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We revisit the excitation-tunneling process in nonsequential double ionization (NSDI) of helium in
an 800 nm laser field. The correlated two-electron momentum distributions are calculated by using
the improved quantitative rescattering (QRS) model, in which the lowering of the threshold energy
due to the presence of an electric field at the instant of recollision is taken into account. In the
framework of the QRS model, the correlated two-electron momentum distributions for excitation-
tunneling in NSDI can be factorized as a product of the returning-electron wave packet (RWP)
and the field-free differential cross section (DCS) for electron impact excitation of the parent ion
multiplied by the tunneling ionization rate of electrons in the excited states. The RWPs, which
describe the momentum distribution of the returning electrons, are obtained within the strong-field
approximation for high-order above-threshold ionization. The DCSs for electron impact excitation
of He+ are calculated using the state-of-the-art many-electron R-matrix theory, and the tunneling
ionization rates for electrons in the excited states are evaluated by solving the time-dependent
Schrödinger equation. The calculated correlated two-electron momentum distribution shows that
the fourfold symmetry with regard to the parallel momentum components is broken. This is in
contradiction to the prevalent view that the correlation pattern for excitation-tunneling in NSDI
is symmetric with respect to the coordinate axes. By including the recollisional (e, 2e) process,
the predicted correlated two-electron momentum distributions are found to be in good qualitative
agreement with experiment.

PACS numbers: 32.80.Fb, 32.80.Rm, 34.50.Rk, 34.80.Dp

I. INTRODUCTION

The controversial debate on the mechanisms respon-
sible for nonsequential double ionization (NSDI) was al-
ready settled by the early measurements of the total yield
of doubly charged ions as a function of the laser inten-
sity [1] and the recoil-ion momentum distributions [2, 3].
Now it is widely accepted that NSDI is one of the laser-
induced rescattering processes that support the classi-
cal recollision model [4]. However, since total ion yields
or ion momentum distributions alone do not provide
detailed information on the physics behind NSDI, co-
incidence measurements of correlated two-electron mo-
mentum distribution are very attractive. A kinematical

analysis of the measured two-electron momentum distri-
bution for NSDI of Ar within the classical “recollision
model” revealed an (e, 2e)-like process and excitation
with subsequent tunneling of the second electron as two
different ionization mechanisms [5].

Since the pioneering measurements of the correlated
two-electron momentum distributions (CMD) for NSDI
of Ar, carried out at the turn of this century [6], a num-
ber of experiments on CMD have been performed [7–
12]. Among those, the measurement with high resolution
and good statistics on NSDI of helium in a strong laser
pulse at 800 nm by Staudte et al. [7] is of special inter-
est. The prominent fingerlike structure observed in the
latter study has been investigated by various theoretical
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models, including a semiclassical quasistatic model [13],
a classical three-dimensional ensemble model [14], our
own quantitative rescattering (QRS) model [15], as well
as ab initio calculations by solving the time-dependent
Schrödinger equation (TDSE) also reported in [7]. Al-
though serious discrepancies exist between the calculated
results and the experimental data, all these theoreti-
cal studies attributed the fingerlike structure to a laser-
induced (e, 2e) recollision process, in which the final-state
electron-electron repulsion plays an important role. The
above theoretical studies, indeed, focused on the electron
impact ionization mechanism. Another physical mech-
anism, recollisional excitation with subsequent tunnel-
ing, has been studied much less. In the recollisional
excitation-tunneling process, the returning electron does
not provide the second electron with enough energy to
be released into the continuum. Instead, the electron is
excited to another bound state, from which it is subse-
quently ionized via tunneling.

The recollisional excitation-tunneling in NSDI of he-
lium exposed to a strong laser pulse at 800 nm [7] was
specifically studied in our previous work [19]. We em-
ployed the QRS model based on the factorization for-
mula in Ref. [20]. The QRS model was originally pro-
posed to describe the photoelectrons in high-order above-
threshold ionization (HATI) attributed to laser-induced
elastic scattering of the returning electron from the par-
ent ion [16, 17]. It was later applied to other rescatter-
ing processes such as high-order harmonic generation [18]
and NSDI [15, 19, 21] due to recombination and inelas-
tic scattering of the returning electron with the parent
ion, respectively. According to the QRS model, the
CMD for recollisional excitation-tunneling in NSDI can
be expressed as a product of the differential cross section
(DCS) for electron-impact excitation and the ionization
rate for tunneling ionization of the second electron from
the excited state, multiplied by the returning electron
wave packet to indicate the weight of the contribution at
each incident energy. Within the QRS model, numeri-
cal simulations of the CMD for recollisional (e, 2e) and
excitation-tunneling are performed separately. There-
fore, the simulated results for excitation-tunneling were
compared directly with the corresponding portion of ex-
perimental data reported in [19], where the excitation-
tunneling portion of the experimental data was extracted
from the original measurements [7] based on the assump-
tion that the CMD for excitation-tunneling is symmetric
with respect to the coordinate axes [5].

