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The propagation of information in nonrelativistic quantum systems obeys a speed limit known as a Lieb-
Robinson bound. We derive a new Lieb-Robinson bound for systems with interactions that decay with
distance r as a power law, 1/r%. The bound implies an effective light cone tighter than all previous bounds.
Our approach is based on a technique for approximating the time evolution of a system, which was first
introduced as part of a quantum simulation algorithm by Haah et al., FOCS'18. To bound the error of the
approximation, we use a known Lieb-Robinson bound that is weaker than the bound we establish. This
result brings the analysis full circle, suggesting a deep connection between Lieb-Robinson bounds and
digital quantum simulation. In addition to the new Lieb-Robinson bound, our analysis also gives an error
bound for the Haah et al. quantum simulation algorithm when used to simulate power-law decaying
interactions. In particular, we show that the gate count of the algorithm scales with the system size better

than existing algorithms when o > 3D (where D is the number of dimensions).
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I. INTRODUCTION

Lieb-Robinson bounds limit the rate at which informa-
tion can propagate in systems that obey the laws of
nonrelativistic quantum mechanics [1-10]. These bounds
have found a plethora of applications [11-22], including
recent results on entanglement area laws [23-25], the
classical complexity of sampling bosons [26], and even
a quantum algorithm for digital quantum simulation [27].

Lieb and Robinson’s original proof applies only to short-
range interactions, i.e., those that act over a finite range or
decay at least exponentially in space. However, interactions
in many physical systems, such as trapped ions [28,29],
Rydberg atoms [30], ultracold atoms and molecules
[31,32], nitrogen-vacancy centers [33], and superconduct-
ing circuits [34], can decay with distance r as a power
law (1/r%*) and, hence, lie outside the scope of the original
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Lieb-Robinson bound. Thus, understanding the fundamen-
tal limit on the speed of information propagation in these
systems holds serious physical implications, including for
the applications mentioned above. Despite many efforts in
recent years [4-7], a tight Lieb-Robinson bound for such
long-range interactions remains elusive.

In this paper, we derive a new Lieb-Robinson bound for
systems with power-law decaying interactions in D dimen-
sions. While our bound is not known to be tight, it has four
main benefits compared to the best previous bound for such
systems [6]. (i) It is tighter, resulting in the best effective
light cone to date [Eq. (17)]. (ii)) The bound applies at
all times, and not just asymptotically in the large-time
limit. (iii) The framework behind the proof is conceptually
simpler, with an easy-to-understand interpretation based on
physical intuition. (iv) Our approach is potentially appli-
cable to studying a wider variety of quantities, including
connected correlators [35,36] and higher-order correlators
(for instance, the out-of-time-ordered correlator [37,38] and
the full measurement statistics of boson sampling [26,39]),
as we discuss in Sec. VI.

In contrast to the previous long-range Lieb-Robinson
bounds [4-7], which all relied on the so-called Hastings-
Koma series [4], our approach is based on a generalization
of the framework Haah er al. (HHKL) [27] introduced as a
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building block for their quantum simulation algorithm. The
essence of their framework is a technique for decomposing
the time evolution of a system into evolutions of sub-
systems, with an error bounded by the Lieb-Robinson
bound for short-range interactions [1]. We extend the
HHKL framework to long-range interactions and to a more
general choice of subsystems. Remarkably, these modifi-
cations enable us to derive a tighter Lieb-Robinson bound
for long-range interactions than the one we use in the
analysis of the decomposition [5].

Additionally, we return to the original motivation of
the framework of Haah er al.: the digital simulation of
lattice-based quantum systems. We generalize the HHKL
algorithm to simulate systems with power-law decaying
interactions. The algorithm scales better as a function of
system size than previous algorithms when a > 3D, and
the speed-up becomes more dramatic as a is increased.

The structure of the paper is as follows. In Sec. II, we
state our main results and summarize the proof of the
new Lieb-Robinson bound. In Sec. III, we lay out the
precise mathematical framework for the proof and gen-
eralize the technique for decomposing time-evolution
unitaries [27] to power-law decaying interactions and to
more general choices of subsystems. After that, we present
two applications of the unitary decomposition in Secs. IV
and V, which can be read independently of each other.
Specifically, in Sec. IV, we use the unitary decomposition
to derive the improved Lieb-Robinson bound for long-
range interactions. In Sec. V, we analyze the performance
of the HHKL algorithm from Ref. [27] when applied to
simulating long-range interacting systems. We conclude in
Sec. VI with an outlook for the future.

II. SUMMARY OF RESULTS

In this section, we summarize our main results for the
case of a one-dimensional lattice. Without loss of general-
ity, we assume that the distance between neighboring sites
is one. The unitary decomposition technique in Sec. III is
generalized from a similar result for short-range inter-
actions in Ref. [27]. We use it to approximate the evolution
of a long-range interacting system ABC by three sequential
evolutions of its subsystems AB, B, and BC (see Fig. 1). We
assume that the interaction strength between any two sites
in the system is bounded by 1/r%, with r being the distance
between the sites and @ a non-negative constant. This
restriction on the Hamiltonian norm also sets the time unit
for the evolution of the system.

There are two sources of error in the approximation: one
due to the truncation of the Hamiltonian of the system ABC
(we ignore the interactions that connect A and C), and the
other due to the Hamiltonians of the subsystems AB, B, and
BC not commuting with each other. For a fixed value of a,
if the distance £ between the two regions A and C [see
Fig. 1(a)] is large enough, namely ¢ > «, the two error
sources have the same scaling with #. To estimate the error,
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FIG. 1. A demonstration of the unitary decomposition in

Lemma 1. (a) The three disjoint regions A, B, C in D = 1 and
D =2 dimensions with A convex and compact. (b) Lemma 1
allows the evolution of the whole system to be approximated by a
series of three evolutions of subsystems. The horizontal axis lists
the sites in each of the three sets A, B, C (not necessarily
according to their geometrical arrangement, particularly in higher
dimensions). Each box is an evolution for time 7 of a Hamiltonian
supported on the sites the box covers. These evolutions can be
forward (white fill) or backward (orange fill, with dagger) in time.

for example, from the truncation, we sum over interactions
connecting sites in A and C, and obtain a total error of
O(1/¢°72) (in one dimension) for the approximation in the
unitary decomposition (as shown in the Appendix A 1).
In Sec. IV, we use the unitary decomposition to prove a
Lieb-Robinson bound for long-range interactions that is
stronger than previous bounds, including the one we use
in the proof of the unitary decomposition. The subject of
such a bound is usually the norm of the commutator
[[0x(T). Oy]|| between an operator Oy (T) = UsOxUy
evolved under a long-range Hamiltonian for time 7" and
another operator Oy supported on a set Y that is at least a
distance R away from the support X of Oy. Here, we briefly
explain the essence of the proof using a one-dimensional
system with fixed o and large enough R,7 > a as an
example. The strategy is to use the aforementioned unitary
decomposition to construct another unitary U such that
(i) U0y U approximates U0y Uz and (i) U0y U com-
mutes with Oy, so the commutator norm ||[Ox(T), Oyl||
will be approximately zero, up to the error of our approxi-
mation. For fixed @, we consider M « T equal time slices
and use the unitary decomposition to extract the relevant
parts from the evolution U7 in each time slice. Each time
we decompose a unitary, we choose the subsystems A, B, C
so that only A overlaps with the supports of the unitaries
from the previous time slices (see Fig. 2), and therefore the
evolutions of B and BC can be commuted through Oy to

cancel their counterparts from UTT [Figs. 2(b) and 2(d)]:
(UABCYT 0, UABC
~ (UAB)TUB(UBC)T 0, UBC(UP)TUAB
= (UABYTOxU"B. (1)
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FIG. 2. A step-by-step construction of the unitary U such that
004U ~ Ul.OyxUy. Each box represents an evolution of the
subsystem covered by the width of the box for a fixed time. The
colors of the boxes follow the same convention as in Fig. 1. In
panel (a), the unitary Uy is written as a product of evolutions of
the same system in M =5 consecutive time slices. (b) The
evolution in the last (bottom) time slice is decomposed using the
method in Fig. 1, with the choice of subsystems A, B, C such that
X is contained in A. The evolutions of the subsystems B and BC
(hatched boxes) therefore commute with Oy and cancel out with
their counterparts from U, resulting in (c). In panel (d), we
repeat the procedure for the second-from-bottom time slice, but
note the different choice of A, B, C from (b). This difference is
necessary to ensure that the evolutions of B and BC commute
with the evolution(s) from the previously decomposed time
slice(s). We then commute them through Oy again and remove
them from the construction of U in (e). Repeatedly applying the
unitary decomposition for the other time slices, we obtain
the unitary U in (f), which is supported on a smaller region
than the original unitary U7. With a proper choice of the size £ of
B, we can make sure that Y lies outside this region, and, therefore,
U commutes with Oy.

The remaining evolutions that contribute to the construc-
tion of U are supported entirely on a ball of radius ~M¢
around X, where 7 is the size of B and is chosen to be the
same in all time slices. By choosing £ ~ R/M and M¢ < R
so that Y lies outside this ball, the commutator norm
I[Ox(T), Oy]|| is at most the number of time slices

multiplied by O(1/£%%), which is the decomposition error
per time slice. Therefore, we obtain a Lieb-Robinson bound
for long-range interactions in one dimension:

T 7!
1[0x(T), Oy]|| < Cira zg=3 = CIra a2 > (2)

where ¢y, , is a constant that may depend on a, but not on
T, R. Setting the commutator norm to a small constant
yields the causal region inside the effective light cone:
T > R(@=2)/(a=1) For comparison, the previous best Lieb-
Robinson bound produces a light cone T 2 R@=2)/a [6].
Our bound is therefore tighter in the asymptotic limit of
large R and large T, while its proof is substantially more
intuitive than in Ref. [6]. A more careful analysis (Sec. IV)
shows that our light cone also becomes linear in the limit
a — oo, where the power-law decaying interactions are
effectively short-range. Moreover, our bound works for
arbitrary time 7', while the bound in Ref. [6] applies only in
the long-time limit. We provide a more rigorous treatment
as well as a bound for D-dimensional systems in Sec. IV.

