class of interaction
reduces to the standard Kondo coupling [88-90] when it is
local in space. The last term in Eq. (1) is a magnetic-field
term acting on the localized spin only. This term should be
understood as a difference of Zeeman energies between the
impurity and the bath spins. We note that the Hamiltonian
commutes with the total spin S“ﬁot = Sg + SZHV, and thus the
term proportional to it merely shifts the spectrum by a global
constant. In this paper, we set i, = 0 (except the results plot-
ted in Fig. 4). The magnetic term can be neglected if either
the magnetic field is switched off or one uses atoms having
the same Zeeman energies.

The first key step in our variational approach is to em-
ploy the canonical transformation [72] to decouple the lo-
calized spin operator. Since the Hamiltonian (1) satisfies
the parity symmetry with respect to 7 rotation of the entire
system around z axis, it commutes with the parity operator
P = 62Peny with Peyy = €™Vt and Ny = 3, b by,q,. This
conserved parity operator can be mapped onto the localized
spin-1/2 operator via UtPU = 07 with the unitary transfor-
mation [72]:

~ 1 .
U=—(1+i6Peny). 3
\/5( /Peny) 3)
Thus, transforming to the ‘corotating’ frame of the impurity

via U, the localized spin operator turns out to be a conserved
quantity and its dynamics freezes, i.e., the system satisfies

[H,5%) =0, )

where H = UTHU is the transformed Hamiltonian. Specify-
ing the parity-symmetry sector P = +1, we can treat the spin
operator as a classical number 07 = =+1 in the transformed



frame. The resulting Hamiltonian thus only contains the envi-
ronmental degrees of freedom:

H = Hy + Hj, ®)
2 PN 1 N

Hy = %a: fnabILabna + ZO—:S(ajnv’ (6)
= 1 xSz - Qy hz TP

Hl = §Penv (Ue Senv - ZSenV) + ?O’e Penv- (7)

Here, H, represents the quadratic part of the transformed

Hamiltonian while H; represents interactions among environ-
mental bosons that are in general multibody due to the nonlo-
cality of the operator f’env. The latter appears at the cost of
the elimination of the impurity degree of freedom and can be
interpreted as effective boson-boson interactions mediated via
the impurity spin.

B. Variational principle

The next step is to approximate the time-evolved bath state

governed by the transformed Hamiltonian H by a tractable
many-body wavefunction. To this end, we choose a bosonic
Gaussian state |Ugg) [91, 92] as an efficient variational state
to describe the bath wavefunction in the transformed frame.
The Gaussian states naturally include, as certain subclasses,
variational states appropriate for the standard mean-field the-
ory based on, e.g., the Gross-Pitaevskii equation and the
Bogoliubov-de Gennes equations.

We here consider a generic Gaussian state, which is param-
eterized by a 4 Np-dimensional real vector ¢ and a 4 Ny, x 41N,
real symmetric matrix I':

¢ = (Y)as, ®)
s, o

where (- - - )qs denotes the expectation value with respect to
the Gaussian state (GS) and ¢ = (,p)T denotes a vector
of the quadrature operators Z,, = BILQ + l;na and pp, =
i(bl,, — bpa) as

8

7‘%Nbl}) ) (10)
PNy 5 (11)

s E N By,

Sy DN D1y o

:(i'lﬂa"'
P = (Prp,- -

and 6'@ = 'c,ZA) — ¢ is the fluctuation from the mean-field
value. Physically, nonvanishing values of the vector ¢ indi-
cate macroscopic occupations of certain environmental modes
as appropriate for a description of BEC. In addition, the co-
variance matrix I' in the Gaussian state describes the squeez-
ing of environmental bosons, enabling one to take into account
quantum depletion arising from Bogoliubov excitations on top
of a simple coherent state. Note that the number of parameters
grows at most quadratically with the number of environmental
modes.
An explicit form of the Gaussian state is given by

[Was) = efes¥ obe=5¥7 6% |0) = Ugg|0),  (12)

where 0 = io?Y ® Iy, with I; being the d x d unit matrix
(d is a positive integer) and & is a 4N, x 4N, real-symmetric
matrix. A matrix dimension is 4V, (2/NVp) if a matrix acts on
spinful (spinless) single-particle modes. These matrices can
be related to the covariance matrix via

I'=~77, (13)
v =e%t. (14)

Note that in Eq. (12) we explicitly include a phase factor 6,
which is necessary to obtain the absorption spectrum of the
system as detailed later.

The time-evolution equation can be obtained from the time-
dependent variational principle [92-94]. Specifically, we
project the exact real-time evolution of the environmental state
(in the transformed frame),

ihd, W (1)) = H|W(t)), (15)

on the manifold spanned by the present variational states.
This procedure is equivalent to minimizing the deviation € =

| (ihd, — H)|Wgs(t))||? from the exact evolution at each mo-
ment, leading to

ihdy|Was(t)) = pam‘llc;s(t)% (16)

where Py is a projection operator onto the tangent space of
the variational manifold. The time derivative of the Gaussian
state can be rewritten as

