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In topological insulators doped with magnetic ions, spin-orbit coupling and ferromagnetism give rise to
the quantum anomalous Hall effect. Here, we show that in s-wave superconductors with strong spin-orbit
coupling, magnetic impurity ions can generate topological vortices in the absence of external magnetic
fields. Such vortices, dubbed quantum anomalous vortices, support robust Majorana zero-energy modes
when superconductivity is induced in the topological surface states. We demonstrate that the zero-energy
bound states observed in Fe(Te,Se) superconductors are possible realizations of the Majorana zero modes
in quantum anomalous vortices produced by the interstitial magnetic Fe. The quantum anomalous vortex
matter not only advances fundamental understandings of topological defect excitations of Cooper pairing
but also provides new and advantageous platforms for manipulating Majorana zero modes in quantum
computing.
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I. INTRODUCTION

Harvesting localized Majorana fermion excitations
has thrived in condensed matter and materials physics
for both its fundamental value and its potential for fault-
tolerant non-Abelian quantum computing [1–11]. An
important and promising path discovered thus far is to
combine spin-orbit coupling (SOC) and the Berry phase
of the electrons with superconductivity. Localized
Majorana zero-energy modes (MZM) have been proposed
to arise in the vortex core when the Dirac fermion surface
states of a topological insulator are proximity coupled to
an s-wave superconductor [5], or when superconductivity
is induced in a semiconductor with strong Rashba SOC
and a time-reversal symmetry-breaking Zeeman field [6].
Experimental realizations of these proposals are under
active current investigations [12–15]. However, there
exists fundamental challenges that come with using
external magnetic-field-induced vortices. The existence
and the stability of the MZM in real materials are not
guaranteed due to the low-energy vortex core states
[5,16,17] as well as disorder and vortex creep. It is

difficult, if not impossible, to move the field-induced
vortex lines individually on the Abrikosov lattice, which
greatly reduces the ability to manipulate the MZM for
operations such as braiding. Moreover, the requirement of
the external field is difficult to integrate into quantum
computation devices and limits their applications.
We propose here a new form of vortex matter—

the quantum anomalous vortex matter that can support
robust MZM without applying an external magnetic field.
In conventional spin-singlet s-wave superconductors, a
time-reversal symmetry-breaking magnetic impurity is
known to create a vortex-free defect hosting the Yu-
Shiba-Rusinov (YSR) bound states [18–20] inside the
superconducting (SC) gap. We find that this folklore
changes in a fundamental way in s-wave superconductors
with strong SOC. In this case, topological defect excitations
can be generated by a quantized phase winding of the
SC order parameter around the magnetic impurity, all
without applying an external magnetic field. The role of
the magnetic field is played by the combination of the
exchange field and SOC as in the anomalous Hall effect.
The emergence of such vortices is thus remarkably analo-
gous to the quantum anomalous Hall effect in topological
insulator thin films doped with magnetic ions [21,22]—
hence the term quantum anomalous vortex (QAV). We
demonstrate with theoretical calculations that (i) the QAV
nucleates around the magnetic ion by the exchange
coupling between the local moment and spin-angular-
momentum-locked SC quasiparticles that lowers its energy
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compared to the vortex-free YSR state; (ii) when super-
conductivity is induced in the topological surface states,
MZM emerge inside the QAV core, again without applying
an external magnetic field; (iii) a remarkable property of the
QAV is that the Caroli–de Gennes-Matricon (CdGM) vortex
core states [23,24] with nonzero effective angular momenta
are expelled into the continuum above the SC gap. A
comparison of the vortex profile and core states between
the QAV and the field-induced vortex is shown in Fig. 1(a).
The “gapping” of the core states critically enhances the
stability and robustness of the MZM by preventing the
mixing with the CdGM states at nonzero energy [5,16,17].
At low densities of magnetic ions, a new electronic matter,
the QAV matter with surface MZM as depicted in Fig. 1(b),
would arise in such layered superconductors and provide
an unprecedented platform of robust and manipulatable
MZM for non-Abelian quantum computing.
We find that the QAV matter is pertinent to the Fe-based