Section V then discusses the original motivation for the
unitary decomposition—digital quantum simulation—
in the case of long-range interactions that decay as a
power law. For a > 2D, our analysis shows that the
HHKL algorithm [27] requires only O(Tn(Tn/e)*P/¢P x
log(Tn/e)) two-qubit gates to simulate the evolution of a
system of n sites arranged in a D-dimensional lattice for time
T with an error at most e. For large a, the gate count of the
algorithm scales with n significantly better than other
algorithms.

III. FRAMEWORK

In this section, we present the technique for approxi-
mating the time evolution of a system by evolutions of
subsystems. We later use this technique to derive a stronger
Lieb-Robinson bound (Sec. IV) and an improved quantum
simulation algorithm (Sec. V) for systems with long-range
interactions.

We consider 7 sites arranged in a D-dimensional lattice
A CNP of size L =0(n"P) and D > 1. Recall that,
without loss of generality, we assume the spacing between
neighboring lattice sites is one. This assumption sets the
unit for distances between sites in the lattice. We shall
embed the lattice A into the real space R”. The intersection
X N A therefore contains every lattice site in a subset
X C RP. The system evolves under a (possibly) time-
dependent Hamiltonian H (1) = > ;7h;5(¢), with h;;(1)
being the interaction between two sites 7,7 € A. Without
ambiguity, we may suppress the time dependence in the
Hamiltonians. We say a system has power-law decaying
interactions if ||A;;|| < 1/|[7—7||*, where ||| denotes
both the matrix and the vector 2-norms, for some non-
negative constant a and for all 7# J. [Note that h;;
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may have arbitrarily large norm.] For readability, we
denote by Hy =) ;:cx hi; the terms of H, that are
supported entirely on a subset X N A, and by Uif.tz =
T exp(—i f,tf Hydt) the evolution unitary under Hy from
time ¢, to t,, where 7 is the time-ordering operator. We also
denote by dist(X,Y) the minimum distance between any
two sites in X and Y, by X¢ = RP\ X the complement of X
in real space, by 0X the boundary of a compact subset X,
by ®(X) the area of 90X, and by XY the union X U Y. In
the following, we keep track of how errors scale with
time, distance, and @, while treating the dimension D as a
constant.

We now describe how to approximate the evolution of
the system to arbitrary precision by a series of evolutions of
subsystems using a technique we generalize from Ref. [27].

Lemma 1.—Let A, B,C C RP be three distinct regions
with nonempty interiors such that A U BU C = RP. Let A
be both compact (closed and bounded) and convex. We
have

1UGFC = Ua? (UG )TUGE I < cole™ = @(A)E,(2).

with

16 \« 1
&) = (1—_}/> W‘Feﬁf’ (3)

for all @ > D + 1. Here, v, ¢, € R" are positive constants,
y is a constant that can be chosen arbitrarily in the range
(0,1), and #Z = dist(A, C) is the distance between sets A
and C.

We emphasize that this lemma applies to arbitrary sets A
that are both convex and compact. The sets we focus on
include D balls and hyperrectangles in R?. The former
geometry is relevant in the proof of our new Lieb-Robinson
bound, the latter in the analysis of the HHKL algorithm for
long-range interactions.

Lemma 1 allows us to approximate the evolution of a
long-range interacting system ABC by that of subsystems
AB, B, BC (Fig. 1). The features of the function &,(¢) are
better understood by considering two limiting cases of
physical interest. First, when « is finite and £ (the distance
between A and C) is large compared to a, the function

£,(¢) behaves like
1
O a1 ) (4)

which decays only polynomially with #. In the second
limit, as @ — oo for a large but finite £, we recover from
&,(¢) the exponentially decaying error bound e7/—a
trademark of finite-range interactions [1,27].

The proof of Lemma 1, while more general, bears close
resemblance to the corresponding analysis for short-range
interactions in Ref. [27]. However, there are two key

differences. First, in order to make the approximation in
Lemma 1, some interactions between sites separated by a
distance greater than # are truncated from the Hamiltonian.
While such terms vanish in a system with short-range
interactions, here they contribute O(®(A)/£*P=1) to the
error of the approximation. In addition, instead of the
original Lieb-Robinson bound [1] which applies only to
systems with short-range interactions, we use the gener-
alization of the bound for long-range interactions by Gong
et al. [5]. The result is an approximation error that decays
with # polynomially as O(®(A)/£*~P~1), in addition to
the exponentially decaying error that exists already for
short-range interactions. Nevertheless, the error can always
be made arbitrarily small by choosing # to be large enough.

In Sec. III A, we present the proof of Lemma 1. After
that, we demonstrate the significance of Lemma 1 with two
applications: a stronger Lieb-Robinson bound for long-
range interacting systems (Sec. IV) and an improved error
bound for simulating these systems (Sec. V). Both sections
are self-contained, and readers may elect to focus on either
of them.

A. Error bound on the unitary decomposition

Here, we outline the proof of Lemma 1. Similar to
Ref. [27], we begin with an identity:

Ugi© = Up7 UG, (UG,) (Up?) 'UG. (5)

=W,

Our aim is to approximate W, by (U§,)"(U§,)"UES, from
which Lemma 1 will follow. For that, we look at the
generator of W, [27], i.e., a Hamiltonian G,, such that

aw,
dt

= —ig[W,, (6)
for all time. Exact differentiation of W, yields [40,41]

G = (U§,) (UB) (Hype — Hag — Ho)URBUS,  (7)

=H,.c+Hp.c

= (Ug,t)T(Ué,ltg)THB:CUéngz + 5trunc (8)
= (U&Z)T(UOBJVHBZCUg,tUg,[ + 60ver1ap + 5Lrunc’ (9)

where Hy.y = ) iex jey ij(t) denotes the sum of terms
supported across disjoint sets X and Y, and Syync, Soverlap are
error terms we now define and evaluate. Note that the first
term in Eq. (9) is the generator of (U§,)"(U§,)"UFS—the
unitary with which we aim to approximate W,.

In contrast to the approximation for short-range interact-
ing systems in Ref. [27], there are two sources of error in
Eq. (9). The first error term O, arises after we discard
H,.. from Eq. (7). For the short-range interactions in
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Ref. [27], this error vanishes when the distance # between
A and C is larger than the interaction range. However, in our
case, there is a nontrivial truncation error associated with
ignoring long-range interactions between A and C:

(A)

||5trunc|| = HHA:C” = Ctrzamv

(10)
for « > D + 1, where ¢, is a constant [Eq. (AS)], £ =
dist(A, C) is the distance between A and C. The factor of
1/1% in the bound comes from the requirement that the two-
body interactions decay as a power law 1 /7%, while the term
P is due to the sum over all sites in the D-dimensional set
C. Another factor of #®(A) arises after summing over the
volume of A, which we assume to be a compact and convex
set. The detailed evaluation of the norm is presented in
Appendix A 1.

The other error, which we define to be Soyerap, 18 the
result of the approximation used between Egs. (8) and (9).
In the former equation, the operator evolves under
H,p + H, whereas in the latter, it evolves under the
reduced Hamiltonian Hp 4+ H, thus incurring the error

Héoverlap” = ”(UI(‘)‘,?)THB:CUI(‘)‘f - (Ug,r)THB:CU(l);,rH' (11)

To understand why ||Gqyerap|| is small, recall that Hp.c is

the sum of terms /; . that are supported on two sites beB
and ¢ € C. Since the strengths of such terms decay as 1/r%

(with r the distance between the sites b and ¢), the main
contribution to H g. c—and thus to dyye1ap—comes from the

terms where b and ¢ are spatially close to each other. But
since the sets A, C are separated by a large distance 7, if the

site b is close to C, then it must be far from A. Thus,
the evolution of hz?,z for a short time under H,p can be
well approximated by evolution under Hjp alone. In
Appendix A2, we make this intuition rigorous using
the generalization of the Lieb-Robinson bound by
Gong et al. [5] to systems with long-range interactions.
In the end, we obtain the following bound on Jyyerap:

S
ool < e = @) | + ] (12

where c,, is a constant [Eq. (A24)] and y € (0, 1) is a free
parameter. The bound has contributions from two compet-
ing terms: one that decays polynomially with # and another
that decays exponentially. The polynomially decaying term
is dominant for fixed « and large #, whereas the exponen-
tially decaying term prevails as @ — oo for fixed . The
errors Gyyne and Joyerap N approximating the generator
combine to give an overall error in approximating W, with
(US,)1(U§,)TUEC (see Appendix B). From this, we obtain
the error bound in Lemma 1, with ¢y = max{c, coy }/v.

Before discussing applications of Lemma 1, we
pause here to note that the Lieb-Robinson bound in
Gong et al. [5] used in the above analysis is not the
tightest-known bound for long-range interactions [6]. Our
use of this bound, however, does not lead to a suboptimal
error bound in Lemma 1. For finite «, the error bound is
dominated by the polynomially decaying term 1/£*P~1,
which arises from the truncation error &,,. rather than
Ooverlap- Therefore, this error term would not benefit from a
tighter Lieb-Robinson bound. In the limit @ — oo, on the
other hand, we shall see later that the lemma already
reproduces the short-range Lieb-Robinson bound, which is
optimal up to a constant factor. Thus, we expect that using
stronger Lieb-Robinson bounds would produce no signifi-
cant improvement for the error bound in Lemma 1.

IV. STRONGER LIEB-ROBINSON BOUND

In this section, we use Lemma 1 to derive a stronger
Lieb-Robinson bound for long-range interactions. The first
generalization of the Lieb-Robinson bound to power-law
decaying interactions was given by Hastings and Koma [4].
However, their bound diverges in the limit @ — oo, where
the power-law decaying interactions are effectively short-
range. Later, Gong et al. [5] derived a different bound that,
in this limit, does indeed converge to the Lieb-Robinson
bound for short-range interactions. While we use this
bound in Sec. III to prove Lemma 1, we will also show
that by using this lemma we can in turn derive a Lieb-
Robinson bound for long-range interactions that is stronger
than the one in Gong et al. In fact, our bound produces
a tighter effective light cone than even the strongest
Lieb-Robinson bound for long-range interactions known
previously [6].

Recall that the subject of a Lieb-Robinson bound is the
commutator norm

C(T.R) = ||[(U§r) OxUgr. Oyl (13)

where Oy, Oy are two operators supported, respectively, on
two sets X, Y geometrically separated by a distance R, and
U} is the time-evolution unitary of the full lattice A under
a power-law decaying Hamiltonian, as defined above.