Ol ¥es(t) = Uss e+ 59T o0
+ 29009 :)I0) (17)
with ¢ = id 0+ (i/4) Tr[y o (9yy) T] being a scalar while the

state acted by the transformed Hamiltonian can be represented
as

1.
Yas + §¢T’YTH¢
Ty T H Ay - +50) 10). (18)

Here, : : indicates the normal order of the bosonic operators

b and l;;fm and we introduce the functional derivatives of the
variational energy as

_ 5<£’>GS
 §(H)es
Hr = 4=, (20)

The operator Py projects out the higher-order contributions of
1&, which are denoted as 6O in Eq. (18). Using Egs. (17) and
(18) and comparing linear and quadratic terms in 1/3 on both
sides of Eq. (16), we obtain the set of variational equations:

hdyp = oty Q1)
hd,T" = oHrT — T'Hro. 22)



We emphasize that these variational equations should in gen-
eral offer better results than the standard mean-field theories
since the present approach is based on a general Gaussian state
and thus can autonomously take into account all the possible
two-point correlations on top of an arbitrary BEC state in an
unbiased manner.

C. Equations of motion

To integrate the real-time evolutions (21) and (22) of the
time-dependent variational parameters ¢ and I', we need an-
alytical expressions of the functional derivatives H and Hr.
To this end, we first express the expectation values of the
quadratic and interaction Hamiltonians in the transformed
frame in terms of the variational parameters as follows:

2 1 1 1

(Ho)as = 1 [Hol'] + Z¢T7'lo¢ -7 [Ho], (23)
. 1 he o

(Hi)as = ;Tr [50] + 207 (Penv)as, (24)

where we introduce a 4V, x 4N}, real-symmetric matrix Hg =
S[(Iy — oY) @ ho] with S[A] = (A + AT) /2 being the matrix
symmetrization and ho being the single-particle Hamiltonian
in the transformed frame (cf. Eq. (6)):

ho = diag(ena) + (07 /4)0" @ ¢2,... (25)

In the interaction energy (24), we introduce a 2N, X 2N}, ma-
trix

and define the 2N}, X 2N}, matrix 2 including the environmen-
tal parity operator by [92]

Q= (ISQHVEIT I;> as

= _Zz <Penv>GS (I2Nb s _iIQNb)

1
X (Fgl)T 2(F14Nb)+¢¢TF§1] (ZIIZJIVVZ ) .(27)

Here, we represent the vector of the bosonic creation operators
of different environmental modes as

i):(blfrv"'78Nbﬂ=31l}7"'76Nbu)7 (28)

and introduce matrices £, = ¢* @ Iny,, A = I, ® £, and
I'p = (Isn, + A)T + Iyn, — A. The expectation value of the
environmental parity operator is given by

(P L e (g9

env>GS = \/me

Calculating the derivatives of the variational energy (H)gs
with respect to the parameters ¢ and I" in Egs. (19) and (20),
we now obtain the analytical expressions of H, and Hr as

Yg=00"®g5, — 10" @9¥, (26)  follows:
J
My =Hodp — 2(H)asTp (1 + M) — (Penv)asT5' S (6] (P51 " &, (30)
Hr=Ho+S [2<H1>Gsrgl(1 +A) (@ - Lun,) + (Penv)esT3 65T (20 — 14Nb>} : 31)

where we introduce the 4V, x 4N, matrices

®=¢¢ T (1+A), (32)
G= ( —Iz‘QIJ;[]be ) 3.5, (Ian,, ilan, )- (33)

We note that the variational equations (21) and (22) together
with the analytical formulae (30) and (31) are general and
can be readily applied to studying out-of-equilibrium dynam-
ics of a quantum system coupled to various types of environ-
ments. While we focus on the real-time evolution in this pa-
per, the ground-state properties can also be analyzed by using
Egs. (30) and (31) to integrate the variational imaginary-time
evolution whose explicit form is given in App. A.

D. Absorption spectrum

Out-of-equilibrium properties can be studied by analyzing
the absorption spectrum [95]

A(w) = Re [ /0 h dte"th(t)} , (34)

where S(t) is the overlap between the initial state and a time-
evolved state

S(t) = (W (0)[e /" w (0)), (35)

For the sake of simplicity, a contribution from the free time
evolution (e.g., the one without Rydberg interactions in the
model discussed later) is not included here as it just shifts
A(w) by a trivial constant. To calculate S(t) in the present
variational approach, we have to obtain an equation of motion
of the phase factor 6 of the Gaussian environmental state in



addition to that of the mean-field vector ¢ and the covariance
matrix I". To this end, the most convenient way is to parame-

terize the Gaussian state in the basis of f)w and BIW operators
as follows:

‘\I/GS> _ eiee%T&TﬂtﬁemTEf)T eEE’BT 6’35”8T|0>, (36)

where =, 2’ and = are 2N, x 2N, matrices. The overlap can
then be obtained from

S(t) = ewe*%\éﬁﬁeéﬁ@éﬁ*’ (37)

where 03 is the difference mean-field vector in the basis of
(b, b")T defined as follows:

6B(t) = B(t) — B(0), (38)
B = %B*qb (39)

with B being the 4N}, x 4N, matrix

B= < Ly, Lo, ) (40)

—ilan, tlon,

The time evolution of the variational parameters §3 is ob-
tained by integrating the equations of motion (21) to yield
¢(t) and by applying Eq. (39) to transform it into an ex-
pression in the basis of bpe and BLa operators. Following
the same procedures relying on the time-dependent variational
principle as discussed in Sec. II B, we obtain the set of time-
evolution equations for the parameters 6 and =,

1 1
hd,® = —(H)gs + 15¢TH¢ + 7T [HrT]
1
=5 Trlhr] = Tr [hr°E], (41)

|
Zhdt.: = 5

Here we denote d¢p(t) = ¢(t) — ¢(0) and define the 2N, x
2N, matrices hr and hf- by

hr Rt 1.
(5 5)dmer

+ + hrZ + Ehr + 22REE. (42)

Integrating Eqgs. (41) and (42) together with Egs. (30) and
(31), we calculate the overlap S(¢) from Eq. (37) whose
Fourier transform provides the absorption spectrum (34).

