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One of the challenges of photon based quantum teleportation is that both a source of entangled
photons and an entangled basis measurement are required. For qubits, one can perform a prob-
abilistic entangled basis measurement using linear optics, making the scheme efficient. However,
for photonic qudits, an equivalent scheme remains difficult to devise. In this paper, we generalize
the probabilistic photonic qubit teleportation protocol to qudits. The method relies on producing
permutation entangled states nondeterministically which are superpositions of permutations of the
spatial and qudit states of the photons. Our scheme nondeterministically teleports a photonic qudit
using only entangled photon sources, linear optics, and photon detectors, and should be experimen-

tally realizable for small qudit dimensions.

PACS numbers: 03.75.Gg, 03.75.Mn, 42.50.Gy, 03.67.Hk

I. INTRODUCTION

Quantum teleportation is of central importance in the
field of quantum information technology from not only
a foundational perspective [1, 2], but due to its numer-
ous applications such as quantum computing [3-5] and
quantum cryptography [6-10]. Experimentally it was
first realized with polarization encoded photonic qubits
[11, 12]. Photonic quantum teleportation has been im-
proved and performed over increasingly longer distances
since its first realization [13-24], with the current record
at 1400 km [25]. In particular, Marcikic, Gisin, and co-
workers realized time-bin encoded teleportation, which
has the advantage that it is robust over long distances
[26-28]. The largest multi-qubit teleportation that has
been demonstrated to date is for two qubits, encoded
by the polarization of two photons [29] and the orbital
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and polarization degrees of freedom of one photon [30].
Qubit teleportation has been proposed and realized in
other physical systems, such as with trapped atoms [31—
34] and solid-state systems [35, 30].

For higher dimensional systems (i.e. qudits), exten-
sions of the original teleportation protocol have been per-
formed [37-39]. Continuous variable teleportation [410]
was realized first in optical systems [11-15] and was also
performed with atomic ensembles [16]. Numerous pro-
posals for qudit teleportation have been proposed in the
past [17-58]. Many variations of high-dimensional tele-
portation such as those using multi-photon encodings
[59], spin coherent states [60-62], and those including
telecloning [63, 64] and have been proposed. However, to
date a successful qudit teleportation has not been per-
formed experimentally. The reason for this is that cur-
rent qudit teleportation schemes proposed to date rely
on the presence of a nonlinearity at some point in the
protocol; either implicitly or explicitly. In the case of
photons, since no strong nonlinear medium is available,
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this makes the implementation problematic.

In this paper, we propose a qudit teleportation scheme
for photons using only linear optics, entangled photon
sources, and photon detectors. Specifically we aim to
teleport qudits consisting of a single photon, imple-
mented using time-binning for example. This rules out
the use of multi-qubit teleportation [37, 39] or multi-
photon encodings [59]. The central part of our proto-
col is a nondeterministic method of measuring in an en-
tangled basis. This generalizes the photonic scheme de-
scribed and implemented by Refs. [11, 65, 66], where a
Bell measurement is realized without nonlinear elements.
Our fully linear optical measurement scheme allows for
the qudit version of the Bell measurement and entan-
gled state preparation necessary for teleportation. Our
linear optical implementation makes our scheme much
more experimentally viable in comparison to currently
proposed schemes. We note that recently, Goyal, Konrad,
and co-workers provided a novel approach to the prob-
lem by using determinant states — entangled states of
light which use completely antisymmetric photon states
[54, 67]. Although the scheme uses only linear optics
in the teleportation protocol itself, the preparation of
the determinant states requires nonlinear optical devices,
which suppress two-photon populations; adding demands
to the experimental implementation. Another difficulty
of the implementation of their work is that the telepor-
tation scheme is achievable only with the anti-symmetric
entangled state, which gives a extremely low success rate
in the state preparation step. Our scheme overcomes sev-
eral of these difficulties.

