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Quantum state exchange is a quantum communication task in which two users exchange their respective
quantum information in the asymptotic setting. In this work, we consider a one-shot version of the quantum
state exchange task, in which the users hold a single copy of the initial state, and they exchange their parts of the
initial state by means of entanglement-assisted local operations and classical communication. We first derive
lower bounds on the least amount of entanglement required for carrying out this task, and provide conditions on
the initial state such that the protocol succeeds with zero entanglement cost. Based on these results, we study
how the users deal with their symmetric information in order to reduce the entanglement cost. Moreover, we
show that it is possible for the users to gain extra shared entanglement after this task.

PACS numbers: 03.67.Hk, 89.70.Cf, 03.67.Mn

I. INTRODUCTION

In quantum information theory, quantum state exchange [1,
2] is a quantum communication task in which two users, Alice
and Bob, exchange their quantum information by means of lo-
cal operations and classical communication (LOCC) assisted
by shared entanglement. A main research aim in the study of
the quantum state exchange is to evaluate the least amount of
entanglement needed for the task, as in other quantum com-
munication tasks, such as quantum state merging [3, 4] and
quantum state redistribution [5, 6].

Most quantum communication tasks [3-8] including the
quantum state exchange usually assume the asymptotic sce-
nario, in which users can have an unbounded number of in-
dependent and identically distributed copies of an initial state,
and they carry out their task with the copies. On the other
hand, it is not easy in a realistic situation to prepare a suffi-
ciently large number of state copies, and the amount of non-
local resources available for the users is limited. To reflect
these practical difficulties, quantum information research has
focused more recently on the one-shot scenario [9-17].

Another reason for considering the one-shot scenario is that
one-shot results can be applied to the asymptotic scenario. For
example, in the original quantum state merging [3, 4], the au-
thors devised a one-shot merging protocol in order to evaluate
the minimum amount of entanglement needed for asymptotic
merging. Since the optimal entanglement costs for the asymp-
totic state exchange tasks are unknown [1, 2], analysis of the
one-shot scenario can be a good turning point in evaluating
the entanglement cost.

In this work, we introduce and study the one-shot quan-
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tum state exchange (OSQSE) task. This is not only a useful
quantum communication task, but can also have a potential
application in quantum computation. Let us consider a spe-
cific situation as follows. Alice and Bob want to carry out the
SWAP gate [18], which plays an important role in universal
quantum computation [19]. The problem is that they cannot
directly apply the SWAP gate, because they are far apart. If
Alice and Bob are sharing prior entanglement, then the OS-
QSE can be a method to non-locally perform the SWAP gate,
as both operationally provide the same result. Thus the OS-
QSE task can be useful for quantum computation.

This paper is organized as follows. In Sec. II, we formally
define three different OSQSE protocols and their optimal en-
tanglement costs. In Sec. III, we derive computable lower
bounds on the latter, which in turn yield bounds for the asymp-
totic quantum state exchange [1, 2]. In addition, we provide
two useful conditions to decide whether a given initial state
enables OSQSE with zero entanglement cost in Sec. IV. In
Sec. V, we present two examples which lead to properties of
the OSQSE. In Sec. VI, we investigate under what conditions
the optimal entanglement cost cannot be negative. We sum-
marize our results and comment on some open problems in
Sec. VIL

II. ONE-SHOT QUANTUM STATE EXCHANGE

Consider two users, Alice and Bob, holding parts A and B
of the initial state yy) = [}, p, 4,8,r Of Systems A = A;A; and
B = B B,, respectively, and R indicates the reference system
on which neither Alice nor Bob can perform any operation.
Their goal is either to exchange their parts A; and B; or to
exchange their whole parts A and B.