III. APPLICATION TO THE RYDBERG CENTRAL SPIN
MODEL

A. Variational results with orbital motion

We now discuss the application of our general variational
approach to a new class of the quantum impurity problem,
in which bath bosons are mobile and spinful while interac-
tion between the localized spin and the surrounding particles
is spatially extended. This class of many-body problems can
be naturally realized with Rydberg gases [82]. Rydberg exci-
tations have been powerful probes for studying new regimes

of out-of-equilibrium dynamics of molecular states and quan-
tum many-body systems [74-81, 83—-87]. When an atom in
a BEC is excited into a Rydberg state with a high principal
quantum number n, the surrounding environmental bosons are
subject to Fermi’s pseudopotential [96] created by frequent
elastic scattering of the weakly bound Rydberg electron. If
the electron-atom scattering length is negative, the interaction
between the Rydberg electron and the environmental atoms
is attractive and the atoms can become bound to the Rydberg
excitations. This can lead to giant molecular states known as
Rydberg molecules whose size can be several thousand of the
Bohr radius [74, 76].

We consider a situation in which internal dynamics of envi-
ronmental bosons is restricted to two internal states o =1}, |}.
Thus, the bosons act as mobile pseudospin-1/2 particles and
their scattering with the Rydberg electron separates into two
channels. We denote these scattering channels as 1 and 2,
and the corresponding pseudopotentials as V; ». The resulting
Hamiltonian is (cf. Ref. [82])

=3 / bbbt 3 40 / drg?So+h. 57,
a=1,{ a=x,Y,z

(44)

where lilm (\i’la) are annihilation (creation) operators of
bosons at position r with internal state v =1}, ), S, = 6. /2
is the spin operator of the Rydberg electron, h, is a magnetic
field acting on the impurity spin, and S, is the environmental

spin density
~ . /\T g A
Sc= > ¥, (2 )a@ Byp. (45)
a,B=14

We introduce hg as the matrix elements of a single-particle
Hamiltonian

h2v?2
2m

where m denotes the atomic mass. The potential 1}y and the
long-range Kondo coupling g¢ are in general given by linear
combinations of the two Rydberg potentials V; 5, in which
the coefficients depend on the internal structure of environ-
mental atoms. As appropriate for the simplest setup of the
scattering between two spin-1/2 particles, hereafter we choose
Vo = (BVi+Vs)/4and g = gﬂ =V, —V, with V; and V; be-
ing the triplet- and singlet-pseudopotentials characterizing the
interaction between the Rydberg electron and the surround-
ing atoms. As a representative case, we use the data for the
potential profiles of the scattering between the electron of the
8TRb(87s) state and the ground-state 8"Rb atoms; all the nu-
merical results presented below are obtained for the triplet and
singlet Rydberg potentials of Rb atoms with n = 87. Yet, in
practice we envision using two-electron environmental atoms
(e.g., Sr atoms), in which the hyperfine coupling can be ne-
glected as discussed in the accompanying paper [82]. The
potential profiles in this two-electron atomic setup are anal-
ogous to those in the Rb setup used here [97]. Thus, essen-
tial features of the RCSM discussed below, which are quali-
tatively insensitive to these specific choices of potentials, will

ho =

+ Vo(r), (46)
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Applications of the variational approach to nonequilibrium dynamics of a Rydberg impurity interacting with surrounding bosons

via the anisotropic central spin coupling. The obtained overlaps S(t) (top panels) and the corresponding absorption spectra A(w) (bottom
panels) are plotted at different densities. In the top panels, the blue solid curves (red dashed curves) show the real (imaginary) parts of the
overlaps. The absolute values |S(¢)| are shown in the insets. In the bottom panels, the dashed lines indicate the mean-field (MF) shifts Aye

(cf. Egs. (55) and (56)).

remain in the two-electron atomic setup. Meanwhile, a possi-
ble difference in using the two-electron atom is the anisotropy
in the spin interaction [82]. To address this effect, we set
%Y = g+ = \/2g7. We neglect a temperature effect, boson-
boson interactions and the ion recoil because the Rydberg po-
tentials typically exceed those energy scales. We also omit
contributions from p-wave scattering.

Previous works on Rydberg molecule and polaron forma-
tion in a high-density regime [74-81] have exclusively fo-
cused on the following polarized initial state

|\Iltriplct> = | T>6|BECTT>7

where only the triplet channel is relevant to the dynamics.
Thus, the interaction part of Eq. (44) plays no role and the
resulting Hamiltonian is quadratic. In this case, the spin dy-
namics is completely frozen and the orbital motion of environ-
mental atoms solely characterizes the nonequilibrium proper-
ties of the system.

