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While Hermiticity lies at the heart of quantum mechanics, recent experimental advances in controlling
dissipation have brought about unprecedented flexibility in engineering non-Hermitian Hamiltonians in
open classical and quantum systems. Examples include parity-time-symmetric optical systems with gain
and loss, dissipative Bose-Einstein condensates, exciton-polariton systems, and biological networks.
A particular interest centers on the topological properties of non-Hermitian systems, which exhibit unique
phases with no Hermitian counterparts. However, no systematic understanding in analogy with the periodic
table of topological insulators and superconductors has been achieved. In this paper, we develop a coherent
framework of topological phases of non-Hermitian systems. After elucidating the physical meaning and the
mathematical definition of non-Hermitian topological phases, we start with one-dimensional lattices, which
exhibit topological phases with no Hermitian counterparts and are found to be characterized by an integer
topological winding number even with no symmetry constraint, reminiscent of the quantum-Hall insulator
in Hermitian systems. A system with a nonzero winding number, which is experimentally measurable from
the wave-packet dynamics, is shown to be robust against disorder, a phenomenon observed in the Hatano-
Nelson model with asymmetric hopping amplitudes. We also unveil a novel bulk-edge correspondence that
features an infinite number of (quasi)edge modes. We then apply the K theory to systematically classify
all the non-Hermitian topological phases in the Altland-Zirnbauer (AZ) classes in all dimensions.
The obtained periodic table unifies time-reversal and particle-hole symmetries, leading to highly
nontrivial predictions such as the absence of non-Hermitian topological phases in two dimensions. We
provide concrete examples for all the nontrivial non-Hermitian AZ classes in zero and one dimensions. In
particular, we identify a Z, topological index for arbitrary quantum channels (completely positive trace-
preserving maps). Our work lays the cornerstone for a unified understanding of the role of topology in non-

Hermitian systems.

DOI: 10.1103/PhysRevX.8.031079

I. INTRODUCTION

Topological phases of matter [1-5] have attracted growing
interest over the past decade in many subfields of physics,
including condensed-matter physics [6—12], ultracold atomic
gases [13-21], quantum information [22-25], photonics
[26-35], and mechanics [36-39]. Topological phase tran-
sitions lie outside the Ginzburg-Landau-Wilson paradigm
of spontaneous symmetry breaking [40], can occur in
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noninteracting systems, and may require the existence of
certain symmetries [41]. Systematic classifications have
been achieved for such symmetry-protected-topological
(SPT) phases, ranging from the Altland-Zirnbauer (AZ)
classes [42—46] to crystalline insulators and superconductors
[47-53]. These SPT states of matter exhibit robust edge states
(gapless or zero modes) localized at open boundaries [54,55]
and novel entanglement spectra for subsystems [56]. The
gapped bulk SPT phases are characterized by highly nonlocal
topological indices, which can give rise to quantized trans-
port phenomena immune to disorder [57]. More recently,
the notion of SPT phases has been generalized from equi-
librium to periodically driven (Floquet) systems [58-61],
which accommodate new topological phases with no static
counterparts [62—64].

In recent years, considerable effort has been devoted
to explore topological phases in non-Hermitian systems
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[65-73], which are open and out of equilibrium. This
burgeoning research arena is largely driven by the exper-
imental progress on atomic, optical, and optomechanical
systems [74-82], where gain and loss can be introduced
in a controllable manner. Controlled dissipation can
be harnessed to engineer an effective non-Hermitian
Hamiltonian H # H', represented by parity-time (PT)-
symmetric systems [83—89], which feature real spectra in
the PT-unbroken phases [90,91]. Unlike Hermitian sys-
tems, the eigenvalues of H are generally complex, and its
right eigenstates need not be orthogonal to each other and
are not equivalent to the left eigenstates, in general.
Furthermore, the right eigenstates can coalesce and become
orthogonal to the corresponding left ones at an exceptional
point [92], where H cannot be diagonalized. Previous
works have mostly focused on topological properties
associated with the exceptional point. Some unique topo-
logical objects with no Hermitian counterparts are identi-
fied, such as anomalous edge modes characterized by
half-integers [70] and Weyl exceptional rings with both
the quantized Chern number and the quantized Berry
phase [72]. Non-Hermitian systems emerge ubiquitously in
a variety of situations including open quantum systems
[93-100], mesoscopic physics [101-103], biological phys-
ics [104-106], and chemistry [107-109], where topology
can play important roles [94,99,106,107].

Nevertheless, a systematic understanding of topological
phases of non-Hermitian systems is still elusive. Inspired
by the periodic table for Hermitian topological insulators
and superconductors [43—45], we are naturally led to the
following questions:

(i) Can we classify non-Hermitian systems in analogy

with the SPT phases in closed quantum systems?

(ii) If yes, then what are the non-Hermitian counterparts
of AZ classes?

(iii) Is there a quantum-Hall-like non-Hermitian
system which has no symmetry yet is topologically
nontrivial?

(iv) Is there a bulk-edge correspondence in non-
Hermitian systems?

Regarding these fundamental questions, it seems that
exceptional points, while unique to non-Hermitian systems
and of great experimental importance, may not be a good
starting point for a systematic classification, since they
imply band touching in the bulk and seem incompatible
with a non-Hermitian generalization of the gap. We note
that two very recent works [110,111] have made an effort to
build a general framework following the methodology for
gapped Hermitian systems. In particular, Ref. [110] focuses
on one-dimensional lattices with on-site loss and no dark
states and identifies a topological winding number relevant
to particle displacement; Ref. [111] mainly discusses two-
dimensional non-Hermitian lattices with separable bands in
the complex-energy plane and identifies a Chern number
for individual bands. However, these results are rather

specific in spatial dimensions and/or the structure of the
Hamiltonian.

Here, we present a systematic framework for studying
the topological phases of generic non-Hermitian systems.
For the sake of comparison with SPT phases in Hermitian
systems, we focus primarily on lattice systems described
by non-Hermitian Bloch (or Bogoliubov—de Gennes)
Hamiltonians H (k), but our formalism can also be applied
to other setups like quantum channels [112] and full
counting statistics [107], where non-Hermiticity appears
in completely positive trace-preserving (CPTP) superoper-
ators and generators for characteristic functions, respec-
tively. We discuss the Z, topological index for arbitrary
quantum channels in Sec. VA 2. Our framework is based
on two guiding principles:

(I) Topological phases of non-Hermitian systems can be
understood as dynamical phases, where not only the
eigenstates but also the full complex spectra should
be taken into account.

(II) The non-Hermitian generalization of the concept of
the band gap is the prohibition of touching a base
energy, which is typically zero but generally complex,
in the spectrum.

We show that (I) and (II) are well justified both
physically and mathematically. On the basis of these two
guiding principles, we find that a one-dimensional lattice
with asymmetric hopping amplitudes turns out to be the
most prototypical example comparable to the quantum-Hall
insulator, in the sense that an integer topological number
can be defined without any symmetry protection. This
result gives an interesting topological interpretation to the
emergent Anderson transition [113] in the Hatano-Nelson
model [114-116], which should otherwise be absent in
one-dimensional Hermitian systems [117]. We also unveil a
bulk-edge correspondence which is qualitatively different
from the Hermitian case: There is a continuum of (quasi)
edge modes in the semi-infinite space (open chain), with
the winding number being the degeneracy at a given base
energy. These findings answer the last two questions
(iii) and (iv) raised in the previous paragraph.

Our guiding principles also enable a systematic appli-
cation of the K theory [118], a technique widely used in
classifying Hermitian topological systems [44,46,51], to
the non-Hermitian AZ classes, leading to a complete
classification in all spatial dimensions. We introduce a
unitarization procedure as a non-Hermitian generalization
of band flattening, followed by a Hermitianization pro-
cedure to represent the classifying space as a Clifford-
algebra extension [61]. The classification problem turns out
to be mathematically equivalent to that of the Hermitian AZ
classes with an additional chiral symmetry, leading to a
dramatically different periodic table as shown in Table I.
We identify the underlying topological numbers implied by
the K-theory classification for all the non-Hermitian AZ
classes in one dimension. We also unveil a Z, topological
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TABLE L.

Periodic table for non-Hermitian Hamiltonians. The Altland-Zirnbauer tenfold classes [43—45] are grouped into six such

that classes A, DIII, and CI, classes Al and D, and classes All and C are unified. The Bott periodicity of classifying space C; (C; x C;) is
2, and that of R, (R, X Ry, s = 1, 5) is 8. Note that all the classes are nontrivial (trivial) in d = 4n + 1 (d = 4n + 2) dimensions, where

n=20,1,2,...

AZ class Classifying space d=0 1 2 3 4 5 6 7

A, DIII, CI C 0 Z 0 Zz 0 VA 0 Z
Alll Ci xC 0 Z®Z 0 YA WA 0 VA WA 0 Z®Z
Al D Ry Z, Z 0 0 0 27 0 Z,
BDI Ry X Ry Z, ® Z, VA WA 0 0 0 27 @ 2Z 0 Z, ® Z,
All, C Rs 0 27 0 Z, Z, Z 0 0

index for zero-dimensional (anti-)PT-symmetric systems
and quantum channels. These results answer the first two
questions (i) and (ii) raised above and can further be
generalized to, e.g., systems with crystalline symmetries
and especially to PT-symmetric systems.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the dynamical point of view regarding
topological phases and justify the guiding principle (I). In
Sec. III, we first justify the guiding principle (II) and then
discuss the topological properties of non-Hermitian lattices
in one dimension, including the definition of the winding
number, edge physics, and experimentally observable sig-
natures. In Sec. IV, we employ the K theory to achieve a
complete classification of non-Hermitian AZ classes in all
dimensions, as shown in Table I. The identification of
topological numbers and some topologically nontrivial
examples in zero and one dimensions are given in Sec. V.
We conclude the paper with an outlook in Sec. VI. Several
technical details and an experimental implementation on
asymmetric hopping are relegated to Appendixes to avoid
digressing from the main subjects.

II. DYNAMICAL VIEWPOINT ON THE
TOPOLOGICAL PHASES

We begin by discussing how to define topological
phases. In a Hermitian system, a topological phase can
be analyzed from the many-body ground-state wave func-
tion |¥), which can be mapped through the projector

Po=3" o) e (1)

E;<Ep

onto all the single-particle eigenstates |¢p;) = fjf|vac>
below the Fermi energy Er for free fermions with
) = (T E<Ey f;)|vac). Note that the spectrum plays no
role here, since the Hamiltonian H can be flattened by
means of the projector (1) into 1 —2P_ [43-45] without
closing the (band or many-body) energy gap, as schemati-
cally illustrated in Fig. 1(a). Two gapped Hamiltonians H
and H’ differ topologically if and only if |¥) (P_) cannot
continuously be deformed into |¥) (P.) under the

constraint of the energy gap and certain symmetries.
Such a topological distinction between wave functions
accords with the “states-of-matter" interpretation of phases.

However, the very notion of the ground state, be it single-
or many-body, breaks down for a non-Hermitian system,
since its eigenenergy belongs to the complex-number field
C, where, unlike the real-number field R, an order relation
cannot be defined [119]. Indeed, from a physical point of
view, non-Hermitian systems are intrinsically nonequili-
brium and even unstable. According to the nonunitary
Schrodinger equation

i0,y,) = Hly,), (2)

where H is non-Hermitian and the Planck constant is set
to unity throughout this paper, only the single-particle
eigenstate with the largest imaginary energy survives in the
long-time limit, a phenomenon well known in photonics
experiments [88]. It thus cannot be justified to interpret

(a) Hermitian

— @ E =) —e ° )

Er E_ E;

R

S

(b) Non-Hermitian
ImFE

Oy

FIG. 1. (a) Energy spectrum (thick lines and dots) of a
Hermitian insulator. We can always perform band flattening,
i.e., continuously deform the spectrum into {E_,E,} with
E_<Ep <E,, where Er (red dot) is the Fermi energy. In
particular, we can choose E. = £1 for Er = 0. (b) Energy
spectrum of a non-Hermitian system forming a loop that encircles
abase point Ep € C. (In the figure, we set Ex = 0 for simplicity.)
While the shape can be deformed continuously, the loop can
never shrink to a single point without crossing the base point.
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non-Hermitian topological phases simply as topological
states of matter.

In this paper, we show that the topological phases of non-
Hermitian systems can be understood as topological
dynamical phases, for which not only the eigenstates but
also the full complex spectra play important roles. In fact,
such a dynamical perspective has widely been adopted in
the context of thermalization and many-body localization
[120], as well as Floquet systems [121]. Examples include
the Wigner-Dyson (Poisson) level-spacing statistics in
chaotic (integrable) systems [122] and quasienergy pairing
in discrete time crystals [123—125]. As for non-Hermitian
systems, we can immediately identify a unique topological
object arising solely from the complex spectrum—a loop
constituted from eigenvalues that encircles a prescribed
base point [see Fig. 1(b)]. Here, by unique, we mean that
the topological object discussed here never occurs in a
Hermitian system with a real spectrum; by topological, we
mean that the loop can never be removed without crossing
the base point at £ = Ep. If the base point is chosen to be
zero, a loop ensures the existence of amplifying (ImE > 0)
and attenuating (ImE < 0) modes. Such a topologically
enforced dynamical instability (dynamical property) can be
compared to topologically protected edge states (state
property) in Hermitian systems. Note that the converse
is not true, since instability or edge modes may not have a
topological origin.

While only the complex spectrum is relevant in the
above example, in general, however, both states and the
spectrum are important in the complicated transient dynam-
ics governed by Eq. (2). Since the full information of
dynamical behavior is encoded in the non-Hermitian
Hamiltonian H in Eq. (2), we can generally define that
two non-Hermitian systems differ topologically if and only
if their Hamiltonians cannot continuously be deformed into
each other under certain constraints. Here, the minimal
constraint follows guiding principle (II), which is justified
in the next section.

Remarkably, by imposing the constraints of Hermiticity
and a finite gap, we can reproduce the states-of-matter
interpretation in Hermitian systems, at least for noninter-
acting SPT phases. Without the loss of generality [126],
assuming that Er =0 lies in the band gap, the real
spectrum can always be trivialized into 41, leaving the
only difference arising from P_ given in Eq. (1). In this
sense, the dynamical viewpoint on topological phases is a
generalization of the static one.

We mention that Eq. (2) should not necessarily be
interpreted as a nonunitary equation of motion for a wave
function. Indeed, it can be any linear dynamics, such as a
classical Markovian process, where |y,) is a probability
distribution [127], or a quantum master equation, where
ly;) is a density operator or a supervector in the Liouville
space [128]. In some cases, we may consider a discrete
version of Eq. (2):

|l//t+T> = UT|1//t>v (3)

which can be any linear stroboscopic dynamics or even a
single input-output process, such as nonunitary quantum
walk [87,129] or quantum channels [112]. A recent work
[130] on classifying Gaussian nonequilibrium steady states
pss can be regarded as a specific case of Eq. (3) with
U (p) = pys for all p, where Uy, = lim,_ e and py is
the unique (under the periodic-boundary condition) kernel
of a quadratic Lindbladian £ with a finite damping gap.

III. TOPOLOGICAL NON-HERMITIAN LATTICES
IN ONE DIMENSION WITH NO SYMMETRY

Before performing a general classification, it is
instructive to start from the most illustrative case—one-
dimensional lattices without any symmetry requirements.
These systems are found to be classified by a topological
winding number, provided that a base energy Ejp is not
involved in the energy spectrum. We show that such a
winding number corresponds to the number of edge states
at Ep in a semi-infinite space and is measurable from the
wave-packet dynamics.

A. Topological winding number

Let us first clarify the allowed continuous deformation.
Note that all the matrices M can continuously be deformed
to 0 via the path M, = (1 — )M, 1 € [0, 1] if there is no
constraint. To avoid the case in which all non-Hermitian
systems in all dimensions are trivial, we must impose at
least one constraint. In the Hermitian case, such a constraint
is the existence of an energy gap near the Fermi energy Er,
which is equivalent to the condition that E does not belong
to the energy spectrum of the Hamiltonian. As a possible
generalization to the non-Hermitian case, we impose the
condition that a base energy Ez € C does not belong to
the energy spectrum of H(k) for all k € [—x, |, where k is
the wave vector. In analogy with the Hermitian case where
Er is typically set to be zero, we assume without the loss of
generality Ey = 0 such that H(k) € GL(V), where GL(V)
is the general linear group on the Hilbert space V at a given
wave vector k. Such a minimal constraint is not only natural
from a mathematical viewpoint but also physically reason-
able, since breaking the invertibility of a Hamiltonian
usually requires fine-tuning of parameters. In other words,
the constraint should easily be satisfied under random
perturbations, as is typically the case with experimental
imperfection. Indeed, as detailed from now on, our setup
does bring fruitful physical insights into non-Hermitian
systems.