To compare different bounds, we analyze their effective
light cones, which, up to constant prefactors, predict the
minimum time it takes for the correlator C(7', R) to reach a
certain value. For example, the original Lieb-Robinson
bound [1] produces a linear light cone 7 2 R for short-
range interactions. For long-range interactions, Hastings
and Koma [4] first showed that C(T,R) < ce' /R* for
some (a-dependent) constants ¢, v. By setting C(7,R)
equal to a constant, the bound gives an effective light cone
T Z log R in the limit of large 7" and R. Gong et al. [5] later
achieved a tighter light cone that is linear for short distances
and becomes logarithmic only for large R. Shortly after,
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Foss-Feig et al. [6] derived a bound with a polynomial light
cone:

T> R(a—ZD)/(a—DJrl)‘ (14)

Equation (14) was the tightest light cone known previously.

In the remainder of this section, we use Lemma 1 to
derive a Lieb-Robinson bound for long-range interactions
that produces an effective light cone tighter than the one in
Ref. [6], while also using a much more intuitive approach.
In addition, our bound works for all times, unlike the bound
in Ref. [6], which applies only in the long-time limit.

Theorem 1 (Lieb-Robinson bound for long-range inter-
actions).—Suppose Oy is supported on a fixed subset X.
For a > 2D, we have

cre®TRPE,(BY) if oT > a

15
Gie(e" = 1)éu(R) 1

C(T.R) < {

if T < a.

Here R = dist(X, Y) is the distance between the supports of
Oy and Oy, ¢y, ¢, v are constants that may depend only on
D (defined in Appendix C), and &, is given by Eq. (3).

Before we prove Theorem 1, let us analyze the features
of the bound. Although the general bound in Eq. (15) looks
complicated, it can be greatly simplified in some limits
of interest. For example, for finite a, in the limit of large
vT > a and large R such that R/(vT) > a, the term
algebraically decaying with R/(vT) in &,[Ra/(vT)| domi-
nates the exponentially decaying one [see also Egs. (3) and
(C16)]. Therefore, the Lieb-Robinson bound in this limit
takes the form

a—D

C(T.R) < cira (16)

Ra—ZD ’
where ¢y, , is finite and may depend on a [Eq. (C18)]. We
can immediately deduce the effective light cone given by
our bound for a finite a:

T > R(@=2D)/(a=D) (17)

which is tighter than Eq. (14) (as given by Ref. [6]). In
particular, for a close to 2D, the exponent in Eq. (17) can be
almost twice that of Ref. [6] (the larger the exponent, the
tighter the light cone).

On the other hand, in the limit @ — oo, vT is finite and
therefore always less than a. Hence our bound converges to
the short-range bound C(T, R) < 2¢;,e"T~"R. We note that
in this limit, the exponent of the light cone in Eq. (17) also
converges to one, which corresponds to a linear light cone,
at a linear convergence rate [see Eq. (C20) for details].
These behaviors are naturally expected since a power-law
decaying interaction with very large « is essentially a short-
range interaction.

As mentioned earlier, we derive Theorem 1 by con-
structing a unitary U such that (i) U0y U approximates

(U}7)"Ox U}y and (ii) U commutes with Oy. We note that
U does not necessarily approximate U&T. It then follows
from the two requirements that the commutator norm
C(T,R), defined in Eq. (13), is upper bounded by the
error of the approximation in (i).

We also note that the assumption on the norms of
the interactions being bounded excludes several physical
systems whose local dimensions are unbounded, e.g.,
bosons (see Refs. [42,43] for discussions of information
propagation and Lieb-Robinson bounds in these systems).
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FIG. 3. A construction of the unitary & which results in an
improved Lieb-Robinson bound for long-range interactions in
Theorem 1. The horizontal axes list the sites in each subset. Here
B, denotes a D ball of radius r centered on X, and S, = B, ,\B,
a D-dimensional shell of inner radius r and outer radius r + ¢, for
some parameter £ to be chosen later. (See Fig. 7 in Appendix C
for an illustration of the sets.) The evolution unitaries are
represented by boxes with the same color convention as in Fig. 1.
We first divide the interval [0,7] into M = 5 equal time slices
(upper panel). Note that because we consider Oy(T) in the
Heisenberg picture, the vertical axis is therefore backward in time
so that the bottom time slice will correspond to the first unitary
applied on Oy. The evolution during each time slice is approxi-
mated by three evolutions of subsystems using Lemma 1 (lower
panel). The bottom two unitaries have their supports outside X
and therefore commute with Oy. They cancel with their Hermi-
tian conjugates from U™ in U7 Oy U. Repeating the argument for
higher time slices, we can eliminate some unitaries (hatched
boxes) from the construction of U. Finally, we are left with U
consisting only of unitaries (white boxes) that are supported
entirely on the D ball B, s, of radius ry + 5¢. Therefore, U
commutes with Oy, whose support lies in the complement Bfo ey

of Br(,+5f'
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However, our Lieb-Robinson bound may still apply if the
dynamics of the systems can be restricted to local Hilbert
subspaces which are finite dimensional. Examples of such
situations include trapped ions in the perturbative regime
[29] and noninteracting bosons [26].

To construct U, we use Lemma 1 to decompose the
unitary U{;T into unitaries supported on subsystems, each
of which either contains X or is disjoint from X. The
unitaries of the latter type can be commuted through Oy to
cancel out with their Hermitian conjugates from (U{;)".

The remaining unitaries form U, which is supported on a
smaller subset than U{,. In particular, with a suitable
decomposition, the support of U can be made to not contain
Y, and, therefore, U commutes with Oy. The step-by-step
construction of the unitary U has also been briefly
described earlier in Sec. II and in Fig. 2, using the specific
case of a one-dimensional system with a finite a. This
construction immediately generalizes to higher dimensions
and to arbitrary «, including the @ — oo limit. The con-
struction of U for arbitrary D is summarized in Fig. 3.

We note that there is more than one way to decompose
the unitary U}, in the construction of U. Different
constructions of U result in different approximation errors,
each of which provides a valid bound on the commutator
norm C (T, R). Therefore, the goal is to find a construction
of U with the least approximation error. In Appendix C, we
present the construction that results in the bound in
Theorem 1. Although we have evidence suggesting that
the construction is optimal, we do not rule out the existence
of a better construction.

V. BETTER PERFORMANCE OF
DIGITAL SIMULATION

In this section, we generalize the algorithm in Ref. [27]
to simulating long-range interactions. In general, the aim of
quantum simulation algorithms is to approximate the time
evolution unitary U{;T using the fewest number of primi-
tive, e.g., two-qubit, quantum gates. Here, we show that in
addition to the stronger Lieb-Robinson bound presented in
the previous section, Lemma 1 can also be used to perform
error analysis for the HHKL algorithm (Ref. [27]) in the
case of interactions that decay as a power law, therefore
improving the theoretical gate count of digital quantum
simulation for such interactions.

Using the best-known rigorous error bounds, simulations
based on the first-order Suzuki-Trotter product formula
[44] use O(T?n®/¢) gates to simulate the evolution Ug ;- of
a time-dependent Hamiltonian on n sites up to a fixed
error &. (In this section, the big O is with respect to n, T, and
1/e.) The generalized (2k)th-order product formula uses
O(n?(Tn?)!*+1/(2K) /£1/2K) quantum gates. While this scal-
ing asymptotically approaches O(Tn*) as k — oo, it suffers
from an exponential prefactor of 5* [45]. More advanced

algorithms, e.g., those using quantum signal processing
(QSP) [46] or linear combinations of unitaries (LCU) [47],
can reduce the gate complexity to O(Tn*log(Tn/e)). Our
error analysis below (Lemma 2) reveals that, when « is
large, the number of quantum gates required by the HHKL
algorithm to simulate long-range interactions scales better
as a function of the system size than previous algorithms.

The HHKL algorithm itself uses either the QSP algorithm
or the LCU algorithm as a subroutine to simulate the
dynamics of a subset of the sites for one time step.
Although the QSP algorithm does not handle time-
dependent Hamiltonians, LCU can be applied to time-
dependent Hamiltonians. Our results assume that (i) the
local terms h;7(f) have bounded norms for all 7€ A, and
(i) the Hamiltonian H , (¢) varies slowly and smoothly with
time so that /2y = max, |OHY /Ot|| exists and scales at most
polynomially with |X| for all subsets X C A. These restric-
tions allow portions of the system to be faithfully simulated
using LCU (or QSP, for a time-independent Hamiltonian).

A. HHKL-type algorithm for simulating
long-range interactions

Although Ref. [27] focused on simulating short-range
interactions, their (HHKL) algorithm can also be used to
simulate long-range interactions. Here, we analyze the
performance of their algorithm in simulating such systems.
In the HHKL algorithm [27], the evolution of the whole
system is decomposed, using Lemma 1, into elementary
unitaries, each evolving a subsystem of at most (2¢)? sites,
where 7 is again a length scale to be chosen later. For a
fixed time ¢, the algorithm simply simulates each of these
elementary unitaries using one of the existing quantum
simulation algorithms. In particular, we shall use LCU or
(for a time-independent Hamiltonian) QSP due to their
logarithmic dependence on the accuracy.

In this section, we assume « is finite and analyze the gate
count in the limit of large system size n>>a. As a
consequence, the block size ¢ can also be taken to be
much larger than «. For simplicity, we will not keep track of
constants that may depend on a. Recall that in this limit, the
error bound in Lemma 1 is at most

o(fﬂ) (18)

where we have assumed 7 = O(1). Using Lemma 1, we
obtain the error bound for the first step of the HHKL
algorithm, which can be summarized by the following
lemma.

Lemma 2 (HHKL decomposition).—There exists a circuit
that approximates U} up to error O(Tn/£*P), where £ <
n'/P/2 is a free parameter. The circuit has depth at most
3PT and consists of O(Tn/£?) elementary unitaries, each
of which evolves a subsystem supported on at most (2¢)?
sites for time # = O(1).
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FIG. 4. A demonstration of the HHKL decomposition [27] of
the evolution of a fixed time interval for a system with m = 10
blocks, each consisting of £ sites. As before, each box represents
aunitary (white) or its Hermitian conjugate (orange) supported on
the covered sites. Using Lemma 1, the HHKL decomposition
approximates the evolution of the whole system (a) by three
unitaries supported on subsystems (b). By applying Lemma 1
repeatedly [(c),(d)], the evolution of the whole system is
decomposed into a series of evolutions of subsystems, each of
size at most 27.