In the present work, we are interested in a different initial
state with the Rydberg spin and the surrounding bosons being
polarized into the opposite directions:

[Wo) = [ 1)e|BECy).

(47)

(48)

We note that such an initial condition has already been real-
ized in the experiments at low-density regimes [83-87]. In
this setting, the central spin-type interaction (cf. the second
term on the right-hand side of Eq. (44)) now plays an impor-
tant role and the nonequilibrium properties of the system are
characterized by the interplay between the spin and orbital de-
grees of freedom of the environmental particles.

The main difficulty here is taking into account mesoscopic
collective response of the orbital motion as well as the entan-
glement of the impurity and environmental spins. The main
idea of the variational approach presented in this paper is to
employ the disentangling transformation (3) to decouple the
impurity spin and reduce the problem to that of the bath de-
grees of freedom with additional interactions. We then ap-
proximate the evolution of the environmental wavefunction in
the transformed frame by the Gaussian state, which guaran-
tees that all two-particle correlations are taken into account.

To apply the general formulation presented in the previous
section, it is useful to introduce single-particle energy eigen-
states as the computational basis:

hO,(/}nr
bha

(49)
(50)

6’I’L wnr )

/ dr iUl

where n = 1,2,..., Ny is the nodal quantum number of the
single-particle state 1,,,.. While we focus on the situation in
which only states with zero angular momentum [ = 0 are
relevant, the formulation can be easily generalized to include
effects of nonzero angular momentum. Further details about
the calculations of the eigenenergies ¢,, and the wavefunctions
Upy are given in App. B. The central spin couplings in this
basis are given by

(51

gz"m _/drg?w:nrwnr

with a = x,y, 2. These identifications lead to the Hamilto-
nian (1), and Eqs. (5), (6) and (7) after performing the decou-



pling transformation (3). The initial state (48) corresponds to
the following initial values of the variational parameters:

=0 = VB (i ). o)

[(t=0) =L, (53)

where N is the total number of environmental bosons, which
can be related to the density p, and iy » is the initial lowest-
energy wavefunction without Rydberg potentials (see App. B
for further details). We note that this value represents the num-
ber of bosons in the box used to calculate eigenstates rather
than the number of bosons in the Rydberg potential. Because
the initial state (48) resides in the parity sector P = +1, we
can treat the Rydberg spin as a classical number o7 = +1 in
the transformed frame.

To obtain values of the time-dependent variational pa-
rameters, we integrate the variational time-evolution equa-
tions (21), (22), (41) and (42) with the use of the analytical
expressions of the functional derivatives (30) and (31). We
then calculate the overlap S(¢) from Eq. (37) and obtain its
Fourier spectrum A(w) from Eq. (34). The magnetization dy-
namics of the central spin

m.(t) = (6:(t)) = o <PeHV>GS (54)

can be obtained from Eq. (29). To improve the numerical ac-
curacy, we find it useful to implement a penalty term to en-
sure the spin conservation (see App. C for details). A typical
number NV, of single-particle states necessary to converge the
variational results is an order of several tens of states; for in-
stance, N, ~ 80 is sufficient for the parameters considered
here.

Figure 1 shows the results obtained for the overlap S(t)
and the corresponding absorption spectrum A(w) at different
densities p. As shown in the top panels in Fig. 1, we find
a fast decay in S(t) that signals the rapid dephasing dynam-
ics due to the creation of high-energy excitations of the en-
vironmental bosons. The fast decay of S(¢) in the time do-
main corresponds to the emergence of a Gaussian profile of
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FIG. 2. The comparison between the absorption spectra obtained
from the variational approach for the full interacting Hamiltonian H
(blue) and the results for the noninteracting (quadratic) Hamiltonian
I;T” (red). The density is p = 3 x 10'2cm™3. We use the isotropic
interaction as consistent with Fig. 3 in the accompanying paper [82]
and rescale the overall factors of A(w) for the sake of comparison
between the two cases.

the Fourier spectra A(w) in the frequency domain in the high-
density regime as shown in the bottom panels in Fig. 1. As
indicated by the dashed lines in the same panels, the centers
of the Gaussian profiles agree with the following mean-field
shift which neglects the flip-flop coupling:

App = <\Ifo|f{H |\IIO>, (55)
a=m,{

From the initial condition (48), we can set the central spin to
be a classical number S7 = +41/2. This approximation of
neglecting the flip-flop interaction with setting S? = +1/2
can be a useful starting point since the central spin is largely
polarized during the dynamics in the case of a dense polar-
ized spin bath [51]. The resulting longitudinal Hamiltonian
H || is quadratic in terms of the bosonic operators, where free
bosons feel the mean-field potential Viyean = (Vi + Vs)/2.
Thus, the emergent Gaussian feature can be understood as a
consequence of a large number of atoms stochastically occu-
pying single-particle eigenstates of the mean-field Hamilto-
nian H |» which defines one of the key features of the Rydberg
polaron [80, 81]. We note that this feature is determined en-
tirely by the longitudinal couplings g and is thus not influ-
enced by the anisotropy in the spin-interaction term. We also
remark that the peaks in A(w) in the limit of p — 0 eventu-
ally match with bound-state energies for each of the Rydberg
potentials, Vp and Vg [76-78].