superconductor Fe(Te,Se), exhibiting spectroscopic proper-
ties remarkably consistent with the surprising discovery of
robust zero-energy bound states (ZBS) near the excess Fe
by STM in the absence of external magnetic fields [25].
Topological surface states (TSS) in Fe(Te,Se) [26,27] have
been observed by ARPES recently and acquire a SC gap
below Tc by the natural coupling to bulk superconductivity
in the same crystal [28]. The condition for the applied
magnetic-field-induced vortices to host ZBS is still unclear,
with one group reporting its absence and CdGM vortex
core states at nonzero energies [29] and another finding
the ZBS in about 20% of the vortices [30]. However, the
observation of ZBS at all excess Fe sites in zero field is
ubiquitous with measured properties fully consistent with

MZM [25]. The excess Fe in as-grown Fe(Te,Se) are native
magnetic impurities sitting at the C4 symmetric interstitial
site surrounded by the Te atoms responsible for the strong
SOC. Neutron scattering finds that each excess Fe carries
a c-axis local magnetic moment (∼2.5μB) and induces a
ferromagnetic cluster in the neighboring Fe sites [31]. We
show by explicit calculations that the ZBS are consistent
with MZM localized in the QAV induced by the interstitial
Fe with the crucial caricature of the expulsion of nonzero
energy CdGM states observed in the STM data [25].

II. THEORETICAL MODEL

The bulk and surface electronic structures of Fe(Te,Se)
have been studied in recent theoretical works [16,26,27].
In a nutshell, with increasing Te concentration, the band
derived from the Te=Se pz orbital is pushed down in energy
and hybridizes strongly with the Fe d orbitals. The intrinsic
SOC enhanced by Te then opens up a gap and induces a p-d
band inversion near the Z point in the Brillouin zone, giving
rise to the TSS upon projection onto the (001) surface. The
situation is analogous to a 3D topological insulator, with the
exception that the normal state of Fe(Te,Se) is a metal and
theTSS is electron doped.Thebulk and the surface electronic
structures have recently been qualitatively confirmed by the
high-resolution, spin-polarizedARPESexperiments [28,32].
Here, we construct an effective low-energy theory where

the bands of the bulk and surface states are treated separately
in an s-wave superconductor with intrinsic SOC. An isolated
magnetic ion, such as the interstitial Fe impurity inFe(Te,Se),
is introduced at r ¼ 0. Our strategy is to first study the bulk
SC state and show that a topological defect excitation, where
the phase of the pairing order parameter winds by 2π as in a
vortex, nucleates spontaneously at the magnetic ion. This
part is independent of the existence of TSS. Then, we couple
such a novelQAV to the helical Dirac fermionTSS and study
the emergence of the robust MZM. Using Fe(Te,Se) as a
reference material, we consider a holelike bulk band around
the Γ point as shown in Fig. 2(a), with the effective mass
m� ≃ 4.08me and Fermi energy εf ≃ −4.52 meV extracted
from the ARPES experiments [28]. The role of the electron-
like band in Fe(Te,Se) will be discussed later. In the spinor
basis ψðrÞ ¼ ½ψ↑ðrÞ;ψ↓ðrÞ�T , the normal state Hamiltonian
reads, in the continuum limit,

H ¼ −
p2

2m� − εf þHsoc þHex: ð1Þ

Here, the SOC term is described by

Hsoc ¼ −λsoðrÞL · σ; ð2Þ

where L ¼ r × p is the angular-momentum operator and σ
the vector spin Pauli matrix. Note that, in the presence of the
intrinsic SOC [26,27], the spin rotation symmetry is broken
and the band electrons carry the pseudospin quantumnumber.

(a) (b)