Proof.—We now demonstrate the proof by constructing
the circuit for a one-dimensional lattice (Fig. 4). A genera-
lization of the proof to arbitrary dimension follows the
same lines and is presented in Appendix D.

First, we consider M « T equal time intervals 0 = 7, <
ty <..<ty=T, such that t;, —t; =t=T/M is a
constant for all j =0,...,M — 1. The simulation of U{)\,T
then naturally decomposes into M consecutive simulations
of U{}y,ﬁl. We then divide the system into m consecutive
disjoint blocks, each of size £ = n/m (Fig. 4). Denote by
Li(k=1,...,m) the set of sites in the kth block. Using
Lemma 1, we can approximate

Up, = Ut (Ug2) T Uiy vin, (19)

This approximation can be visualized using the top two
panels of Fig. 4. Repeated application of Lemma 1 yields
the desired circuit (bottom panel of Fig. 4), with each
elementary unitary evolving at most 2¢ sites for time ¢.

To obtain the error estimate in Lemma 2, we count the
number of times Lemma 1 is used in our approximation.
In each of the M time slices, we use the lemma O(m) =
O(n/¢) times, each of which contributes an error of
O(1/¢°72) [see Eq. (18) with @ = O(1) in one dimen-
sion]. Therefore, with M « T, the error of using the
constructed circuit to simulate U’ is

n 1 Tn
O(MEK(1—2> - O(f{l—l) ’ (20)

as given in Lemma 2. [
The error bound for the approximation in Lemma 2 leads
to an upper bound on the gate complexity of digital
quantum simulation, as stated in the following theorem.
Theorem 2.—For a > 2D, there exists a quantum algo-
rithm for simulating U&T up to error at most ¢ with gate
complexity

Tn)\ 2D/ (a-D) T
Gp = O(Tn (—") log —”) . (@)
£ £

This gate complexity can be achieved by applying the
HHKL algorithm [27] for long-range interactions, as
described above. First, the evolution of the whole system
U} ; is approximated by O(Tn/¢”) elementary unitaries as
provided in Lemma 2. Each of these elementary unitaries is
then simulated using one of the existing algorithms, e.g.,
LCU, with error that we require to be at most e£?/Tn. If
the Hamiltonian is time independent, one can also use the
QSP algorithm to simulate the elementary unitaries.

In the decomposition of the evolution, the accuracy of
the approximation can be improved by increasing the block
size £. By Lemma 2, to achieve an overall error at most ¢,

we need
T 1/(a=D)
£ (—") . (22)

£

When simulating the elementary unitaries, since each is
an evolution of at most (2¢)P sites for time t = O(1),
the LCU algorithm with error at most &£”/Tn uses
O(¢*Plog(Tn/e h,,)) two-qubit gates [45]. Recall that
we assume h’fD scales at most polynomially with #7.
With the block size ¢ from Eq. (22), we find the total
gate complexity of simulating the O(Tn/£P) elementary
unitaries is

Tn Tn

2D/(a—D)
=0 (Tn <ﬁ> log B) . (24)
€ €

The scaling of Gp, as a function of the system size n is
significantly better than existing algorithms for large a.
In particular, at T = n, this HHKL algorithm for long-
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FIG. 5. The gate count for simulating the dynamics of a one-
dimensional Heisenberg chain [Eq. (25)] of length n, with a = 4,
T = n, and e = 1073, We compare the gate count of the HHKL
algorithm (orange square) to the QSP algorithm (blue circle).
Note that the HHKL algorithm based on Lieb-Robinson bounds
also uses the QSP algorithm as a subroutine. We obtain the
scatter points using the approach described in Appendix E and fit
them to a power-law model (solid lines). The asymptotic scalings
of the gate count obtained from the power-law fits (n>% for
HHKL, n*% for QSP) agree well with our theoretical predictions
(see Table I).

range interactions requires only O(n>**P/(@=P)logn) gates,

while algorithms such as QSP or LCU use O(n*logn)
gates or more. Therefore, the algorithm provides an
improvement for @ > 3D. However, the gate complexity
of the algorithm depends polynomially on 1/¢, in contrast
to the logarithmic dependence achieved by QSP and LCU,
and by the HHKL algorithm for systems with short-range
interactions. While this poly(1/e) scaling is undesirable, in
practice, the total error of the simulation is often set to a
fixed constant (for example, see Ref. [48]) and effectively
the dependence of € only contributes a prefactor to the gate
complexity of the algorithm.

As an example, in Fig. 5, we estimate the actual gate
count of the HHKL algorithm in simulating a Heisenberg
chain [Eq. (25)] and compare it with the gate count of the
QSP algorithm (up to the same error tolerance). Because of
the poly(1/e) overhead, the HHKL algorithm based on
Lieb-Robinson bounds uses more quantum gates for
simulating small systems, but eventually outperforms the
QSP algorithm when the system size n is large.

It is also worth noting that, in the limit @ — oo, the gate
complexity becomes O(Tnlog(Tn/¢)), which coincides
(up to a polylogarithmic factor) with the result for short-
range interactions in Ref. [27]. This behavior is expected,
given that a power-law decaying interaction with @ — oo is
essentially a nearest-neighbor interaction. However, we
caution readers that at the beginning of this section, we
have assumed that « is finite so that n > a. Hence, the gate
count in Eq. (24) is technically not valid in the limit
a — oo. Nevertheless, the error bound in Lemma 1

reproduces the estimate for short-range interactions in
Ref. [27], and therefore, repeating the argument of this
section in the limit @ — oo should also reproduce the gate
count for simulating short-range interactions in Ref. [27].

B. Numerical evidence of potential improvement

Up to now, we have seen that Lieb-Robinson bounds can
improve the error bounds of quantum simulation algo-
rithms, as demonstrated by the HHKL algorithm. We now
provide numerical evidence hinting at the possibility of
further improving the error bounds.

Although the HHKL algorithm outperforms previous
ones when @ > 3D, it remains an open question whether
there is a faster algorithm for simulating long-range
interactions. We also note that the gate complexities are
only theoretical upper bounds, and these algorithms may
actually perform better in practice [49].

As an example, we compute the empirical gate count
of a Suzuki-Trotter product formula simulation of a one-
dimensional long-range interacting Heisenberg model,

n—1 n n
r . o
H=3> > Wai'gj_"ZBiazZ" (25)
i=1 j=it1 i=1

where B; € [—1,1] are chosen uniformly at random and
3]- = (oj , (rjv- , o—j) denotes the vector of Pauli matrices on the
qubit j. Specifically, we consider a simulation using the
fourth-order product formula (PF4). We use a classical
simulation to determine the algorithm’s performance for
systems of size n =4 to n =12 for time T = n, and
extrapolate to larger systems. For each n, we search for the
minimum number of gates for which the simulation error is
at most £ = 1073, We plot in Appendix F this empirical
gate count, which appears to scale only as O(n*%*) with the
system size n. We list in Table I the gate counts of several
popular algorithms for comparison. The theoretical gate
complexity of PF4 is O(n>7) [44], while the QSP and

TABLEI. A comparison between the gate complexity of several
quantum simulation algorithms for simulating one-dimensional
power-law systems at 7 = n and a@ = 4. Our analysis shows that
the HHKL algorithm performs at least as well as the empirical gate
count of PF4, while having a similar poly(1/¢) scaling with the
error €. It is not known whether the empirical gate count of PF4
can scale with ¢ better than suggested by the best proven bound
(third row).

Algorithm
Empirical PF4

Scaling with n =T
O(n3.64)

Scaling with &

O(log(1/¢)/e7)

Our HHKL bound ~ O(n** log n)

PF4 bound [45] O(n>79) O(1/€%%)
QSP bound [46] O(n*logn) O(log(1/¢))
LCU bound [47]  O(n*logn) O(log(1/¢))
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LCU algorithms both have complexity O(n*log n). These
numerics show that the PF4 algorithm for simulating long-
range interacting systems performs better in practice than
theoretically estimated; in fact, it even performs almost as
well as the HHKL algorithm based on Lieb-Robinson
bounds [which scales as O(n*3*logn) by our earlier
analysis]. Whether other quantum simulation algorithms,
including the HHKL algorithm, can perform better than
suggested by the existing bounds remains an important
open question.

VI. CONCLUSION AND OUTLOOK

To conclude, we derived an improved bound on how
quickly quantum information propagates in systems evolv-
ing under long-range interactions. The bound applies to
power-law interactions with @ > 2D, such as dipole-dipole
interactions in 1D (often realizable with nitrogen-vacancy
centers [33] or polar molecules [32]), trapped ions in 1D
[28,29], and van der Waals-type interactions between
Rydberg atoms [30] in either 1D or 2D. For finite
a > 2D, our Lieb-Robinson bound gives a tighter light
cone than previously known bounds—including the one
used in the proof of Lemma 1. As of yet, we are not aware
of any physical systems that saturate the Lieb-Robinson
bounds for power-law interactions, including the new
bound. In the limit @ — oo, our bound asymptotically
approaches the exponentially decaying bound for short-
range interactions. Our bound gives a linear light cone only
in this limit, however, and it remains an open question
whether there exists a stronger bound with a critical a, such
that the light cone is exactly linear for a > a,. [50].
Currently, there are no known methods for quantum
information transfer that are faster than linear for
a > D + 1. It is possible, therefore, that a stronger bound
exists with a finite @, > D + 1. It is our hope that the
present work, as well as the techniques that we use, will
help motivate the search for such stronger bounds.

Our technique immediately extends the HHKL algorithm
in Ref. [27] to the digital quantum simulation of the
above systems. Our error bounds indicate that the gate
complexity of the algorithm is better than that of other
state-of-the-art simulation algorithms when « is sufficiently
large (a > 3D), and matches that of the short-range
algorithm when a — .

However, the empirical scaling of other algorithms—
such as product formulas—indicates that this gate complex-
ity may only be a loose upper bound to the true quantum
complexity of the problem. While a matching lower bound
for the gate complexity of the HHKL algorithm is provided
in Ref. [27] for Hamiltonians with short-range interactions,
we do not know of any techniques that could provide a
corresponding bound for long-range interactions. In addi-
tion to improving the quantum gate complexity, our results
may also aid in the design of better classical algorithms for
simulating long-range interacting quantum systems. In

particular, while we still expect the classical gate complex-
ity to be exponential in the simulation time, there may be
room for a polynomial improvement.