The overlap S(t) also accompanies oscillations, which can
be best understood from the corresponding Fourier spectrum
A(w). For a noninteracting setup described by a quadratic
Hamiltonian (such as the triplet setting (47) in Refs. [76-81]),
the frequency spacing of peaks matches the single-particle en-
ergy of the dominant bound state that has the largest over-
lap with the initial single-particle wavefunction. Correspond-
ingly, the sharp peaks in the spectra indicate the formation of
Rydberg molecular states, where one, two or more environ-
mental atoms are bound to and localized in the outermost well
of the molecular potential. In contrast, in the present case of
an interacting system, the central spin interaction causes the
formation of a correlated many-body bound state. While the
existence of sharp peaks in A(w) still has its root in molecular
physics, the simple explanation based on single-particle ener-
gies is no longer applicable to understand the underlying rich
structures such as positions and spacings of the peaks and their
sensitivity to the environmental density [82]. More specif-
ically, the many-body feature manifests itself as the spin-
interaction-induced renormalization of A(w) from that of non-
interacting, bare molecular states (see Fig. 2). These results
are qualitatively insensitive to specific details of the Rydberg
potentials and thus should remain in a different choice of a
Rydberg state as long as it has no angular momentum. In par-
ticular, choosing a small principal quantum number n for a
Rydberg state, one can obtain a better resolution of the peaks
in A(w) whose energy scale can be an order of, e.g., MHz in
contrast to a rather small energy scale in Fig. 2.

In the noninteracting triplet setting, the anisotropy does
not affect values of single-particle energies of the mean-field
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FIG. 3. (a) The dynamics of the electron spin m.(t) = (6Z(¢))
of the Rydberg impurity interacting with environmental bosons via
the anisotropic central spin coupling. The results are obtained from
the variational approach and plotted at different densities p. (b) The
corresponding Fourier spectra m. (w). The dashed lines indicate the
values of the square root scaling w o< \/p.

Hamiltonian (56) and thus the spectra remain the same as in
the isotropic case [82]. In the present interacting problem,
quantitative values of many-body bound-state energies can de-
pend on the anisotropy since the interaction term includes the
transverse couplings g;-, however, the qualitative features re-
main the same.

Figure 3(a) shows the corresponding spin dynamics m. (t)
of the Rydberg electron at different densities p. Due to a large
energy cost to flip the central spin coupled to a polarized envi-
ronment, only a small fraction of a many-body state with the
opposite central spin || ). can be admixed. The resulting large
polarization of the Rydberg spin again indicates that the flip-
flop coupling does not play a significant role at the level of the
mean-field feature of the absorption spectrum (cf. Eq. (55)).

Remarkably, the spin dynamics is accompanied by fast,
long-lasting oscillation that is reminiscent of the nondecay-
ing oscillations found in the central spin problem [51]. To
further study this feature, we plot the Fourier spectra m.. (w)
of the spin dynamics in Fig. 3(b). The oscillation frequen-
cies become higher as the density p is increased and exhibit
a square root scaling w = a,/p as indicated by the dashed
lines in Fig. 3(b). We find that the proportionality constant a
is larger than the corresponding value in the isotropic case
[82] by the anisotropic factor g/ gﬂ (which is chosen to
be v/2 in the present numerical calculation). This fact in-
dicates that the frequency of the central spin oscillation is
mainly characterized by the transverse spin-exchange cou-

plings A, = (S [ drg Sy +H.c.)/2. The square root scal-
ing ,/p can then be interpreted as a BEC enhancement factor
that arises when the bosonic annihilation operator by in [
acts on a macroscopically occupied single-particle state of en-
vironmental bosons. Another interesting feature in Fig. 3(a) is
that the oscillations exhibit the collapse and revival in accor-
dance with the motional wavepacket dynamics of bath atoms,
whose time scale is roughly on the order of the binding energy.
We note that a large scattering-length difference is crucial to
observe these many-body features as it directly relates to the
spin-exchange couplings g;-.

Atoms coupled to the central spin via strong flip-flop in-
teractions are also subject to the strong orbital potential and
thus typically ocuupy the dominant bound state localized in
the outermost well of the Rydberg potential. We note that
the observed square-root scaling with density is distinguished
from the conventional linear scaling found in the standard cen-
tral spin problem [43—45], where the environmental spins are
immobile and thus a macroscopically occupied state is absent.
This weaker dependence of the oscillation frequency on a den-
sity is advantageous when one attempts to experimentally re-
alize the predicted oscillation in atom clouds of inhomoge-
neous density. In practice, the magnetization dynamics might
be measured by the Stern-Gerlach-like experiment. For in-
stance, one may send back the Rydberg excitation to, e.g., the
6p state whose optical transition conserves the spin number,
and then the transitioned atoms can be separated by using op-
tical dipole traps. Measuring the population of the separated
atoms with, for instance, using the ion microscopes, one could
obtain information about the magnetization dynamics.