Specifically, let 4, and ¢y, be the final states of the task,

Ui = (La—a; ® g g © Laypr) (W),
Y, = (Lasa @ 1pop @ 1R)W), (D
where ¢ = |¥)<¥l, and B} and B’ (A] and A’) are Alice’s



(Bob’s) systems whose dimensions are identical to those of
systems B; and B (A and A), respectively. Then three joint
operations

&,k AIER ® BIE) — BIE" ® AJEQ",

&2 AE" ® BEM — BiAES" ® A\ B EQ,  (2)

v, KL -
12
&)k, AEY ® BE} — BEJ' @ A'ER",

are called the OSQSE protocols of |), if they are performed
by LOCC between Alice and Bob, and satisty

Ui ®® = (8)x,® Lassr) W ®F)
= (&%, 01 WD), 3)
Yp,®P = (S(p?K,L ® ]lR) yYoV?)),

where ¥ and @ are pure maximally entangled states with
Schmidt rank K and L on systems ETEN and ES"ES™, re-
spectively. It is possible to generalize the above deﬁmtlons by
adding errors for approximation to Eq. (3), but it suffices to
only consider error-free protocols to obtain our main results.

At this point, it is instructive to inform differences among
the three protocols in Eq. (2) as follows: The first two proto-
cols &! VKL and &P WKL indicate that only the parts A; and B;
are exchanged whlle the whole parts A1A, and BB, are ex-
changed in the third protocol 8;,2,( ;- In addition, the parts A,
and B, can be used for exchanging A, and B, in the protocol
8%( 1» while A and B; are untouched in the protocol &l
These protocols are described in Fig. 1.

Depending on the types of OSQSE protocols, we define

three optimal entanglement costs

WKL

exon () = inf (logK —logL),
WKL

€hom ) = Inf (ogK-logh). &
WKL

erop (W) = inf (logK ~logL),

WKL

where the quantity log K — log L is called the entanglement
cost of the OSQSE protocol, and the infimums are taken over
all joint protocols &' KL 8(1/1( »and & WZK 1.» respectively.

By the definitions of the optimal entanglement costs, we
obtain the following proposition.

Proposition 1. For any input state s, es, o5, () > eﬁf’f_fgl W).

III. CONVERSE BOUNDS

A real number r is called a converse bound of the optimal
entanglement cost if it is upper bounded by the entanglement
cost of any OSQSE protocol. In this section, we firstly derive
theoretical converse bounds of the three optimal entanglement
costs and also provide computable converse bounds of them.

FIG. 1: Ilustrations for three one-shot quantum state exchange pro-
tocols 8(1# KL 8”2K ,» and % - In each illustration, Alice and Bob
can apply local operations to their parts represented by circles, while
they cannot apply any local operations to those depicted by squares.
Shaded circles indicate the systems which are exchanged from the

OSQSE protocols.

Theorem 2. Let F be an additive and Schur concave function
such that F(o™) = log M for any M, where o™ is the maxi-
mally mixed state with rank M. Let N be a quantum channel
from R to Ra. Then for any initial state s,

es, o8 (W) = max{li(y), L)}, @)
ety W) = L), (6)
€AoB (‘J’) > 14((!/)’ (7)
where ;) are defined as
L) = sFuﬁlF(NwmA)—F(N(w>A,RA)|, (8)
L) = sFu£|F<N<w>B,A2RA)—F(N(mARA)i, 9)
L) = sup [FINW)B,asry) — FN@W)ar)],  (10)
L) = sFuE|F<N(w>BRA>—F<N<w)ARA>|. (11)

Proof. As in the asymptotic scenario [1, 2], we consider a one-
shot version of the R-assisted quantum state exchange task, in
which the reference system R is divided into two systems Ra
and Rg, and then Alice and Bob receive the divided parts Ra



and Rg, respectively, so that the initial state [)4 p A,5,7,rs 15
divided into Alice’s parts AR and Bob’s parts BRg. This can
be realized by using a quantum channel N : R — RA and
its complementary channel N¢ : R — Rg [20]. Let RL

REZK ;> and 721’17/2[( , be R-assisted OSQSE protocols of ¢,

B.K.L

R k1 AER ® BIER — BIEY" ® A|ER",

RI2 L AED © BER — BlAE" ® A BES, (12)

7.K,L
12 i i t t
R’ AER ® BEp — BEY ® A'ER",

with the entanglement cost log K — log L such that

Uped = (RllﬁKL ® ]lAszRARB) (lﬁ ® ‘I’)
- (R;'ZKL®11RARB)(¢®LP), (13)
Uy ®@ = (R(LKL®HRARB)(&®T)5

where

U = (Laoa; ® Lo ® Layn,rars )W),
U, = (Masa ® Lpp © Lryg, )W), (14)

and B}, B’, A{, and A’ are defined as in Eq. (1).