FIG. 1. Schematic rendering of (a) a conventional magnetic-
field-induced vortex (top panel) and the QAV nucleated at a
magnetic ion (bottom panel), showing energy levels of the in-gap
CdGM states localized inside the vortex core and labeled by the
quantum numbers μ and jz, respectively. Negative energy states
are occupied. (b) Schematic rendering of the quantum anomalous
vortex matter in the layered superconductor. Red and blue dots or
arrows indicate opposite c-axis moment directions of the mag-
netic ions, while arrowed circles represent the vorticities of the
QAV. Black lines are the continuous flux lines piercing SC layers
through the magnetic ions. Zero-bias peaks indicate the localized
MZM from the TSS in the QAV cores where the flux lines enter
and leave the sample surface.
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Since it will not affect our results, we use the term spin instead
of pseudospin for simplicity. The λsoðrÞ inEq. (2) comes from
the Elliot-Yafet SOC induced by the impurity [33,34]
embedded in the strongly spin-orbit-coupled environment.
The spin and angular momentum of the partial waves are thus
lockedby the impuritywhosemagneticmomentIimp involves
both spin and orbital contributions of the magnetic ion. The
exchange interaction in Eq. (1) thus contains both spin and
orbital exchange processes [35–39] and can be written in the
basis of the total angular momentum J ¼ Lþ 1

2
σ as

Hex ¼ −J exðrÞIimp · J: ð3Þ

For simplicity, the short-ranged exchange couplingJ exðrÞ is
assumed to be isotropic to keep the parameters of the theory at
a minimum. Equation (3) is similar to the exchange inter-
action in dilute magnetic semiconductors [40].
To study the SC state with a complex inhomogeneous

Cooper-pairing order parameter, it is convenient to perform
the Bogoliubov transformation

ψ†
σðrÞ ¼

X

n

½u�nσðrÞγ†n þ vnσðrÞγn�; ð4Þ

where γ†n creates a Bogoliubov quasiparticle. The resulting
Bogoliubov-de Gennes (BdG) equation is given by

�
H ΔðrÞ

Δ�ðrÞ −σyH�σy

�
ΦnðrÞ ¼ EnΦnðrÞ; ð5Þ

where ΔðrÞ ¼ ghψ↓ðrÞψ↑ðrÞi is the self-consistent pairing
potential for an attraction g [41]. We choose g ¼ 11 meV
such that the calculated jΔðrÞj ¼ Δ ¼ 1.5 meVmatches the
bulk SC gap determined experimentally for this band
[25,28]. The BCS coherence length is therefore ξ ¼
ℏvf=πΔ ≃ 2.76 nm, which is not far from the measured
value of about 2 nm in Fe(Te,Se) [42]. Diagonalizing the
BdG equation yields the energy spectrum En and Nambu
wave functions ΦnðrÞ ¼ ½un↑ðrÞ; un↓ðrÞ; vn↓ðrÞ;−vn↑ðrÞ�T
for both the vortex-free and vortex solutions with
ΔðrÞ ¼ ΔðrÞeiνθ, where the integer ν is the vorticity.
We have obtained the solutions in the disc geometry for

a SC layer with the isolated magnetic ion at its center
[Fig. 2(b)] in polar coordinates r ¼ ðr; θÞ. The SOC in
Eq. (2) reduces to −λsoðrÞLzσz, with Lz ¼ −iℏ∂θ. The
wave function is factorizable according to

Φnμðr; θÞ ¼ eiμθ½unμþν
2
↑ðrÞeiν2θ; unμþν

2
↓ðrÞeiν2θ;

vnμ−ν
2
↓ðrÞe−iν2θ;−vnμ−ν

2
↑ðrÞe−iν2θ�T;

where the principal quantum number n is determined by
solving the radial ðu; vÞ in the basis of Bessel functions
and the angular quantum number μ ¼ l − ðν=2Þ, with l an
integer [23,24,41,43]. The details of the calculation are given
in the Supplemental Material [41]. The calculations are
performed on discs of radius R ¼ 87.5ξ. The SOC and
exchange coupling due to the magnetic ion are assumed to
decay exponentially, λsoðrÞ,J exðrÞ ∝ e−r=r0 ,with a common
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FIG. 2. (a) The effective holelike band for bulk states (red line) and the TSS band (blue line) observed in Ref. [28] near the Γ point.
(b) The disc geometry with radius R. Short-ranged couplings have an exponential decay length r0 from the centered magnetic ion.
(c)–(h) The self-consistent pairing profile ΔðrÞ, where r is measured in units of the coherence length ξ and the in-gap bound-states
spectrum: (c,d) The normal magnetic-field-induced vortex. The SOC associated with the magnetic ion with λ0 ¼ 6.6 meV splits the
degenerate CdGM states jμ; σi (black circles) into two sets of spin-orbit-coupled bound states jjz; σi with jz ¼ μ� 1

2
(open squares and

triangles). (e,f) The QAV induced by the magnetic ion for m0 ¼ λ0 ¼ 6.6 meV. All CdGM states jjz; σi except j0; σi are pushed to
higher binding energies above the SC gap. (g,h) The vortex-free state near the magnetic ion. The SOC splits the in-gap YSR states into
two sets. Inset in (g): the QAV binding energy as a function of the exchange field m0. The QAV emerges beyond mc

0 ≃ 6.1 meV.
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decay length r0 ¼ 0.7ξ [Fig. 2(b)] for simplicity and easy
comparison.