II. TELEPORTATION SCHEME

The complete teleportation scheme, including state
preparation, is shown in Fig. 1. The aim of the pro-
cedure is to teleport a photonic qudit on the mode ag;
in Alice’s possession, to mode ap; in Bob’s possession.
Here the mode a,; has two labels, the first for the spa-
tial mode n € [0, N] and the second for the qudit state
i € [1,N]. The qudit can be implemented for example
using time-bins, such that the i labels each time-bin. The
input state to be teleported is written

N
) =" wigad;,10). (1)

io=1

The modes a1;, to an;, are prepared in an entangled
state consisting of permutations of the spatial and qu-
dit states (the permutation-entangled state), which can
be prepared in a nondeterministic way. The modes ag;,
through mode ay;, are then interfered by a linear-optical
network performing a unitary operation U on the modes.
After the output of the optical network is measured, the
results are fed forward, and a local operation is per-
formed. At the end of this process, the initial state (1)
is teleported to mode an;,

FIG. 1. Teleportation scheme. Thin lines are the paths of the
photons labeled by modes ani, bni, Cni, dni Where n are spa-
tial mode labels and i are qudit labels. The qudit may be
realized by time-bins labeled by i, for example. Thick lines
correspond to classical commutation channels. The parts of
the apparatus in possession by Alice (the sender), Bob (the re-
ceiver), and the permutation entangled state preparation are
indicated. Wiggly lines denote entanglement of the permuta-
tion entangled state. Photons start at N entangled photon
sources (EPS) and enter linear optical networks V and U and
are detected. The detector results are fed-forward and a local
unitary operation W is performed. At the end the state on
mode ap; is teleported to mode an;.

We can prove that this procedure works using the fol-
lowing general argument. First we must define the per-
mutation entangled state as a photonic state where every
qudit label from ¢ € [1, N] is present and every spatial
mode n € [1, N] is involved. The detection will destroy
the photons in the state preparation box of Fig. 1, but
their entangled partner will survive in this state and go
to Alice’s box. The general form of this state can be
written

N
B) =" ¢irin [] ali,10) (2)
n=1
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where the sum runs over all elements ¢ = (i1,...,iy) of
the symmetric group Sy, i.e. all permutations of the
numbers 1,2,..., N, and ¢ is a normalized wavefunc-
tion. Of course, not all choices of ¢;, i, result in an
12... N entangled state, but writing it in this form will
allow us to handle the general case from which we can
derive a criterion. The initial state at the starting point
of the teleportation is thus |¢)|E). We now measure in
a permutation-entangled basis, which takes the general



form
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where j = (jo,...,jn—1) and x is a wavefunction defining

the measurement basis. Details on how this measurement
can be achieved will be discussed below. A measurement
in this basis then results in the unnormalized state
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where Py = |M)(M] is the projection operator for the
state (3). We have written |E) and |M) in the equiva-
N

lent form |E) = Zil...m:l |€i1...iN|¢i1...iNaL1 . -a}LViN|O>7
where €;,.., is the Levi-Civita antisymmetric ten-
sor, and similarly for |M). Using the identity that
l€iy . in l|€ig.in 1| = Oigin|€ir.in |, We can write the un-
normalized measured state as
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Eq. (5) is clearly closely related to the original state,
up to the function f. If it is possible to perform a uni-
tary operation W such that Wa}LWWT = a}LVi/f(i) on the
state (5), such that f is removed, then the teleportation
is successful. Since the only diagonal unitary matrices
are phase operations, the criterion for a successful tele-
portation is

f@) = fo Vi, (7)

where fy > 0 is a non-zero constant. The probability
of obtaining this result is given by the amplitude of the
state (5), which is pe) = f3.

III. MEASUREMENT IN THE PERMUTATION
ENTANGLED BASIS

We now show how to measure in the basis |M) using
only linear optics and photon detectors. The measure-
ment is discussed first, because the same scheme is used
in the preparation step. Our measurement scheme gener-
alizes the well-known trick of measuring in the Bell basis
using a beamsplitter [11, 65, 66]. Consider the linear op-
tical network U in Fig. 1. By preparing (pre-selecting)
initial states that have one photon in the input spatial
modes a,; and post-selecting all results where there is

a result in every qudit state (e.g. time-bin), an effec-
tive measurement in the basis (3) can be constructed.
To show this, start from the output mode and write the
final detected state as

N

H (J)J (8)