In our previous work [19], the DCSs for electron im-
pact excitation of He+ was calculated using the distorted-
wave Born approximation (DWBA), while the paral-
lel momentum distribution for tunneling-ionization was
evaluated using the modified ADK (Ammosov-Delone-
Krainov) [22] model proposed by Tong and Lin [23]. Even
though the angular distribution of the DCS from DWBA
calculations is typically in fairly good agreement with
experiment, it is well known that, at low energies, the
total cross sections predicted by the DWBA often ex-

ceed the experimental values significantly. Consequently,
the DCSs from DWBA-based models are also larger than
the absolute experimental data [24]. On the other hand,
when the modified ADK model is employed to simu-
late the parallel momentum distribution for tunneling-
ionization, an accurate absolute ionization rate is highly
desirable, since its value affects the shape of the parallel
momentum distribution significantly.
Unfortunately, a damping factor was introduced em-

pirically in the modified ADK model. Although the
damping factor was estimated for ionization from the
ground state of a few atoms and ions, by fitting ioniza-
tion rates calculated accurately using the complex scaling
method [25, 26], it is (to our knowledge) not available for
ionization from excited states. As a matter of fact, our
own tests revealed that the ionization rates for ioniza-
tion from excited states of ions are very sensitive to the
choice of the damping factor. This suggests that the ion-
ization rate for tunneling-ionization cannot be evaluated
unambiguously in NSDI, if the modified ADK model is
employed. Even if accurate ionization rates can be ob-
tained from the modified ADK model, the results do not
provide the transition amplitude, which is required in
the study of quantum interference effects in NSDI at low
intensities [27–29].
In this paper, we revisit the recollisional excitation-

tunneling process in helium using the improved QRS
model [30, 31], in which the reduction of the kinetic en-
ergy required for the electrons to escape from the parent
ion due to the presence of the electric field at the in-
stant of recollision [32] has been taken into account. The
DCSs for electron impact excitation of He+ ion are calcu-
lated using the state-of-the-art many-electron R-matrix
method to solve the resulting close-coupling equations,
while the tunneling ionization rate of electrons in the ex-
cited states are evaluated by solving the TDSE within the
single-active-electron approximation [33]. We expect our
approach to result in one of the most accurate simulations
of the CMD for the recollisional excitation-tunneling pro-
cess. While this theoretical treatment also enables the
QRS model to be used to investigate the quantum inter-
ference effect in NSDI, this aspect is irrelevant for the
case considered here.
Unless indicated otherwise, atomic units (a.u.) are

used throughout this manuscript.

II. NUMERICAL PROCEDURES

We consider excitation-tunneling of He in a linearly
polarized laser pulse with its electric field along the z
axis. At a single peak intensity (i.e., no focal-volume av-
eraging, which we assume in this manuscript unless spec-
ified otherwise), the CMD can be expressed as a product
of the parallel momentum distribution for the scattered
electron after recollisional excitation and the parallel mo-
mentum distribution for tunneling-ionized electrons from
the excited states.
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For the laser-induced recollisional process of He+ con-
sidered here, the two electrons involved in the process
start in the singlet ground state of He, and their sin-
glet coupling is preserved during the recollisional process
since the absorption of photons does not affect the to-
tal spin [34]. Thus we only need to consider the singlet
scattering cross sections. In the CMD for NSDI, the ex-
perimental data are measured only for the momentum
components of the two electrons along the laser polariza-
tion axis. Thus, to compare with experiment, one needs
to project the singlet DCS dσs/dΩ for electron impact
excitation of He+ onto the polarization direction. The
parallel momentum distribution for the scattered elec-
tron after recollisional excitation is given by

Y excit
Ei

(k
||
1 ) =

2π

k1

dσs

dΩ
. (1)

In Eq. (1), Ei is the energy of the incident (return-
ing) electron, k1 is the momentum of the scattered elec-

tron, and k
||
1 = k1 cos θ, where θ is the scattering an-

gle with respect to the direction of the returning elec-
tron. The DCSs are calculated with the nonperturbative
close-coupling with pseudo-states method using the fully
parallelized B-spline R-matrix code [35]. Note that the
integration over the perpendicular components was per-
formed in Eq. (1).
Suppose the laser-induced recollisional excitation pro-

cess occurs at tr when the vector potential Ar = A(tr).
As a result of the projectile electron still being under the
influence of the laser field after the collision, the electron
will gain an additional momentum −Ar in the direction
of the laser polarization from tr to the end of the laser
pulse. Therefore, the corresponding parallel momentum
distribution for the recollisional excitation process in a
strong field at an intensity I can be obtained from Eq. (1)
by shifting the momentum of the projectile electron by
−Ar, i.e.,

Dexcit
Ei,I (p

||
1 ) = Y excit

Ei
(k

||
1 −Ar). (2)

The vector potential Ar in Eq. (2) is related to the mo-
mentum kr of the returning electron. The relation be-
tween kr and Ar can be determined by solving the one-
dimensional Newton equation for the motion of the tun-
neled electron in the electric field without taking into
account the Coulomb potential. For a monochromatic
laser field F (t) = ẑF0 cos(ωt), the calculation shows that
the mean value of kr/Ar is about 1.25 in the returning
range of 240◦ < ωtr < 320◦, corresponding to tunneling
ionization times resulting in 2◦ < ωti < 22◦ [16]. Outside
of that range, the electron yield is very small.
In the QRS model, we simply take

|Ar| = kr/1.26. (3)