Mathematically, our minimal constraint reads

detH (k) #0, forall k € |-z, x], (4)

which allows one to define a topological winding number:
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WE/”d—k,@klndetH(k). (5)

7 270

We note that a generalization to the case of Ez # 0 can be
achieved by simply replacing H(k) by H(k)— Ep in
Egs. (4) and (5). Let E,(k),E,(k),...,Ey(k) € C/{0}
be the eigenenergies of H(k), where N =dimV is the
total number of bands. Then, the winding number (5) can
be expressed as

N

WZZ/_ﬂg—iﬁkargEn(k), (6)

n=1

where arg E, (k) is the argument of the complex energy
E,(k). Note that w vanishes identically for Hermitian
Hamiltonians, because the real energy spectrum implies
ArgE, (k) = 0, =, where Arg denotes the principle value of
the argument belonging to [0, 27). In this sense, a nontrivial
winding number, which gives the number of times the
complex eigenenergies encircle Ep, is unique to non-
Hermitian systems. Mathematically, the existence of this
winding number is ensured by the fact that the fundamental
group of GL(V) is isomorphic to Z. In the next section, we
show that the K-theory approach also gives the same Z
classification for one-dimensional systems belonging to
class A, which imposes no symmetries. In contrast, class A
is trivial in one-dimensional Hermitian systems [43].

As a minimal setup to observe a topological phase
transition, we consider a ring geometry with asymmetric
hopping amplitudes J¢, J; € C [see Fig. 2(a)]:

H:Z(JRC;+le+JLC}Cj+1)' (7)
J

Fourier transforming Eq. (7) to moment space, we obtain
the Bloch Hamiltonian as

H(k) = Jge™* + J, e'*, (8)

whose winding number is evaluated to give

1 Jrl < |J1l;
vm {1 Val<h o
=1 |[Jg[ > [Jp].
The topological phase-transition point thus locates

at |Jg| = |J.| [see Fig. 2(b)], where H(k) =0 for k =
larg(Jg/J1) £ 7]/2 and thus H (k) is not invertible.

Note that Eq. (8) becomes H (k) = e~ for the specific
choice of Jp =1 and J; =0. In this case, the non-
Hermitian Hamiltonian becomes unitary. If we regard
H(k) as the Floquet operator Up(k), we obtain a
Thouless pump [131], which is characterized by the
winding number proposed in Ref. [62]:

(a) JL JR
LN
_O % \ \ O_
-1 j j+1
b
(b) e 1 -

FIG. 2. (a) One-dimensional lattice with asymmetric hopping
amplitudes J; # Jy. Here, we show the case in which [J| >
|[Jz|, as indicated by the thickness of the arrows. (b) Phase
diagram and typical complex-energy spectra for the model in (a),
where w is the winding number. A topological phase transition
occurs at |J; | = |Jg| (purple dot), where the spectrum touches
the origin, while the specific case of (a) (blue star) belongs to
the w =1 phase, where the energy spectrum forms a loop
encircling the origin. An arrow inside each loop indicates the
direction of increasing k which corresponds to the sign of the
winding number w.

™ dk
we [ mUR Wasm). (10)
g 271
In fact, Eq. (10) reduces to Eq. (5) if we replace Ur(k) by
H(k) (see Appendix A). The formal similarity and the
essential difference between non-Hermitian Hamiltonians
and Floquet operators is clarified in the next section.
Remarkably, without symmetry constraints, non-
Hermitian systems can support topological phases and
transitions even for a single-band lattice like Eq. (7).
Indeed, we can easily write down a single-band Bloch
Hamiltonian H(k) = e™*, which corresponds to an |n|-site
(leftward when n > 0 and rightward when n < 0) unidi-
rectional hopping and features an arbitrary winding number
n € Z. This result makes a sharp contrast with Hermitian
systems, which require at least two bands for observing
topological phenomena [132], either with (in one dimen-
sion) or without (in two dimensions) additional symmetries.
Such a sharp distinction can be understood as follows:
According to Eq. (6), the winding numbers in non-Hermitian
systems are determined solely from complex energies. On
the other hand, winding numbers (or Chern numbers) in
Hermitian systems are usually related to the Berry phase,
which automatically becomes trivial if there is only a single
band. We return to these crucial points in Sec. III D.

B. Robustness against disorder—Revisiting
the Hatano-Nelson model

So far, we have focused on the case with translation
invariance and used the Bloch Hamiltonian. For Hermitian
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systems belonging to class A, we know that the integer
quantum-Hall states in two dimensions are robust against
spatial disorder. As a consequence, while the Anderson
transition is forbidden in two dimensions [117] in the
absence of spin-orbit interactions [133], mobility edges
emerge in an integer quantum-Hall state and the deloca-
lized modes contribute to the quantized Hall conductivity
Ce?/h [134], with C being the Chern number [1]. These
well-established results naturally raise a question of
whether or not a topological non-Hermitian system like
Eq. (7) is robust against disorder and, if yes, in what sense.

To address this question, we consider the following
modification of Eq. (7):

H= Z(JRc;ch +Jpclejn +Vicle).,  (11)
J

which describes a one-dimensional ring with asymmetric
hopping amplitudes and on-site disorder V;. This model
is a well-studied model proposed by Hatano and Nelson
[114-116]. While a one-dimensional Hermitian system is
always localized in the presence of a random potential
[117], e.g., V; € [-W, W] with a uniform probability, the
Hatano-Nelson model (11) exhibits an Anderson transition
[113]. Recalling the emergence of mobility edges in the
quantum-Hall state, we conjecture that the Anderson
transition is ensured by the nontrivial topological winding
number, which is expected to be trivial [135] if the system
is fully localized.

To verify the conjecture, we have to first generalize the
definition of the winding number to disordered systems.
Following the idea of defining the Chern number for
disordered quantum-Hall states [57], we apply a magnetic
flux @ through a finite non-Hermitian ring with length L
such that the hopping amplitudes are multiplied by ¥/~
under a specific choice of gauge. For the Hatano-Nelson
model (11), we have

1
_ b
(a) . W=5 § 0.8 ( ) . W=5
/\ o W=4| =06 W=4
< 30'4 ...................... G
1 < W=l Z o) s W=l

00 02 04 06 08 10
®/2m)

Re E,

FIG. 3.

L
H(®)= Z(JRe_i(‘D/L)C;+] c; +JLe"(‘I’/L)cj-cj+1 + Vjcj-cj).
J=1

(12)

While H(®) is not periodic in @, there exists a large-gauge

. 27i/LY " jete;
transformation Uy = >/ 227 such that

H(® +27) = U gH(®)U; . (13)
Therefore, the gauge-independent quantity det H(®) is
periodic in @, and the winding number can be defined as

27
w=
0

We can show that Eq. (14) reproduces Eq. (5) in the
presence of translation invariance (see Appendix A).
In general, w counts the number of times the complex
spectral trajectory encircles the base point Ez = 0 when the
flux is increased from O to 2z. Having in mind that a time-
varying flux induces an electric field, we expect that both
the eigenenergy and the wave function of a localized mode
stay almost unchanged when changing ®. Accordingly, the
winding number should vanish if the system is fully
localized (see Appendix B 1 for details).

We perform an exact-diagonalization analysis of a
Hatano-Nelson model with L = 103, J; =2, and J; = 1
subject to the periodic-boundary condition. We present
the numerical results in Fig. 3 for four different dis-
order strengths W = 1, 3,4, 5. As W increases, the fraction
of localized modes [indicated by the points located on
the real axis in Fig. 3(a)] increases, and the mobility edges
(points encircling the origin) shrink to the origin.
Nevertheless, even if the fraction of delocalized modes
is small, the winding number (14) is always quantized at
w = —1. Moreover, argdet H(®) is approximately given
by 7 —®, as can be seen from the following explicit
expression:

do
2—7”. acb In detH((I))

(14)

1
3 .

2 (©) = og) (@) Wea

: g
: =06 w=3.5
i 3 - w=3
< 04
! El e w=2
_2 < 02 ...............................................
Ble W24« W=33[ o W=3Te W=2
00 02 04 06 08 10

-4 -2 0

Re E,

2 4

®/(2m)

(a) Complex-energy spectra and (b) flows of Arg(det H) with respect to the flux @ for typical realizations of the Hatano-

Nelson Hamiltonian (11) with L = 103, Jr =2, J; = 1, and real on-site disorder Ve [-W, W], where W =1, 3, 4, 5. (c) and
(d) correspond to (a) and (b), respectively, with the same set of parameters except for the inclusion of a complex on-site disorder
V= |V_,-|ei¢/, where |V;| € [0, W] with W =2, 3, 3.5, 4 and ¢; € [0, 2z]. Note that the flows of Arg(det H) almost overlap in (b) for
W =1, 3,4 and in (d) for W = 2, 3, 3.5 and that they also overlap with each other between (b) and (d). We see that the transition occurs
between W = 4 and W = 5 in (a) and between W = 3.5 and W = 4 in (c). In the nontrivial phase [W = 1,3,4in(a)and W = 2,3, 3.5
in (c)], the spectra encircle the base point at E = 0, giving the winding number w = —1. In the trivial phase, the data points lie on the real
axis in (a) and scatter in the complex-energy plane without forming a closed loop in (c).
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detH(®) = (=)= (Jhe @ + JLe®) + P({V;}).  (15)

where an overwhelming majority of the random magni-
tudes of the polynomial P({V;}) (see Appendix B 2 for the
detailed expression), which are independent of @, should
be much smaller than J% before localization. With further
increasing the disorder strength, an Anderson transition
occurs at W,.~4.3, and all the states become localized,
leading to a trivial topological number.

In fact, the real parameters used in numerical calcula-
tions endow the Hatano-Nelson model with time-reversal
symmetry 7 = K (K is the complex conjugate), which
makes the spectra symmetric under reflection with respect
to the real axis [see Fig. 3(a)]. To demonstrate that the time-
reversal symmetry is irrelevant to the winding number
discussed here, we also calculate the energy spectra for
complex random potentials V; = |V,|e’?s, where the mag-
nitude |V;| (phase ¢) is randomly sampled from a uniform
distribution over [0, W] ([0, 2z]). Then, the symmetry with
respect to the real axis is lost; yet, for disorder strength
W =2, 3 and 3.5, we still find that the complex spectrum
encircles the origin [see Fig. 3(c)], as listed in a nontrivial
winding number w = —1 [see Fig. 3(d)]. When the disorder
is too strong (the critical value is about W, ~3.9), e.g.,
for W = 4, the winding number becomes zero. Note that
Arg(det H) in Fig. 3(d) for W = 4 does not take on special
values like O or z, unlike the Hermitian case. This differ-
ence arises from the fact that the constant term P({V}) in
Eq. (15) now becomes complex due to V; € C.

It should be mentioned that, while the topological
transition and the localization transition coincide in the
above two models, this may not be the case for other forms
of disorder (see Appendix B 3). On the other hand, one may
conjecture that the system is fully localized if and only if
the winding number with respect to an arbitrary base energy
vanishes, provided that the eigenvalues of robust delocal-
ized modes always form some loops. That is to say, a
topological transition is certainly not sufficient but prob-
ably necessary for a localization transition.

While both the Hatano-Nelson model and the quantum-
Hall insulator are topologically nontrivial with no sym-
metry requirement, we mention two crucial differences.
First, due to the difference in spatial dimensions, the former
is characterized by a winding number, while the latter is
characterized by a Chern number. Second, as indicated by
Table I, the topological winding number of the Hatano-
Nelson model survives if the time-reversal symmetry is
imposed. In stark contrast, a quantum-Hall insulator (or
Chern insulator) necessarily breaks the time-reversal
symmetry.

C. Bulk-edge correspondence

As is well known in Hermitian systems, a nontrivial
topological number in the bulk usually implies the

existence of edge states, such as chiral edge modes in a
quantum (anomalous) Hall state with open boundaries [54].
It is thus natural to ask whether the bulk-edge correspon-
dence exists in topological non-Hermitian systems. We
answer this question in the affirmative, at least for the
single-band case. However, the correspondence turns out to
be very different from that in Hermitian systems—given a
base energy Ep, a positive (negative) winding number
w implies w (—w) independent edge modes with energy
E = Ep and localized at the left (right) boundary in the
semi-infinite space.

Let us first focus on the minimal model described by
Eq. (7). By assuming |J; | > |Jg|, we expect an edge state
at the left boundary. Indeed, in the limiting case of J; = 0,
w; = 06;, (localized at the first site) is an eigenstate with
zero energy. More generally, by imposing the right-half-
infinite boundary condition, a state localized at the left
boundary can be obtained by solving

JrWio + I = Ewy,  j=12,... (16)

subject to

limy; = 0. (17)

J—00

W0:07

This is a standard problem on a recursive sequence.
Denoting z; and z, as the roots of

E=Jgz ' +J,2, (18)

which is the characteristic equation of Eq. (16), the general
form of the wave function can be written as [136]

;= ciz] + eazh. (19)
Accordingly, the conditions in Eq. (17) become

¢ +c =0, il < 1, 22l < 1. (20)

These conditions lead to a continuum of solutions y; o

7} — 25 with energies that fill the interior of the bulk energy
spectrum—a closed loop [see Fig. 4(a)] specified by Eq. (8)
or Eq. (18) with |z] = |e’*| = 1. Note that the winding
number is 1 for any base energy within this loop, including
Ep =0.

With the above concrete example in mind, we are ready
to generalize the conclusion to arbitrary single bands with
positive winding numbers. While the full proof is some-
what technical (see Appendix C), the key idea is simply the
argument principle [119]

d @),
7{12m'f<z>‘z P, (21)
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FIG. 4. (a) Energy spectrum of Eq. (7) with J; = 2 and J; = 1 under the periodic-boundary condition (PBC, blue ellipse) and the

open-boundary condition (OBC, red line). For each energy E inside the ellipse (light-blue region), there exists a w = 1 edge state
localized at the left boundary in the semi-infinite space. Three colored points show energies of the three quasiedge modes in (d). (b) An
edge state in the semi-infinite space (magenta wave packet) eventually becomes unstable (orange wave packet) in a finite open chain
with length L after a time * ~ (L/v), where v is the Lieb-Robinson velocity. (c) Time evolution of the relative deviation R(r) =

(| [e"H=E)t — 1]|y) || for the edge state |y) with E = 0.1/ in an open chain with L = 100. Inset: Time evolution (solid curves) of |y (1)

| 2

at the leftmost three sites (j = 1,2, 3) in comparison with that of |y;(r)|* = e”™F|y;(0)|* (dashed lines). (d) Finite-size scaling of ¢* for
three different quasiedge states with energies E = 0.1i, 2.85 and 0.5 — 0.5i [marked in (a)]. We define #* by R(¢*) = 1072, as indicated
by the dashed red line in (c). (¢) The same as (c) but in the presence of real on-site disorder V; € [-W, W] with W = 3. The green curves
and the inset show three typical realizations, and the dashed purple curve gives the disorder average over 10° realizations. The average is
taken for In R(7) and, thus, gives the geometric mean for R(¢). (f) The same as (d) but for different disorder strengths W = 3, 3.5, 3.7
[compared to W = 0, the same as £ = 0.1i in (d)] with fixed E = 0.1i.

where E = f(z) is the characteristic equation and Z (P)
denotes the number of zeros (poles) of f(z) in the area
|z| < 1. Replacing z with e’*, we find that the left-hand side
of Eq. (21) gives nothing but the winding number w
introduced in Eq. (6). A general form of the wave function
can be written as y; = 7 clz{ , where z,’s are the zeros
and ¢;’s are subject to P different constraints stemming
from the inhomogeneity at the edge. These are straightfor-
ward generalizations of Egs. (19) and (20). As a result,
there are Z — P = w-fold degeneracies of edge states at
E =0 or generally at E = Ep if we replace f(z) with
f(z) — Eg in Eq. (21). Note that the same analysis applies
to single bands with negative winding numbers by inter-
changing z and z7!.

In a realistic one-dimensional system, such as a photonic
lattice [88], open boundaries always appear in pairs. In the
presence of two edges, only a one-dimensional part is
picked out from the edge-state continuum, making the
topological degeneracy generally invisible for a given base
energy. For example, the spectrum of an open chain
described by Eq. (7) with length L can be determined as
E, =2\/J;Jgcos|(nx)/(L+1)] (n=1,2,...,L), which
distributes over an interval (=2\/J;Jg,2/J;Jg) on the
real-energy axis in the thermodynamic limit [see the red

line in Fig. 4(a)]. A sudden change in the spectrum under
different boundary conditions has also been found in
Ref. [137]. Here, we can provide a topological under-
standing—the winding number (14) should either vanish or
become ill defined in an open chain, since the flux can
always be gauged out and, thus, det H(®) is ® indepen-
dent. Therefore, the spectrum no longer encircles any base
point inside the spectrum loop under the periodic-boundary
condition. Since the spectrum should change continuously
when the boundary hopping is gradually switched on, the
spectrum must be very sensitive to the boundary condition.
Indeed, it is already shown in Ref. [137] that an exponen-
tially small modification of the boundary condition can lead
to an order-one change in the spectrum.