III. NORMAL VORTEX STATE

In the absence of the magnetic ion, the self-consistent
pairing profile ΔðrÞ for the field-induced vortex solution
with ν ¼ −1 is shown in Fig. 2(c). It vanishes at the vortex
center, exhibits the characteristic Friedel-like oscillations
[43,44], and approaches the bulk value for r > 6ξ. The
eigenstate energies are plotted in Fig. 2(d), zoomed in to
the range ð−Δ;ΔÞ to display the in-gap CdGM vortex
core states. These bound states are doubly degenerate, carry
the half-integer quantum number μ, and grow with μ
initially as Eμ ∝ μðΔ2=εfÞ, μ ¼ � 1

2
;� 3

2
;… [23,24].

Owing to the small jεfj and the large Δ in Fe(Te,Se),
the CdGM states are in the quantum limit (ξkf ∼ 2) with
the onset at E−1

2
≃ 0.38 meV [Fig. 2(d)]. The vortex binding

energy is defined as

Evb ¼ Evortex − Evortex−free; ð6Þ

where Evortex and Evortex−free are the energy of the vortex
and the energy of the vortex-free state, respectively. There
is an energy cost (Evb > 0) for creating the normal vortex
since the supercurrent-carrying midgap CdGM states with
Eμ < 0 are occupied. An external magnetic field must
therefore be applied to break the time-reversal symmetry
and provide the energy cost for creating the vortex cores
and the magnetic flux lines in order to support such
topological defect excitations in usual superconductors.
Note that there exists a sense of “chirality” for the

vortex core states shown in Fig. 2(d), i.e., μEμ < 0,
which is determined by the particle-hole vorticity
sgnðεfÞν > 0. It can be flipped by either changing the
sign of ν (controlled by the direction of the external
magnetic field for normal vortices) or by changing to an
electron band with εf > 0. As we show below, for the
QAV nucleated at the magnetic ion of a given moment
polarization direction, this chirality is determined by the
condition to lower the vortex binding energy with a
spontaneously determined sign of the vorticity ν.

IV. QUANTUM ANOMALOUS VORTEX STATE

Let us switch on the SOC due to the magnetic ion,
Hsoc ¼ −λsoðrÞLzσz, with λsoðrÞ ¼ λ0e−r=r0 in Eq. (2). It
splits off in energy the nonzero angular-momentum partial
waves with different spin-σz projections [41]. While λ0 is
not known directly from current experiments, the SOC-
induced band splittings in bulk FeSe and Fe(Te,Se) have
been measured by ARPES to be in the range of 20–40 meV
[45,46]. We expect λ0 to be in a similar range. Considering
the effective nature of the theory, we use a smaller value
λ0 ¼ 6.6 meV of no particular significance for the electrons

in the holelike band in the rest of the paper, unless otherwise
noted. As shown in Fig. 2(d) by the colored symbols, each
doubly degenerate CdGM state splits into jjz;� 1

2
i by an

amount controlled by λ0. Because λsoðrÞ decreases exponen-
tially, the higher orbital angular-momentum l states with
wave functions concentrated further away from the magnetic
ion experience a smaller λsoðrÞ. As a result, the SOC effect on
the vortex core states is most pronounced for the small μ
CdGM states. Moreover, the nonmonotonic SOC energy
of the l states leads to a sign change in the splitting of the
jjz;� 1