While the use of Lieb-Robinson bounds to improve the
performance of quantum algorithms is a natural extension of
Haah et al., the opposite direction—using quantum algo-
rithms to improve Lieb-Robinson bounds—is new. The
connection from quantum simulation algorithms to Lieb-
Robinson bounds that we have established opens another
avenue for the condensed matter and atomic, molecular, and
optical physics communities to potentially benefit from
future advances in quantum algorithms. In addition to
proving a stronger Lieb-Robinson bound, the tools we
developed may help to answer other questions regarding
both short-range and long-range interacting systems.
Using the same unitary construction as Theorem 1, we
can generalize the bounds on connected correlators [35,36]
to long-range interacting systems. Our results can also
provide a framework for proving tighter bounds on
higher-order commutators, such as out-of-time-order corre-
lators [37,38]. Previous methods used to derive Lieb-
Robinson bounds—due to their use of the triangle inequality
early in their proofs—have not been able to capture the
nuances in the growth of such correlators. In addition to the
more intuitive proof of the Lieb-Robinson bounds, our
framework can be used to provide an alternative, simpler
proof of the classical complexity of the boson-sampling
problem [39], which generalizes the result in Ref. [26] to
long-range interactions and also to more general
Hamiltonians with arbitrary local interactions [51]. By
taking advantage of the unitary decomposition in Lemma
1, we obtain a longer time interval within which the sampler
in Ref. [26] is efficient [51]. Moreover, by generalizing from
two-body to many-body interactions, our technique may
find applications in systems whose Hamiltonians include
interaction terms between three or more sites, e.g., many-
body localized systems in the [-bit basis [52].
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Note added.—Recently, Else et al. [53] posted their
work on a different Lieb-Robinson bound for power-law
decaying interactions. For Hamiltonians consisting of at
most two-body interactions, the bound in Ref. [53] and our
bound both apply in the same regime, @ > 2D [54]. Within
this regime, our bound results in a strictly tighter light cone
than Ref. [53]. However, the bound in Ref. [53] also applies
to Hamiltonians consisting of k-body interactions, for any
integer k. Generalizing our framework to cover such k-body
interactions would be an interesting future direction.

APPENDIX A: EVALUATIONS OF THE
SUM IN LEMMA 1

In this Appendix, we show how we bound &,. from
Eq. (10) (Appendix A1) and Jgyeryp from Eq. (11)
(Appendix A 2) in the proof of Lemma 1.

1. Evaluation of ;.

Here, we provide explicit calculations of Jyype in
Eq. (10). Recall that # = dist(A, C) is the shortest distance
between any two points in A and C. Therefore, ||a i
always greater than #. For each a € A, let £; = dist(a, C)
be the minimum distance from d to the set C and
C; = {Te A:dist(a,7) > £;}. Clearly, C is a subset of
C;. Therefore,

|| truncH ||HA CH < ZZ ||—> CHa (Al)
GeA ¢eC
A2
-§§||a—c||a 2 2 [ ||r||a (A2
hy s = (A3)
aEA

where A, is a constant independent of d and the sum over 7
is bounded using Lemma 5 in Appendix G.

Next, to evaluate the sum over 4, we parametrize
the sites in the set A by their distance to its boundary
OA. Note that by assumption the interior of A is nonempty,
so that A # 0A. Roughly speaking, there will be at most
O(P(A)) sites whose distances to the boundary 0A are
between ¢ and £ + u, foreach p = 0, 1, ..., where ®(A) is
the boundary area of A. Therefore, we have (see Lemma 9
in Appendix G2 for a rigorous proof)

[ Srunc || < 274, D(A (A4)
t 1 ; £+u— \/_ D)*P
DA DA
< 2nAyA,207P fa_(D_>1 = Ctrzafa_(—D_)l, (AS5)

for £ > 2\/5, where 1, is a constant that arises after using
Lemma 5 to bound the sum, and the factor 2¢~2 is because
we lower bound £ — /D > £/2 to simplify the expression.
The constants are later absorbed into the definition of c,.

2. Evaluation of 8,yer1ap

In this section, we show how we bound yerap from
Eg. (11) in the proof of Lemma 1. To estimate Soyeriap, WE USE
the following lemma, which generalizes a similar lemma in
Ref. [27] to arbitrary, time-dependent Hamiltonians.

Lemma 3.—Let Q C A be a subset of sites. Let Hq (1) =
i jeq hij(t) be the terms of H, (1) supported entirely on
Q. Let Ox(7) be an observable supported on a subset X at a
fixed time z. We have

(UG, Ox(2)Ug, =

< / " ds|[(U2) Oy (1)U, Hy(s) = Ho(s)][l. (A6)
0

(Ug,t)TOX(T) Ugl,t”

where U}, = T exp[—i [{ HA(s)ds].

Proof.—To prove the lemma, we shall move into the
interaction picture of Hqg(f) and treat V() = H (1) —
Hqo(t) as a perturbation. Let V(1) = (Ug,)"V (1)U,
and U,(t) = T exp(—i fo V;(s)ds) be, respectively, the
Hamiltonian and the evolution operator in the interaction
picture. We have

I(U5,) 0x(2)Ugy, = (Ug,)T Ox (x) UG, |

| [ e gwisiegrosug vl @
| [ asviowg ) oxous visnu)| - a8
< [ asli(wg) ox@ U8, Viis)| (A9)
< [ asliws) 0y U8, VISl (A10)
Thus, Lemma 3 follows. [

By substituting A - AB, Q — B, Oy — Hp.c, T — 1,
and noting that operators supported on disjoint subsets
commute, we can show using Lemma 3 that
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1Bovertapll = I1(UG7) Hp:c()UGT = (UG,) Hp:c(t) UG, |

< / Cds|[(UB) Hy. (1) UB,. Hyp(5)]]
0

<3 3 [asliwty a0

GeEA p j'eB ceC
X Uﬁtv ha’[;/(s)]

: (A11)

where the observables are, in general, evaluated at different
times s < 7. We note that while it is necessary to keep track
of s, t for completeness, one should pay more attention to
the supports of the operators, as they carry useful infor-
mation about the locality of the system.

In fact, let us pause for a moment to discuss why the
right-hand side of Eq. (All) should be small when 7,
the distance between A and C, is large. Whenever the
supports of /1 7 (s) and hj .(t) are far from each other, we
can bound their commutator norm using a Lieb-Robinson
bound for long-range interactions. We use the bound by
Gong et al. [5]:

[ [(Uf,t)fh;;,g(f)Ugn ha,;/(s)] |
1

< ce = g O (25t o)+ (A12)

where r = dist({@. b'}, {b,¢}) is the distance between the
supports, y € (0,1) is a constant that can be made
arbitrarily close to 1, and ¢, v are constants that depend
only on D.

However, in contrast to short-range interacting systems,
here b b’ run over all possible sites in B, so in principle the
distance between the supports of & j(s) and hj; ;(t) can be

small (Fig. 6). Fortunately, if that is indeed the case, then

A B § C
h(zy\ /{Ll)(:
a't b:c Sites
A ; B ; C
- hay hye
a b b e Sites

FIG. 6. An illustration of h,, and h,. in a one-dimensional
lattice. For short-range interactions, the sets {a, '} and {b, ¢} are
separated by a distance of the same order as the size of B (upper
panel). The contributions from these terms to Goyer,p are bounded
using a Lieb-Robinson bound. However, for long-range inter-
actions, {a,b'} and {b,c} can be geometrically close to each
other (lower panel). In such cases, the norms of h,, and h,,
decay as |b' — a|™ and |c — b|™* and, therefore, their contribu-
tions t0 Ggyerlap are small.

although the Lieb-Robinson bound is trivial, the assump-
tion that |/, and [/h; | fall off as |6/ = @||=* and

IIc — b||‘“, respectively, makes the summand in Eq. (A11)
small.

Let us now evaluate the sum 1n Eq. (All). In the
following, we shall consider b # b since the estimation

for the case b = b’ follows a similar but less complicated
argument. Using the Lieb-Robinson bound for long-range
interactions of Gong et al. [5],

A sV hy A OUE B 5 (5)]|

[ sl N s+ )
<c s||hr(t - +
o BN I\ (T =y e
c (e —1) 1 1
Sos a7t o)
V)b~ ¢|l7lla - &[] \(1=y)*r* e
where y € (0, 1) is a constant that can be chosen arbitrarily

close to 1, while ¢, v are finite and bounded constants for all
a, and

(A13)

r = dist({d@.b'}. {b.¢})

= bll.[la—¢ll}

(1) and h; 5 (s)
(see Fig. 6). Since each term of 4y, contributes a sum of
an algebraically decaying as 1/r* and an exponential
decaying as e”7” terms, it is convenient to evaluate their
contributions separately.

First, let us find the contribution from the algebraically
decaying part. It is straightforward to find out their con-
tributions to yyerp When r takes one of the four allowed
values. Depending on which value r takes, we use either
Lemma 5 or Lemma 7 in Appendix G to evaluate the sums

(A14)

is the distance between the supports of &
,C

over b and b'. For example, the contribution from the terms
where r = ||b’ — b|| is at most

e = L)
IIPDIPY

G€A p#b'eB CGCU”b C||a|| b ”(le _bHa

eVl — 2 )a
p sZZZ PP (Al5)

ot R || —b|
/1 A )( i )" Al6
3 422 @ —¢||° (Al6)

deA ceC
. 8 \« @A)

< s(e" - 1><1——7> ZaD1 (A17)

where 13, 44 are constants that arise after we use Lemma 7
in Appendix G twice to evaluate the sums over b and b
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consecutively, and the sums over a, ¢ have been bounded in

the previous section [see Eq. (A2)]. The constant A5 absorbs

both 15, 44 and the constants from the sums over a, c.
On the other hand, if r = ||b — ¢||, we use Lemma 7 to

evaluate the sum over 5’ and Lemma 5 for the sum over b:

(e = 1))
22 2

d€A p#b'eB ceCHb_CHa lla— b||“ v||b’ =&
eut _ 1)( )a
__AGZZZ (l || _ ||ay (AIS)
a€eA bEB éeC ||b a c
_1 1 )a
’16’1722 —=— = (A19)
aeA ceC CH
4 \e o)
(e =D ) Zep1 A20
s 8(6 )(1 _ }/> Lﬂa—D—] ( )

where Ag, 1; come from the uses of Lemma 7 and Lemma 5,
respectively. The constant Ag absorbs both Ag, 4; and the
constants from the sums over 4, ¢. Repeating for the other
values of r, we find that the contribution from the
algebraically decaying terms in Eq. (A13) t0 Ggyerap 18 at
most

for some constant Aqg.
Next, let us find the contribution from the exponentially
decaying term in Eq. (A13). If r = ||b - b|| we have

(A21)

DD P ‘”,1 .
aeA p2p'ep ceC va_C” ||Cl b || €
G5 j@a—b|P-!
<SS S5 e (e )
acA beB ceC Hb_ ||a bHa eyHa bH
(8> @ - ¢]2P-2
l ﬂ 1)[ _7 il

16
(]__y)a

f3D 3
< /112(6” - l)q)(A) <W+€T)’ (AZZ)

where we have applied Lemma 8 in Appendix G to obtain
the first inequality, Lemma 8 twice again and Lemma 7 to
get the second inequality, and then Lemma 5 and Lemma 6
for the sums over d, ¢ similarly to Appendix A 1. The
constants 1, 417 arise from the applications of the lemmas
and are absorbed into a constant 4;,. We note that the
constant y in the last three lines are different from the one in
the first line (see Lemma 8 for details). However, they both
are constants that can be chosen arbitrarily between 0 and 1.