As stated above, an energy eigenstate localized at the
edge of a semi-infinite space generally disappears if the
system size is finite. Nevertheless, quasiedge modes may
exist for finite-size systems. By quasiedge modes, we mean
that they are not genuine eigenstates, yet their dynamics
look just like eigenstates up to a timescale that increases
with the system size and diverges in the thermodynamic
limit. To investigate them, suppose that an edge state with
energy E for the semi-infinite condition is prepared in a
finite lattice with length L, whose spectrum does not
include E. Then, the time evolution can be obtained to a
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good approximation simply by multiplying e=%" up to a
timescale (at least) proportional to L [see Figs. 4(c) and
4(d)]. Note that this quasieigenstate of a finite chain
becomes exact in the semi-infinite limit L — co. While a
formal proof is available (see Appendix D), we can
intuitively interpret this linear scaling as a manifestation
of the Lieb-Robinson bound [138] after a boundary-
condition quench roughly L sites away from the edge mode,
as illustrated in Fig. 4(b). In the presence of disorder, these
quasiedge modes stay robust, although they are irregularly
modified depending on the disorder configuration. As for
on-site disorder in Eq. (7), the wave function of a quasiedge
mode (if existing) at E can iteratively be determined by
Wi = [((E=V;)w; = Jgw;_1]/J . The lifetime upon dis-
order average obeys the same linear scaling with respect to
(sufficiently large) L as the clean limit [see Fig. 4(f)].
The dramatic changes in the spectra for different boun-
dary conditions have already been investigated in a purely
mathematical context regarding non-Hermitian Toeplitz
matrices (i.e., the matrices satisfying M;; = M;_;) and
operators [139]. A generalization of the conventi-
onal eigenvalues and eigenvectors, which is called the e-
pseudoeigenvalues and eigenvectors, was made to explain
the apparent inconsistency. The exact definition is as
follows: Given a matrix or operator H, if there exists V
such that the operator norm satisfies ||V| <e and
(H+V)y =Ey, then E and w constitute a pair of
e-pseudoeigenvalue and eigenvector of H. In our language,
Toeplitz matrices and operators correspond to finite and
semi-infinite chains, respectively, and a pseudoeigenvector
is nothing but a quasiedge mode. The spectrum of a
Toeplitz operator must be obtained by first taking the
thermodynamic limit L — oo followed by ¢ — 0, which is
generally inequivalent to the limit ¢ — 0 followed by
L — oo [139]. This fact is reminiscent of quantum phase
transitions [40], where spontaneous symmetry breaking
occurs only by first taking the thermodynamic limit and
then making the symmetry-breaking perturbations vanish.
Here, the noncommutativity of the limiting procedures
stems from the topologically enforced sensitivity to the
boundary condition, as already explained previously.

D. Numerical and experimental schemes
to extract the winding number

In Hermitian systems, the only direct signature of w in
one dimension seems to be the number of edge states.
Because of the subtlety of the bulk-edge correspondence
discussed above, we can hardly identify w simply from the
energy spectrum of a finite non-Hermitian system.

Nevertheless, we can numerically extract the winding
number by counting the zero modes of the following
enlarged Hermitian Hamiltonian constructed from H:

Hy=0,®H+o_QH', (22)

where ¢, = (o, * io,)/2, with 6, and o, being the Pauli
matrices. Such an idea of Hermitianization (22) actually
lies at the heart of the K-theory classification discussed in
the next section. Using the bulk-edge correspondence of H,
we can show that the number of zero modes of Eq. (22)
equals to 2|w| (see Appendix C). This result is actually
nothing but the bulk-edge correspondence for Hermitian
systems with chiral symmetry alone (class AIIl). If the
chiral symmetry stems from the sublattice degrees of
freedom, the sign of w determines in which sublattice
the edge state is localized. Note that the generalization to
arbitrary base energies can be done through the replace-
ment of H by H — Ep in Eq. (22).

In practice, we can measure the winding number from
the wave-packet dynamics. For Hermitian lattice systems,
the semiclassical equations of motion of a particle in a
single band are given by [140]

dk dr dk
i F, i VE(k) - r x Q(k), (23)
where F is the potential gradient, E(k) is the band
dispersion, and Q(k) = i(Vyu(k)| x |Viu(k)) is the
Berry curvature, which requires at least two dimensions
and two bands (as mentioned in Sec. III A) to be nonzero.
In two dimensions, it suffices to determine the Chern
number directly from the transverse motion of particles
[16]. However, in a one-dimensional lattice, rather sophis-
ticated operations are needed to measure the winding
number or the Zak phase [14]. That is, we have to isolate
the geometric phase from the dynamical phase [141]. In a
non-Hermitian one-dimensional system, however, the
winding number (6) is determined solely from the eigene-
nergies, which are relevant to the dynamical phase. It turns
out that w can be measured simply from the nonunitary
Bloch oscillations [142,143], whose semiclassical equation
of motion is given by (see Appendix E)

B
dr  dt

dE(k)  dInN,

:R—
“dk . ar

=2ImE(k), (24)

where N, = (y,|w,) is not, in general, equal to unity due to
the nonunitary nature of the dynamics. By simultaneously
tracing the center of mass and the total weight of the wave
packet, we can reconstruct the energy spectrum when the
wave vector runs over the Brillouin zone. The winding
number w can thus be determined by counting how many
times the complex-energy trajectory encircles a base point.
Such a simple scenario can be implemented in photonic
lattices [144] with asymmetric backscattering [79,80] or
by using auxiliary microresonators with gain and loss
[145,146]. Here, we propose another implementation based
on ultracold atoms in optical lattices with engineered
dissipation (see Appendix F for details). Comparing with
photonic lattices, ultracold atoms have the advantage in
controlling interactions flexibly and, thus, are promising for
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FIG. 5. (a) Gaussian wave packet in a lattice with asymmetric
hopping amplitudes J; =2 and Jr = 1 and tilted by a potential
gradient F' = 0.4. (b) Profiles of the wave packet in real space at
t=0,0.2T, 04T, 0.5T, 0.7T, and 0.97, with T = [(2x)/F] for
the lattice length L = 100. (c¢) Numerical (“4” marks) and
semiclassical [dashed curves, obtained from Eq. (24)] results
for the wave-packet dynamics in real space. Here, A(x), = (x), —
(x) denotes the center-of-mass displacement at time ¢. (d) Com-
plex eigenenergies reconstructed from (c) (dots) in comparison
with the theoretical results (dashed curve). The arrows in (b) and
(d) show the direction of time. Since the data are taken
stroboscopically, the imaginary energies ImE are estimated from

In((Wrsarlwican) /(wilw)/ (2A1).

exploring non-Hermitian quantum many-body physics
[97,98].

As a simple example, we consider the wave-packet
dynamics in a disorder-free Hatano-Nelson lattice (7) with
Jp =2, Jpg =1, and L = 100. While the open-boundary
condition is imposed, we have checked that the difference
from the periodic-boundary condition is negligible. At the
initial time, we prepare a Gaussian packet in the middle of
the lattice with dispersion o, = /L/(4x) and located at
k = 0 in the Brillouin zone [see Fig. 5(a)]. After applying a
potential gradient F = 0.4 in the positive x (right) direc-
tion, both the center of mass and the intensity start to
oscillate. As shown in Fig. 5(c), the numerical results (dots)
agree quite well with the semiclassical predictions (dashed
curves). Thus, the reconstructed complex energies based on
Eq. (24) accurately reproduce those of the ideal dispersion
relation [see Fig. 5(d)]. We also plot the wave-packet
densities at several different times in Fig. 5(b) and confirm
that the profile stays approximately Gaussian during the
time evolution. Note that the initial direction of motion is
opposite to F due to the negative effective mass mg =
_(JL +JR) at k = 0.

IV. CLASSIFICATION OF NON-HERMITIAN
TOPOLOGICAL PHASES IN THE
ALTLAND-ZIRNBAUER CLASSES

The non-Hermitian systems discussed in the previous
section are special in the sense that the spatial dimension is

d =1 and no symmetry requirement is imposed. Such a
non-Hermitian counterpart of class A in one dimension,
however, exhibits an integer topological winding number (5)
reminiscent of Floquet systems [62] and Hermitian systems
belonging to class AIII [43]. These observations suggest a
connection between a non-Hermitian Hamiltonian and a
unitary operator, the latter of which has a one-to-one
correspondence to an involutory Hermitian Hamiltonian
with a prescribed chiral symmetry [61]. In this section, we
establish such a connection, which enables a systematic
classification of non-Hermitian Bloch Hamiltonians in all
dimensions and in the presence of additional symmetries.
In particular, we show that the topological classifications of
non-Hermitian AZ classes differ significantly from those of
Hermitian AZ classes [43-46].

A. Unitarization under symmetry constraints

In the previous sections, we have already clarified that
two Hamiltonians are topologically equivalent if they can
continuously be deformed into each other under certain
constraints. Without symmetries, the only constraint is that
a base point Ep cannot be touched by the energy spectrum.
Such a constraint is imposed to satisfy the condition of
invertibility of the Hamiltonian for Ez = 0, which we
primarily assume in the following discussions. For a given
AZ class, we have to further impose symmetry constraints.
We define that Hy(k) and H,(k) are homotopically
equivalent, denoted as Hy(k) ~ H, (k), if and only if there
exists a path H,(k) (0 <1 < 1) in the space of invertible
matrices [i.e., the GL(V) group, where V is the Hilbert
space] such that

AH,;(k) =n H;(-k)A, forall A€ [0,1], (25)
where A =T (time-reversal operator) and C (particle-
hole operator) are antiunitary operators, with #; = 1
and 5. = —1, respectively. We emphasize again that the
condition of H,(k) being invertible is equivalent to the
condition that the system stays gapped in the Hermitian
case, if we prescribe the Fermi energy to be 0. When
generalizing to non-Hermitian systems, the concepts of
upper and lower bands disappear, since we cannot establish
an order relation for complex energies.

From now on, we may omit the variable k for simplicity.
The definition of the homotopical equivalence based on
Eq. (25) implies the following theorem:

Theorem I.—For an arbitrary invertible Hamiltonian H,
which has a unique polar decomposition H = UP with U

being unitary and P = vV H'H being positive definite and
Hermitian, we have H ~ U.

This theorem is proved in Appendix G and applicable
also to crystalline symmetries. We provide two examples
of unitarization from H to U in Fig. 6. According to this
theorem, it suffices to consider the classification of all the
unitary matrices. Note that this result is consistent with
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FIG. 6. (a) Spectral flow (from red to green, guided by the

arrows) in the course of the unitarization process of an invertible
complex matrix with size 20. Note that the spectrum of the
unitarized matrix locates on a unit circle (black dashed line).
(b) The same as in (a) but for a time-reversal-symmetric matrix.
The time-reversal symmetry, which manifests itself as the mirror
symmetry of the spectrum with respect to the real axis, is kept in
the unitarization process.

band flattening in the Hermitian case [43—-45]. By diagonal-
izing a Hermitian Hamiltonian as

Ab, 0
H:V< pepe )VT, (26)
0 A

qxq

where A;X » (Agxq) 1s the diagonal block of all the positive
(negative) energies, we find the polar decomposition to be
H = UP with

U=V pp 0 1%
0 —lpy/)

q
Ay 0
P= V( pep >VT, (27)

0 —Ayy
where U is nothing but the flattened Hamiltonian.

B. K-theory and Clifford-algebra extension

The classification based on the homotopy equivalence is
appropriate for a given Hilbert space but is not so if the
operations of inserting extra bands are allowed. These
operations are indeed possible in experiments of ultracold
atoms, where we can, for example, couple two or more
individual one-dimensional chains [147]. In this case, the
correct classification should be carried out on the basis of
the K theory [44,46,50,51,148]; i.e., all we have to do is to
figure out the K group of the map from the Brillouin zone
M =T (d is the spatial dimension) to a matrix space
subject to specific symmetry requirements (but with no
Hermiticity constraints). If we are interested only in the
strong topological numbers [44], the manifold is M = S

It is worthwhile to sketch the basics of the K theory so as
to understand why it is compatible with band-inserting
operations. The K group is an Abelian group consisting of
equivalence classes, denoted as [H,, H,|, of pairs of
Hamiltonians (H,, H;), where H, and H,; act on the

same Hilbert space. For (H,, H;), we define an addition
structure as

(Ho, H,) + (Hy, HY) = (Hy @ Hy, Hy @ Hy).  (28)

We also impose (H,,H,) = (H{, H}) if Hy~H] and
H; ~ H'. Here ~ means the homotopy equivalence. To
specify the equivalence classes, we require that (H, H)
should be identified as (Hy @ H,H, & H) for all H, i.e.,
[Hy® H,H, ® H| = [Hy, H,]. By naturally defining the
addition between equivalence classes as

[Ho, H] + [Hy, HY] = [Hy ® Hy, H, @ HY],  (29)

we can deduce that they form an Abelian group, which is
called the K group and denoted as K (M ), with zero element
[H, H] = 0 and the inverse of [H, H,] being [H, H;]. We
say that Hy and H, belong to the same topological phase if
and only if [Hy, H,] = 0.

A crucial observation here is that, although Hy~ H,
implies [Hy, H;] = 0, the converse is not true. A proto-
typical example is the Hopf insulator [149], which is a two-
band system in three dimensions and has no symmetry.
While a Hopf insulator differs homotopically from a trivial
insulator by a nonzero Hopf charge, it is trivial in the
K-theory classification, since we can insert additional
bands into the system to trivialize the homotopy from §°
to the entire Hilbert space. In other words, nontrivial
topological phases emerge in class A in three dimensions
if the number of bands is restricted to two.

While it is generally difficult to calculate the K group,
well-developed techniques are available if the Hamiltonian
space subjected to specific symmetry constraints can be
represented as an extension of a Clifford algebra [44],
which is generated by a set of anticommutative elements
{e;}i1,ie., ejey = —eye; forall j# j. If e = 1 for all
Jj=1.2,....n, the algebra generated by {e; 'y over the
complex-number field C is called a complex Clifford
algebra CZ,. If e; = —1 for j=1,2,....,p (p <n) and
e? =1for j=p+1,p+2,...,n, the algebra generated
by {e;}i_, over the real-number field R is called a real
Clifford algebra CZ), ,, where g = n — p. For a flattened
Hermitian Hamiltonian H, we naturally have H? =1,
which can already be regarded as an element of a
Clifford algebra C¢y generated by H and its twofold
symmetry operators (as well as i, if there is an antiunitary
symmetry). Noting that the symmetry operators themselves
generate another Clifford algebra CZg, we can thus
represent the Hamiltonian space by the Clifford-algebra
extension CZg — C¢y. In particular, we denote CZ; —
Cl;,y and Cty; — C¢y .1 as C; and R, respectively,
which satisty C;,, = C, and R, g = R,. It is well known
for Hermitian systems that the two complex AZ classes
correspond to C, with s = 0, 1 and the eight real AZ classes
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correspond to R with s = 0, 1, ..., 7 [44]. Denoting the K
group for a complex or real AZ class parametrized by s and
in d dimensions as K¢ (s;d) or Kg(s;d), we have

Ke(s;d) = m4(Cy) = mo(Cy—a),
Kg(s;d) = n4(R,) = mo(Ry—a), (30)

where 7, is the dth homotopy group.

For a unitarized non-Hermitian Hamiltonian U, we
do not have U? = 41, in general. Nevertheless, we can
introduce the corresponding Hermitian Hamiltonian

0 U

H, = U+o_@ Ut =
v=0.® o-® [U"' 0

}, (31)
which now satisfies H% = 1. Remarkably, by such a
construction, we naturally have a chiral symmetry X =
o, ® 1 which satisfies £* = 1 and

It has been proved (see, e.g., Appendix D in Ref. [61]) that
Hy; must take the form of Eq. (31) if we impose Eq. (32).
Therefore, one can find properties of U from those of H;.

C. Explicit classification

Now let us study how the non-Hermiticity changes the
topological classification for each AZ class. We start from
the two complex AZ classes A and Alll, which correspond
to Cy and C, in the Hermitian case. Because of the emergent
chiral symmetry (32), class A is shifted to class AIIl, which
is characterized by 7,4(C;) = Z (0) for odd (even) d. As
for class AIIl with an intrinsic chiral symmetry I', due to
[Z,00 ® T'] =0 (69 = 1,,»), the topological number sim-
ply duplicates; i.e., it becomes 7,(C; X C;) = Z @& Z (0)
for odd (even) d.