The validity of Eq. (3) has been extensively verified in the
description of laser-induced electron diffraction due to
elastic scattering of the electron from the parent ion [16,

17, 36–39]. We note that the factorization formula near
the outermost backward rescattering caustic was recently
derived from adiabatic theory [40].
However, for laser-induced electron impact excitation

of the parent ion in NSDI, Eq. (3) needs to be modified
to account for the lowering of the threshold energy due
to the presence of the electric field. In a free atom or ion,
an incoming electron can promote the ground-state elec-
tron to an excited state and remain a continuum electron
only when its kinetic energy is larger than the energy dif-
ference between the ground state and the excited state,
since the total energy of a continuum electron must be
positive. Nevertheless, in the presence of an electric field,
the combined atomic and electric potentials form a bar-
rier below zero, indicating that the projectile electron
can escape from the atom or ion even with negative en-
ergy as long as its energy is higher than the potential
barrier [32]. Therefore, in the laser-induced recollision
process, electron impact excitation of the parent ion can
still take place even when the returning electron has an
energy less than the energy difference between the ground
state and the excited state. This phenomenon is usually
referred to as “lowering of threshold”. This does not
mean, however, that the energy level of an excited state
is lowered. Since He+ is a hydrogen-like ion with nuclear
charge Z=2, the energy levels are −Z2/2n2, where n is
the principal quantum number.
The maximum barrier height in the combined Coulomb

and electric field potentials is given by [32]

Vb = −2
√

Zeff|Fr|, (4)

where Zeff is the effective charge of the Coulomb poten-
tial seen by the projectile electron asymptotically, and Fr

is the electric field at the instant of collision. For elec-
tron impact excitation of a singly-charged ion, Zeff = 1.
Therefore, the threshold is lowered by

∆E = 2
√

|Fr|. (5)

However, since the barrier height of the combined atomic
and electric field varies with the time the laser-induced
electron returns to the origin, we choose an “average”
returning time to make the calculations tractable. The
method used to determine the average returning time
was described in Ref. [41]. For example, in an 800 nm
laser field at a peak intensity of 3.5 × 1014 W/cm2, the
threshold is lowered by ∆E = 10 eV.
Unfortunately, it is still a formidable task to per-

form actual numerical calculations with the lowering of
threshold included. Alternatively, van der Hart and Bur-
nett [32] suggested that, to account for the lowering of
threshold, one should adjust the collision energy so that
the returning electron energy Er (= Ei) corresponds to
the incoming energy Er+∆E for electron impact excita-
tion in the field-free case. Taking again the 800 nm laser
field at a peak intensity of 3.5×1014 W/cm2 as an exam-
ple, the maximum energy of the laser-induced returning
electron, determined by the classical rescattering model,
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is 3.17Up = 67 eV (where Up is the ponderomotive en-
ergy). This maximum recollision energy corresponds to
the incident energy of 77 eV in the laser-free scattering
process. Consequently, Eq. (3) should be rewritten as

|Ar| =
√

2(Ei −∆E)/1.26. (6)

With this improvement, the QRS model has been suc-
cessfully applied to NSDI processes in calculations of the
total yield of doubly-charged ions as a function of laser
intensity [30, 31].
Next, we evaluate the parallel momentum distribution

for tunneling ionization of electrons in the excited states.
Due to the limitations of the modified ADK model [23]
mentioned in the previous section, we solve the TDSE di-
rectly in the present work by using a second-order split-
operator method (for details, see Refs. [33, 42]). First,
we calculate the two-dimensional (2D) momentum dis-
tributions for single ionization of electrons from excited
states with a specified magnetic quantum number. Then
the parallel momentum distributions for the tunneling-
ionized electrons are obtained by integrating the 2D mo-
mentum distributions over the momentum component
perpendicular to the laser polarization.

With the parallel momentum distributions Dexcit
Ei,I

(p
||
1 )

calculated by using Eq. (2) for excitation and Dtun
I (p

||
2 )

by solving the TDSE for tunneling ionization, the CMDs
for laser-induced electron impact excitation at incident
energy Ei with subsequent tunneling ionization in the
laser field at a peak intensity I are obtained as

DEi,I(p
||
1 , p

||
2 ) = Dexcit

Ei,I (p
||
1 )×Dtun

I (p
||
2 ). (7)

For a given intensity, in principle, excitation takes place
as long as the kinetic energy of the returning electron
is larger than the lowered threshold energy. Therefore,
an integral over Ei should be performed to account for
the contributions from collisions at all incident energies.
This gives

DI(p
||
1 , p

||
2 ) =

∫ ∞

Ip−∆E

dEiDEi,I(p
||
1 , p

||
2 )WI(Ei), (8)

where Ip is the threshold energy for excitation, and
WI(Ei) is the wave packet describing the energy (mo-
mentum) distributions of the returning (incoming) elec-
tron in the laser field at an intensity I [16], which in-
dicates the weight of the contribution at incident energy
Ei. The returning electron wave packet can be calculated
by using the second-order strong-field approximation for
HATI. For He, details of the calculations for the return-
ing electron wave packet were presented in Ref. [30].
Nevertheless, the correlated two-electron momentum

distributions generated using Eq. (8) may not be used to
directly compare with the experimental measurements
until the focal volume effect has been taken into account.
This is due to the well-known fact that the intensity dis-
tribution of a focused laser beam is not uniform in space,
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FIG. 1: Singlet differential cross sections for electron impact
excitation of He+ from the ground state to the excited states
of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1, at
incident energies of 55, 65, and 75 eV, respectively.