The spin oscillation is strongly influenced by controlling an
external magnetic field. Figures 4(a) and (b) show the spectra
m(w) and the real-time evolution m. (¢) of the dynamics of
the Rydberg electron spin at different magnetic fields h,, re-
spectively. The oscillation frequencies of the spin oscillation
can be controlled by changing .. We find that the shift dw
of the oscillation frequency from the zero-field value scales
linearly with magnetic field, Sw = —h,, as indicated by the
dashed lines in Fig. 4(a). The amplitude of the oscillation is
enhanced for a positive field h, > 0 for which the resonance
is approached, while it is suppressed for the opposite sign of
the field h, < 0. These findings are consistent with the previ-
ously known magnetic-field dependences in the standard cen-
tral spin problem [51]. This fact shows that it is possible to
manipulate the electron spin of dense Rydberg gases in the
similar way as in solid-state qubits [43—45, 60-62]. Further-
more, our findings also suggest that the Rydberg electron may
be used to prepare and manipulate a mesoscopic, delocalized
spin environment in a way analogous to localized nuclear-spin
environments [98].

B. Monte Carlo results without orbital motion

To elucidate the importance of taking into account the or-
bital motion of the environmental particles, we analyze the
case of infinite-mass environmental particles (m — o0). In
this limit, the atomic orbital motion is completely frozen, and
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the position operators of the environmental bosons commute
with the Hamiltonian. For each set of positions of environ-
mental atoms {r;}, we can thus reduce the problem to the
ordinary central spin problem:

B o=V+ Y Sazglsuszzg“sz (57)

a=z,y

where V = "IV V{(r;) and we denote the central spin cou-

plings as gZH = gy, and g = = gy;Y. Because of the conser-

vation of the total spin-z components, the time-evolved wave-
function is restricted to the sector of 67 +2)°, 57 =1— N
and can be parametrized as

‘\I/;[ri}> _ efiﬁifi\}oot/hhl,w

=& ) Mel b1 -+ In)
N

+D GO Del by i Un). (58)
=1

The time-evolution equations of the variables ¢ are given by

ihdy&o = (V —

ihdy&; = (V

o+ iy gt (59)
_42”)& + 390, (60)
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where G = ZZ 1 gzl This equation can be solved analytically
by performing the Laplace transformation

£(s) = /0 h dtg(t)e™*", 61)

i€ — s&(s) — £(0). (62)

1and ¢&(0) = O for
, IV, we obtain the analytical expression for &,

Using the initial condition £,(0) =
i=1,2,...

—1
12

lN
zg :

(63)

1 o
t)= d —twt—1iwot
oh)=2 /c e

where wg = (V 4+ G//4)/# and the contour C is chosen so that
all the poles in the integral lie to its above; one can choose the
contour that extends from —oo to oo along the real axis and
is closed via a half circle in the upper complex plane. After
performing the integration, we find

N+1

€o(t) = e ™00 e, (64)
=1

Here, w; = 1/[1+ 32N | g2/ (2w —i—gyﬂ and {w;} 1" are
the poles enclosed by the integration contour, which can be
obtained from the algebraic equation

gl + (417 - gi2)/(2w)

i=1 2wy + gz“

=-1. (65)

We note that Eq. (65) reproduces the previous result [S51] for

obtaining the Bethe roots in the case of isotropic couplings

gi- = g, . The overlap is given by

ca{ri}
ST (1) = (Wole Hmo=t/M W) = &(1),  (66)
leading to the absorption spectrum
N+1
A{fi}(w) = Z I (w — wo — wi)wy. (67)

Similarly, the central spin dynamics is given by

miri}(t) = <\P{ri}‘ "Z|\Ij{ri}>

= &o(t) Z &t (68)

To calculate the absorption spectrum appropriate for the ini-
tial state (48), we randomly generate sets of atomic positions
{r;} according to the initial BEC wavefunction Hfil Yini,r
and obtain the corresponding At} (w) from Eq. (67). This
procedure is repeated to calculate the ensemble average over
different atomic configurations to yield

w) =Y Prob[{r;}]AT} (w). (69)
{ri}

Am—)oo(
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FIG. 5. (a) Absorption spectrum A(w) and (b) the correspond-
ing central spin dynamics m. (¢) for environmental particles of infi-
nite mass (i.e., localized environmental spins). The results are ob-
tained from Eqgs. (67) and (68) and by taking the ensemble aver-
age over 10° different stochastic realizations of atomic configura-
tions (cf. Egs. (69) and (70)). In (a), the dashed line indicates the
mean-field shift Ayr. In (b), the blue thick solid curve indicates
the ensemble-averaged result while the dashed thin curves show typ-
ical dynamics for single stochastic realizations. We set the density to
p=6x10"2cm™3.

Similarly, the central spin dynamics is obtained from Eq. (68)
and reads

mP"7(t) = Y Prob[{r;}lmi (¢). (70)
{ri}

Figures 5(a) and (b) show the calculated absorption spec-
trum A(w) and the corresponding central spin dynamics
m(t) for the infinite-mass environmental particles at typi-
cal parameters. The results are obtained by taking the en-
semble average over 10° different stochastic realizations of
atomic configurations. As shown in Fig. 5(a), the absorp-
tion spectrum exhibits the Gaussian feature which is the con-
sequence of the average over various occupations of energy
eigenstates of the stochastic central spin Hamiltonian (57) (cf.
Egs. (67) and (69)). We note that, to obtain the spectrum, one
still needs to solve the (integrable) many-body problem (57),
which should be distinguished from the single-particle calcu-
lations performed in, e.g., the triplet setting (47). To illustrate
such a quantum aspect of the present problem, we plot typical
single realizations of the central spin dynamics with the fixed
spin couplings (see the dashed thin curves in Fig. 5(b)). For
each single realization, the spin exhibits nondecaying oscil-
lations as previously discussed in the literature on the central
spin coupled to polarized spin environments [51]. However,
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after taking the ensemble average over different atomic con-
figurations (cf. Eq. (70)), these oscillations are averaged out,
and the actual spin dynamics quickly relaxes to a stationary
finite value as shown by the thick curve in Fig. 5(b).