We first derive a converse bound of the optimal entangle-
ment cost e4, 5, (1Y) as follows.

Note that the protocol R} KL is an LOCC protocol between

Alice’s part ARAEX‘ and Bob’s part BRBEg‘. So, from the ma-
jorization condition for LOCC convertibility [21, 22], the state

PB ARy ® O'Eom majorizes the state fag, ® O'Em, which can be

more succmctly represented by using the notation < as fol-
lows:

. K _ ~ L
PRy ® T pin < PB AR ® T o (15)

Then, from the Schur concavity of the function F, the follow-
ing inequality holds:

F(Bp,p00, ® T ) < F(Par, ® 0. (16)

Since le’lAZRA = Pp, AR, and F is additive, it follows that

logK —logL > F(Pp,a,r,) — F(Oar,)

FINW)B,ary) = FINW)ar,). (A7)

Let us now consider an R-assisted OSQSE protocol R’} G KL

exchanging B and A} of the final state Y4, which is deﬁned
by exchanging Alice’s role and Bob’s role in the protocol

‘Rllp x.- Thatis, ‘R’}M .1, 1s an LOCC protocol

R/l

ik BIER @ AJEY — ATEQ @ B/ER"  (18)

of the state ¢, satisfying

(R’Llpf K,L ® ]]'AZBZRARB) (J/fl ® ‘P) = J”fl ®0, (19)

where ¢/ = (La;—ay ® Ly ® Lay Rk )W ,) and AY (BY)
is Alice’s (Bob’s) system whose dimension equals A} (B}).
Then, by using the majorization condition for LOCC convert-
ibility [21, 22] again, we have p PB ARy ®0' o < PATAR, ®0'E,,m,

which implies that

logK —log L > FIN(Y)ar,) — FIN(¥)B,a,r,) (20)
since IBB/IAZRA = ﬁBlAZRA’ ﬁA/]/AZRA = ﬁAlAZRA and F is Schur
concave and additive. Thus Eqgs. (17) and (20) imply

logK —logL > |FINW)pary) = FNW)ar,)|. 21

On the other hand, let us consider a situation that Alice
and Bob want to exchange A; and By, by means of LOCC
assisted by shared entanglement, when Alice and Bob hold
A[RA and B1A;B>Rg of ), respectively. In this case, we can
apply the same technique used in obtaining Eq. (21) to Alice’s
part AjR, and Bob’s part BjA;B,Rg of i, and hence we have
that

logK —logL > [FINW)g,r,) - FNWAR)|.  (22)

Since any protocol 830’ « .1, 1s also an R-assisted OSQSE proto-

col RJ}’ KL the optimal entanglement cost €4, p, () is lower

bounded by /; () and (), from Egs. (21) and (22).
Similarly, we obtain that /3(¥) and I4(y) are converse
bounds of the optimal entanglement costs e AszB and ey, 3,
respectively, by applying the above technique to the protocols
12 12
RJ/,KLandeKL o
In Theorem 2, if R is directly sent to either Alice or Bob
without splitting, and we restrict the function F to the quan-
tum Rényi entropy S, (o) of order « [23] for a quantum state
o, then we obtain the following computable converse bounds.

Corollary 3. For any input state ,
€A,08 (!7[’) >
€ ls W) =

€ioB (l//)

nggx max{f;" (@), |f7 @), If, (@)}, (23)

hew ) = max max{f,” (@), £, (@), 24)

max f)(a), (25)

a€[0,00]

\%

where (')(a) are functions of ) and « defined by

£2(@) = max{ISa(pa,) = Sa(ps)): 1S a(paB,) = S a8}
£2@) = Solpas,) = Salon),
1@ = Solppia,) = Salpa),
£2(@) = 1Sa(pa) = Salpp)l. (26)

Remark that the converse bounds in Corollary 3 can be eas-
ily computed by means of analytical or numerical methods,
since the functions fdgi)(oz) are one-variable and differentiable
on (0, o). In addition, we can know that if IS, (¢) < O, then
e4, o5, () > 0, by observing the bounds in Corollary 3.