and the atoms located anywhere in the interaction vol-
ume experience different peak intensities. Therefore, to
compare with experiment, an integration over the focus
volume should be performed according to

DI0(p
||
1 , p

||
2 ) =

∫ I0

0

DI(p
||
1 , p

||
2 )V (I) dI. (9)

Here I0 is the peak intensity of the laser field, and V (I)
is the volume of an isointensity shell. For a laser beam
with a Lorentzian distribution in the propagation direc-
tion and a Gaussian distribution in the transverse di-
rection, the volume of an isointensity shell was given by
Augst et al. [43].

III. RESULTS AND DISCUSSION

We aim to simulate the CMD for recollisional
excitation-tunneling of He in 45 fs (FWHM of the in-
tensity) linearly-polarized laser pulses at 800 nm [7]. For
this purpose, we need to calculate the parallel momen-
tum distributions for the projectile electron after laser-
induced recollision and for the electron tunneling-ionized
from excited states, as well as the wave packet for the
laser-induced returning electron.
To obtain the parallel momentum distributions for the

projectile electron after laser-induced recollision, we first
calculate the singlet DCSs for electron impact excitation
of He+ from the ground state to the excited states of
n = 2 and n = 3 for each angular momentum l with spe-
cific magnetic quantum number m, respectively. [We use
the short-hand notation 2p0 ≡ 2p (m= 0) and similarly
for 2p1, 3p0, 3p1.] In Figure 1, we show the calculated
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FIG. 2: Parallel momentum distributions for the active elec-
tron after recolliding with the He+ ion and exciting the resid-
ual ground-state electron to the excited states of (a) 2s,
(b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 at energies of
55, 65, and 75 eV in an 800 nm laser field at a peak intensity
of 3×1014 W/cm2. The recolliding electron returns along the
−ẑ direction.

DCSs using the R-matrix method for some selected ex-
cited states. As expected, excitation to 2p0 dominates.
For the incident energies considered here, the DCSs for
excitation to the 2s and 3s states exhibit strong back-
ward scattering, which is comparable to or even higher
than forward scattering, while those for 2p0 and 3p0 de-
crease rapidly as the scattering angle increases. Interest-
ingly, the DCSs for excitation to 2p1 and 3p1 are very
small near both the forward and backward directions for
scattering angles smaller than 20◦ and larger than 160◦,
respectively.
The parallel momentum distributions for the projectile

electron after laser-induced recollision are obtained by
projecting the singlet DCSs for electron impact excita-
tion of He+ onto the polarization direction using Eq. (1)
and shifting the parallel momentum by −Ar according
to Eq. (2). Figure 2 displays the parallel momentum dis-
tributions for the returning electron after the collision,
corresponding to the singlet DSCs shown in Fig. 1, in
the laser field at a peak intensity of 3 × 1014 W/cm2.
According to the classical rescattering model, the paral-
lel momentum of the scattered electron after the laser-
induced recollision is restricted by [5]

−
√

2(Ei − Ip)−Ar ≤ p
||
1 ≤

√

2(Ei − Ip)−Ar. (10)

The above equation implies that the range of the mo-
mentum distribution shrinks as the excitation energy in-
creases. Consequently, as seen in Fig. 2, the momentum
distributions for n = 3 cover smaller ranges compared
to those for n = 2. It should be noted that, in the im-

 0

 1

 2

p ⊥
 (

a.
u.

)

-3.5
-2.5
-1.5
-0.5
 0.5
 1.5(a) 2p0

p|| (a.u.)

 0

 1

 2

p ⊥
 (

a.
u.

)

-4.5
-3.5
-2.5
-1.5
-0.5
 0.5(b) 3p0

-2 -1 0 1 2

-1.0
-0.5
0.0
0.5
1.0

 0  1  2  3  4  5  6  7  8
Time (optical cycle)

F(
t)

 / 
F 0

(c)

FIG. 3: (a) Two-dimensional photoelectron momentum dis-
tributions (on a logarithmic scale) parallel (p||=pz) and per-

pendicular (p⊥=
√

p2x + p2y) to the laser polarization direction

for single ionization of He+ from the excited 2p0 state in an
800 nm laser field at the intensity of 2.5 × 1014 W/cm2; (b)
Same as (a) but for 3p0; (c) Electric field used in the TDSE
calculations. The half circles in (a) and (b) indicate the pho-
toelectron energy of 2Up.

proved QRS model, the momentum shift |Ar| depends on
the laser intensity when the lowering of threshold energy
is taken into account. Consequently, compared to the
results obtained using the original QRS model [19], the
parallel momentum distributions for the scattered elec-
tron shift to smaller momentum by

∆Ar =
[

√

2Ei −
√

2(Ei −∆E)
]

/1.26. (11)