Therefore, we denote them by the same constant y for
convenience.

Repeating the argument for other choices of r in
Eq. (A14), we find that the contribution from the exponen-
tially decaying terms t0 Soyerqp 18 still at most the right-hand
side of Eq. (A22).

Combining Egs. (A21) and (A22), we have

(=) o
ol < asle = D0 (7 + S ). (423

for a constant 4,3. Since #°~! < [(D — 1)!/eP~!]e# for any
arbitrary small positive constant ¢, we can upper bound

— 1)®(A) (;;D) 1 +%> (A24)

||50vcrlap|| < Cov(

where we have absorbed ¢ into the definition of y and c,,.
This completes the estimation of Soyeriap-

APPENDIX B: ERROR PROPAGATION FROM
GENERATING FUNCTION

In this Appendix, we reproduce a lemma in Ref. [27]
which shows how the error in approximating the generating
function Gy, propagates to an error of the unitary W, in
Eq. (6). Suppose we approximate Gy by G}, such that

19w — Gwll < f(1)é. (B1)
for some function of time f(¢), and & is time independent.
We shall prove that the unitary W; generated by &,
approximates W, with error

t
W —w,| <5 / dsf(s). (B2)
Proof.—By simple differentiation, we have
. t d .
wiws -1 —H [ as s owiw (B3)
0 ds
t
_‘ / dsW!(Gy — Gly)W! (B4)
0
t
< / ds|| W (Gyy — Gly)W| (BS)
0
t
- / ds([Gy - Gy (B6)
t
_5/ dsf(s). (B7)
0
[ ]
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APPENDIX C: PROOF OF THE LIEB-ROBINSON
BOUND FOR LONG-RANGE INTERACTIONS

We present a more detailed proof of Theorem 1 in this
Appendix. The key ingredient in the proof of Theorem 1 is
the following lemma.

Lemma 4.—Denote by B, = {T€ A:|[i]| < r} a D ball
of radius r centered around the origin. Let Oy be an
observable supported on X = B, with r being finite. For
each U}, and a positive integer M, there exists a unitary U
supported on a D ball B, with r = rq + M, such that

[(U7)TOxUly — UTOxU|| < byMe" (r — £)P71E,(2),
(C1)

where b, is a constant, t = T/M, and £ € (0, R) is a free
parameter.

Proof.—We shall prove the lemma by constructing the
unitary U. In addition to B, above, we define

S, = BrJrf\Br (CZ)
to be a shell consisting of sites between r and r 4 [ away
from the origin (Fig. 7).

We divide [0, 7] into M equal time intervals, namely,
[(M—k—-1)t,(M—k)t] for k=0,....,M—1, where
t =T/M. The unitary U&T then naturally decomposes
into a product of unitaries U = U?M_k_l)t,(M_k)[:

UQT = UYUN...UY,_,. (C3)

We now use Lemma 1 to further decompose each U% into
evolutions of subsystems. We start with k =0 and use

¢
ro+5¢

Sro+3),’

-y

FIG.7. Anexample of the subset X = B, and five shells S, for
r=ry,ro+7,...,rg+ 4. The operator Oy is supported on Y,

which lies on B; _ 5,, the complement of the ball B, ,s,.

Lemma 1 with A—>X=25,,B—S,, and C - Bio+f
(Fig. 3) to decompose (U%) (instead of UY):

Broiont S 1y Bion T
1(UR)T = (U,") Uy (U, ) ||

< COemq)(Bro)ga(l’ﬂ)v (C4)

where again By, denotes the complement subset RP \B,,
and ®(B, ) is the boundary area of B, . This choice of
decomposition allows us to eliminate the contribution to the
evolution from the terms of the Hamiltonian that commute
with X, i.e., those supported entirely on By, . Explicitly, we
have

(Up)ToxUp
N < Uf’“*) Ty ( UOB£O>T 0,0 ( U ) B (cs)

B, s B o~ -
_ (U() r0+{) TOX U, ot _ USOXUO7 (C6)
~ B, . .
where Uy = U, " is supported entirely on B, e
If we repeat the above argument for U7 but with Oy
replaced by U(T) OxU,, we can approximate
(U?)TU(T)OXUOU?“NJ01080#70(717 (C7)
for some U, supported entirely on B, 2¢. The error of this
approximation is at most coe”' @ (B, )&, (7).

By induction to all k =2,...,M — 1, we can construct
U=U,U,...Uy_, such that

(Up7)T0xUly = U704, (C8)
where the overall error is at most
M-1
Z COevt(b(Br0+kf)§(z(l’ﬂ)
k=0
< MCOevtq)(Bro+(M—1)rf’)§a(f) (C9)
27P/?
< co o) Me" [ry + (M — 1)£1P71E,(7), (C10)
2

———
=b,

and where we have replaced the surface area ®(8,) of a D
ball B, by {27"/2/[['(D/2)]}rP~! and M by T/t. Also by
induction, the unitary U is supported entirely on B, me
Therefore, the lemma follows. [

We are now ready to prove our Lieb-Robinson bound in
Theorem 1. Without loss of generality, we assume the
origin is in X. Since ||X|| = O(1), there exists ry = O(1)
such that X is a subset of Bro. By Lemma 4, there exists
a unitary U supported entirely on a D ball B, with
r = ro+ M? such that

031006-14



LOCALITY AND DIGITAL QUANTUM SIMULATION ...

PHYS. REV. X 9, 031006 (2019)

e = |[(U);)TOxUb — UTOxT||

< b Me"(r—£)P71E, (7). (C11)
If we choose the number of time slices (M) and the block
size () such that r < R + ry, the set Y will lie outside the
support B, of UTOy U, and therefore U Oy U will commute
with Oy. Note that for a fixed value of M, the error should
decrease with a larger value of £. Therefore, to prove the
strongest bound, we should choose # as large as possible,
i.e.,Z = R/M, and hence M = R/¢. Substituting the value
of M and t =T/M into Eq. (C11), we obtain the error
bound in terms of £ alone:

e < bzg(em’/le D)1 +R=-OP-E(0),  (Cl2)

where b, = b;r§~" is a finite constant. We note that the
above bound is valid for all values of £ < R. The tightest
bound can therefore be obtained by choosing a value for 7
that minimizes the above expression. Our intuition and
numerical evidence suggest that this happens when
¢ ~ Ra/(vT), so in the below analysis, we aim to choose
¢ as close to this value as possible.

To proceed, we consider two regimes of time 7', when
vT > a and when vT < a. In the former regime, we choose
¢ = Ra/(vT) < R and substitute into Eq. (C12) to get

€< bzg(e“— 1)[1 —I—R(l —%)]D_lga(%>

R
< byr2P-'TRP-1E, <—“>
~—

= (C13)

=Cxr

where we have used e*—1/a<1 for all a>1,
l—a/(vT) <1, and 14+ R <2R. In particular, if
Ra/(vT) > xy, where x, is the larger solution of
x%~P=1 = ¢r¥_ the algebraically decaying term in &, domi-

nates the exponentially decaying one, and therefore

Ra 16 @ 1
) = —7(Ra/vT) 14
16 \¢ 1
<) g o
vT
a a—D-1 a—D—1
()@@ e

Combining Eq. (C13) and (C16), we obtain a bound on the
commutator norm:

(C17)

where

16 a a—D—1
Cira = 2¢y (1 _ }/) (a) . (CIS)
The light cone implied by the bound is
T > R(@-2D)/(a=D) (C19)

In the limit ¢ — oo, the exponent of the light cone
converges to one at a rate given by

at+1-2D __ 1|

: 1-D
= lim & =
H a—oo | a=2D _ 1 |
a—D

1. (C20)
On the other hand, if T < a, we simply choose £ = R.
Equation (C12) then becomes
C(T,R) < e < by(e’T —1)&,(R). (C21)
Therefore, we arrive at the Lieb-Robinson bound in
Theorem 1 with ¢, = b,.

APPENDIX D: PROOF OF LEMMA 2 IN
HIGHER DIMENSIONS

In this Appendix, we discuss the construction of the
circuit in Lemma 2 that generalizes the lemma to higher
dimensions. Similar to the D = 1 case, we first break the
unitary into O(T) unitaries exp(—iHt) for some t = O(1).
We then use an algorithm consisting of D steps to break the
simulation of exp(—iH¢) into simulations of Hamiltonians
on smaller hypercubes of size at most 2¢. In the first of the
D steps, we cut the D-dimensional lattice into L /¢ layers,
each with the same thickness £, a parameter to be chosen
later. In this step, the cross section of the cut is LP~!,
Therefore, by Lemma 1, each time a new layer is generated,
we accumulate an error of

LD—l
o (W) :
For TL /¢ layers of the first step, the accumulated error will
be ell) = O(TLP /¢*~P).
Next, for each of the O(TL/¢) layers of D — 1 dimen-
sions, we break them again into L/¢ layers of D —2

dimensions. Using Lemma 1 with a cross section LP~2, we
find the error of the second step,

TLL LP-2 TLP
2) _
e = 7 ?0<5{1—<D—1)—1) = O<fa—p+2>’ (D1)

which decreases with £ faster than the error of the first step.
More explicitly, in the kth of the D steps, the error is

el = O(LP /¢£*P=2k), which is dominated by the error in
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the first step for all k£ > 1. Therefore, the error of cutting the
D-dimensional lattice of size L into L /#? subsystems is
still O(TLP /£~P). To meet a fixed total error &, we need to
choose 7 o (TLP/g)'/(«=P). The geometrical constraint
¢ < L requires a > 2D. Finally, simulating each of the
O(TLP/¢P) subsystems using the LCU algorithm up
to e/P/(TLP) accuracy requires O(£°P log(TLP /efP))
quantum gates. Therefore, the overall gate complexity of
the algorithm is

T 14+2D/(a-D) T
Gy — (9((")— ”),

£2D/((1—D) lOg ? (DZ)

APPENDIX E: ESTIMATION OF THE
ACTUAL GATE COUNT

In this Appendix, we describe how we estimate the actual
gate count of the HHKL algorithm and the QSP algorithm
in simulating one-dimensional power-law systems.