Proof of Corollary 3. Tt suffices to show that, for each i, there
exists a number ag) € [0, co] such that maxye[o,00] fé")(a) =
fg)(ag)). Note that the function fl/(,i)(a) is continuous on the
compact set [0, 1]. So the extreme value theorem implies that
there exists a number a(li) € [0, 1] such that flzi)(cx(li)) > f(;i) (@)
for all @ € [0,1]. Let us consider the function g (x) on the
interval [0, 1] defined as

(i) i
" _ f‘//' (00) ifx=0
g7 {ff(i) otherwise, @7

then g”(x) is continuous on [0, 1]. By using the extreme value
theorem again, there exists a number xg) € [0, 1] such that
g(i)(xg)) > g@(x) for all x € [0, 1]. It follows that there exists
a number ag) € [1, 0] such that fdgi)(a(zi)) > fé")(a/) for all

@ € [1, 0]. By setting ag) = max {a(li), a/(zi)}, we obtain that
(i) @) () (1)
max o) = ) > ), 28
Jmax. (@) = [, (&) = f, (@) (28)

for all @ € [0, oo]. Similarly, we know tha;, for each {, there
exists B € [0, 0] such that maxeejo.o Ify (@) = I£,(BO).
O

We also remark that in Theorem 2, if F' is chosen as the
von Neumann entropy [20], then the converse bound /3 re-
covers a theoretical converse bound in Ref. [2]. In addi-
tion, a computable converse bound therein is just I ,(¥) =
max{ ff)(l), ff)(l)} in Corollary 3. By virtue of the additiv-
ity of F, it is clear that /3 and [, are also converse bounds
of the optimal entanglement cost for the asymptotic quantum
state exchange task. Hence, our converse bounds improve the
existing bounds in Ref. [2]. For example, if the initial state
[r1) = [¥1)4, ,4,8,r has the specific form

1) = £100000) + /2 100010y + £101001) + [ |11100),
(29)
then we can find a value aq € [0, oo] such that

Ee 1) = max{ £, (@o), 5 (@)} > K@) (30)

as depicted in Fig. 2. This example shows that our bound
() is tighter than the existing bound 7, ().

C
ll’lSW

IV. CONDITIONS FOR ZERO ENTANGLEMENT COST

We now present conditions for OSQSE at zero entangle-
ment cost.

By the converse bounds in Corollary 3, it is obvious that
if there exist Alice’s and Bob’s local isometries performing
the OSQSE task, then the optimal entanglement cost is zero.
We first characterize this type of strategy. Let (X, Y) be a pair
of two systems, which can be either (A, B;) or (A, B), and
consider a spectral decomposition of the reduced state pyy for
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FIG. 2: The graph of the function max{ fﬁ) (@), fdﬂ?)(a)} for a specific
initial state | ) in Eq. (29). The maximum of the function is attained
at the point ¢ (= 3.362), leading to an improved converse bound
compared to that in Ref. [2]. In the graph, a is represented as the
yellow dashed line, and 1 is represented as the red dashed dotted line.

W), pxy = ZiL, i k) (Eilxys where 4; > 0 with 37, 4; = 1.
For each i, we define the matrix Q;)y(lﬂ) as

Qg?y(kl’) = Z ((lx ® Ckly) € xy 17) <k, @31
ik

where {|7)} and {|k)} indicate the computational bases on Al-
ice’s and Bob’s systems, respectively. Then we obtain the fol-
lowing sufficient condition.

Theorem 4. Let (X,Y) be either (A1, By) or (A, B). If there
exist isometries U and V such that, for each i,

Q? @) = vl wv, 32
xr (W) xy WV (32)
where W' is the transpose of the matrix W, then exy () = 0.

Here, the isometries U and V indicate Alice’s and Bob’s
local operations exchanging the parts X and Y without shared
entanglement.