For example, ∆Ar = 0.15 for Ei = 75 eV and I = 3×1014

W/cm2.
The parallel momentum distributions for single ioniza-

tion of He+ from all excited states of n=2 and 3 are calcu-
lated by solving the TDSE. Calculations were performed
for a wide intensity range from 1.8 to 4.5×1014 W/cm2

with a step of 0.1×1014 W/cm2. To get the parallel mo-
mentum distributions along the polarization direction of
the laser field, we first evaluate the two-dimensional (2D)
momentum distributions for the ionized electrons. The
2D photoelectron momentum distributions parallel and
perpendicular to the laser polarization direction for sin-
gle ionization of He+ from excited states of 2p0 and 3p0
in an 800 nm laser field at the intensity of 2.5 × 1014

W/cm2 are displayed in Figs. 3(a) and 3(b), respectively.
In Fig. 3(c) we show the electric field used in TDSE cal-
culations, which is expressed by

F (t) = a(t)F0 cos(ωt+ φ)ẑ, (12)

where the envelope a(t) is chosen to be one for the first
five cycles and ramped off over three cycles. Here, to
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FIG. 4: Parallel momentum distributions for the electron ion-
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(d) 3s, (e) 3p0, and (f) 3p1 by an 800 nm laser field at peak
intensities of 2.5 and 3.5× 1014 W/cm2, respectively.

save computing time, we chose a shorter pulse than that
used in the experiment due to the fact that electrons in
the excited states are quickly ionized in the electric field.
In addition, the carrier envelope phase φ is set to π/2
to account for the recollision process in which the laser-
induced recolliding electron returns to the origin along
the −ẑ direction.

By integrating the 2D momentum distributions over
the momentum component perpendicular to the direc-
tion of laser polarization, one obtains the parallel mo-
mentum distributions for electrons subsequently ionized
in the laser field from the excited states due to laser-
induced recollision. Figure 4 shows selected TDSE results
for single ionization of He+ from the 2s, 2p0, 2p1, 3s, 3p0,
and 3p1 excited states in a laser field with peak intensi-
ties of 2.5 and 3.5 × 1014 W/cm2, respectively. First of
all, by integrating the distributions over the parallel mo-
mentum, we found that the total single ionization yields
for all cases considered here are close to unity, indicat-
ing that essentially all excited atomic ions are further
ionized. Secondly, the momentum distributions are not

symmetric with respect to p
||
2 = 0, especially for higher

excited states. This is not surprising, since the 2D mo-
mentum distributions produced by the TDSE are asym-
metric with respect to p|| = 0, as shown in Figs. 3(a)
and 3(b). Thirdly, the parallel momentum distributions
spread outside of A0, where A0 is the maximum value of
vector potential. For the intensities of 2.5 and 3.5× 1014

W/cm2, A0=1.48 and 1.76, respectively. This is also
owing to the 2D momentum distributions beyond the
range of 2Up, as indicated by the half circle in Figs. 3(a)
and 3(b). As demonstrated in Figs. 3(a) and 3(b), sev-
eral backscattering rings, due to elastic collisions of the

returning electron with the parent ion, appear around
2Up in the 2D photoelectron momentum distributions,
indicating a clear transition from direct to recollision.
However, the enhancement occurring around 2Up in the
photoelectron spectra obtained from ab initio solution
of TDSE in Keil et al. [44] for some laser and target
parameters does not occur in the present calculations.
By introducing the scaling factor αC = Z/

√
ω for the

Coulomb potential and the scaling factor αL = F0/ω
3/2

for the laser field in the TDSE, Keil et al. found that the
enhancement around twice the ponderomotive energy in
the photoelectron spectra due to soft recollision can oc-
cur only when αC/αL > 1. For the cases considered here,
αC/αL = 0.67, the contributions from recollision are at
least two orders smaller than the direct ionization, and
hence can be safely ignored.
While the numerical solution of the TDSE provides ac-

curate results, the intrinsic deficiency of the TDSE cal-
culations is that insight into the underlying physics may
be hidden. On the other hand, the principal physics of
tunneling ionization can be directly unveiled by the ADK
model, in which the ionization rate, with the depletion
effect taken into account, can be expressed as

Y ADK
I (t) = W [|F (t)|] e−

∫

t

t0

W [|F (t′)|]dt′
, (13)

where W [|F (t)|] is the modified ADK rate given by
Eq. (2) in Ref. [23].
In Fig. 5(a), we show the ionization rate Y ADK

I (t) of
He+ from 2p0 in an 800 nm laser field at peak intensities
of 2.0 and 3.0× 1014 W/cm2, respectively. Note that the
integral of Y ADK

I (t) over time yields the total ionization
probability, i.e.,

P =

∫ t

t0

Y ADK
I (t)dt = 1− e

−
∫

t

t0

W [|F (t′)|]dt′
. (14)