Here, 7(j) is the spatial mode label of the jth detection
result. This fully specifies the detection outcome for the
class of post-selected states. The linear optical network
transforms the input and output modes according to [68]

N—1
bpj = Z Unm Q- (9)
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The detected state is then
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This state involves terms where there is more than one
photon in a spatial mode. However, such states do not
exist, according to the initial state preparation, where
exactly one photon is input to the network per spatial
mode. We thus separate the terms involving one photon
per mode as

1B,) = |BY) + |B{Y) (11)
N-1
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As long as the input state to the linear network in-
volves only one photon per spatial mode, the overlap with
|Bq(})> will be zero. The state |B§1)> contains all permu-
tations of the spatial labels, weighted with the factors
originating from the linear transformation matrix. This
can be relabeled in terms of the spatial mode labels in-
stead of the qudit (e.g. time-bin) labels

N-1
|B§1)> = Z H u:(jn)na/jzjn|0>' (12)
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This has the same form as (3) with xjo. jn_s

Hf:[ 01 wr FG)n and hence a measurement in the permuta-
tion entangled basis is achieved as long as the input state
has one photon per mode, and the output is postselected
on the state with one photon per qudit state (e.g. time-
bin). Another way to view (12) is that it is the state that
is measured through a boson-sampling network, with a
coeflicient corresponding to the matrix permanent of the
linear network U [69]. Note that the photons do not
need to be distributed in the output state as one photon
per mode. For example, r(j) = 1 corresponding to all
photons exiting the 1st spatial mode is allowable.



IV. PREPARATION OF THE PERMUTATION
ENTANGLED STATE

We adapt the measurement technique above to pre-
pare the desired entangled state (2). The basic strategy
is to start in a multi-photon-entangled state, and per-
form a measurement in the permutation-entangled state
as described in (12). This then leaves the unmeasured
photons in a permutation-entangled state ready for use
in the teleportation. The intial state after the emission
of the entangled photon sources is

=TT (g Sebucke )0 09

in=1

The ¢y photons then enter the linear optical network V'
which has a transformation

N
dnz = Z UnmCmi, (14)
m=1

and is measured and postselected on events where each
photon occupies a different qudit state ¢. Using the same
arguments as that arriving at (11), the detected state can
be written

=[DM) + DY), (15)
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and |D§l)) is again a state, which contains more than
one photon per mode in the input state and hence is
guaranteed to have zero overlap with (13). Projecting
Pp. = |Ds)(Ds| onto (13) we have

PD |QO> _|D \/— Z Hvs(ln)na’nz | > (17)

€Sy n=1

This has the same form as (2) with ¢;. iy =

(Hf:[:l vs(in)n) /\/Pprep(s), which shows that the tele-

portation can be performed using the scheme in Fig. 1.

V. SUCCESS PROBABILITY

For a successful teleportation, one requires preparation
of a permutation entangled state of the form (17). This
requires an output state such that there is one d,,; photon
per qudit state (e.g. time-bin). The probability of a given
outcome s(7) is given by the amplitude of (17)

)= % > 1T losinnl™ (18)
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Pprep (S

Given that a suitable permutation entangled state has
been prepared, a successful teleportation again requires
one b,; photon per qudit state (e.g. time-bin) and the
condition (7) satisfied. The probability for the outcomes
that (7) are satisfied are

[Vg(N)N U N)0| ‘ N-1 ) )
T AN /N Us(ip ) nUr (i Yn| >
NN pprep(s) Z H (i) Br(in)

i€Sny_1 n=1

ptel(rl )
(19)

here i = (i1,...,iny—1) and we have set iy = N, since
|£(i)]? is assumed to be a constant. Then the probabil-
ity of a successful teleportation given a r(i) and s(7) is
psuc(rv S) = ptcl(T|S)pprcp(S)-

The above expressions clearly depend upon the partic-
ular linear optical networks U, V' that are used. We now
evaluate the performance of the teleportation for partic-
ular examples of linear optical networks. The best per-
forming network we have found is the quantum Fourier
transform