Proof of Theorem 4. For X = A and Y = B, we consider
the Schmidt decomposition, [V)4zr = SN, VA €D ap ® ltidgs
where A; > 0 with Zfi A = 1. For the computational bases
{I/>} and {|k)} on the systems A and B, respectively, we have

N
Wase = Y N D Q0 ida @ W05 ®lide,  (33)
i=1 ik

where [Q. )] = ((jls ® (klg) [€:)45. If the parts A and B
are perfectly exchanged, then Alice and Bob hold the final
state

N
Wpar = Y N D QLW 1)s @ Wa ®luide . (34)
i=1 ik

Assume that there exist isometries U and V such that

(Q5w) = valwv (35)



for each i. Then we have, for each i,

Q0,0 = D I GIU D KV ), (36)

Lm

which implies that

N
e = ) VA D QW) Y LU
i=1 7

Im

® Z k) kI V" Im) @ i)

Z VA D I, U 1) © V! m) © e

Lm

(Ue V' ® Ix) W)k - (37)

Hence, es,3 () = 0. Similarly, for X = A; and Y = By, we
show that e, .5, () = 0 by using isometries U" and V' such

that for each i, (%, @) = U'QY, W)V". o

From the converse bounds in Corollary 3, observe that if the
spectrum of Alice’s state is different from that of Bob’s state,
then the optimal entanglement cost cannot be zero. Based
on this observation, we obtain the following theorem, whose
proof can be found in Appendix A.

Theorem 5. Let (X,Y) be either (A1,By) or (A,B). If
exoy (W) = 0, then there exists an isometry Ux_y such that
py = Uxsypx(Uxy)'.

We remark that the converse of Theorem 5 is not true in
general. Let us consider the following simple initial state

[2)4,8,4,8, = %(IOOOO) +10101) + [1010) +|1111)), (38)
then, from Corollary 3, we know that e4, 5, (2) > | fJ(/i)(a)l =
2 for any a. In addition, Alice and Bob can exchange A;
and Bj, by using quantum teleportation [24]. In this case,
the entanglement cost is two ebits. Thus we obtain that
es,op, (Y2) = 2. However, the state |y,) satisfies the neces-
sary condition in Theorem 5, since its reduced states p4, and
psp, are identical.

V. EXAMPLES

In this section, we present two examples, which show prop-
erties of the OSQSE task.

A. Symmetric information

For the initial state |¢), let us consider a scenario in
which Alice and Bob exchange their whole information A
and B. Assume that their parts A, and B, are symmet-
ric, while the remaining parts A; and B; are not symmet-
ric, i.e., the initial state |y) satisfies (SWAP4,p,) (W) # ¥

and (SWAP4,.5,) (W) = ¢, where SWAPx.y is the operation
swapping quantum states in systems X and Y.

In the OSQSE, the proper use of the symmetric parts A,
and B, can more efficiently reduce the entanglement cost com-
pared to exchanging only A| and B; without using A, and B;.
To be specific, there exists an initial state |i/) such that the
parts A, and B, are symmetric and e4o,p () = 0 while the
rest parts A; and B; are not symmetric. Consider the specific
initial state

[#1)4,8,4,8,8 = 5 (100000) +[01111)), (39)

where A, and B, are symmetric but A; and B; are not. Since

Q@) = 100)¢00] and QC)(#1) = [01)(11], we can show
that Q%((ﬁ 1) and Qfg(m) satisfy the condition in Theorem 4,
by setting

U =V = [00)(00] +[01) (11| + [10) (10] + [11) (01|  (40)

Thus we obtain that e4,5 (¢1) = 0, which means that A and B
can be exchanged by means of LOCC without consuming any
non-local resource.

The above example also shows that the use of the symmet-
ric parts A, and B, can reduce the entanglement cost for ex-
changing A and B;. From the converse bound in Corollary 3,
we obtain ey, o, (1) = f(l)(a) = 1 for any @. Using quan-
tum teleportation [24], By can be sent from Bob to Alice by
consuming an ebit, and Bob can prepare the part A;. This im-
plies that e4,,p, (¢1) = 1. Observe that the isometry U (V)
in Eq. (40) represents Alice’s (Bob’s) local operation CNOT 5
(CNOT3p) whose target and controlled systems are A (B;) and
A, (By), respectively. This implies that Alice and Bob can ex-
change A; and B; by using local operations. It follows that

0 > €%, (¢1). In fact, €%, (¢1) = 0 from Corollary 3.