According to the classical rescattering model, tunneling
ionization starts as soon as the laser-induced recollision
takes place by which the parent ion is promoted to an
excited state. For simplicity, a monochromatic laser field
was used to produce Fig. 5(a), and the tunneling ioniza-
tion was set to start at the time tr when the electric field
Fr = 0 and Ar = −A0, where A0 is the maximum value
of the vector potential. One can see that all the excited
atomic ions are ionized within half an optical cycle in
the subsequent strong laser field for a peak intensity of
3.0 × 1014 W/cm2. For a laser field with the lower in-
tensity of 2.0 × 1014 W/cm2, ionization continues for a
longer time, but still essentially ceases within one optical
cycle.
Assuming that the initial velocity of the tunneling elec-

tron can be neglected, the momentum spectrum for single
ionization of the parent ion is given by

DADK
I (p

||
2 ) = DADK

I [−A(t)] =
1

|E(t)|Y
ADK
I (t). (15)

Using Eq. (15), we calculated the parallel momentum
distributions corresponding to the ADK rates shown in
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FIG. 5: (a) ADK rate for ionization of He+ from 2p0 vs.
time in 800 nm laser fields with peak intensities of 2.0 and
3.0× 1014 W/cm2, respectively. The electric field and vector
potential of the laser field, both normalized to unity, are also
indicated. (b) Parallel momentum distributions correspond-
ing to the ADK rates shown in (a).

Fig. 5(a). The results are displayed in Fig. 5(b). The
parallel momentum distributions from the ADK model
for ionization of He+ from 2p0 are very different from
those obtained with the TDSE shown in Fig. 4(b). How-
ever, they are similar to the TDSE results for ionization
of He+ from n = 3, which are highly asymmetric (c.f.
Figs. 4(d-f)). From Fig. 5(a), we see that the high asym-
metry of the parallel momentum distributions is due to
the fast tunneling ionization lasting for less than half an
optical cycle, while the asymmetry is reduced when tun-
neling ionization occurs for a longer time. The substan-
tial discrepancies between TDSE and ADK in the parallel
momentum distributions, as displayed in Figs. 4 and 5,
suggest that the ADK tunneling model might not apply
for electron ionization from excited states of atomic ions
due to the low ionization potentials.

We emphasize that the modified ADK model was only
employed here to provide some insight into the asymmet-
ric parallel momentum distributions generated by solving
the TDSE shown in Fig. 4. It was not adopted in the nu-
merical simulations for the CMD in the present paper,
since for tunneling ionization considered here, the ex-
cited states of He+ require special treatment due to the
Coulomb degeneracy [45, 46].

With the well-prepared parallel momentum distribu-
tions from the R-matrix and TDSE calculations for the
two outgoing electrons, respectively, we are ready to cal-
culate the CMD using Eq. (8). Figure 6 displays the
correlated parallel momentum spectra for tunneling from
the excited 2s, 2p0, 2p1, 3s, 3p0, and 3p1 states in a laser
field with a peak intensity of 3.5×1014 W/cm2. It should
be noted that the CMDs plotted in Fig. 6 are for the sit-
uation in which the laser-induced electron returns to the
parent ion along the direction of −ẑ. The pattern of the
CMD directly reflects the momentum distributions of the
returning electron after recollision and of the tunneling-
ionized electron from excited states of the parent ion. For
instance, in Fig. 6(e), the dense population in the region

of small p
||
1 and large p

||
2 results from strong forward scat-

tering of the returning electron from the parent ion and
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FIG. 6: Right-side (p
||
1 > 0) correlated parallel momentum

spectra for excitation tunneling from (a) 2s, (b) 2p0, (c) 2p1,
(d) 3s, (e) 3p0, and (f) 3p1 in an 800 nm laser field at a peak
intensity of 3.5× 1014 W/cm2.
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FIG. 7: Symmetrized full-space correlated parallel momen-
tum spectra for excitation-tunneling from the excited states
of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 in an
800 nm laser field at a peak intensity of 3.5× 1014 W/cm2.

the fast tunneling ionization of the electron from the ex-
cited state. Note that in the CMD presented in Fig. 6,
the contributions from collisions at all possible incident
energies were accounted for.

So far, we have only considered the situation in which
the laser-induced electron returns to the parent ion along
the −ẑ direction. In this case the returning electron is
tunnel-ionized in the half cycle when the electric field is
negative [47]. Since the laser field only defines an align-
ment but not an orientation for long pulses, as those
considered here, the laser-induced electron born in the
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FIG. 8: Focal-volume-averaged correlated parallel momen-
tum spectra for excitation-tunneling from the excited states
of (a) 2s, (b) 2p0, (c) 2p1, (d) 3s, (e) 3p0, and (f) 3p1 in an
800 nm laser field at the peak intensity of 3.5× 1014 W/cm2.

other half cycle, when the electric field is positive, pos-
sesses the same probability for returning to the parent ion
along the +ẑ direction. The two half cycles of the laser
field yield opposite drift momenta. Furthermore, due to
the indistinguishability of the two outgoing electrons, the
CMD for excitation-tunneling should be symmetric with

respect to both diagonals p
||
1 = ±p

||
2 . For the excitation-

tunneling mechanism, however, the additional symme-
try with respect to the coordinate axes, suggested by
Feuerstein et al. [5], is not guaranteed. Figure 7 depicts
the full-space CMD for excitation-tunneling upon sym-
metrization of the CMD displayed in Fig. 6. One clearly
sees that the distributions are not symmetric with respect
to the coordinate axes, especially for tunneling ioniza-
tion of the second electron from highly-excited states, as
shown in Figs. 7(d-f). This is, again, due to the fast
tunneling ionization discussed above.