Let us move on to the real AZ classes with only a single
antiunitary symmetry A = U4K, including AI (72 = 1), D
(C?> =1), All (T?> = —1), and C (C? = —1). By using the
fact that

AU = nuUA & AUT = n,UTA

S e B e |

we find that the action of an antiunitary symmetry oy ® A
on Hy is the same as that on U. Since [op @ A, Z] =0,
such a chiral symmetry X implies another antiunitary
symmetry whose square is the same as A”. Therefore,
classes Al and D (classes All and C), which correspond to
Ry and R, (R4 and Ry) in the Hermitian case, are unified
into BDI (CII) described by R; (Rs).

Finally, let us discuss the AZ classes with two antiunitary
symmetries, including DII (7%= -1, C*>=1), CI
(T>*=1, C*=-1), BDI (T?=1, C*=1), and CII

(T?> = -1, C?> = —1). For the former two classes, we can
construct iX(6y @ I') = io, @ I'; this operator gives —1
upon squaring and commutes with all the elements in the
original Clifford algebra excluding %, which implies that
DIl and CI, which correspond to R; and R, in the
Hermitian case, are unified into Alll (C;), since ic, ® I
behaves like a complex unit that changes the real AZ classes
into the complex ones [50]. For the latter two classes, we can
construct £(oy ® I') = 6. ® T; this operator gives 1 upon
squaring and commutes with all the elements in the original
Clifford algebra excluding X, which implies that the topo-
logical number of classes BDI and CII simply gets doubled,
since o, @ I"has two different subspaces of eigenstates with
eigenvalues 1 [50].

We list all the results in Table I. In summary, the effect of
non-Hermiticity is equivalent to adding a chiral symmetry
that commutes with all the original symmetries. As a result,
A, DIII, and CI are unified into AIII, AI and D are unified
into BDI, AIl and C are unified into CII, and AIII, BDI, and
CII become duplicated.

D. Discussions

A few remarks are in order here. First, the unification of
classes Al and D and classes AIl and C, as well as that of
classes DIII and CI, can be understood as a consequence of
the one-to-one mapping between a time-reversal-symmetric
Hamiltonian and a particle-hole-symmetric Hamiltonian
which are transformed to each other by simple multipli-
cation of one or the other by i [150]. Such a unification
holds true for very general requirements of continuous
deformation other than maintaining invertibility, such as the
existence of a complex band gap [111].

Second, despite the fact that the classification of
non-Hermitian matrices is equivalent to that of unitary
matrices, the periodic table (Table I) differs significantly
from that of Floquet systems [61]. This difference is partly
[151] due to the different meanings of time-reversal-
symmetric and particle-hole-symmetric operators in the
context of Hamiltonians and time-development operators.
In the former case, we require AHA™! = 5, H, while in the
latter case we require AUA™! = U™,

Third, a two-dimensional non-Hermitian system turns
out to be always trivial in our classification. This result does
not contradict a recently discovered Chern number for
separable non-Hermitian bands [111], since all the bands
can be deformed to touch each other without hitting a base
energy. For example, let us show how to trivialize a Chern
insulator without the spectrum touching at the origin (here,
we assume Ep = 0). We consider a two-band system

H(ky, ky) = —iyo, + sink,o, + sink,o,
+ (m —cosk, — cosky)o, (34)

and start from (y, m) = (0, 1), which describes a Hermitian
Chern insulator [41]. We can first gradually introduce a
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FIG. 7. (a) Spectrum of Eq. (34) with (y,m) = (0.25,1). The

zero mode in the y = O limit (sparse dots) disappears due to the
global spectrum shift along the imaginary energy axis (indicated
by the arrows). (b) The same as (a) but with (y,m) = (0, 14
0.5i). The symmetry constraint given in Eq. (35) enforces the
spectrum to be inversion symmetric, leading to a robust zero
mode (gray dot). In both (a) and (b), the blue (red) dots
correspond to the periodic- (open-) boundary condition, and
the system size is 40 x 40.

global loss up to, e.g., y = 0.25 [see Fig. 7(a)], then change
m into, e.g., m = 3, and finally remove the global loss by
reducing y to zero. It is clear that the origin is not touched
by the spectrum of H(k,,k,) during the whole process.
Such a continuous deformation is, however, forbidden in
Ref. [111], because a band touching occurs at m = 2.
Although the AZ classes are always trivial in two
dimensions in our framework, nontrivial topological phases
do exist in other symmetry classes. For example, by setting
y =0 in Eq. (34), we have
o.H(k,, k,)o, = —H(—ky, k) (35)

xo by xo by

even for a complex m. With the symmetry constraint in
Eq. (35) alone, we know that the Hermitianized Hamiltonian
(22) exhibits not only a chiral symmetry X but also a mirror
symmetry (with respectto the y axis) o, ® o, that commutes
with X, leading to a Z classification [49]. In Fig. 7(b), we plot
the spectrum for m =1+ 0.5/ with a nontrivial mirror
winding number 1 [49] and find a mode with zero energy
under the open-boundary condition. Such a zero-energy
mode should be robust due to the interplay of a nontrivial
non-Hermitian Chern number [111] and the inversion
symmetry of the spectrum enforced by Eq. (35). This
observation, together with the bulk-edge correspondence
found in one dimension, suggests that a topologically
nontrivial bulk with respect to a base energy Ep implies
one or more robust edge modes at E (or crossing Eg upon
the change of boundary condition), which is much stronger a
requirement than the existence of robust edge modes (that
may appear anywhere), which can be ensured by a nontrivial
non-Hermitian Chern number as discussed in Ref. [111].
From this viewpoint, it may not be so incomprehensible that
two-dimensional non-Hermitian systems in AZ classes are
always trivial—these systems may exhibit robust edge
modes but are not expected to exhibit an edge mode at
the base energy, in general.

Finally, we again emphasize that weak topological
numbers [44] are not shown in Table I. Indeed, we can
define two winding numbers

= dk
W”E/_ 2—”,8kﬂlndetH(k), u=uxy (36)

7 270

for any two-dimensional lattices, but they inherit from
the lower dimension (d = 1) and are not genuinely two-
dimensional topological invariants. On the other hand, a
nontrivial weak topological number can lead to a dramatic
change in the spectrum under different boundary condi-
tions, just like the one-dimensional case shown in Fig. 4(a).

V. TOPOLOGICAL INDICES FOR NON-
HERMITIAN SYSTEMS

In this section, we identify the topological indices and
provide some concrete examples for all the nontrivial non-
Hermitian AZ classes in zero and one dimensions.

A. Zero dimension

According to the K-theory classification (see Table I), if
we impose either time-reversal or (and) particle-hole
symmetry, we obtain two (four) types of topologically
different matrices. Since a matrix of class BDI is made from
two independent matrices of class Al (or D), it suffices to
focus on a single Z, topological number. Furthermore,
class Al and class D can be mapped into each other by
simply multiplying the imaginary unit i [150]; therefore,
we will primarily discuss the case of class Al without the
loss of generality.

Note that an involutory (72 = 1) time-reversal symmetry
can always be represented as 7 = K in an appropriate basis
[152], under which all the time-reversal-symmetric matri-
ces are real. In this case, the polar decomposition becomes
H = OR, where O is orthogonal and R is real, symmetric,
and positive definite. Since H ~ O, we conclude that the Z,
topological number characterizes the two disconnected
sectors of an orthogonal group. In terms of H, this
topological number can be defined as

s = sgn(detH), (37)

which takes on 1 (—1) if there is an even (odd) number of
eigenvalues on the negative real axis (see Fig. 8). Using the
correspondence between classes Al and D, the Z, index of
a particle-hole-symmetric Hamiltonian can be defined as

s' = sgn(detiH), (38)

which takes on 1 (—1) if there is an even (odd) number of
eigenvalues on the positive imaginary axis.

1. PT-symmetric systems

Remarkably, in the sense of Eq. (37) [Eq. (38)], a PT-
symmetry-breaking (an anti-P7T-symmetry-breaking [77])
transition across an exceptional point can be identified as a
topological transition. While the PT symmetry physically
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FIG. 8. Spectrum deformation in a class Al system described by
a 3 x3 matrix in zero dimension. The spectrum is always
symmetric with respect to the real axis. Without touching
Ep = 0, the number of eigenvalues on the negative or positive
real axis can change only by an even number, so a Z, index
(s = —1) can be defined as in Eq. (37).

differs from the 7 symmetry, as long as the symmetry
operator is involutory and antiunitary, the topological
classification in zero dimension is the same as class Al
Note that the classification differs in higher dimensions (see
Table II and Appendix I). As a minimal example, we
consider a non-Hermitian two-level system [83]

H = Qo + iyo,, Q.yER, (39)

which features a PT symmetry oK. It is easy to check that
detH = y> — Q2 and, thus, s =—1 (s = 1) in the PT-
unbroken (PT-broken) phase. A topological transition with
anti-PT-symmetry breaking (class D) can similarly be
constructed by multiplying Eq. (39) by i.

At first glance, the conclusion that a P7-symmetry-
breaking transition is topological seems rather odd, since in
Hermitian systems the concept of SPT is complementary to
spontaneous symmetry breaking. As for non-Hermitian
systems, this is possible due to the conceptual difference in
defining topological phases as dynamical phases instead of
states of matter so that the eigenstates do not necessarily
respect the symmetry. In particular, the Z, topological
number (37) for class Al in zero dimension is determined
solely by the energy spectrum. The emergence of E and E*
is indeed topologically forbidden if they originate from two
real energies with opposite signs, which is because in PT-
symmetric systems a pair of complex-conjugate eigenval-
ues emerges when two real eigenenergies coalesce; if these
real eigenenergies have opposite signs, they have no
alternative but to meet at the origin, which, however, is
forbidden by our assumption. Now the sign of the product
of the two eigenvalues, which gives the Z, index in
Eq. (37), is negative before the PT-symmetry breaking

TABLEII. Topological classification of PT-symmetric systems
without other symmetries.

d 0 1 2 3 4 5 6 7
) (Rd+l ) Zz Zz 0 27 0 0 0 VA

and positive after it. Thus, the PT transition is topologically
forbidden unless the origin is touched.

2. Quantum channels

Another important example is quantum channels or
completely positive (CP) and trace-preserving (TP) maps.
A CPTP map always has a Kraus representation [153]

E(p) =) _KupKa. (40)

where the Kraus operators K, satisfy > KiK,=1I.
Alternatively, £ can be represented as an enlarged non-
Hermitian matrix £ = ) _,K, ® K, on the Liouville space
V=V ® V*. Remarkably, defining K(p) =p’ as the
Hermitian-conjugate superoperator, which is antiunitary
[154] and involutory (K?(p) = p), we have

EK(p) = KE(p) = ) Kup'Ka. (41)

which is actually the Hermiticity-preserving property of £
[122]. Such an inherent symmetry is absolutely robust,
unlike the PT symmetry which can hardly be exact due to
experimental imperfection. Therefore, a CPTP map &
always belongs to the Al class and is classified by a Z,
topological index, determined by the sign of det£ € R. We
note that the same classification applies to a CP map, which
can also be represented by Eq. (40) with no constraints on
K,’s. With the TP property imposed, the eigenvalues of £
are enforced to be on or inside the unit circle in the complex
plane [155].

It is natural to define a trivial map if it is connected to the
identity channel Z. It follows that £ is trivial as long as
det£ > 0. In this sense, each invertible quantum dynamical
map D, is trivial, since @, can continuously be deformed
into ®, = Z, irrespective of whether @, is Markovian or
not [156]. Conversely, we can conclude that a topologically
nontrivial quantum channel with det€ < 0 can never be
continuously generated by a Markovian dynamics. It is
nevertheless easy to construct a nontrivial channel via

random unitary circuits which take the form &(p) =
ijjUijj with ) .p; = 1. A prototypical example is
the isotropic depolarization channel for a single qubit
[112]:

l-p
Eap)=pp+=5" D owo, (42)
H=X,y,Z

whose extension £; ® Z has widely been used to introduce
imperfection into a maximally entangled qubit pair [157]. We
can check that det&,; = [(4p — 1)/3]? so that a topological
transition occurs at p = le where the channel becomes a
constant (fully depolarized) map £,(p) = [(cy)/2].
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If the quantum channel plays a role of a Floquet
superoperator for a periodically driven open system
[158], the stroboscopic evolution is governed by
Pyt = E(pur), where T is the driving period. If we
look at the long-time dynamics, the topological index
sgn(det€) might become meaningless, since only the
long-lived modes with eigenvalues with nearly unit norm
are relevant. Denoting the superprojector onto such a
metastable manifold Vs as P, which can always be made
Hermiticity preserving [159], we expect the sign of
dety PEP, denoted by sy, to be important for the
long-time dynamics. If s, = —1, there must be an odd
number of long-lived modes near —1. When the system is
perturbed, we expect that at least one long-lived mode stays
on the real axis near —1. This expectation cannot be ensured
by s, = 1, since all the long-lived modes near —1 can
leave the real axis in a pairwise manner. The above
discussion is parallel to the Z, topological insulators
[5-7], on the surface of which at least one Dirac cone
survives under time-reversal-symmetric perturbations.

As a minimal illustration, let us consider a critical (zero
full determinant) quantum channel

(0.p0, + 0yp0y), (43)

N[ =

gxy (,0 ) =

which has a single long-lived mode o, with eigenvalue —1
in addition to the steady state c,/2 so that s, = —I.
Starting from |1), we find an antiferromagnetic (11 ...)
stroboscopic dynamics [see the red dots in Fig. 9(b)]. The
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FIG. 9. (a) Pulse sequence of the stroboscopic qubit dynamics
governed by two types of operations R.£,, and R.E,. In the
former case, 7 pulses are applied randomly in the x and y
directions with equal probability, leading to s,; = —1. In the
latter case, z pulses are applied in the x direction, leading to
sms = 1. (b) Starting from py = |1)(1], the dynamics of (o) for
¢ =0 (red dots) are the same between the two cases. As for
€ = 0.057 (green dots), the dynamics governed by R.&,, (left)
exhibit a discrete time-crystalline-like behavior [160-162], but
the dynamics governed by R.E, do not. (¢) Fourier transform of
(0.),_,r into the frequency domain. The single peak located at
o = 0.507 (w7 = [(27)/T]) stays robust for R.E,, (left) but
splits into two peaks for R.E, (right).

same dynamics can be realized by unitary z rotation along
the x axis, i.e., £.(p) = o,po,, which has two modes with
eigenvalues —1 so that s, = s = 1. Now let us disturb the
temporal antiferromagnetic pattern by inserting a sudden
pulse R.(p) = e~™xpei™x at the end of each evolution
period [see Fig. 9(a)]l. As clearly shown by the Fourier
transform of (o.),_,r in Fig. 9(c), the antiferromagnetic
pattern is robust against perturbation to £, with s, = —1
but is fragile for £, with s, = 1. This observation is
reminiscent of discrete time crystals [123-125,160-162],
which are Floquet systems that spontaneously break the
discrete time-translation symmetry. Akin to intrinsic topo-
logical order [22], long-range entanglement has been
identified as the origin of the rigidity of unitary discrete
time crystals in one dimension [163]. It would be interest-
ing to study whether a nontrivial Z, topological index,
which emerges from the inherent time-reversal-like sym-
metry (41), can lead to the absolute rigidity of a dissipative
discrete time crystal in zero dimension [158].

B. One dimension

We discuss the general structures of non-Hermitian
Hamiltonians in one dimension and the corresponding
topological numbers in addition to class A.

For class DIII (CI), we can always find a basis under which
=06, ®1 and T =0, Q® iayK C=0,® ia),K). The
symmetry requirements I'H (k) = —H (k)" and TH (k) =
H(—k)T [CH (k) = —H(—k)C]lead to the following general
form of the Hamiltonian:

0 h(k)

H{k) = to,h*(—=k)o, 0

, (44)

where i(k) can be an arbitrary invertible matrix and + and —
correspond to class DIII and CI, respectively. Because of the
arbitrariness of i(k), the topological classification coincides
with class A, and the topological number is determined by
wy, € Z, i.e., the winding number of A (k).

For class AIIl, we can always find a basis under which
I' =0, ® 1. The general form of the Hamiltonian reads

0 hl(k)]’

h(k) 0 (43)

H(k) = [

with h;,(k) being arbitrary invertible matrices. Note that
there are two independent winding numbers w), and wy, in
accordance with the classification Z @ Z. We can generally
have wy,, # —w, , implying different numbers of (quasi)zero
modes localized at the two open boundaries. As shown in
Fig. 10(a), a two-band model with &, (k) = J,e** and
hy(k) = J,e™* in Eq. (45) has two and one zero modes
at the left and right boundaries, respectively, as a conse-
quence of asymmetric hopping amplitudes. It is interesting to
note that for the Hermitian case the non-Hermitian Z @ Z
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X

FIG. 10. Non-Hermitian open chains with unidirectional hop-
pings (indicated by the arrows) belonging to (a) class AIIl and
(b) class AIl. In (a), the number of zero modes at the left
boundary (enclosed by a red rectangle) is not the same as that on
the right boundary. In (b), the zero modes form Kramers pairs,
which interchange via the time-reversal operator 7, and therefore
the total number of the edge modes must be even.

group degenerates into its subset {(n,—n):n € Z} due to
the Hermitian constraint (w;,, = —wy, ), which is nothing but
the Z classification of class AIIL. It is worth mentioning that
the Hamiltonian studied in Ref. [70], which can be expressed
as  H(k) = (v+rcosk)o, + r(sink —i)o, (v,r €R),
gives an example of the two generators of Z @ Z by taking
0 < (v/r)<2and =2 < (v/r) <0. The $Z topological
number identified therein turns out to be I (wj, —wy,),
which can be a half-integer only if the system is non-
Hermitian.