Therefore, we obtain e4, p, ($1) > eﬁfizBl (#1).
When A, and B, are symmetric, we can show the following
relation between the optimal entanglement costs by definition.

Proposition 6. e,z () = €22, (), if the parts Ay and B,
of ) are symmetric.

From Proposition 6, we can see that, when Alice and Bob
exchange systems A and B of |¢) with symmetric parts A;
and B,, they can achieve the optimal entanglement cost by ex-
changing only A and B;, making the most of this symmetry.

B. Negative entanglement cost

As in the asymptotic quantum state exchange task [1, 2],
there exist initial states to show that the entanglement cost of
the OSQSE task can be negative. Assume that Alice and Bob
exchange the parts A; and B, of the initial state

5 S0 lda, Lidp, 1ida, lDdg,, (A1)

where |¢,) consists of two ebits |e)4,5, and |e)p 4,. To ex-
change A; and B, both Alice and Bob prepare an ebit, re-
spectively, and they locally implement entanglement swap-
ping [25] by performing two Bell measurements on A,, B,

|¢2>AIB,AZBZ =



FIG. 3: Illustration of the one-shot quantum state exchange protocol
of |¢,) in Eq. (41). (a) In order to exchange A; and B;, Alice and Bob
locally prepare an ebit each, and they apply Bell measurements to the
shaded areas. (b) By performing local operations corresponding to
the measurement outcomes, the parts A; and B; can be exchanged.
At the same time, Alice and Bob can share two ebits.

and the parts of the ebits, as described in Fig. 3. Then they
can exchange A; and Bj, and can share two ebits at the same
time. In fact, we have e A282 (¢2) = -2 from Corollary 3.
This means that the entanglement cost can be negative.

We note that, in Ref. [2], the negativity of the entangle-
ment cost has been theoretically shown by using the merge-
and-merge strategy, which is not optimal in general. On the
other hand, our example in Eq. (41) elucidates the OSQSE
strategy, in which Alice and Bob can exactly achieve the neg-
ative optimal entanglement cost.

Moreover, this example tells us that it is worth using Alice’s
and Bob’s parts A, and B, in order to reduce the entanglement
cost. Assume that Alice and Bob do not apply any local op-
erations on A, and B, then they can exchange A; and B, by
using quantum teleportation [24] twice. From the converse
bound in Corollary 3, e4, 5, (¢2) = 2, and so we obtain that
€4,08 (¢2) = 2 and the optimal OSQSE protocol for ¢, is
just two quantum teleportation protocols for A; and B;. This
means that it is not always possible for Alice and Bob to re-
duce the amounts of entanglement and classical communica-
tion, even though they know the information about the initial
state. On the other hand, in this case, if Alice and Bob use
their parts A, and B;, then the entanglement cost can be re-
duced as follows:

eron () =2>-2=€2%, (¢). (42)

VI. NON-NEGATIVITY CONDITIONS FOR
ENTANGLEMENT COST

From Proposition 6, we can know that if A, and B; are sym-
metric, then eﬁf’if B, () cannot be negative, contrary to the ex-
ample in Sec. VB. One may ask the question: Is there any
condition that implies the non-negativity of the optimal en-
tanglement cost € AZB >p, ! To answer this question, we present
the following 1nequa1ities.

Proposition 7.

€ty W) el W) > 0,
B )+ er () 2 eansW). (43)
where eAzB2 (Wﬂ) is the optimal entanglement cost for ex-

changing B andA when using A, and B,, and eA HBz(zpf,) is
the optimal entanglement cost for exchanging A, and B> when
using B} and A’.

In Proposition 7, the first inequality comes from the fact that
Alice and Bob cannot increase the amount of entanglement
between them by means of LOCC [26], while the second one
is straightforward from the definitions of the optimal entangle-
ment costs. From Proposition 7, we can see that if eg?ﬁf A Wr)

B/ A . . ArB,
ore, p (Wy)is non-positive, then €

A<—>B

5, W) < easp() holds,

then Proposition 7 implies eﬁfB(_fBl (z//) > 0.