We note that the key features found in the previous subsec-
tion, in which both the spin dynamics and the orbital motion
are taken into account, are absent in the present infinite-mass
treatment. For instance, the peaks in the absorption spectrum
do not appear as the Monte Carlo analysis cannot describe the
formation of Rydberg molecular state. Also, the characteristic
spin-precession dynamics is found to be absent in the infinite-
mass treatment. These facts again highlight the importance
of orbital motion of environmental particles to understand the
dynamics of the RCSM. We remark that it would be useful to
work out in a different single-particle basis such as position
eigenstates for doing a direct comparison between the Monte
Carlo analysis and the variational method in the large-mass
regime.

IV. CONCLUSIONS AND OUTLOOK

We developed an efficient variational approach to solving
quantum spin systems coupled to bosonic environments and
applied this technique to analyze nonequilibrium properties
of the Rydberg Central Spin Model (RCSM) proposed in the
accompanying paper [82]. The key element of this approach is
the decoupling of the impurity spin using the canonical trans-
formation (3). This transformation maps the conserved par-
ity operator into one of the components of the impurity-spin
operator and thus makes this spin component an integral of
motion. In the transformed frame, we then only need to con-
sider the wavefunction of the bosons, which we approximate
by the bosonic Gaussian state. This wavefunction includes
all two particle correlations and requires the number of pa-
rameters growing only quadratically with the system size. We
utilized time-dependent variational principle to derive analyt-
ical expressions for the variational time-evolution equations
(see Eqgs. (21) and (22) together with (30) and (31)). These
equations are general and can be readily applied to analyze
the in- and out-of-equilibrium properties of a wide class of
systems, in which quantum impurities are coupled to bosonic
environments. As concrete examples, we applied our theory
to analyze several dynamical aspects of the RCSM. In partic-
ular, we predicted sharp peaks in the absorption spectrum cor-
responding to dressed many-body molecular states, and long-
lasting central spin oscillations. To elucidate the crucial role
of the orbital motion of atoms in these two features, we also
analyzed the situation of immobile (i.e., infinitely heavy) bath
atoms located at random positions. In this limit, the prob-
lem can be solved exactly for each stochastic realization; we
then used the Monte Carlo sampling to take an ensemble av-
erage over possible atomic configurations. While the results
are obtained by using the Rydberg potential of Rb atoms as
an illustration, the qualitative physics found here will remain
the same as long as the mean-field potential V¢, 1S attractive
and supports a bound state, and also non-s-wave contributions
do not play significant roles. Moreover, owing to the versa-



tility of the developed variational approach, one can readily
obtain quantitative predictions appropriate for concrete setups
by using specific experimental parameters.

Our study suggests several promising directions for fu-
ture research. Firstly, in the context of solid-state systems,
it is intriguing to apply the present variational approach to
study the Bose Kondo problems [5—-8] in both in- and out-
of-equilibrium regimes. In the field of ultracold atoms, our
analysis can be extended to make predictions of site-resolved
many-body dynamics as appropriate for experiments using
quantum gas microscopy [99—107]. The covariance matrix
obtained in our approach can be expressed in the real-space
basis, from which one can readily extract spatiotemporal dy-
namics of correlation functions. It is intriguing to extend the
present approach to analyze dissipative dynamics of quantum
systems coupled to generic bosonic baths at finite tempera-
tures. This can be done by generalizing the variational state
to Gaussian density matrices. Another interesting direction is
to extend our approach to Markovian open quantum systems
subject to dissipation [57, 108—110] and measurements [111—
115] by employing the variational principle appropriate for
master-equation dynamics [116, 117]. Generalizing the de-
coupling canonical transformation, our approach can also be
applied to multiple impurities [118] coupled to bosonic envi-
ronments. In these ways, our approach can serve as a power-
ful theoretical tool to study a multitude of interesting quantum
many-body problems.