For class Al (D), we can always find a basis under which
T=K (C=K) so that H*(k)=H(-k) [H*(k)=
—H(—k)]. This requirement enforces the matrix elements
of H(k) to be >,z c,e™™, with ¢,’s being real (purely
imaginary) numbers, yet the winding number of H (k) does
run over Z. All the different topological phases can be
realized in a single-band model H (k) = e [H (k) = ie]
with n € Z.

For class BDI, we can always find a basis under which
I'=0,, T=K, and C = 0_K. The general form of the
Hamiltonian is again given by Eq. (45), but hj,(k) =
hy,(—k) is required. Similar to class AIIl, we have two
independent winding numbers wj;, and w,, and the
topological classification is Z @ Z.

For class AlIl (C), we can always find a basis under
which T = io K (C = ic,K) so that 6,H* (k) = H(—k)o,
[6,H*(k) = —H(—k)o,]. This symmetry requirement
restricts the form of the Hamiltonian to be

hy (k) ha (k)

B R

where h; (k) and h, (k) can be arbitrary [but H (k) should be
invertible after all] and the upper (lower) signs correspond
to class AIl (C). In this case, we can prove that the winding

number of a Hamiltonian must be even (see Appendix H),
as indicated by the 2Z classification. An important physical
implication is that there must be an even number of
(quasi)edge modes, which actually form Kramers pairs. In
Fig. 10(b), we present a minimal model of spin—% fermions
with h;(k) = 0 and h,(k) = Je'* in Eq. (46).

For class CII, we can always find a basis under which
'=0,®1 and T =06 ® ic,K (C =0, ® ic,K). The
general form of the Hamiltonian in this case is again given
by Eq. (45) but with 6,hj ,(k) = hy ,(—k)oy; namely, both
hy(k) and h,(k) belong to class AIl. The topological
characterization is thus given by two even integers wy,
and Wh,» consistent with the 2Z @ 2Z classification.

VI. CONCLUSION AND OUTLOOK

In summary, we have established a fundamental frame-
work for a systematic study of topological non-Hermitian
systems. The two guiding principles are a dynamical view-
point on topological systems and the constraint such that the
energy spectrum neither touches nor crosses the base point.
We have studied one-dimensional non-Hermitian lattices
belonging to class A in detail, identified the topological
winding number, demonstrated the robustness against dis-
order, unveiled an exotic bulk-edge correspondence, and
discussed the experimental relevance. We have given a
systematic classification based on K theory and obtained the
periodic table (Table I) for non-Hermitian AZ classes. All
the nontrivial classes in zero dimension and one dimension
have been exemplified.

Our work opens up many possibilities for future studies.
Even if we confine ourselves to non-Hermitian AZ classes,
physical properties of topological phases in three dimen-
sions are yet to be explored, though the formal classifica-
tions have been worked out. For class A, we expect the Z
winding number to be given by

3
o= [ ST, K). (@7

where Q,(k) = H“(k)akﬂH(k). Such an expectation is
based on the fact that Eq. (47) gives the winding number for
a three-dimensional Hermitian system belonging to class
Alll, if H(k) is the off-diagonal block of the entire
Hamiltonian [43]. It follows from Eq. (47) that, once
two components of Q, (k) commute, wsp, vanishes, which
rules out the possibility for a nontrivial system with a single
band, in stark contrast to the one-dimensional case. Since
the noncommutativity between Q,(k)’s is essential for a
nonzero wsp, not only the spectrum but also the eigenstates
become important. It would be interesting to explore the
edge physics and dynamical response in such a system with
nonzero wsp. We also note that the topological phases in
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four dimensions can be realized by using the time direction
[164,165] or the synthetic dimension [166]; thus, they are
also physically relevant.

Compatible with the K theory, our framework can
readily be extended to including crystalline symmetries
[50,51]. An important class is PT-symmetric systems,
whose Bloch Hamiltonians satisfy

PTH(k) = H(k)PT, (48)
with PT being antiunitary and involutory. Unless the spatial
dimension is zero (as discussed in Sec. VA), Eq. (48)
differs from the time-reversal symmetry TH (k) = H(—k)T
in the sense that the sign of k is not inverted. As shown in
Table II, we have obtained the complete classification for
PT-symmetric systems without any other symmetries
(see Appendix I for details). In particular, we have a Z,
classification in one dimension. Dramatic changes in
classification are expected when additional symmetries
are imposed. We also recall that crystalline symmetries
open up the possibilities for exploring topological phases of
non-Hermitian systems in two dimensions. Indeed, we have
already provided such an example in Sec. IV D.

We can also modify the setup to perform a systematic
classification for nonunitary quantum walks, as mentioned
in Sec. [V B. Moreover, in analogy with Hermitian systems
for which the K-theory approach has been applied to
classify bulk-gapless topological phases [148], our frame-
work has a potential to be generalized to non-Hermitian
systems with exceptional points in the bulk [68,70-72]. We
can even go beyond the K-theory classification to seek for
homotopically distinguishable (like the Hopf insulator
[149]) non-Hermitian topological phases with a definite
Hilbert-space dimension as exemplified in Appendix I. Last
but not the least, it could be an intriguing theoretical
challenge to consider the topological characterization for
interacting many-body non-Hermitian systems [97,98],
which are expected to be accessible in near-future atomic,
molecular, and optical experiments in light of the rapid
development in reservoir engineering [167].
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APPENDIX A: CONSISTENCY BETWEEN
THE WINDING-NUMBER EXPRESSIONS

We first show that Eq. (10) is equivalent to Eq. (5). For
this purpose, it suffices to show the following identity for
an invertible matrix with a single parameter:

Oy Indet H(k) = Tr[H™" (k)0 H (k)]. (A1)
By definition, the left-hand side of Eq. (A1) reads
Indet H(k —IndetH(k
0, Indet H(k) = lim 4 Atk ¢) =Indet H{k) )

e—0 €

Since only the leading-order term [O(e)] survives in the
numerator, we can approximate det H(k + ¢) as

det[H(k) + €0 H (k)] + O(€?)
= det H(k) det[I + eH " (k)0 H (k)] + O(€?)

— det H(k){1 + eTr[H () H(K)]} + 0(2).  (A3)

Substituting the last expression in Eq. (A3) into Eq. (A2)

and using In(1 4 x) = x + O(x?), we obtain Eq. (Al).
We then show that Eq. (14) reproduces Eq. (5) if the

translation invariance is imposed. In the quasimomentum

representation, the entire Hamiltonian H, with flux ® can
be block-diagonalized as

Ha(@)= @ H(k+f), (A4)

k=(2jn/L)-x

which leads to

Indet Hi, (D) = Z

)
Indet H <k + Z) . (A5)
k=(2jx/L)-n

Therefore, we have

27 dO
A %&D In det Htot(q))

4D b ndett(k+ 2
Z)Aﬁknet(-f—L)

k=(12jn/L)-x

(j+1)=/L]-x .

L
¢
z::/z, 2, O Indet H(k + ¢)

jm/L)—

- / 5, OxIndet H(k). (A6)

It is instructive to illustrate the equivalence between the
k-based and ®-based winding numbers in a concrete
model, such as
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FIG. 11. (a) Energy spectrum of an infinite translation-invariant
lattice described by Eq. (A7). The arrows indicate the flow of
eigenenergy as the wave vector k increases from 0 to 2.
(b) The same as in (a) but for a finite (L = 30) ring subjected
to a flux ®. The arrow indicates the spectral flow as ® changes
from O to 2.

H = Z Jiclie; 4 Jac) iejhn) (A7)
J

with J; = 1 and J, = 2. According to the dispersion relation
H(k) = Jye7* + J,e*k, it is easy to know that det H (k)
encircles the origin twice when & runs over the Brillouin zone,
as shown in Fig. 11(a). Note that a given k corresponds
to a single eigenenergy, since there is only a single band.
On the other hand, for a finite ring with length L and subjected
to a flux @, the Hamiltonian becomes H,(®) =
Zj(e‘i@/’“)ch;ch + eZi(q’/L)chj._chl), where a given
@ corresponds to L eigenenergies that form a discretized
configuration of the continuous curve H (k) [see Fig. 11(b)].
When @ increases from 0 to 27z, the spectrum of H, (®)
returns to itself, and the trajectory exactly generates the
energy spectrum in the thermodynamic limit in a counter-
clockwise manner, leading to the same winding number
w=2.

APPENDIX B: FURTHER DETAILS
ON THE HATANO-NELSON MODEL

In this Appendix, we explain in detail how the topo-
logical transition is related to the Anderson transition and
provide some quantitative results.

1. Spectral flow and localization

The topological interpretation of the Anderson transition
in the Hatano-Nelson model is based on the intuition that a
fully localized system is topologically trivial. Here, we
justify this statement from the viewpoint of the potential-
gradient response of wave functions.

To judge whether an eigenstate is localized, we can look
at either its static properties such as the real-space profile or
the dynamical properties such as the response to a potential
gradient. Here, we apply the latter, which turns out to work
well even in small systems. For an open chain with length L

and described by the Hamiltonian H = ) _; ,J jlc;c ; subject
to a perturbation 6H = —(V/L)}_; jc;c j» starting from an
eigenstate |¢y) of H and assuming adiabaticity, the nor-
malized wave function |y,) at time 7 can well be approxi-
mated by e~®H!|¢p,), with |p,) being the cigenstate of
H(t) = e He=PHl = 37 ] e~ 1 (VI/L)U= et 7c1. Note that
ly,) =~ e7H!|¢,) shares almost the same real -space profile
as |@,). When the system becomes a ring, by replacing V#
with @ in H(r), the obtained Hamiltonian H(®) is
equivalent to that of a ring with a flux @ inside. This
correspondence can be understood from the fact that a
temporally changing magnetic flux induces an electromo-
tive force. If |pg) is localized, then by definition the
wave function should be rigid against the induced electric
field. In contrast, a delocalized state should be flexible
in response to a change of ®, giving rise to transport
phenomena. Recalling that the spectra of H(®) and
H(® + 27) coincide, we expect the complex energy of a
localized (delocalized) state to almost stay unchanged (flow
to another eigenvalue) when varying @ from 0 to 2.
Accordingly, the spectral trajectory of H(®) cannot form
any loop and is topologically trivial for a fully localized
system.

We illustrate the above argument for a Hatano-Nelson
ring (11) with a complex on-site random potential and
L = 30. As shown in Fig. 12, when changing ® from 0 to
2x, eight of the 30 eigenvalues almost stay unchanged,
while the remaining 22 eigenvalues flow clockwise to their
nearest neighbors, forming a loop. We also show the ©
dependence of two representative wave functions on and
outside the loop. The former wave function (left-upper
panel) is relatively extensive in real space and changes
dramatically with respect to ®, while the latter one is
localized and exhibits rigidity against a change in ®. Given
a base point (e.g., E5 = 0) inside the loop, the spectral flow
of the delocalized modes contributes to the winding number
of w=1.

S 01
N,
5 10 15 20 25 30

0.0,

~0.5¢F
—1.0f

510 15 20 25 30
i

ImE,

i

FIG. 12. Spectral flow (right) and two representative eigenwave
functions (left) of a Hatano-Nelson ring with complex disorder
W=25,L=30,J, =2, Jp =1, and threaded by a varying
flux ®@. A delocalized wave function (left-upper panel) behaves
flexibly, while a localized wave function (left-lower panel)
exhibits rigidity.
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2. Derivation of Eq. (15)

For convenience, we choose the gauge for which only the
hopping between the Lth site and the first site is multiplied
by eT® such that

[ v, J. 0 0 Jge @]
Jp Vo Jdp -+ 0 0
0 JgpVz -+ O 0
H(®) = (B1)
0 o o0 ---V,_, Jg
_JLei(D 0 O ‘]R VL i

Expanding the determinant of H(®) in terms of the first
column, we obtain

v, J, - 0 0]
Je Vs 0 0
detH(®)=V,det| : :
0 0 . VL—l JL
0 0 - Jp V,
_JL 0 0 JRe_i(D_
Je Vs 0 0
—JRdet
VL—] JL
Jr Vi
-JL 0 0 JRe_lq)-
Vy J, 0 0
+ (=) e det :
5,0
L ! vL—l JL i
(B2)

Denoting Q,, , as the determinant of the truncated Hatano-
Nelson Hamiltonian (always subjected to the open-
boundary condition) from site m to n, we have

detH(®) =V 0y — JrJ Q51 + (=) ke ™

+ (=) g = TrJ L Qs g1 (B3)
which can be rewritten in the form of Eq. (15) with
PHV;}) =011 =JIrI1L Q211 (B4)

Here we use the recursion relation

Qm,n = Vm Qn1+1,n - JRJL Qm+2.n

= Van,n—l - JRJLQm,rL—Za (BS)
from which we can explicitly write down
[L/2] I,
PV D)=V iVo .V Y Y —R°L (B6)

|S|=0 sczy :|n-n'|>1 nES V” V”'H
¥ n#n' nn' €S

The condition |n — n’| > 1 in Eq. (B6) should be imposed
on Z;, where |L — 1| is identified as 1.

3. Some exact results

While it is difficult to obtain the distribution of P({V,}),
analytical results are available under specific choices
of parameters; e.g., J;Jr =0 (unidirectional hopping)
and |V;| obeys a uniform distribution over [0, W]. In this
case, P({V;}) =[]}, V; and the distribution of =, =
—In[|[P({V;})|/W*] € [0,00) can explicitly be obtained
as follows. Defining &; = —1In(|V;|/W) € [0, o), we find
that £; obeys the standard exponential distribution, i.e.,
Prob(&; = &) = e%0(&), where 6(¢) is the Heaviside step
function. Since &; = Z]L: 1 &; with &;’s being independent,
E; obeys the Gamma distribution

Prob(E;

g) = e, (B7)

For L > 1, we can check that E; /L approximately obeys
the Gaussian distribution with mean 1 and variance L~!,
and thus it approaches the delta distribution at 1 in the
thermodynamic limit. Recalling that the topological tran-
sition occurs at |P({V;})| = J* with J = max{|Jgl, |/.|}
or, equivalently, E; /L = —1In(J/W); we thus obtain the
critical disorder strength to be W,. = eJ. Note that this
critical value does not depend on whether V; is complex
or not. However, this property should be unique to the
unidirectional hopping.

In Fig. 13, we provide numerical evidence that supports
the above prediction. For real disorder, we calculate the
disorder average of |E|, =min{|E|: det(E—H) =0,
E € C}, which is the minimum absolute value of the
complex eigenenergies. In the thermodynamic limit, we
expect a nonzero (zero) (|E|,,) in the delocalized (local-
ized) phase. For a finite system, as shown in Fig. 13(a),
we find a sharper and sharper crossover near W,
when increasing the system size. For complex disorder,
we use the inverse participation ratio, which is defined
as IPR({p;}) = >k, p7 for a normalized distribution
> i p; =1, where p; o« |@;p;| (this quantity has been
demonstrated to be a better indicator than |y;|* and |¢;[*
[116]), 78 is a right eigenwave function of H, and ¢ ; is the
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FIG. 13. (a) Disorder-averaged minimum absolute value of
energy (|E|,) for the Hatano-Nelson model (11) with J; =1,
Jg = 0, real on-site disorder V; € [-W, W], and different system
sizes ranging from L = 1000 to 7000. (b) Disorder-averaged
maximum ¢ [defined in Eq. (B8)] for the same model but with
complex disorder V; = |V;|ei, where |V,;[€[0,W] and
¢; €10.2x], and different system sizes ranging from L = 100
to 1600. In both (a) and (b), the red dashed line indicates the
theoretical transition point W, = e = 2.718.... The number of
disorder realizations ranges from thousands to hundreds, depend-
ing on the system size. The error bars denote twice the standard
deviations of the mean.

corresponding left eigenwave function. We calculate the
disorder average of the maximum of a rescaled quantity

1

© = LXIPR({p,))

€ (0,1] (B8)

for individual realizations. In the thermodynamic limit, we
have ¢ # 0if p; decays no faster than the square-root power
law and ¢ = 0 otherwise, especially for an exponentially
localized p;. As shown in Fig. 13(b), we find a similar
crossover for ({,,) from finite to zero near W, and the
crossover becomes sharper for larger L.