2
i states at larger μ, as can be seen in Fig. 2(d). Since all

the negative-energy CdGM states are occupied, SOC alone
does not significantly lower the vortex core energy.
The binding energy of the QAV comes from the exchange

interaction in Eq. (3) under SOC, which is qualitatively
different from the proposal of a spontaneous vortex lattice in
ferromagnetic superconductors [47]. Since magnetic tran-
sition metal ions usually have a large moment, such as the
excess Fe moment in Fe(Te,Se) [31] pointing along the
c axis due to the magnetic anisotropy, the impurity moment
can be treated classically, i.e., Iimp ¼ Mẑ. The exchange
interaction becomes Hex¼−mðrÞJz, with mðrÞ¼J exðrÞ
M≡m0e−r=r0 . Consequently, for m0 > 0, the energy of
the CdGM states shown in Fig. 2(d) is lowered (raised)
by the spin-orbit exchange field −mðrÞjz for all positive
(negative) jz. This expulsion of the in-gap CdGM vortex
core states toward the continuum above the SC gap is the
crucial mechanism for lowering the core energy of the QAV
by the exchange field. For a local moment polarized in the
opposite direction, the exchange field changes a sign, i.e.,
m0 < 0; the vortex core energy can be lowered in the
same manner if the QAV nucleates with an opposite particle-
hole vorticity sgnðεfÞν < 0 and a flipped chirality of the
vortex core states μEμ > 0.
Figure 2(e) shows the self-consistent vortex profile calcu-

lated using the full Hamiltonian H with a m0 ¼ 6.6 meV.
The vortex core sharpens considerably, and the Friedel
oscillations becomemore prominent compared to the normal
field-induced vortex in Fig. 2(c). The eigenstate energies are
plotted in Fig. 2(f). All but two of the CdGM states jjz; σzi
are expelled out of the gap center into the continuum. The
remaining two states sitting just below the gap edges have
jz ¼ 0 and are thus unaffected by the exchange field. They
could have been pushed further toward the continuum by a
larger λ0. The enhanced binding energy of the occupied
CdGM states significantly lowers the energy of the anoma-
lous vortex state. In contrast, the vortex-free (ν ¼ 0) state
obtained self-consistently using the sameparameters shows a
much broader deformation in ΔðrÞ near the magnetic ion
[Fig. 2(g)] and fosters two sets of spin-orbit-coupled midgap
YSR states [Fig. 2(h)] that must be occupied at an energy
cost. Thus, the energy of the quantum anomalous vortex
state nucleated at the magnetic ion can be lower than that
of the vortex-free state, provided that the exchange field m0

is sufficient to drive Evb < 0.
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We next calculate the vortex binding energy as a function
of m0, which is shown in the inset of Fig. 2(g). Note that
Evb decreases approximately linearly with increasing m0,
and a transition from the vortex-free YSR state to the QAV
state occurs at a critical mc

0 ≃ 6.1 meV. For m0 > mc
0,

Evb < 0, and it becomes more energetically favorable for
the SC order parameter to develop the quantized phase
winding with supercurrents flowing around the magnetic
ion—hence the formation of the QAV. We have studied the
binding energy for different values of λ0. It turns out that
the critical exchange field is only weakly dependent on λ0.
For example, for λ0 ¼ 10 meV,mc

0 ≃ 5.85 meV. The small
decrease comes from the increased binding energy of the
jz ¼ 0, j0;�1=2i states in Fig. 2(f), as they are located
closer to the continuum due to a larger λ0. In Ref. [31], it
was shown that the local magnetic structure induced by the
interstitial Fe as observed in the neutron scattering experi-
ments, which involves about 50 lattice Fe atoms, can be
described by a five-orbital Hubbard model with a magnetic-
ion-induced spin exchange interaction on the order of
70 meV. The intrinsic magnetic correlations in Fe(Te,Se)
can also renormalize the magnitude and the extent of the
exchange fields induced by the magnetic impurity ion.
While how the latter translate into the effective continuum
theory remains to be investigated, we regard m0 as a
phenomenological parameter that controls the binding
energy of the QAV.
It is instructive to estimate the line energy (tension)

of the QAV, which is given by Eline ¼ ðϕ0=4πλpÞ2 ln κ,
where ϕ0 ¼ hc=2e is the SC flux quantum, λp ¼
ðm�c2=4πnse2Þ1=2 is the penetration depth, and κ ¼
λp=ξ [48]. It can be written in the form