In particular, let us assume that A; and B; are symmet-

ric. Then it is obvious that 0 > egfizBl (), from Proposi-

Ifo > egzizB () then it follows from Proposition 7

() > 0. However, since B| and A] are also sym-

() cannot be nega-

tive. Moreover, if the condition e A

tion 1.

Asz
that eB, o

metric, Proposition 1 implies eA’ 2 (c,lr 1) < 0, which leads to
a contradiction. Therefore, we obtam the following corollary.

Corollary 8. Ifthe parts A\ and By of ) are symmetric, then
AxBy _
we have €4 B, W) =0

This tells us that if A; and B; are symmetric, Alice and Bob
cannot increase the amount of shared entanglement after the
OSQSE task, even if they make use of the parts A, and B;.

VII. CONCLUSION

In this work, we have introduced a one-shot version of the
original quantum state exchange task, formally defining the
OSQSE task and its optimal entanglement costs. We have de-
rived converse bounds on the optimal entanglement costs, and
have presented conditions on the initial state to achieve zero
entanglement cost. As a related open problem, we can ask
the following question: If e4,5 () = 0, then is it possible to
exchange the parts A and B, without classical communication
and entanglement, that is, are there local operations L, and
Ly such that lpflz = (Lo ® L) (¥)?

We have also provided two interesting properties of the OS-
QSE, by presenting specific examples. One of the properties
tells us that it is worth using the symmetric parts in order to
optimally perform the OSQSE. The other shows that the en-
tanglement cost of the OSQSE can be negative. Moreover,
we have found the conditions for non-negative optimal en-
tanglement costs. By observing the aforementioned exam-
ples, we can provide another interesting open problem: If
eﬁfﬁf& (¥) < 0, do there exist Alice’s and Bob’s local oper-

ations L, and Ly, such that gy, ® ® = (L}, ® Ly,) (¢)?



A further open problem is whether the catalytic use of en-
tanglement [27-29] can reduce the optimal entanglement cost
for the OSQSE. To be more specific, for the initial state i),
do there exist a bipartite entangled state |i/.),,5, shared by
Alice and Bob and an OSQSE protocol Ck; : AAZET ®
BB3EY — B'A3E" ® A’B3EQ™ such that yp,, ® Y ® O =
Cxr®1r) (W @Y. ®¥)and log K —log L < es3 ()?

Theoretically, the OSQSE is a powerful two-user quan-
tum communication task, which includes quantum teleporta-
tion [24] and quantum state merging [3, 4] as special cases.
Practically, this task can be a fundamental building block
for applications involving multiple users, such as distributed
quantum computation [30, 31] and quantum network [32-35].
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Appendix A: Proof of Theorem 5

We use the following lemma in order to prove Theorem 5.

Lemma 9. Let Z and W be any discrete random variables
on alphabets Z and ‘W with |Z| = N and |'W| = M. Let
{pi}f\;1 and {q,-}fzl be probability distributions for Z and W,
respectively. If the following equality holds for all a € [0, o],

Hy(Z) = Hy(W), (AL)

where H,(-) is the Rényi entropy of classical random vari-
ables, then |Z| = |'W| and there exists a permutation o € Sy
such that p; = qo) for all i € [N], where Sy is the set of all
permutations on [N] = {1,...,N}.

Note that, for each a € [0, o], H,(Z) = lim,_,, H(Z) and
Sa/(pA) = limx—w Sx(pA)-

Proof of Lemma 9. Suppose that H,(Z) = H,(W) for all @ €
[0,00]. Since Hy(Z) = Hy(W), it holds that |Z|] = |W].
For convenience, we assume that any probability distribution
{r;}¥ | satisfies r| > r; forall i € [N].

We now prove the statement by using mathematical induc-
tion on N.

(1) If N = 2, then H(Z) = Ho(W) implies p; = ¢, and so
p2=1—-p; =1-¢q; = g». Thus the statement is true.