More generally, even if the analytic expression of
Prob(E; = E) is not available, the distribution of Z; /L
asymptotically approaches the Gaussian distribution with
mean E(&;) and variance Var[¢;]/L as long as the central
limit theorem is applicable. For example, when |V;| obeys
the Lorentz distribution Prob(|V;| = V) = {2W/[z(V*+
W2)]}0(V), the rescaled variable & =—In(|V,|/W)
obeys the hyperbolic secant distribution Prob(¢; = &) =
(m cosh &)~ with mean 0 and variance 7% /4. Therefore, the
critical disorder strength for the Lorentz distribution is
W, =J, which is consistent with that obtained by the
Green’s function method [168].

Finally, we provide an example which demonstrates a
topological transition without a localization transition. We
consider a binary disorder V; =+W with an equal
probability of occurrence for W and —W. In this case,
|P({V;})| = W" in an arbitrary disorder realization, so the
critical disorder strength for the topological transition is
given by W. = J. On the other hand, the winding number
with respect to Eg = =W is always one in the thermody-
namic limit, no matter how large W is, which implies that
there are always some delocalized modes and the system

(@10 (b)1o o100
05 0.9 — L=200

5 ~ 08 — L=400

§ &
0.0 —_ =

£ Yo7 L=800
_05 06 — L=1600
~1.0fe W=05 ¢ W=09|e W=1.1 o W=15 05 .

= = 0 ] 5 0 1 2 3 4 5
Re E, w

FIG. 14. (a) Complex-energy spectra of Eq. (11) with L = 103,
Jr =0, J, =1, and binary on-site disorder V; = £W with an
equal probability of occurrence for W and —W, where W = 0.5,
0.9, 1.1, 1.5. (b) Disorder-averaged maximum ¢ [see Eq. (B8)] for
the same model but with different system sizes ranging from
L =100 to 1600. The red dashed line indicates the theoretical
topological transition point W, = 1.

never undergoes a localization transition. Nevertheless,
there is indeed a qualitative change in the spectrum when
W exceeds W,.—a single loop splits into two loops [see
Fig. 14(a)]. As shown in Fig. 14(b), such a transition is
accompanied by the onset of the deviation of £, from one.

APPENDIX C: PROOF OF THE BULK-EDGE
CORRESPONDENCE

To be specific, we focus on a single-band lattice with
finite-range hopping amplitudes J;. That is, we have at
most p-site (g-site) hopping towards the right (left)
direction. Hence, denoting z = e’k the dispersion relation,
or the characteristic equation of the Schrodinger equation,
can be written as

q
=> I, (C1)

j==p
with J_,,J, # 0. Assuming that the winding number w is

non-negative, we impose the right semi-infinite condition,
so the general solution of an edge state takes the form

n ) 1

chlmd m— IZ]

where z; (I = 1,2, ..., S) is the n;th-order zero of f(z) =0
given in Eq. (C1) and inside of the unit circle |z| = 1, i.e.,
|z;| < 1. Using the argument principle (21) and the
assumption w > 0, we have Zle n=2Z=p+w2>>p,
with p being the effective number of poles for |z| < 1.
Indeed, there is a single pth-order pole at z = 0, implying
z;#0 forall [ =1,2,...,S. The initial condition reads

, (C2)

7=z

wo=y_1=-=y_, =0, (C3)
which, together with Eq. (C2), leads to a set of homo-

geneous linear equations
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Mc =0, (C4)

where the elements of the generalized Vandermonde
matrix [169] M = [M,,] .., and the coefficient vector ¢ =

(c1,¢as...,c7)T are given by
m—1 -
M.’ (l, ) f— — Z_./+ s
Jollm) = g om=T .
Co(l.m) = Clm> (CS)
with o(l,m) = lr_:ll n,+m, 1<1<S,and 1 <m < ny.

To see how many degrees of freedom survive under the
condition imposed by Eq. (C4), we have to determine the
rank of M, which equals that of M”. Suppose that the rank
of MT does not saturate the maximum p; there must exist a
nonzero vector @ = (ay, a, ..., ap)T that satisfies

M'a =0. (C6)

Defining a polynomial g(z)EZj.’:l a;z7! with 0 <
degg(z) < p—1 due to the fundamental theorem of

algebra, Eq. (C6) can explicitly be written down as

dml
dml

gz =0, (C7)

implying that g(z) contains a polynomial factor [[;_,
(z—z7")™ and, thus, degg(z) > >_5 , n; = Z. Recalling
that Z > p, deg g(z) > Z contradicts deg g(z) < p — 1, so
the original assumption that rank(M7) < p must be wrong.
In other words, both the rank of M7 and that of M saturate
the maximum p. Therefore, the number of independent
¢;’s satisfying Eq. (C4), or the degeneracy of zero modes
localized at the left edge, turns outtobe Z — p = w. As an
example with twofold degeneracy, we can examine the
model given in Eq. (A7) and check that

vy = (- )\/1( L p+ P (1= i),
Y, _ 3\ pi-2
11/5-2) :(3)’ (1 l,i)gf (1 + peis3

(C8)

span the zero-mode space, where 8 = (J,/J,)%>.

Now let us next discuss the case of w < 0. If we use
the same boundary condition as above, we again obtain
Eq. (C4), but there are more rows than columns in M, since
p = Z —w > Z. We can thus pick out the first Z rows of M
to construct a square matrix M such that

Mc=0 (C9)

is necessarily satisfied. Straightforward calculations give

det =C ] (' -z

1<r<s<l

yins £0,  (C10)

where the factor C = [[3_, (=)' _"‘("’ DT (m = 1)L,
Therefore, as a necessary condltlon of Eq. (C4), Eq. (C9) is
sufficient to enforce ¢ to be 0, implying no edge modes
localized at the left boundary. On the other hand, if we

change the boundary condition to be left semi-infinite,

m; dn_
ZZ l"d n— 1Z

where {; (I =1,2,...,R) is the m;th zero of f(z) outside
|z = 1. Recalling that z” f(z) is a polynomial with degree
p+q wehave Z =>R my=p+qg—-2Z=qg—w. This
result is consistent with directly applying the argument
principle to f(z~!), which has a single gth-order pole z = 0
inside the circle of |z| = 1, leading to

dZde(_l) ’
]{d mi fhy LT

, (C11)

z=¢)

(C12)

Here, we have used the fact that Cl‘l’s are the zeros of
f(z7") inside the unit circle |z| = 1. Noting that the left-
hand side in Eq. (C12) can be shown to be the minus of that
in Eq. (21) via a change of the integration variable, we
obtain Z' = g — w. The initial condition

Yo=W¥1 = (C13)

':Wq—lzo

can again be written in the form of Eq. (C4), but the
elements of the generalized Vandermonde matrix M =

[M,,],xz and the coefficient vector ¢ = (¢y,¢3,....cz)"
become

dn—l )
7! ,

-
dz" 7=¢;

Ju(lin) =

Cu(ln) = Cln> (C14)
where u(l,n) => 1=t m, +n,1 <I<R,and 1 <n < m,.
Using the same techmque as in the previous paragraph, we
can prove that M takes the maximum rank ¢, so the number
of independent degrees of freedom, or the degeneracy of the
zero modes localized at the right boundary, turns out to
be Z —qg=—

As an application of the bulk-edge correspondence for
non-Hermitian Hamiltonians, we can demonstrate the bulk-
edge correspondence in Hermitian systems with a chiral
symmetry (class AIIl), whose Hamiltonian is given by
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Eq. (22). Such a Hamiltonian can be unitarily transformed
into 6, ® VH'H, so the full spectrum reads {=+E;,
+E,, ...}, with {E|,E,, ...} being the eigenvalues of
VH'H, which is semipositive definite. Therefore, the
statement that there are 2|w| zero modes of Eq. (22) is
equivalent to the fact that there are |w| zero modes of
V H'H. We already know that |w| gives the number of edge
states of H at E = 0 in a semi-infinite space but generally
does not for an open chain. However, it gives the number of
quasieigenstates at £ = 0, which almost vanish after being
acted on by H. Using this property, we can show that |w|
does give the number of zero modes for the Hermitian
operator VH'H.

To this end, we first prove the following theorem:

Theorem 2.—Given D different wave functions |y,,)
(n=1,2,...,D)satistying ||H|w,)|| < €; and |(w,,|y,)| <
€6 K D! for all m # n, there must be at least D different

eigenstates of VH'H with energies less than E, =
{De,/[\/1 - (D -1)er]}.

Proof.—We note that |y,)’s are linearly independent.
Otherwise, we can find ¢;’s (j =1,2,...,D) such that
max;c;<plc;| = |ej,| > 0and 332 ¢;ly;) = 0, leading to
the contradiction

|Cj0| = ‘Cjo <Wjo |W/o>|

= > eilwilw))

J#Jo
<Y leillwlwi)| < ea(D = 1ej | < lej - (C15)

J#Jo
Therefore, denoting V= span{|y;):j=1,2,...,D},

we have dimV,=D. For an arbitrary |y) € V,,
which can always be expressed as |y)=

S eilwi) /11225 ¢jlwj)|l, we can bound [|Hly)|| from
above as

Lo lesllH )l
[Hly) < : ’
IIZ i cilwll
12 7 lel
\/Z 2 e = Salenentwnlyn)
€] Z; 1“’;‘
\/1—(D—162\/ZD e,
D E
SL:_b_ (C16)
1-(D-1)e, VD
Consequently, we have
Try, [H'H] < E3, (C17)

where Try, [...] denotes the trace over the subspace V.
Denoting P, as the projector onto the Hilbert subspace V

spanned by all the eigenstates of VH'H with energies

less than Ej, we can construct H' = E3(1 — P,) <H'H,
leading to
Try, [H'] = E5(D — Try, [P,]) < E}
& Try, [P,] = Try, [Po] > D -1, (C18)

where Py is the projector onto V. Since Try [Py] <
Try, (1] = dim V,, which should be an integer, we finally
obtaln dimV, > D. [

Now let us come back to the eigenvalue problem of

V H'H for an open chain with length L. We can first work
in the semi-infinite limit to determine a set of orthonormal
zero modes [¢;)’s (j = 1,2, ...,
and normalize them on a finite chain, obtaining [y;)’s. Note
that |y;)’s are now not exact eigenstates of H, but the
conditions of the theorem proved above are satisfied, with
€; and €, exponentially small in L, since the deviations
stem from the exponential tail. According to the theorem,
we can find at least |w| eigenstates with exponentially small
energies. We should furthermore mention the impossibility
to find the (|w| + 1)th eigenstate with a small energy that
eventually vanishes in the thermodynamic limit; otherwise,
we will have at least |w| + 1 zero modes of H in a semi-
infinite space, leading to a contradiction.

It is worthwhile to mention that the bulk-edge corre-
spondence for class AIIl (or BDI) alone can alternatively be
proved using the Callias index theorem [170] following
Ref. [36]. However, it seems rather nontrivial whether a
similar method can be applied to a single off-diagonal
block in a class AIIl Hamiltonian.

APPENDIX D: LONG-LIVED
QUASIEIGENSTATES AND THEIR
ABSENCE IN HERMITIAN SYSTEMS

According to the bulk-edge correspondence proved in
the last Appendix, we know that, for an open chain and a
given base energy Ep = E with respect to which the
winding number is nonzero (w # 0) for the corresponding
periodic ring, there exist w independent quasiedge modes
satisfying

I(H = E)y)|| < Age~et, (D1)

where the constants Az and az depend on E but noton L. In
the following, we show that such a quasieigenstate is long
lived to a timescale at least proportional to L and, thus,
becomes an exact eigenstate in the limit of L — oo.

We first clarify that “long lived” means that the free
evolution e~#!|y/) can be well approximated by e~"Z|y/) up
to a long time. To quantify how close |y) is to an eigenstate,
we examine the relative deviation
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—iHt _ _—iEt
R() = 1) =Myl

le= [

which cancels the effect of amplification or decay due to a
large imaginary part in E. We can thus bound R(¢) as

R(1) = [|[e7 "5 = 1]jy)]

<Z IIH E)"ly)l

= | - B
le =l = B
n—=

(D2)

< AE||H _ E||—1e—aEL+||H—EHt

— A’Ee—aE(L—L‘Et), (D3)
where Ap = Ag|H — E||”" and vy = |H — E||/ag, with
|O]| = max,yj=1/|Oly)|| being the operator norm.
Here, we iteratively use the inequality |O,0;|y)| <
)||. Since vy < ||H| + |E| can be bounded
by an L-independent quantity, Eq. (D3) implies that up
to a time r* ~ O(L/vg) the relative deviation is exponen-
tially small, i.e., —In R(7) ~ O(L), which is consistent with
a naive expectation from the Lieb-Robinson bound [138].
Nevertheless, we should mention that the Lieb-Robinson
picture may break down in some many-particle non-
Hermitian systems after a global quench [171].

Remarkably, the above analysis does not depend on
the translation invariance. That is to say, as long as
Eq. (D1) holds true, we can claim the existence of long-
lived quasieigenstates even for a disordered system.
Equation (D1) can numerically be justified by calculating
the singular values of H — E followed by finite-size
scaling. To be concrete, we focus on £ = 0 and the smallest
singular value A4,, = miny, —|[H[y)| in the Hatano-
Nelson model with J; =2, Jr =1, and a complex on-
site random potential. As for the disorder average, we
consider (In 4,,) for up to 2.5 x 10° realizations. We choose
(In ,,) rather than In(4,,), because the latter is sensitive to
rare events while the former is not. As shown in Fig. 15,
(In ,,) scales linearly with respect to L for a not-too-strong
disorder strength (W = 3, 3.5), implying the robustness of
(quasi)edge modes. When the disorder is strong enough
(W =4, 5), however, the scaling seems to deviate from
a linear one. We also note that the above analysis implies a
similar Lieb-Robinson behavior for the quench from a
finite chain to the semi-infinite boundary condition, since
Eq. (D1) holds true also in this situation.

Let us move on to disprove the existence of a quasiei-
genstate in a general Hermitian system at any energy E
separated from the spectrum of H = E;|w;)(w;|. We
first prove that ImE = 0 is necessary for the existence
of a quasieigenstate. Otherwise, by using the inequality

Ilw) = Tw2)ll = (vl = lllw2) |, we have

(InA,,;,)/In10

50 100 150 200
L

FIG. 15. Finite-size scaling for the logarithmic-disorder-
averaged smallest singular value (In4,,) of the Hatano-Nelson
Hamiltonian (11) with J; =2, Jz = 1, and complex disorder.
Each point is obtained from 2.5 x 10° disorder realizations.

R(t) = [le”™™ B y) — || 2 [e™* 1], (D4)
where the right-hand side can exceed any small threshold
after a time interval independent of the system size. We thus
focus on E € R/{E;} from now on. Defining dy =
min,|E; — E| and Dy = max|E; — E|, which are finite
even when L — co, we have

E.—E|t |E;—E|t
sin| i~ El > E; — £l (D5)
2 /1
for all ¢t < x/Dp. Expanding the initial state as
lw) = >_jcjlw;), we have
R() = e = )|
J
- E)t
=2 Z|cj|zsm2 i—E)
J
2t
>= > le;P(E;~E)?
J
2d
>t (D6)
/4

at least for 1 < 7/ Dpg. This result (D6) implies a finite time
interval during which the deviation of e~ !|y) from
e Elly) grows faster than a finite speed 2d;/z for all
|w), no matter how large the system size L is. Therefore, no
quasieigenstate whose lifetime increases with respect to L
exists in a Hermitian system.

As a simple example, we consider the Hermitian limit of
a Hatano-Nelson lattice:

H = JZ Citi j+cj'cj+1)’ (D7)

whose band dispersion reads E(k) =2Jcosk, with a
maximum group velocity of 2J. A naive extension to
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FIG. 16. Dynamics in a Hermitian single-band lattice with J =
1 and starting from a wave function y; e /7 with £ =2.
(a) Relative deviation R(¢). Inset: Enlarged view of an initial
behavior up to t = 2.5 (orange region). The purple (red) line
shows a linear fit [the lower bound in Eq. (D6)]. (b) Density
profile |y;(¢)]* at the leftmost three sites (j =1, 2, 3) in
comparison with the initial values |y;(0)[* (dashed lines). The
system size is L = 60 in (a) and (b). (c) and (d) are the same as (a)
and (b), except for L = 80. In (a)-(d), the blue dashed line
denotes the revival time ¢, = L/(2J).

imaginary wave vector k = i#~! may suggest that a
localized wave function y; o e*/ = e~/ corresponds to
an energy E =2cosh#~! outside the spectrum of H.
According to Eq. (D6), however, such a wave function
can never be a quasieigenstate. To confirm this, we
explicitly calculate the dynamics for £ = 2 and two differ-
ent system sizes L = 60 and 80 (see Fig. 16). In stark
contrast to the Lieb-Robinson picture, we find a quick
saturation of R(r) independent of the system size. The
bound in Eq. (D6) [dashed red lines in Figs. 16(a) and 16
(c)], although not tight, correctly predicts the linear growth

at the initial stage (fitted by dashed purple lines). On the
other hand, the finite system size sets a timescale after
which the wave-packet dynamics fails to be approximated
by free propagation, leading to a revival in R(7). As shown
in Figs. 16(a)-16(d), such a revival time turns out to be well
approximated by ¢, = L/(2J).