Eline ¼
1

3π2
ε2f
Δ
1

ξ
ln κ ≃

0.46
ξ

ln κmeV; ð7Þ

where ln κ is typically of order one for type-II super-
conductors. For Fe(Te,Se), the measured coherence length
of about 2 nm and penetration depth of about 500 nm
[42,49–51] provide an estimate Eline ∼ 2.5 meV=ξ; i.e., it
costs on the order of 2.5 meV for a straight vortex line
nucleated at an isolated magnetic ion to extend over a
coherence length across the SC layers. Thus, for moderate
QAV binding energies, a straight vortex line can only
penetrate a few SC layers without encountering a “boost”
by another interstitial Fe. However, the vortex lines can
travel between the layers, taking advantage of the smaller
line energy, and pierce through the SC planes where
magnetic ions reside via the nucleation of QAVs as shown
schematically in Fig. 1(b).
To develop further insights, we qualitatively elucidate

the condition for the emergence of the QAV analytically.
The lowering of the core energy due to the orbital
exchange field is E1 ¼

R
d2r

P
σmðrÞψ†

σðrÞLzψσðrÞ=ℏ.
For an s-wave superconductor, the total angular momentum
is quantized and given by ℏN=2 in an elemental vortex,

whereN=2 is the number of Cooper pairs [52–55]. We thus
obtain E1 ≃ πm0r20n

2D, where n2D ¼ nd is the 2D particle
density and d the layer thickness. This is to be compared to
the energy cost of the vortex line in the 2D layer E2 ¼
dEline ≃ ½ðπℏ2Þ=ð4m�Þ�n2Ds ln κ, where n2Ds is the 2D super-
fluid density. Thus, at zero temperature, the QAV nucleates
when E1 > E2, i.e.,

m0 >
ℏ2

4m�r20
ln κ ¼ jεfj

2ðr0kfÞ2
ln κ: ð8Þ

For short-range exchange interactions r0 ∼ 1=kf, the criti-
cal exchange fieldmc

0 is therefore on the order of the Fermi
energy jεfj, consistent with the numerical result shown
above (r0kf ≃ 1.4 for our parameters). In this sense, the
small Fermi energy and superfluid density (stiffness) [56] in
Fe(Te,Se) favor the emergence of the QAV state. On the
other hand, if the decay length r0 ∼ ξ, Eq. (8) implies
mc

0 ≃ ðπ2=8Þ½Δ2=ðjεfjÞ� ln κ, which is on the scale of the
CdGM minigap energy and also very favorable for the
nucleation of the QAV. While for superconductors in
the quantum limit where kfξ ∼ 1, such as Fe(Te,Se), these
two limits are essentially equivalent, it is noteworthy that
even for superconductors with a substantial Fermi energy,
the QAV can still be induced by a reasonable exchange
interaction provided that its decay length in the low-energy
effective theory is on the order of the SC coherence length,
which can originate from the underlying magnetic corre-
lations in the superconductor [57] or in the presence of
sizable magnetic quantum dots.

V. MULTIBAND AND COMPOSITE QAV

By focusing on a single holelike band around the Γ point
in the above discussion, we have studied the physical origin
and the basic properties of the QAV. We now discuss the
role of the electron bands in Fe(Te,Se) and demonstrate that
they introduce new physics and provide a nontrivial test of
the concept of the QAV. For simplicity, we ignore the weak
interband Josephson coupling and consider a single iso-
tropic electron band in the continuum limit with band mass
m�

e ≃ 1.33me, Fermi energy εef ≃ 25 meV, and pairing gap
Δe ≃ 4 meV extracted from the ARPES experiments
[32,58–60]. The crucial observation is that for a fixed
polarization of the magnetic ion with m0 > 0 as before,
the QAV nucleated from the electron band must preserve
the chirality μEμ < 0 of the vortex core states in order for
the exchange field to lower its energy by pushing the
CdGM states into the continuum. This requires an
unchanged particle-hole vorticity sgnðεefÞνe > 0 for the
anomalous vortex from the electron band. As a result, the
energetically favorable QAV from the electron band must
originate from the corresponding order parameter ΔeðrÞ ¼
ΔeðrÞeiνeθ with an opposite phase winding, i.e., an opposite
vorticity νe ¼ 1 compared to the hole band.
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In the Supplemental Material [41], we provide the details
of the calculation of the QAV binding energy as a function
ofm0 > 0 for the electron band. Since the impurity-induced
SOC λso is inversely proportional to the band mass both in
sign and in magnitude [33,34], we thus use λe0 ¼ −21 meV
for the electron band correspondingly, while keeping r0
the same. The results show that the binding energy has an
approximately linear dependence onm0 similar to the hole-
band case shown in the inset of Fig. 2(g), leading to a
critical mc;e