The direct implementation of the QSP algorithm
requires computing a sequence of rotation angles on a
classical computer, which is prohibitive for large-size
Hamiltonian simulation. Instead, we use a suboptimal
approach described in Ref. [49]. To simulate H =

leﬂjH.j for time ¢ and accuracy e where L is the
number of terms in the Hamiltonian, $;>0 and H; are
both unitary and Hermitian, we divide the entire evolu-
tion into r segments. We choose r sufficiently large so
that each segment is short enough for the classical
preprocessing. Specifically, we choose

.t
[T -
Tmax
and 7, = 1000 [55]. Within each segment, we choose ¢
to be the smallest positive integer satisfying

/)
WS _ e )
24q! 8r
so that the overall error is at most e. This gives
M =2(q —1) phased iterates within each segment [49].

The number of elementary operations of each
phased iterate is log(L) + 4L + 8L. Here, the first term
corresponds to the reflection along an L-dimensional
state |0), the second term costs the preparation or
unpreparation of an L-dimensional state, and the third
term is the cost of selecting L two-body operators. We
thus estimate the gate complexity of the QSP algorithm
as [log(L) + 12L|rM.

Next, in order to determine the gate count of the HHKL
algorithm, we need an estimate for the error of the unitary
decomposition in Lemma 1. Recall that for D = 1, the error
given by our analysis is b/#%~2, where b is a constant that

2.x 109
n
P |
2 1.x105}
g n
=
.2 |
b=
é 5.x100 u
Z n
) n
O
o} L
A B Empirical data =
2.x1078 . —9 |
* Fit model b/ -
10 15 20 25 30
Block size £
FIG. 8. The empirical error of the unitary decomposition in

Lemma 1, computed for the single-excitation one-dimensional
Heisenberg chain (¢ = 4) in Eq. (25) at different values of Z. The
system size is fixed at » = 300 and the evolution time at r = 0.01.
We fit the data (blue square) to the theoretical model »/£%~2 and
obtain b = 1.62 x 1073.

can be estimated numerically by computing the actual error
for small values of # and extrapolating for larger 7.

Since simulating the evolution of a generic system is
classically intractable even for a moderate system size, we
study only the one-dimensional Heisenberg model given
in Eq. (25) and restrict our calculation to the single-
excitation subspace. In Fig. 8, we plot the error of the
unitary decomposition in Lemma 1 at several different
values of £ (for system size n = 300 and evolution time
t = 0.01). The scaling of the error agrees well with our
prediction. By fitting the data to b/£%"2, we obtain an
estimate b = 1.62 x 1073,

Recall that there are 7/t time slices in the HHKL
algorithm. In each time slice, there are n/# blocks of size
¢ and 2n/(2¢) blocks of size 2¢. To meet the total error at
most &, we need to choose [see also Eq. (20)]

o (L)
r €

By multiplying the number of blocks by the gate count for
using QSP to simulate a single block, we arrive at the total
gate count presented in Fig. 5.

(E3)

APPENDIX F: NUMERICAL PERFORMANCE
OF THE PRODUCT FORMULA

This Appendix includes the numerical performance of
the fourth-order product formula (PF4) used to simulate the
evolution of the system given in Eq. (25) for time T = n.
We plot this numerical performance as well as the theo-
retical estimates for the gate counts of the PF4, QSP, LCU,
and HHKL algorithms in Fig. 9.
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T T T

1034 ® Empirical PF4 /,,’f
1 Empirical PF4 (extrapolated) -7
10" ====~ PF4 Bound /,—/
QSP and LCU Bounds ’,r”’ ]
0% oo e HHKL Bound __-="" =77 - -]

1071

Gate count

10° 4

10% 1

5 10 50 100
System size n

FIG. 9. The empirical gate count of PF4 (purple dots) from
n=4 to n =12, extrapolated to larger system sizes (solid,
purple), for simulating the dynamics of the Hamiltonian in
Eq. (25) for time 7 = n at a fixed error tolerance. The error
bars are smaller than the size of the markers and hence not visible
in the plot. Also shown in dashed lines are the slopes of the gate
counts of several advanced algorithms for comparison. These
slopes represent the scaling of the gate counts as functions of n.
Their y-intercepts, which represent a constant multiplicative
factor, should be ignored.

APPENDIX G: MATHEMATICAL TOOLS

This Appendix contains a collection of mathema-
tical results omitted from the previous sections. In
Appendix G 1, we present the upper bounds on standard
sums we use in the proof of Lemma 1 in Appendix A. In
Appendix G 2, we show how we estimate the sum over the
convex set A in Eq. (A3) by parametrizing the elements of
the set by their distance to the boundary of A. We also note
that we use the same notation “A” for constants that appear
in different lemmas.

1. Standard sums

Here, we present upper bounds on a a few standard
sums used in the previous sections. Specifically, we use
Lemma 5 to bound Eq. (A2), Eq. (A18), Lemma 6 to bound
Eq. (Al15), Eq. (A22), Lemma 7 to bound Eq. (18),
Eq. (A22), and Lemma 8 to bound Eq. (A22).

Lemma 5.—Let A be a D-dimensional lattice and 7 be the
coordinates of sites in A. For a > D + 1 and R > \/l_),
there exists a constant A that may depend on D but not on R,
a such that

> S b

reA
I7lzR

In particular, it implies that the sum > ;.. converges for
all a > D.

Proof.—The proof of this bound is straightforward.
For simplicity, we first assume none of the coordinates
of 7 is zero. Since 1/x* is a decreasing function of x for all

a > 0, we can always bound the sum over such 7 by an
integral

dPF
2/ ||rH“ N /7 Il

IF1=r=vD ||7]
9(D)

172k
- 2xP/? /°° dr
[®) Juvs 7 = (R VD)2

where >’ denotes the sum over 7 with no zero coordinate
and g(D) =22°?/T(D/2).

Next, consider 7 with exactly one zero coordinate. These
sites lie on D hyperplanes, each of dimension (D — 1).
Therefore, the contribution from them can be evaluated
using the above integral with D — D — 1:

Dg(D —1) Dg(D —1)
(R _ \/lfl)a—DJr] < (R _ \/B)a—D :

By repeating this argument for the sums over 7 with
different number of zero coordinates, we arrive at

(G2)

(G3)

where 2= >"0 ((9)g(D —d) is a constant independent
of R. [

Lemma 6.—Let A be a D-dimensional lattice and 7
be the coordinates of sites in A. For all R > 0, there
exists a constant A that may depend on $, D but not on R
such that

ﬂRﬂ+D 1

7P arP> -

Z LT =

HrH>R

where f is a positive constant. In particular, it also implies
that the sum ) ;.. converges.

Proof.—The proof of this lemma follows the same idea
as of Lemma 5. However, note that the function x*’¢~ is a
decreasing function of x only when x > x, for some x that
depends only on f. Therefore, if R > x,, we follow the
exact same lines as in the proof of Lemma 5. For example,
if none of the coordinates of 7 is zero, we can bound

Z ||r||ﬂ /
2o =

[7I=R

1717
IIZR—\/E e”rH

27P2 [ PGy
- / i (G6)
(2) R—/D e
(R \/" )[)’+D 1 RP+D-1
< /1 R \/— =12 eR ’ (G7)

for some constants 1;, 4, that depend only on j, D.
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On the other hand, if R < x, we consider

IIFIIﬂ
A= max{ vy I’Z

o
\MPR

(G8)

The lemma should follow if we can argue that 4 can be
chosen independently of R. Indeed, since 1 < R < x; and

from the previous calculation, we know that the sum over 7

converges to a constant that depends only on f, D. This
concludes the proof of Lemma 6. L]

Lemma 7.—Let a, b, ¢ be three distinct sites in a
D-dimensional lattice A. For all a > D,

1 1 A2¢
P ——,

sen 1= D" |[b = <]

(G9)

where A is a constant independent of &, ¢, a.
Proof—A proof of the lemma is presented in
Ref. [4]. =
Lemma 8.—Let a, b ¢ be three distinct sites in a
D-dimensional lattice A. For all @ > D, y € (0,1), and
positive integers f € Z*, there exists a constant y’ € (0, 1)
such that

1 HE—EH/j < ﬂ(%}/)a +A/H&*_ EHﬁJrD_l
- b||* erl-el = fa—cll" elal
(GIO)

where A, A’ are constants that may depend on f, D, but not
on d,c,a.

Proof.—Without loss of generality, assume ¢ = 0. Let
¢ =||¢ —al|| = ||a|| be the distance between ¢ and a. We
need to prove

1 plf A"
1@ — b||* erlBl = £° e’

)/fﬁ+D—l

(G11)
beA

Let B,, be a D ball of radius u# centered around ¢ for
some arbltrary constant # € (0, 1). We shall divide the sum

over b into two regimes, corresponding to b inside and
outside B,
In the ﬁrst regime where b is inside B, we can show

using the triangle inequality that [|d@—b|| > (1 — p)Z.
Therefore, the sum over these b can be bounded by

Bl _ L)

a ’
Z eubn

(G12)

where we have used the fact that ZEeB/[(||I;||ﬁ)/eHE“]

converges and is bounded by a constant 4 which may
depend only on D, f.