APPENDIX E: DERIVATION OF THE
SEMICLASSICAL EQUATION OF MOTION
FOR NONUNITARY BLOCH OSCILLATIONS

In the continuous limit, the Schrodinger equation
(generally nonunitary) in momentum space is given by

i0,(k) = [E(k) = iF O]y (k). (E1)

where E(k) is the dispersion relation of the band and F is a
potential gradient. Starting from an arbitrary initial state
wo(k), we can write down a formal solution to Eq. (El) as

wil) = e I E Oy, (E2)

which satisfies the quasiperiodicity (25 (k) =
ey (k) with E = [7 [(dk)/(27)]E(k). Note that
no approximation is made so far except for the continuous
limit. We mention that a similar semiclassical analysis on
nonunitary wave-packet dynamics is made in Ref. [172].

If we focus on the semiclassical regime, v (k) should be
highly localized in the Brillouin zone, such as a Gaussian
packet (k) = (V2o )2 /%) near k = 0, with a
small dispersion 6, < 1. In this case, we can expand E[k —
F(r—1)] in Eq. (E2) near F7 (in terms of k — Ft ~ 6;) up
to (k— Ft)?, such that the wave packet (k) stays
(approximately) Gaussian:

(k) =~ ( /2ﬂ6k)—1/2e—iﬁ)’dz/E(F/)e—i{[E(Ft)—E(o)]/F}(k—Ft)—{(1/4a§)+i[E’(Ft)—E’(0)]/2F}(k—Fr)2, (E3)

where E'(k) is the simplified notation for {[dE(k)]/dk}. We can thus calculate the normalization N, = (y,|y,) as

J*_dk|y,(k)|*, which turns out to be

2 Ju ddTmE(FY)+{2[ImE(Fr)~ImE(0) 207 }/{F> =207 F[ImE' (F1)-ImE' (0)]}

N, =

(E4)

\/ 1 = 2% [ImE'(F1) — ImE'(0)]

By taking the limit 6, — 0, we obtain the rightmost equation in Eq. (24). The center of mass in the Brillouin zone can also

be read out from Eq. (E3) as

(k), = Ft+

2(ImE(Ft) — ImE(0)]o?

F =262 [ImE'(Ft) — ImE'(0)]’

(ES)

which reduces to F7 in the ;, — 0 limit. After the Fourier transform y,(x) = [ [(dk)/v/2x]w,(k)e™*, we can obtain the
real-space wave function and determine the center of mass in real space as
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_ ReE(Ft) — ReE(0)
n F

(x),

- %Im{[E*(Ft) — E(0)][E'(F1) - E'(0)]}, (ES6)

which reduces to the middle equation in Eq. (24) in the
limit of ¢;, — 0.

It is worthwhile to consider the specific case of free
diffusion with F = 0. Taking the limit of F — 0 in
Eqgs. (E4)—(E6), we obtain

2IME(0)1-+{2[o, ImE'(0)1}/{1-203TmE" (0)1}

N, = ,
\/ 1 - 262ImE" (0)1
0, = 262ImE'(0)¢
" 1-26ImE"(0)t’
(x), = ReE'(0)1 — 262Im[E" (0)E" (0)] 2. (E7)

Applying the last equation to a wave packet with the
momentum-space spread of 67 = x/L in the clean Hatano-
Nelson model (7) with J;, Jr € R, we have

2n
e L (ES)
This result implies that the shift of the center of mass due to
asymmetric hopping amplitudes is a finite-size effect.
In other words, a wave packet in the classical limit does
not move in spite of the asymmetry in hopping amplitudes.

APPENDIX F: IMPLEMENTATION OF
ASYMMETRIC HOPPING AMPLITUDES WITH
ULTRACOLD ATOMS IN OPTICAL LATTICES

We here show that it is possible to realize a non-
Hermitian system on the basis of reservoir engineering
[167,173-176]. Generally speaking, by engineering a
Lindblad master equation [177]

pr = _i[Hth] + ZD[L/‘]P;, (Fl)

where D[L]p = LpL" — {LL,p}/2, we can obtain an
effective non-Hermitian Hamiltonian

i
Hor =H - ZL}L i (F2)
J

under postselection [97,98,171] or for loss processes of a
coherent condensate [72,74,99]. In particular, if we choose

H:—JZ(C;+1C]'+H.C.), L]:\/E(C]ilCJJrl),
J

(F3)

where L;’s describe a collective one-body loss [99], the
effective non-Hermitian Hamiltonian involves asymmetric
hopping amplitudes:

Heff :Z(‘]Rc;-i,-[cj—’_‘]Lch.jJrl)_iKN’ (F4)
J

where Jp = —J F (x/2) differs from J;, = —J £ (x/2)
and N =) jc;c ; is the total particle-number operator,

so that the last term corresponds to a background loss.
Unlike Fig. 5(d), the energy spectrum is now below the real
axis due to atom loss, and the imaginary part of its center is
located at —ixk.

It is not straightforward to engineer a nonlocal one-body
loss like L;’s in Eq. (F3), since the usual loss process occurs
locally [74]. However, we can effectively engineer such a
novel nonlocal loss by using a nonlocal Rabi coupling to
some auxiliary degrees of freedom which undergo rapid
local loss. After adiabatically eliminating the fast decay
modes [178], we end up with an effective dynamics with
target degrees of freedom alone, which now effectively
undergo nonlocal loss.

As illustrated in Fig. 17, we consider a system of
two-level atoms with internal states |g) and |e) in a
one-dimensional optical lattice with lattice constant a.
Because of an opposite Stark shift, the potential minima
for |e) locate in the middles of each of those for |g). The
excited state |e) is assumed to be unstable and rapidly
escape from the lattice at a rate y. Parallel to the optical
lattices, we further apply a running-wave laser with
frequency wg, which is detuned from the atomic frequency
., by A = wp — w,,. The strength of the laser-atom dipole
coupling is characterized by a Rabi frequency Q. Within
the tight-binding approximation and neglecting the inter-
actions between atoms, we can write down the master
equation in the rotating frame of reference as

le)
Qi)
| > running wave
g optical lattice I
AV
J j+1
FIG. 17. Implementation of asymmetric hopping amplitudes

in optical lattices. A stable (dissipative) optical lattice is applied
to the ground (excited) state |g) (|e)). A running wave parallel
to an optical lattice couples |g) to |e), which undergoes rapid on-
site loss at a rate y. By making the wavelength of the running
wave equal to that of the lattice constant, the phases of Rabi
couplings can be adjusted to change by z/2 compared with the
left nearest ones.
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/.)t = _lZ[HO + V,/);] + D[Cje]pn <F5)
J

where H( includes the bare tunneling and V couples
different internal states:

0==4 > (iratjo+He) -

Jj.a=g.e

1 eEikrja 8
VZE;[Q RJ (

g Ac]e jes

ek, | ) 4 Hel.

(Fo)

Here, + (—) corresponds to the right (left) propagating
wave, and the Rabi coupling Q can be determined from
Q = Qg [dxe e W(x)W[x — (a/2)], with W(x) being
the Wannier function. In the regime of max{A,y} > J,
Q, we can adiabatically eliminate c;, in Eq. (F5) to
obtain Eq. (FI) with the same H as in Eq. (F3) and a
more general L;:

71<| /2)kea
L. = f (ng‘f'ei( /2)ke cj+l’y), (F7)

J /2 ¥ 472

which gives the second equation in Eq. (F3) if kra = 7 or
Ar = 2a. Note that, even if A; differs from 4; = 2a, which
is the wavelength of the optical lattice laser, we can still
obtain Eq. (F3) by tilting the running wave from the optical
lattice by an angle 6 = arccos(4gz/4; ) as long as Az < 4;.

In a realistic experiment, we can, for example, use '"#Yb
atoms and 1117-nm-wavelength lasers to create the anti-
magic optical lattice with opposite Stark shifts for g = 1S
and e = 3P [179]. We choose a relatively shallow (yet the
tight-binding approximation still works well) lattice depth
Vo = 5E,, with E, = h?/(2mi?) = 2z x 0.92 kHz being
the recoil energy. The bare hopping amplitude is thus
estimated to be J = 0.066E, = 2z x 60 Hz [180]. The on-
site loss rate y of |e¢) can be controlled by a 1285-nm laser
that couples 3P, to 'P, resonantly, and we can still make
k = y|Q/(y* + 4A%) as small as, e.g., 0.2J = 27 x 12 Hz
by tuning y, ||, or/and A. Here, we should make y much
less than the band gap 4.6E, of the optical lattice to justify
the tight-binding approximation for |e) (e.g., we can
choose A =0 and y =5Q = 0.33E, = 2z x 0.30 kHz).
The wavelength of the running-wave laser is fixed at
578.42 nm (clock transition [181]), and the tilting angle
should be 0, = 58.8°. The potential gradient can be made
from an optical dipole force via an additional laser beam
[16] and may be chosen to be, e.g., F' = 4k = 27 x 48 Hz,
which is much smaller than the band gap and thus justifies
the single-band treatment. The maximum displacement can
thus be evaluated to be 2J/F =5 lattice sites, which is
enough to be measured by single-site resolved quantum gas
microscopy [182]. The period of Bloch oscillations is

Tg =2r/F =21 ms, after which the survival fraction
of atoms is given by e *7# =4.3%, which should be
sufficiently large for reconstructing the complex-energy
spectrum if there are at least thousands of atoms at the
initial time.

APPENDIX G: PROOF OF THEOREM 1

To prove H(k) =~ U(k), we have to first confirm that
U(k) belongs to the same symmetry class of H(k). For an
arbitrary antiunitary symmetry or antisymmetry A = UK
(U, is unitary and K denotes complex conjugation), if
AH (k) =n,H(-k)A (ny = £1), by performing the polar

decomposition H(k) = U (k)P (k) [P(k) = /H' (k)H (k)]
we obtain
UpU*(k)P* (k) = nyU(=k)P(—k)U,

= U,P2(k)U) =
= [P(~k) + U, P*(k)

P2(—k)

UL][P(~k) — U,P*(k)U}] = 0,

(G1)

where the unitarity of U, and U(k) [U*(k)] and the
Hermiticity of P(k) [P*(k)] are used. Recalling that
P(k) [P* (k)] is positive definite, we can infer that P(—k) +
U,P*(k)U}, is also positive definite and thus invertible.
This fact implies

P(—k) = U P*(k)U,

Following a similar procedure, we can prove that U(k) and
H (k) share the same unitary symmetry or antisymmetry,
irrespective of the fact that k is flipped or not. This result
explains why we use the term symmetry class in the
beginning, which is much wider than the AZ class (for
example, we can consider crystalline symmetries).

We can now construct the following path:

H,(k) = (1 —2)H(k) + AU(k)
=U(k)[(1=2)P(k) + 4], (G3)
which satisfies Hy(k) = H(k) and H,(k) = U(k).

Furthermore, H,(k) shares the same symmetry as H (k)
and U(k) and is indeed invertible due to the fact that
(1 —2)P(k) + A is positive definite.

APPENDIX H: EVENNESS OF THE WINDING
NUMBERS FOR CLASSES AIl AND C

Since the winding number is a topological invariant, it
can be calculated from the unitarized Hamiltonian U (k).
Let us first show that Tr[U' (k)9, U (k)] is an even function
of k. From Eq. (G2), we know that
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= Tr{U"(=k)0 U (=k)]
= - Te{U,UT () U0, [U,U* (k) U]}
= —Tr[UT(k)0,U* (k)] = ~Tr{[0, U (k)]U (k) }
= =0 Tr[UT (k)U (k)] + Tr[U" (k)0 U (k)]
= Tr[U" (k)9 U(k)], (H1)
where we have used Tr[AT] = Tr[A], 0, (AB) = (0;A)B +

AOiB, and U'(k)U(k)=1. Using the fact that
Tr[UT (k)0 U (k)] is even in terms of k, the winding number
can be expressed as

W= / ﬂ%Tr[UT(k)akU(kﬂ

Tl

_5 /O Zd_"mw( k)0, U (k)]

Tl

T dk

= 2A ;—m,ak Indet U(k). (H2)
However, this expression is not sufficient to ensure
w €27, since [T[(dk)/(27i)]0; IndetU(k) may be a
half-integer. Indeed, Eq. (H2) is applicable also to classes
Al and D. To rule out this possibility, we should show that
det U(0) and det U(x) share the same argument.

To this end, we first write down the explicit form of U(T")
IT=0,n):

U) = [ (H3)

uy U }
* *
Fuy tuj

where, due to U(I')U'(T") = 1, the blocks u , satisfy

uluJ{ + upu = 1, wul = uyul. (H4)

If u; is invertible, the second identity in Eq. (H4) is
equivalent to uj'uy = (u7'uy)”, and we can apply the
determinant formula for block matrices [169],

A B
det { c D] = detAdet(D — CA™'B),  (H5)

to Eq. (H3), obtaining

det U(T) = detu; det(£u} £ usuy'u,)
= (£1)" detu, det[u} + u(u7 us)7]
= (£1)" detu, det(u] + ur'uyu})

= (1) det(uyu] + upub) = (£1)". (H6)

Here, m is the size of u;, in Eq. (H3) [or that of £, in
Eq. (46)], and the properties det A = det AT and det(AB) =
det A det B are used. If u; is not invertible, we expect U(T')
to be connected to some nearby time-reversal- or particle-
hole-symmetric (with 7> = —1 or C> = —1) unitary matri-
ces with invertible u;, and we arrive at the same result due

to the fact that det U(I') = £1 cannot change suddenly
during continuous deformation.

In fact, we can easily obtain the same result by looking at
the individual eigenvalues. Note that TU(I') = U(I')T
[CU(T) = —U(T')C] with T = 0,7, and T? = —1 (C* =
—1) enforce the eigenvalues to appear in pairs like e*%
(£e*), leading to det U(0) = detU(x) = 1 [det U(0) =
detU(xr) = (—1)™]. This fact ensures that w = 2 [7[(dk)/
(27i)]0y Indet U(k) is quantized as an even integer.

APPENDIX I: CLASS A WITH PT SYMMETRY

The set of all the PT-symmetric systems without any
other symmetry requirements can be obtained by imposing
PT symmetry into the non-Hermitian class A, which is
equivalent to the Hermitian class AIIl. Since the PT
symmetry does not invert the sign of the wave vector k,
we have to use the formula developed in Ref. [51]:

Ké(sﬂﬂ dn) = EO(Rs—dJerH)’ (I1)

where s is determined by the properties of the antiunitary
symmetry A and d is the number of k components that do
not change their signs under A. It is clear that d| = d for
A = PT, and s should be 1 (BDI-like), since PT is
involutory and commutes with the virtual chiral symmetry.
We can thus obtain the classification in all dimensions
shown in Table II. Note that this classification does not rule
out the possibilities of other topological numbers in PT-
symmetric systems with exceptional points in the bulk
[68,70-72].

A remarkable result in Table II is that a one-dimensional
PT-symmetric system H(k) is characterized by a Z,
topological index rather than a Z winding number (see
Table I). Such a Z, index should be different from
sgn[det H(k)], which is like a weak topological index
inheriting from zero dimension. Instead, this result should
be understood from the fact that the fundamental group of
GL/(R) is Z, for n > 2, where GL;(R) denotes the
general linear group of all the n X n real matrices with a
positive determinant. This understanding is based on the
fact that PT can always be represented as K under a
properly chosen basis and the sign of det H(k) determines
the branch of GL,(R) to which H(k)’s belong.

We should mention that if the Hilbert-space dimension is
fixed to be 2, which is the case in a recent experiment [88],
we obtain a different classification as Z. This result is
because each matrix in GLj (R) can continuously be
deformed into that in SO(2), which is isomorphic to S',
giving 7, [GL] (R)] = z,(S') = Z. This example, similar
to the Hopf insulator in Hermitian systems [149], illustrates
the fact that the homotopy classification does not always
coincide with the K-theory classification, since the latter
allows the operation of band insertion and thus contains
more general operations of continuous deformation.
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An important implication of the Z, classification is that
any PT-symmetric two-band lattice can be trivialized if we
combine it with its copy. Let us demonstrate such a
trivialization process for two copies of PT-symmetric
Su-Schrieffer-Heeger chains realized in Ref. [88]:

Hy =Y (Jblyas, +J'd}, bj, +He)

)
+ iyz(a}-aaja - bj‘ab](l) ’ (Iz)
J

where aj, and b, correspond to two sublattice degrees of
freedom, ja labels the jth unit cell in the ath chain (@ = 1,
2),and J,J',y € R". In terms of Pauli matrices, the Bloch
Hamiltonian can be written as H, (k) = (J + J' cosk)o,+
J'sinko, + iyo,, with max;{det H,(k)} = y* — (J = J')%.
Assuming J' —J >y, after unitarization and changing
the basis such that PT =K, we obtain the O(2)
matrix [J'sinko, + (J' cosk + J)o,]/|q(k)| with g(k) =
J + J'e~* which has a nontrivial winding number w = 1.
While H,(k) alone is nontrivial, we can trivialize the
combined system of the two chains (@ = 1, 2) via a phase-
staggered coupling:

H=H+H,+J.> (iajjap—iblby+He),  (13)
J

which respects the PT symmetry for J. € R. The deter-
minant of the four-band Bloch Hamiltonian of Eq. (I3) can
be evaluated to be

det H(k) = {J2 + [y + |q(K)[IPHIZ + [y = lg(K)[]*}. (14)

which does not vanish as long as J. # 0. Therefore, after
introducing a finite phase-staggered coupling J., we can
safely change J,J',y to zero to obtain a trivial band
insulator.