0 ≃ 23.2 meV beyond which the QAV emerges,
consistent with the analytical expression discussed above.
Thus, for a reasonably strong exchange field, composite
QAVs can nucleate at the excess Fe sites where the
supercurrents are carried by electrons from both the hole
and electron bands in Fe(Te,Se). Such composite QAVs can
be remarkable realizations of the composite vortices with
fractional flux proposed and studied both theoretically and
experimentally in multiband superconductors [61–63].

VI. MAJORANA ZERO-ENERGY BOUND
STATE IN QAV

We turn to the emergence of localized MZM in the QAV
when superconductivity is induced in the helical Dirac
fermion TSS. In the vicinity of the magnetic ion, the
effective Hamiltonian in the continuum limit, with primes
indicating the TSS, can be written in the spinor basis as

H0 ¼ vDðσ × pÞ · z − ε0f þH0
soc þH0

ex; ð9Þ
where the velocity vD ¼ 0.216 eV · Å and the Fermi level
ε0f ¼ 4.5 meV above the Dirac point of the electron-doped
TSS band were extracted from the ARPES experiment on
Fe(Te,Se) [28], as shown in Fig. 2(a). The impurity-induced
SOC isH0

soc ¼ λ0soðrÞLzσz, andH0
ex ¼ −J 0

exðrÞIzimpJz is the
exchange coupling between the TSS and the local moment
[64]. In general, λ0soðrÞ and J 0

exðrÞ can be different from
those in the bulk states. We consider here the QAV formed
in the hole band alone. In the corresponding BdG equa-
tion (5), the induced pairing potential for the TSS is
Δ0ðrÞ ¼ ΔQAVðrÞeiθ, where ΔQAVðrÞ is the pairing profile
of the QAV shown in Fig. 2(e). The obtained vortex-
core-states energy spectrum for theTSS is plotted in Fig. 3(a).
The “isolated” bound state at E ¼ 0 is precisely the MZM,
i.e., the μ0 ¼ 0 element of the chiral CdGM states Eμ0 ∝
μ0Δ2=ε0f, where μ0 ¼ 0;�1;�2;… is now an integer due
to the additional Berry phase of the Dirac fermions [17,41].
Note that all other CdGM states with nonzero μ0 in Fig. 3(b)
obtained without coupling to the magnetic ion are pushed
into the continuumabove theSCgapby the exchange field via
the same mechanism that produced the QAV. The gapping of
the nonzero-energy CdGM states prevents the level-crossing-
induced topological vortex transition [17] and protects the
robustness of the MZM even for higher doping levels of
the TSS.

There are remarkable agreements between the calculated
local density of states at the center of the QAV plotted in
Fig. 3(c) and the tunneling conductance measured by STM
[25] at the interstitial excess Fe sites reproduced in the
inset. Both show the V dip around −4.5 meV, correspond-
ing to the Dirac point of the TSS, the absence of coherence
peaks at the gap energies �Δ, and a spectrum free of
midgap states other than the zero-bias peak. Note that
without coupling to the magnetic ion, the midgap vortex
core states produce multiple conductance peaks and con-
siderably reduce the spectral weight of the MZM as shown
in Fig. 3(d). Indeed, the small satellite peak at about
1.44 meV in Fig. 3(c) comes from the CdGM states
expelled into the continuum by the exchange field. It is
tempting to identify a similar satellite in the STM spectrum
at about 1.6 meV with such a resonance. These findings
further support the idea that the ZBS observed by STM are
MZM in the QAV induced by the excess Fe. Since the QAV
has trapped a SC flux quantum, flux quantization, as well as
the nature of the MZM, protects the QAV and the zero-
energy bound state from external magnetic fields applied
along the c axis, consistent with the insensitivity of the ZBS
to fields up to 8 Tesla observed by STM [25].