In the second regime, we bound ||a — I;|| > 1 to obtain

y ! 51” lebll”
A L]

E&‘BM ||Cl

D-1
/I/ﬂﬁ+

S (G13)

where the last sum is bounded using Lemma 6 and noting
that 4 < 1.
Combining Eqgs. (G12) and (G13), we arrive at a bound

5 1 ||B|)f _AGE)T aeppl
BBl = e e
o @ — b]|* eIl 4 e

(G14)

Let y = yu and take u < [1/(2 —

(2 —y)]; it is straightforward
to show that [2/(1 —u)] < [4/(1

—7")], and therefore,

LB A aerent s
£\ — p||* el = " er't
beA
Note that if we choose y=[1/(2—y)], theny’ = [y/(2 —y)]

takes on a value between 0 and 1, which can be arbitrarily
close to 1. [

2. Parametrizing a convex set

In this section, we show how we evaluate the sum over a
in Eq. (A3). First, we parametrize a convex set by the
distance to its boundary. The following lemma simplifies a
sum over every site in a convex set to a sum over the above
distance, multiplied by the boundary area of the set.

Lemma 9.—Let A C RP be a compact and convex set in
R with nonempty interior. Let C C R? be another subset
disjoint from A, and let # = dist(A, C) be the smallest
distance between elements of the two sets. Furthermore, we
denote by ¢; = dist(d, C) the minimal distance from a
given lattice site @ in A to C. For a decreasing function
f:R — R, we shall have

> f(ta) <20®(A) Y f(£+u),  (Gl6)
aeANA n=0

where 7 is a constant that may depend only on D and ®(A)
is the boundary area of A.

Proof—Let us divide the set A € R? into disjoint sub-
sets S, ={d€A:u<dist(a,0A)<u+1} for u=0,1,....
Note that the assumption that the interior of A is nonempty
implies that dist(d, DA) is not uniformly zero. Roughly
speaking, S, contains the sites in A whose distances to the
boundary OA are between y and u + 1. Therefore, £; >
£+ p for all @ € S,. We then obtain
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> fta) = fj > f(Za) (G17)
acAnA u=0 aeS,‘nA
if(f +1)|S, N A, (G18)
1=0

where |S, N A| is the number of lattice sites that lie
within §,,.

Let A, = {a € A:dist(d,0A) > u} be a subset of A
containing sites at least a distance p from the boundary
of A. Clearly, S, = (A,\A,) UOA,,, and 3S, = 0A, U
OA, ;1. Roughly speaking, S, is a shell with the outer
surface A,, the inner surface A, ,;, and a unity thickness.
The number of lattice sites in S, will be bounded by
n®(S,) = n®(A,) + ©(A,4)] (see Sec. G2a for the
definition of the constant 7). Since A is compact and
convex, ®(A,; ;) < P(A,) <D(A) (see Sec. G2b).
Therefore, we arrive at the lemma. ]

a. Number of lattice sites in a compact region

In this section, we shall provide an upper bound on the
number of lattice sites inside a compact set A C R”. We use
this bound in Eq. (G18) to estimate the number of lattice
sites in the set |[S, N A| by its boundary area. Let A. =
{d € An A:dist(a, 0A) > 1} be the set of lattice sites that
are at least a distance % away from the boundary A, and let
A. = A\A. be the other lattice sites of A.

First, note that for every lattice site @ in A. , there exists a
D ball B 4(d) of radius } that contains no other lattice site
and B, 4(d) C A. Therefore, the number of lattice sites in
A, is at most V(A)/V[B,4(a)] = nV(A), where V(A) is
the volume of A in R? and n; = V[B, 4(a)]™

Next, to count the lattice sites in A., we note that for
every d € A, we can select a point f(d) € A on the
boundary such that ||f(@) —d|| <i. We now argue that

/(@ - rd) =

Indeed, since a, b are distinct lattice sites, the least distance

1 for all distinct lattice sites @ # bin Ac.

between them is 1; ie., ||d—b| > 1. Using a triangle
inequality, we can show that

/(@) = f(B)Il 2 @ = B]| = /@) - @ll = /() - b]
1 1 1

Therefore, a D ball B, [f(a)] around f(d) € OA shall

contain no f (l;) of any other lattice site b € A.. Therefore,
the number of lattice sites in A< is at most 7,®(A), where
®(A) = |0A| is the boundary area of A and 7, is the area of
a (D — 1)-dimensional disk of radius 1/6.

In summary, the number of lattice sites in A is therefore
atmost 7, V(A) + n,®(A). In particular, for a shell A whose

volume V(A) can be upper bounded by m;®(A), the
number of lattice sites will be at most n®(A), where

n = nns + en,.

b. Convex sets in R? are shrinkable

In the proof of Lemma 9 [see the discussion after
Eq. (G18)], we used the fact that ®(A,) < ®(A). In this
section, we show that this property of A—which we term
shrinkability—holds if A belongs to the class of convex and
compact sets in R, The formal definition is as follows.

Definition 1 (Shrinkable set).—A compact set A C R”
with boundary OA is shrinkable if, for all r >0, A, =
{a € A:dist(a,0A) > r}, we have that ®(A,) = |0A, | <
|0A] = ®(A).

In other words, a set is shrinkable if the surface area
of the boundary of A, C A is no larger than that A. In this
section, we will prove that convexity is a sufficient
condition for shrinkability. Recall that a set is compact if
it is both closed and bounded, whereas convexity is usually
defined as follows.

Definition 2.—A set A is convex if for any x,y € A and
any 6 such that 0 < 6 < 1, we have 6x + (1 — )y € A.

Examples of convex sets include D balls and hyper-
rectangles, which are also shrinkable. To prove this holds in
general, we will first show that if A is convex, then A, is
also convex (or empty) for all r > 0. To do this, we
formulate an equivalent definition of a convex set as an
intersection of half-spaces.

Definition 3.—A half-space H is given by the points
{x € RP|alx > b}, where a € RP\{0}.

From this definition, it follows that half-spaces are
convex sets. A folk lemma [56] states that a closed set
A is convex if and only if

A = (N {H|H, half-space, A C H, },
kel

for some countable index set I. In other words, A is
equivalent to the intersection of all half-spaces that contain
it. Since convexity is preserved under arbitrary intersection,
this implies that A is convex. The converse follows from the
separating hyperplane theorem—see Ref. [56] for details.

With this equivalent definition of convexity in hand, we
will prove that A, is also convex.

Lemma 10.—If a compact set A C R” is convex, then
A, = {a € A:dist(a,0A) > r} is convex (or empty) for
all r > 0.

Proof—Write A as the intersection of half-spaces

= {x € RP|alx > b}, for k € I. Then A, is the inter-
section of the half-spaces given by H; = {x € RP|alx >
by + r}. By the converse of the above lemma, A, is convex
(or empty). [

To show that A is shrinkable, we must show that
®(A,) = |0A,| < |0A| = ®(A). Following a standard tech-
nique in the literature, we define the nearest-point projec-
tion of R? onto a convex set and then show that it is a
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contraction. The following lemma implies that such a
mapping is well defined.

Lemma 11.—Given a nonempty, compact and convex set
A CRP and a point x € RP, there exists a unique point
pa(x) € A such that

pa(x) = argmin|x — y|.
yEA

Proof.—Since A is compact, the continuous function
d,(y) = ||x — y|| must achieve its minimum value on A.

Now suppose that the minimum value of d, occurs at a
point y € A. We will show that y is unique. Assume for the
sake of contradiction that there exists some point y € A
such that d,(y) = d,(¥), buty # y. Then the set of points x,
y, and § form an isosceles triangle, with y§ as the base.
Dropping an altitude from x intersects this line segment at
the midpoint m such that ||x —m|| < ||x — y|| = ||x = F]|.
But m is a convex combination of y and ¥, i.e.,
m = %(y +y) € A, so we have reached a contradiction.
Thus, y must be unique, and, therefore, p,(x) is well
defined. (]

The projection function p,(x) can be interpreted as
generalizing the concept of the orthogonal projection into
an affine subspace. It is also well known that the nearest-
point projection p, is a contraction mapping.

Lemma 12.—Given a nearest-point projection p, :RP —
A onto a convex set A, it holds for all x,y € R that

1Pa(x) = pa)I < llx = yll-

Proof.—While the lemma can be proved for all
x,y € RP, for our purposes, we only need to consider
x,y & A. Assume that p,(x) # pa(y). Then consider the
hyperplanes H, and H, that pass through p, (x) and p4 (),
respectively, and are perpendicular to the line segment
pa(x)pa(y). (See the geometric diagram in Fig. 10.)

We prove by contradiction that x (y) and p4(y) [pa(x)]
lie on opposite sides of H, (H,). Suppose without loss
of generality that x and p,(y) lie on the same side of H,.

FIG. 10. The nearest-point projection p4 of two points x and y
onto a compact set A (oval). Also depicted are the line segment
connecting the two image points p4(x) and p4(y), as well as the
two hyperplanes orthogonal to it.

Then the point where the altitude from x intersects the line

segment p4(x)p4(y) would lie in A, contradicting the fact
that p 4 (x) is the nearest point in A to x. Thus, x (y) must lie
on the opposite side of H, (H,) from p,(y) [p4(x)]. Then,
as shown in Fig. 10, the points x and y must fall outside the
rectangular strip between the two hyperplanes. From this
we conclude that || ps(x) — pa()ll < [lx = yl- =

The above result proves that the projection p,(x) is
indeed a contraction. Since contraction mappings do not
increase lengths, we can use this fact to demonstrate that
the boundary of A, is less than that of A.

Theorem 3.—If the set A C RP is compact and convex,
then ®(A,) = |0A,| < |0A| = ©(A).

Proof.—Consider the projection p, :A — A,. Note that
for r>0, we have that A, = {x € A|d(x,A°) > r} is
entirely contained in the interior of A, which implies that
A, N OA = @. Thus, our situation satisfies the assumption
we made in the proof of Lemma 12.

Under the action of p, , any point in RP outside of A,
will get mapped to OA,. In particular, since the map is onto,
OA will get mapped to JA,, i.e., p(OA) = OA,. Using the
fact that p, is contractive, we have that

®(A,) = |0A,] = |p(0A)] < |0A] = ®(A),

from which we conclude that A is a shrinkable set. u

This provides the final step in our proof of Lemma 9.
Note that we do not require an explicit formula for the
surface area of the boundary of a D-dimensional convex
set. In general, one may use the Cauchy-Crofton formula to
calculate this quantity—for more details, see Theorem
5.5.2 of Ref. [57].
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