Secondly, it is intriguing to study the RCSM in a fermionic
setup, where the interplay between the conventional central
spin problem [46—59] and fermionic Kondo physics [89, 119,
120] should offer another distinct class of many-body prob-
lems. Thirdly, our study suggests a promising direction of us-
ing Rydberg electrons to prepare and manipulate mesoscopic
spin environments. While this technique has been imple-
mented in solid-state devices [98] with a localized nuclear-
spin environment, it remains an open question to what extent
this method can be generalized to setups with delocalized (i.e.,
mobile) bath particles. Finally, it merits further study to ex-
plore the impact of other experimental details arising from,
e.g., nonzero angular momentum of the Rydberg electron and
bath bosons or the hyperfine couplings. These effects are ex-
pected to be important in several types of atoms [83-85, 87].
We hope that our work stimulates further studies in these di-
rections.
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Appendix A: Imaginary-time evolution

We here provide the variational equations for the
imaginary-time evolution, which can be useful to analyze
ground-state properties. The exact form of the imaginary-time
evolution in the transformed frame is given by

() = O (AD)

le=1wioy|

Minimizing the error of the variational evolution from the ex-
act one, we arrive at the following differential equation (cf.
discussions above Eq. (16)):

d,[Was(7)) = —Po(H — (H)as)|Was(r)).  (A2)

Using the expressions (17) and (18) and comparing the linear
and quadratic terms of 1) on both sides of Eq. (A2), we obtain

dep = —THy, (A3)
d,T = o Hpo — THrT. (A4)

Integrating these variational equations together with the ana-
lytical expressions (30) and (31) of H and Hr, one can ana-
lyze the ground-state properties in the limit of 7 — oo.

Appendix B: Rydberg wavefunction

We here briefly outline the calculation of single-particle en-
ergy eigenstates of atoms subject to a Rydberg potential. We



first note that, since the Hamiltonian is rotationally symmet-
ric and the initial single-particle wavefunction y; » has zero
angular momentum, the system resides in the sector with an-
gular momentum [ = 0 during the course of the time evolu-
tion. The resulting radial single-particle Schrodinger equation
is thus given by

B2 d?
QWW + V(T’) un(r) = enun(r)a (BD)

where r denotes the radial coordinate, V' (r) is the Rydberg po-
tential, and we introduce the radial wavefunction by u, (r) =
V4mr2i,,.. We numerically solve Eq. (B1) in a spherical box
of radius R by imposing the boundary conditions u,,(rg) =
un(R) = 0 with ro = 2200 and R = 10° in the atomic units.
We then obtain NV, = 80 energy eigenstates from the lowest-
energy solution. Figure 6 shows three typical bound states
for the mean-field pseudopotential Vi,can = (Vi + V) /2 for
the scattering between the electron of the 8"Rb(87s) state and
the surrounding ground-state 87Rb atoms. The state indicated
by the label v = 1 is localized around the outermost antin-
ode of the potential and corresponds to the dominant bound
state having the largest overlap with the initial single-particle
wavefunction. We note that the contributions from the states
with the principal numbers n = 1,2, which are localized in
the inner region and cutoff-dependent, are tiny due to the van-
ishingly small overlaps with the initial state and thus are ne-
glected in the analysis here.

The initial single-particle wavefunction is the lowest-
energy state in the absence of an external potential and,
by imposing the boundary conditions above, we obtain its
solution as wui,i(r) = +/2/Rsin(nr/R) where uipi(r) =
VA2 . We relate the total number N of particles in
the sphere with radial R to the density p by using the value of
the initial wavefunction at the origin, i.e., p = N|tini r—o|>-
Finally, we note that the initial coefficients in Eq. (52) are ob-

J

5(V)as
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tained from
R
2
/dm/};rwini,r :/0 dru:}(r)\/;sin (%T) . (B2)

Appendix C: Penalty term ensuring the spin conservation

In general, if the Hamiltonian H in the original frame satis-
fies a certain symmetry and has a conserved quantity O, then

the corresponding quantity O = UOU in the transformed
frame is also guaranteed to be exactly conserved through the
variational time-evolution equations. This follows from the
fact that the time-dependent variational principle ensures the
symplecticity [121]. Yet, in practice, numerical errors accu-
mulated during the integration of highly nonlinear variational
equations can lead to an apparent violation of the conserva-
tion law. To remedy this, it is useful to add a penalty term
as a perturbation on the Hamiltonian so as to make sure that
the conservation law is satisfied during the variational time
evolution. In particular, in our problem, we ensure the spin
conservation 67 + 62, + N = 0z + 2]% = 1 by adding the
penalty term:

env

. . 2
V= (6z 428 -1) (1)
In the transformed frame, it is given by

V=010 = (o7 env+2Nﬂf1). 2)

Its expectation value with respect to the Gaussian state can be
expressed as

(V)as = A2 = DA - L )] - 6770
% (Te[Py(T ~ Lin, )] + ¢T Prop)” + 7 PPy
3 (R[PTATI - T[P) +207P|, ()

where Pt = I, ® ((0% +1)/2 ® Iy,) and P = 2Tr [P4}] —
(Penv)as. Its functional derivative with respect to the mean-
field vector ¢ is given by

— A (2 (Tr[Py(T = Tan, )] + @7 Prp — 2) Pyp + APT Pyp + dog f?«:b) “

)7, (C5)

(

where we introduce the matrix Y4 as

) Y. Py (Ian, , ilan, ). (C6)
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Similarly, the functional derivative with respect to the co- variance matrix I" can be calculated as

J

Hy = 4% =A (2 (Te[P(T — L, )] + @7 Prop — 2) Py + 4Py(T + g™ ) Py + 80??;) ; (C7)
) 3
5—7; =8 [Pr;awb +A) (@ —Lin,) /2 + 2(Penv)asT 5 T+(T5HT (2@ — Luy, )} : (C8)

(

The perturbations (C4) and (C7) are added to the functional derivatives (30) and (31), respectively, and ensure the spin

conservation during the variational calculations.
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