In order to compare our predictions with experiment,
an integration over the focal volume has to be performed.
In Fig. 8 we present the focal-volume-averaged CMD for
excitation-tunneling from the excited 2s, 2p0, 2p1, 3s,
3p0, and 3p1 states in an 800 nm laser field at a peak
intensity of 3.5× 1014 W/cm2. While the principal pat-
terns remain almost the same, focal-volume averaging
yields observable differences from the patterns displayed
in Fig. 7.

Finally, in Fig. 9 we present a direct comparison be-
tween the simulated results and the experimental data.
Figure 9(a) depicts the CMD for excitation-tunneling in
NSDI of helium. These results were obtained by sum-
ming over all distributions corresponding to the situa-
tion in which the initially released electron promotes the
second electron in the ground state of He+ to all pos-
sible excited states of n = 2 and n = 3, each of which
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FIG. 9: Comparison of the simulated correlated parallel mo-
mentum spectra with the experimental measurements. The
first row shows the simulated results for NSDI of He in the
laser field at the peak intensity of 3.5 × 1014 W/cm2: (a)
Excitation-tunneling from all excited states of n = 2 and
3, (b) (e, 2e), (c) sum of excitation-tunneling and (e, 2e).
The second row displays the experimental data: (d) Full ex-
perimental measurements, (e) spectra excluding (e, 2e) and
excitation-tunneling, (f) spectra deduced from (d) with (e)
deducted. The calculations include the integration over the
focal volume of the laser.

is specified with angular momentum and magnetic quan-
tum number. Nevertheless, with the calculated CMD for
excitation-tunneling only, one is not ready to compare
with the entire correlated electron spectra measured in
the experiment, unless the momentum distribution for
the recollisional (e, 2e) process is also considered.

Very recently, we revisited the NSDI of helium [41] fo-
cusing on the fingerlike structure observed in the exper-
iment of Staudte et al. [7]. That structure is attributed
to the recollisional (e, 2e) process. In Ref. [41], several
theoretical models were employed to calculate the triple-
differential cross sections for electron impact ionization
of He+. It was found that, among those models, the so-
called DS4C model achieves the best agreement with the
experimental data. In the DS4C model, both the pre-
collision Coulomb interaction between the incident elec-
tron and the parent ion and the postcollision Coulomb
interaction between the two outgoing electrons are taken
into account. Furthermore, the dynamic screening (DS)
of the three-body Coulomb interactions in the final state,
due to the fact that the strength of the interaction of any
two particles is affected by the presence of the third one,
is considered. Figure 9(b) displays the CMD for the con-
tributions from (e, 2e) simulated by Chen et al. using the
DS4Cmodel [41]. Focal-volume-averagingwas performed
and the lowering of the threshold due to the presence of
the electric field at the moment of recollision was taken
into account.
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The calculated CMD for NSDI of He including both
recollisional ionization and excitation-tunneling are dis-
played in Fig. 9(c), and the entire correlated electron
spectra obtained experimentally are plotted in Fig. 9(d).
The absence of populations along the axes in the ex-
perimental CMD in Fig. 9(d) in the simulated distri-
butions in Fig. 9(c) is not surprising, since an analysis
based on the rescattering model shows that the kinemat-
ically allowed regime for the correlated electron momen-
tum components parallel to the laser polarization axis
in excitation-tunneling does not reach this region for
the case considered here, even with the potential change
taken into account (see Fig. 3 in Ref. [19]). This implies
that, apart from the laser-induced recollisional ioniza-
tion and excitation-tunneling, other mechanisms might
be involved in the NSDI process. In Ref. [19], an addi-
tional mechanism was suggested to account for the dis-
tribution along the axes in the CMD. This mechanism is
referred to as capture-tunneling, in which the returning
electron is captured by dielectronic recombination with
the He+(1s) ion to form a doubly-excited state. Then
the two electrons in such doubly-excited states are eas-
ily tunnel-ionized in the laser field, thereby contribut-
ing to NSDI. Based on this scenario, the distribution
due to capture-tunneling can be separated from the en-
tire correlated electron spectra measured in the experi-
ment. This is displayed in Fig. 9(e) (see also Fig. 11(c)
in Ref. [19]). Deducting the distribution due to capture-
tunneling from the entire measured correlated electron
spectra, one obtains the “refined” experimental CMD
owing to the mechanisms of recollisional ionization and
excitation-tunneling only, as shown in Fig. 9(f).

Based on the above discussions, the calculated CMD
for NSDI of helium including both recollisional (e, 2e) and
excitation-tunneling displayed in Fig. 9(c) should be com-
pared with the corresponding experimental data shown
in Fig. 9(f). The theoretical predictions are in fairly good
agreement with experiment. Nevertheless, to achieve the
best overall agreement, the peak intensity chosen in the
present calculation was 3.5 × 1014 W/cm2, while it was
estimated as 4.5 × 1014 W/cm2 in the experiment. In
spite of the overall good qualitative agreement, discrep-
ancies between the simulated results and the experimen-
tal data still exist. For example, the distributions pre-
dicted by the present model spread to larger momenta
along the main diagonal than those seen in the experi-
ment. However, while the experimental data were sym-
metrized by exchanging the two electron indices due to
the indistinguishability of the electrons [7], one can ob-
serve a clear asymmetry with respect to the antidiagonal

p
||
1 = −p

||
2 . This asymmetry suggests potential experi-

mental artifacts. In light of these issues, we regard the
overall agreement between theory and experiment as sat-
isfactory.