(i1) Suppose that the statement is true for N = k — 1. Let
Z and W be discrete random variables on alphabets Z and ‘W
with |Z| = [W| = k. Let {p;}*_, and {¢;}%_, be probability dis-
tributions for Z and W, respectively. Since Ho,(Z) = H(W),
p1 = qi. By setting p, = lp_’;‘l and ¢} = lq_"*p‘l for each
i € [k—1], we can construct random variables Z’ and W’ on al-
phabets Z” and ‘W’ whose probability distributions are {p; }ffz‘ll
and {q;}fz‘ll, respectively. Obviously, |Z’| = ['W'| =k -1, and

so Hy(Z") = Hy(W’). Observe that for a € (0,1) U (1, 00),
Ho(Z) = Ho(W)

k k
1 1
— 1 a| = 1 @

i=1

=

= H,(Z')= H,(W").
In addition, if @ = 1, then

H((Z) = H|(W)
a 1 < 1
£ Zpilog—zz:qilog—
i=1 pi o ai
a 1 < 1
£ Zpilog—zz%log—
i=2 pi 3 qi
a 1
— (1—p1)10g(1—p1)+2pilog;
i=2 !

k
1
=<1—p1>log(1—p1>+zqilog;
i=2 !
k ) 1-p k ) 1-p
= ' o L - ' o !
;I—Pl g Di 22:1—171 g T

i -
=

k-1 | K 1
= pilog— = g;log —
; P ; q

1

- Hl(Z,) = Hl(W/) (A3)
Finally, we have

Hoo(Z') = Ho(W')

lim H,(Z") - lim H,(W")
lim (H,(Z") — H,(W")) = 0.(A4)

It follows that H,(Z") = H,(W’) for all @ € [0, c0]. By the
induction hypothesis, there exists a permutation o/ € S
such that p; = q:T,(i) for all i € [k — 1]. Define (1) = 1 and
o()=0'(i—1)withi # 1. Then o € S} and p; = q,; for all
i € [k]. Therefore, the statement is true for N = k. m]



In fact, we can prove Lemma 9 by assuming a weaker con-
dition as follows. Let S be a subset of [0, co] including O,
the extended real number oo, and a sequence {s,},en such that
lim, . s, = c. Then we can show that if H,(Z) = H,(W)
holds for all @ € S, then Z and W have the same probability
distribution.

The contrapositive of the following lemma proves Theo-
rem 5.

Lemma 10 (Sufficient conditions on the initial state |i/) with
exoy (W) > 0). Let (X,Y) be the pair of two systems, which
can be either (A1, By) or (A, B). Let {/li}fil and {T,‘}?Zl be non-
zero eigenvalues for the reduced states px and py of ), re-
spectively, which satisfy 11 > ... > Ay, T1 = ... = Ty, and
Zf\il A = Z?;II 7; = 1. Then exy > 0, if one of the following
conditions holds:

(i) N # M.

(ii) N = M and Ay # 7y for some i’ € [N] ={1,...,N}.
Proof. (i) If N # M, then rank(py) # rank(py), which means

exoy () 2 [Solox) — Soloy)l > 0, (AS5)

by the converse bounds in Corollary 3.

(i1) Suppose that |) satisfies N = M and A; # 7 for some
i’ € [N]. Let Z and W be discrete random variables on al-
phabets Z and ‘W with |Z] = |'W| = N, whose probability
distributions are {/li}f\i , and {T,-}fi |» respectively. Let us con-
sider the set

A={i e [N]|A4; # 7}, (A6)
then A is a non-empty subset of [N], since i/ € A. So we
can choose the largest element in A, say j. Then 4; # 7; and
A; = t; forall i > j by the definition of the set A. If 1; > 7; (or
Aj<tj)than A; > 7 (or 4; < 7;) for all i € [j]. Thus 4; # 7;
(or A; # 7;) for all i € [j], which shows that for each o € S ;,
there exists i € [j] such that 4; # 7,(;. It follows that for
each o € Sy, there exists i € [N] such that 4; # 7,(;). From
the contrapositive of Lemma 9, there exists o’ € [0, oo] such
that H, (X) # Hy (Y). Therefore, from the converse bounds
in Corollary 3, we obtain

exoy () 2 ISo(px) = S (py)l > 0. (A7)
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