VII. QUANTUM ANOMALOUS VORTEX MATTER

Let us consider a low density of dilute magnetic ions
such that the SC transition temperature Tc is reduced but
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FIG. 3. The low-energy spectrum of the TSS coupled to (a) the
QAV induced by the magnetic ion [see Figs. 2(e) and 2(f)],
showing an isolated MZM, and (b) a conventional magnetic-
field-induced vortex without the magnetic ion. The parameters
used for the TSS are λ00 ¼ m0

0 ¼ 6.6 meV. (c) The calculated
tunneling conductance (local density of states) at the QAV center.
Inset: STM tunneling conductance at the excess Fe site in Fe(Te,
Se) [25]. (d) The tunneling conductance obtained at the center of
the magnetic-field-induced vortex in (b), showing multiple
CdGM vortex core states. Calculated conductance spectra are
broadened by a temperature T ¼ 1.5 K.
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the SC ground state remains stable. For Fe1þyTe0.55Se0.45,
this is the case for excess Fe density y < 0.03 [65]. The
theory thus predicts the QAV matter illustrated in Fig. 1(b)
with localized MZM at the ends of the flux lines as they
enter or leave the sample’s surface via the magnetic ion.
Note that while the vorticity of the QAV is confined to the
magnetic ion, the magnetic flux lines must be continuous.
Figure 1(b) illustrates the case where the magnetic flux
lines pierce through the SC layers where magnetic ions
reside by the nucleation of a QAV. An immediate conse-
quence is the appearance of QAV with opposite vorticities,
i.e., both vortices and antivortices accompanied by the
flipping of the local magnetic moment direction along the
c axis. This prediction could serve as an experimental test
of the theory by spin-polarized STM and/or scanning probe
SQUID.
The QAV matter is likely to have been realized in

Fe(Te,Se) superconductors. A crucial observation of
Ref. [25] is that when two interstitial Fe atoms sit close
together, a striking simultaneous reduction in the ampli-
tudes of the zero-bias peaks occurs without observable
energy shifts. As shown in Fig. 1(b), the continuous
magnetic flux line now favors the formation of an entangled
quantum anomalous vortex-antivortex pair, providing a
natural explanation via the annihilation of a pair of
MZM. It remains to be understood, however, why such
annihilation would not cause detectable splitting of the
MZM from zero energy. With increasing excess Fe con-
centration, the density of the QAV increases, which may
provide a novel mechanism for the suppression of bulk
superconductivity and the eventual superconductor-to-
metal quantum phase transition.
Combining the QAV matter with either SC topological

surface states such as in Fe(Te,Se) or a topological super-
conductor provides advantageous platforms in zero external
magnetic fields for studying the statistics and interactions
of the MZMs. In order to accomplish quantum braiding in
such systems, two conditions, which are, in principle,
achievable but undoubtedly challenging, need to be sat-
isfied. First, the STM tip should only “grab and drag” the
magnetic impurity ions but not the atoms in the underlying
lattice to avoid drastic changes to the local electronic states.
Second, the entire braiding process should be done as
slowly as possible to satisfy the adiabatic condition. As
long as the manipulations are in the adiabatic limit, the low-
energy Majorana bound-state description will be valid, and
the non-Abelian statistics of the MZM can be realized.
Furthermore, if the STM is used for both manipulating the
excess Fe atoms (and the associated QAVs) and measuring
the information in the MZMs, the tunneling current will
introduce a source of dissipation and dephasing that puts an
upper bound for the adiabatic braiding time, also account-
ing for the extrinsic dissipation caused by the environment.
This is also true when using techniques other than the
STM, as well as using other platforms such as Majorana

nanowires [66]. Thus, in order to braid two MZMs
successfully before the loss of coherence, the current
associated with the STM needs to be sufficiently weak.
An alternative approach is to separate the manipulation
from the measurement processes. The MZMs can be
positioned in designed arrays by the STM. Then, using
the braiding in measurement-only algorithm [67], the
adiabatic and coherence time constraints can be satisfied
more favorably by anyonic interferometry measurements
on the designed arrays.
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