The fairly good agreement achieved between the sim-
ulated results and experiment, as shown in Figs. 9(c)
and 9(d), is partially due to the asymmetric distribu-
tion of excitation-tunneling in Fig. 9(c). This asymme-
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FIG. 10: (a) Artificially symmetrized correlated parallel mo-
mentum spectra of Fig. 9(a) for excitation-tunneling; (b) Sum
of excitation-tunneling in (a) and (e, 2e) in Fig. 9(b); (c) Mo-
mentum distributions obtained by projecting the correlated

momentum distributions onto p
||
2 for p

||
1 > 0. The (black)

solid and (red) broken curves represent the results obtained
from Fig. 9(f) for the experiment and Fig. 9(c) for the sim-
ulations, respectively, and the (blue) dotted line is obtained
from the data in (b). The theoretical results are normalized
to the dip of the experimental data for comparison.

try originates from the asymmetric parallel momentum
distributions calculated by solving the TDSE for the elec-
tron ionized from the excited states, as shown in Fig. 4.
It should be mentioned that, in a previous paper [19],
the parallel momentum distributions for electrons ion-
ized from the excited states evaluated by using the ADK
model were artificially symmetrized according to the sce-
nario that the CMD for excitation-tunneling in NSDI
should be symmetric with respect to the coordinate axes.
This scenario, however, is believed to be not always true;
see Ref. [48] for example. This implies that forced sym-
metrization of the CMD for excitation-tunneling is not
appropriate. However, in order to see how much differ-
ence it would make to the comparison displayed in Fig. 9
if the excitation-tunneling turned out to be symmetric
with respect to the coordinate axes, we artificially sym-
metrized the CMD in Fig. 9(a) for excitation-tunneling,
and the results are shown in Fig. 10(a). Consequently, as
displayed in Fig. 10(b), the CMD for NSDI of He includ-
ing both recollisional ionization and excitation-tunneling
can then be obtained by adding the contributions from
(e, 2e) in Fig. 9(b) to those for excitation-tunneling in
Fig. 9(a). One can see that obvious discrepancies ex-
ist between the CMDs in Figs. 9(c) and 10(b). As a
result, the agreement between the experimental data in
Fig. 9(f) and the artificially symmetrized simulated spec-
tra in Fig. 10(b) becomes worse. Furthermore, to present
a direct quantitative comparison of our model simula-
tions with experiment, we performed the integral of the
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CMDs in Figs. 9(c), 9(e) and 10(b) over the parallel mo-

mentum p
||
1 for p

||
1 > 0, and the obtained results are com-

pared in Fig. 10(c). It is clearly seen that the heights
of the two peaks in the experimental momentum distri-
butions are well predicted by the QRS model without
symmetrizing the CMD for excitation-tunneling with re-
spect to the coordinate axes, while symmetrization leads

to higher peak for p
||
2 < 0 and a lower peak for p

||
2 > 0

compared with experiment.

IV. SUMMARY AND OUTLOOK

We revisited the NSDI experiment on helium per-
formed by Staudte et al. [7], focusing on the process of
recollisional excitation-tunneling. By including the pre-
dicted results for the recollisional (e, 2e) process [41], we
presented a direct comparison of our model calculations
with the experimental data and find that our model re-
produces the experimental findings to a very satisfactory
degree. The theoretical methods used in the present pa-
per are based on the improved QRS model, in which the
potential change due to the presence of an electric field at
the instant of recollision has been taken into account. In
the numerical simulations of the correlated two-electron
momentum distributions for excitation-tunneling, the
parallel momentum distributions for the returning elec-
tron after recollision were obtained from the differential
cross sections for electron impact excitation of He+ evalu-
ated using the nonperturbativeR-matrix (close-coupling)
method, while the parallel momentum distributions for
the tunneling electron were calculated by solving the
TDSE. The correlated two-electron momentum distribu-
tions for excitation-tunneling were found to be not sym-
metric with respect to the coordinate axes, in contrast

to the scenario suggested in Ref. [5]. This asymmetry is
attributed to the fast tunneling ionization of electrons in
the excited states.

All our theoretical treatments are based on accurate,
fully quantum mechanical calculations. The deficiency of
the present model remains that it is still hard to predict
the momentum distributions for capture-tunneling, al-
though the mechanism can be interpreted qualitatively.
Even though it was not done in the present paper, we
emphasize that our work opens a way to study the inter-
ference effect in NSDI within the framework of the QRS
model, since both the R-matrix and TDSE solutions not
only provide the probabilities but also the necessary am-
plitudes.
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Feuerstein, C. D. Schröter, R. Moshammer, and J. Ull-
rich, Phys. Rev. Lett. 99, 263003 (2007).

[9] Y. Liu, S. Tschuch, A. Rudenko, M. Dürr, M.
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