1 2minm
= = — N
Unm, Un4-1m-+1 \/Ne . (20)
This reduces to standard photonic qubit teleportation for
N = 2. For a given optical network the total prepara-
tion or teleportation probability is then found by running
through all possible outcomes r(i) and s(i) and adding
the probabilities for which a successful result is obtained.
We show the success probability for various N in Tab.
I. For N = 2 we recover the same success probability
for the usual teleportation, as achieved in Ref. [11]. For
N = 2, preparation of the permutation-entangled state
is not necessary, as demonstrated in Ref. [11]. The per-
mutation entangled state involves N photons, and hence
for N > 2, the state preparation as given in Fig. 1 is nec-
essary. As expected, the success probability goes down
as IV increases. This is a result of the lack of nonlinear
media to prepare and detect the permutation entangled
state. For very large N the scheme clearly does not scale
well. However, at the several-photon level, the success
probability for both the preparation and teleportation is
at the ~ 1% level, which is well within experimental real-
ization. The overall success probability is then found by
adding peuc(r, ) for all possible 7(i) and s(i) that satisfy
(7). Calculating the results for 2 < N < 4 we find that
the results are identical to the product of the preparation
and teleportation probabilities in Tab. I.

VI. EXPERIMENTAL IMPLEMENTATION

We now discuss some of the experimental details to
implement Fig. 1. For the entangled photon sources
(EPS), traditional parametric down conversion (PDC)
crystals produce paired photon states with a very short
coherence time, usually in the range of ~ fs. This will
complicate the state preparation of the permutation en-
tangled state, since the photons must enter the linear



TABLE 1. Probabilities for permutation entangled state
preparation and teleportation. (a) Probability of preparation
> . Pprep(s) using (18) where the sum runs over all possible
5(1). (b) Probability of a successful teleportation > piei(7|s)
using (19) where only those cases satisfying (7) are counted.
The preparation state uses the fixed outcome s(i) = i. For
all calculations, the quantum Fourier transform (20) is used
for U and V' and bracketed values denote equivalent values to
two decimal places.

N 2 3 4 5 6
(a)|[1/2 (.5)|2/9 (.22)|3/32 (.09)|24/125 (.19)|5/324 (.02)
(b)|[1/2 (.5)|1/9 (.11)|5/32 (.15)| 1/25 (.04) | 1/18 (.06)

optical network V' within the same coherence time win-
dow. An alternative to PDC is to use entangled photons
from atomic clouds, which have coherence times more
than 10 ns [70-72]. To create the multi-photon entan-
gled state required by (13), a pair of continuous wave
laser beams should be applied onto an atomic cloud to
induce spontaneous four-wave mixing, in which the en-
tangled paired photons are generated [73-75]. Therefore
the initial entangled photon state requires synchroniza-
tion of photon pairs into the same time window of 10 ns
or more, emitted by multiple atomic clouds. The genera-
tion rate of two pairs of entangled photons, emitted from
independent atomic clouds within a AT = 10 ns window,
is typically p2 ;; = 0.01/s [76], where pemit is the gener-
ation rate for one photon occupying a specific time bin
with length of AT. In order to align N entangled pho-
tons, there is a total generation rate of pY ., = 0.1V /s.
Thus the total success probability including the emission
probability will be the product of p ... with the prob-
abilities in Tab. I. In practice, the preparation of the
entangled photons will be incorporated into the postse-
lection process, where only outcomes involving N of the
dn; photons are counted.

VII. CONCLUSIONS

We have proposed a photonic qudit teleportation
scheme using only linear optics, entangled photon

sources, and photon detectors. The teleportation scheme
is based on permutation entangled states which mix the
spatial and qudit states creating a multi-photon entan-
gled state. The permutation entangled states are a class
of states that are broader than matrix-permanent states,
which are best known in the context of boson sampling.
The entangled basis measurement is performed by posts-
electing particular outcomes after a linear-optical trans-
formation. This generalizes the probabilistic Bell mea-
surement that was the key to performing photonic qubit
teleportation [11]. While the success probability is found
to degrade rather quickly with the number of photons, we
view this as a natural consequence of not using a nonlin-
earity in the measurement — the nondeterministic nature
is the price to be paid for not using a genuine nonlinear-
ity. At the level of several photons the probabilities are
well within range of current experimental capabilities.
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