It is worthwhile to trace the spectral flow in the above
trivialization process. As shown in Fig. 18, under the open-
boundary condition, two pairs of PT-broken edge modes of
the coupled PT-symmetric Su-Schrieffer-Heeger chains are
gradually absorbed into the bulk spectrum. Such a process
is impossible for a single pair of PT-broken edge modes
without touching or crossing the origin and retrieving the
PT symmetry. Note that the reflection symmetry with
respect to the imaginary axis arises from a particle-hole
symmetry C = ¢,K, which anticommutes with PT = ¢, K
and also leads to a Z, classification in one dimension [51]:

Kg(s.t:d. d))|s=1.1=0.d=1.d =1
= Kgp(s —d.1—d;0, 0)ls=1.=0.4=1.4/=1
= K&(0,-1;0,0) = ny(R}) = Z,. (I5)

0.4 cﬁ- 04 1k
< 02 . 02 j \/
= 0.0 o 0.0 = S,
= : £ U e — ——
— -02 — =02 /R /
-04 -04
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-3 -2-10 1 2 3 -3 -2-10 1 2 3
Re E, Re E,
0.4 0.4
0.2 .02 ol
<00 S 00 = ~
: = O
— -02 — =02 o | o
-04 -0.4
-3-2-10 1 2 3 -3 -2-10 1 2 3
Re E, Re E,
FIG. 18. Snapshots of the energy spectra during the trivializa-

tion process for two coupled PT-symmetry Su-Schrieffer-Heeger
chains (I3) under the open-boundary condition. The arrows
indicate the direction of the spectral flow. The parameters
(J,J,y,J.) are given by (1,2,0.5,0) and (0,0,0,1) at the initial
and final times, respectively.

Finally, we make a conjecture that the Z, index
manifests itself as the number of potentially P7-broken
edge-mode pairs and can, thus, be computed as

s = sgn[det(H, + ¢)|sgn(det H ), (16)

where H, (H,) is the full Hamiltonian under the open-
boundary (periodic-boundary) condition and € is an arbi-
trarily small real number that is necessary for avoiding an
ill definition in the presence of zero modes, which are
counted as potentially P7-broken pairs. Note that, unlike
the chiral symmetry, a PT-symmetric Hamiltonian main-
tains the PT symmetry under the translation H - H + E
for all £ € R. The topological index given by Eq. (I6) can
be interpreted as whether a topological transition occurs
at the edge that changes the zero-dimensional Z, index
(discussed in Sec. VA) when the boundary condition
changes. Similar to a Z, topological insulator [5,6], which
has an odd number of helical modes at the edge, a nontrivial
PT-symmetric system in one dimension should exhibit an
odd number of edge-mode pairs, leading to s = —1. If there
is additional particle-hole symmetry, we can conclude that a
system with s = —1 must have an odd number of pairs of
PT-broken edge modes with purely imaginary eigenener-
gies, and thus the system possesses at least one pair.

[1] D.J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den
Nijs, Quantized Hall Conductance in a Two-Dimensional
Periodic Potential, Phys. Rev. Lett. 49, 405 (1982).

[2] F. D. M. Haldane, Nonlinear Field Theory of Large-Spin
Heisenberg Antiferromagnets: Semiclassically Quantized
Solitons of the One-Dimensional Easy-Axis Néel State,
Phys. Rev. Lett. 50, 1153 (1983).

031079-28


https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1103/PhysRevLett.50.1153

TOPOLOGICAL PHASES OF NON-HERMITIAN SYSTEMS

PHYS. REV. X 8, 031079 (2018)

[3] F.D. M. Haldane, Model for a Quantum Hall Effect
without Landau Levels: Condensed-Matter Realization
of the “Parity Anomaly”, Phys. Rev. Lett. 61, 2015
(1988).

[4] X.-G. Wen, Topological Orders and Edge Excitations in
Fractional Quantum Hall States, Adv. Phys. 44, 405
(1995).

[5] C.L. Kane and E.J. Mele, Quantum Spin Hall Effect in
Graphene, Phys. Rev. Lett. 95, 226801 (2005).

[6] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quantum
Spin Hall Effect and Topological Phase Transition in
HgTe Quantum Wells, Science 314, 1757 (2006).

[7] M. Konig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann,
L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Quantum
Spin Hall Insulator State in HgTe Quantum Wells, Science
318, 766 (2007).

[8] M.Z. Hasan and C.L. Kane, Colloquium: Topological
Insulators, Rev. Mod. Phys. 82, 3045 (2010).

[9] X.-L. Qi and S.-C. Zhang, Topological Insulators and
Superconductors, Rev. Mod. Phys. 83, 1057 (2011).

[10] C. W.J. Beenakker, Random-Matrix Theory of Majorana
Fermions and Topological Superconductors, Rev. Mod.
Phys. 87, 1037 (2015).

[11] C.-K. Chiu, J.C.Y. Teo, A.P. Schnyder, and S. Ryu,
Classification of Topological Quantum Matter with
Symmetries, Rev. Mod. Phys. 88, 035005 (2016).

[12] X.-G. Wen, Colloquium: Zoo of Quantum-Topological
Phases of Matter, Rev. Mod. Phys. 89, 041004 (2017).

[13] I. Bloch, J. Dalibard, and S. Nascimbéne, Quantum
Simulations with Ultracold Quantum Gases, Nat. Phys.
8, 267 (2012).

[14] M. Atala, M. Aidelsburger, J. T. Barreiro, D. Abanin, T.
Kitagawa, E. Demler, and 1. Bloch, Direct Measurement of
the Zak Phase in Topological Bloch Bands, Nat. Phys. 9,
795 (2013).

[15] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T.
Uehlinger, D. Greif, and T. Esslinger, Experimental Reali-
zation of the Topological Haldane Model with Ultracold
Fermions, Nature (London) 515, 237 (2014).

[16] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J. T.
Barreiro, S. Nascimbene, N. R. Cooper, 1. Bloch, and N.
Goldman, Measuring the Chern Number of Hofstadter
Bands with Ultracold Bosonic Atoms, Nat. Phys. 11, 162
(2015).

[17] B. K. Stuhl, H.-I. Lu, L. M. Aycock, D. Genkina, and 1. B.
Spielman, Visualizing Edge States with an Atomic Bose
Gas in the Quantum Hall Regime, Science 349, 1514
(2015).

[18] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider, J.
Catani, C. Sias, P. Zoller, M. Inguscio, M. Dalmonte, and
L. Fallani, Observation of Chiral Edge States with Neutral
Fermions in Synthetic Hall Ribbons, Science 349, 1510
(2015).

[19] Z. Wu, L. Zhang, W. Sun, X.-T. Xu, B.-Z. Wang, S.-C. Ji,
Y. Deng, S. Chen, X.-J. Liu, and J.-W. Pan, Realization of
Two-Dimensional Spin-Orbit Coupling for Bose-Einstein
Condensates, Science 354, 83 (2016).

[20] N. Goldman, J.C. Budich, and P. Zoller, Topological
Quantum Matter with Ultracold Gases in Optical Lattices,
Nat. Phys. 12, 639 (2016).

[21] H.-N. Dai, B. Yang, A. Reingruber, H. Sun, X.-F. Xu,
Y.-A. Chen, Z.-S. Yuan, and J.-W. Pan, Four-Body Ring-
Exchange Interactions and Anyonic Statistics within a
Minimal Toric-Code Hamiltonian, Nat. Phys. 13, 1195
(2017).

[22] A.Y. Kitaev, Fault-Tolerant Quantum Computation by
Anyons, Ann. Phys. (Amsterdam) 303, 2 (2003).

[23] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. D.
Sarma, Non-Abelian Anyons and Topological Quantum
Computation, Rev. Mod. Phys. 80, 1083 (2008).

[24] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A.
Fisher, Non-Abelian Statistics and Topological Quantum
Information Processing in 1d Wire Networks, Nat. Phys. 7,
412 (2011).

[25] R. Barends, J. Kelly, A. Megrant, A. Veitia, D. Sank, E.
Jeffrey, T. C. White, J. Mutus, A. G. Fowler, B. Campbell,
Y. Chen, Z. Chen, B. Chiaro, A. Dunsworth, C. Neill,
P. O’Malley, P. Roushan, A. Vainsencher, J. Wenner, A. N.
Korotkov, A.N. Cleland, and J. M. Martinis, Supercon-
ducting Quantum Circuits at the Surface Code Threshold
for Fault Tolerance, Nature (London) 508, 500 (2014).

[26] F. D. M. Haldane and S. Raghu, Possible Realization of
Directional Optical Waveguides in Photonic Crystals with
Broken Time-Reversal Symmetry, Phys. Rev. Lett. 100,
013904 (2008).

[27] M. Hafezi, E. A. Demler, M. D. Lukin, and J. M. Taylor,
Robust Optical Delay Lines with Topological Protection,
Nat. Phys. 7, 907 (2011).

[28] K. Fang, Z. Yu, and S. Fan, Realizing Effective Magnetic
Field for Photons by Controlling the Phase of Dynamic
Modulation, Nat. Photonics 6, 782 (2012).

[29] A.B. Khanikaev, S. H. Mousavi, W.-K. Tse, M. Kargarian,
A.H. MacDonald, and G. Shvets, Photonic Topological
Insulators, Nat. Mater. 12, 233 (2013).

[30] I. Carusotto and C. Ciuti, Quantum Fluids of Light, Rev.
Mod. Phys. 85, 299 (2013).

[31] M. Hafezi, S. Mittal, J. Fan, A. Migdall, and J. M. Taylor,
Imaging Topological Edge States in Silicon Photonics,
Nat. Photonics 7, 1001 (2013).

[32] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer,
D. Podolsky, F. Dreisow, S. Nolte, M. Segev, and A.
Szameit, Photonic Floquet Topological Insulators, Nature
(London) 496, 196 (2013).

[33] L. Lu, J. D. Joannopoulos, and M. Soljaci¢, Topological
Photonics, Nat. Photonics 8, 821 (2014).

[34] T. Karzig, C.-E. Bardyn, N. H. Lindner, and G. Refael,
Topological Polaritons, Phys. Rev. X §, 031001
(2015).

[35] T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi,
L. Lu, M. Rechtsman, D. Schuster, J. Simon, O. Zilber-
berg, and 1. Carusotto, Topological Photonics, arXiv:1802
.04173.

[36] C.L. Kane and T.C. Lubensky, Topological Boundary
Modes in Isostatic Lattices, Nat. Phys. 10, 39 (2014).

[37] V. Peano, C. Brendel, M. Schmidt, and F. Marquardt,
Topological Phases of Sound and Light, Phys. Rev. X §,
031011 (2015).

[38] R. Siisstrunk and S.D. Huber, Observation of Phononic
Helical Edge States in a Mechanical Topological
Insulator, Science 349, 47 (2015).

031079-29


https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1080/00018739500101566
https://doi.org/10.1080/00018739500101566
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1126/science.1133734
https://doi.org/10.1126/science.1148047
https://doi.org/10.1126/science.1148047
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.87.1037
https://doi.org/10.1103/RevModPhys.87.1037
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.89.041004
https://doi.org/10.1038/nphys2259
https://doi.org/10.1038/nphys2259
https://doi.org/10.1038/nphys2790
https://doi.org/10.1038/nphys2790
https://doi.org/10.1038/nature13915
https://doi.org/10.1038/nphys3171
https://doi.org/10.1038/nphys3171
https://doi.org/10.1126/science.aaa8515
https://doi.org/10.1126/science.aaa8515
https://doi.org/10.1126/science.aaa8736
https://doi.org/10.1126/science.aaa8736
https://doi.org/10.1126/science.aaf6689
https://doi.org/10.1038/nphys3803
https://doi.org/10.1038/nphys4243
https://doi.org/10.1038/nphys4243
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1038/nphys1915
https://doi.org/10.1038/nphys1915
https://doi.org/10.1038/nature13171
https://doi.org/10.1103/PhysRevLett.100.013904
https://doi.org/10.1103/PhysRevLett.100.013904
https://doi.org/10.1038/nphys2063
https://doi.org/10.1038/nphoton.2012.236
https://doi.org/10.1038/nmat3520
https://doi.org/10.1103/RevModPhys.85.299
https://doi.org/10.1103/RevModPhys.85.299
https://doi.org/10.1038/nphoton.2013.274
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nature12066
https://doi.org/10.1038/nphoton.2014.248
https://doi.org/10.1103/PhysRevX.5.031001
https://doi.org/10.1103/PhysRevX.5.031001
http://arXiv.org/abs/1802.04173
http://arXiv.org/abs/1802.04173
https://doi.org/10.1038/nphys2835
https://doi.org/10.1103/PhysRevX.5.031011
https://doi.org/10.1103/PhysRevX.5.031011
https://doi.org/10.1126/science.aab0239

ZONGPING GONG et al.

PHYS. REV. X 8, 031079 (2018)

[39] C. He, X. Ni, H. Ge, X.-C. Sun, Y.-B. Chen, M.-H. Lu,
X.-P. Liu, and Y.-F. Chen, Acoustic Topological Insulator
and Robust One-Way Sound Transport, Nat. Phys. 12,
1124 (2016).

[40] S. Sachdev, Quantum Phase Transitions (Cambridge
University Press, Cambridge, England, 2011).

[41] B. A. Bernevig and T. L. Hughes, Topological Insulators
and Topological Superconductors (Princeton University,
Princeton, NJ, 2013).

[42] A. Altland and M. R. Zirnbauer, Nonstandard Symmetry
Classes in Mesoscopic Normal-Superconducting Hybrid
Structures, Phys. Rev. B 55, 1142 (1997).

[43] A.P.Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
Classification of Topological Insulators and Supercon-
ductors in Three Spatial Dimensions, Phys. Rev. B 78,
195125 (2008).

[44] A. Kitaev, Periodic Table for Topological Insulators and
Superconductors, AIP Conf. Proc. 1134, 22 (2009).

[45] S.Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig,
Topological Insulators and Superconductors: Tenfold Way
and Dimensional Hierarchy, New J. Phys. 12, 065010
(2010).

[46] J.C.Y. Teo and C.L. Kane, Topological Defects and
Gapless Modes in Insulators and Superconductors, Phys.
Rev. B 82, 115120 (2010).

[47] L. Fu, Topological Crystalline Insulators, Phys. Rev. Lett.
106, 106802 (2011).

[48] R.-J. Slager, A. Mesaros, V. JuriCi¢, and J. Zaanen,
The Space Group Classification of Topological Band-
Insulators, Nat. Phys. 9, 98 (2013).

[49] C.-K. Chiu, H. Yao, and S. Ryu, Classification of
Topological Insulators and Superconductors in the
Presence of Reflection Symmetry, Phys. Rev. B 88,
075142 (2013).

[50] T. Morimoto and A. Furusaki, Topological Classification
with Additional Symmetries from Clifford Algebras,
Phys. Rev. B 88, 125129 (2013).

[51] K. Shiozaki and M. Sato, Topology of Crystalline Insula-
tors and Superconductors, Phys. Rev. B 90, 165114
(2014).

[52] Y. Ando and L. Fu, Topological Crystalline Insulators and
Topological Superconductors: From Concepts to Materi-
als, Annu. Rev. Condens. Matter Phys. 6, 361 (2015).

[53] J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-J.
Slager, Topological Classification of Crystalline Insula-
tors through Band Structure Combinatorics, Phys. Rev. X
7, 041069 (2017).

[54] Y. Hatsugai, Chern Number and Edge States in the Integer
Quantum Hall Effect, Phys. Rev. Lett. 71, 3697 (1993).

[55] A.Y. Kitaev, Unpaired Majorana Fermions in Quantum
Wires, Phys. Usp. 44, 131 (2001).

[56] L. Fidkowski, Entanglement Spectrum of Topological
Insulators and Superconductors, Phys. Rev. Lett. 104,
130502 (2010).

[57] Q. Niu, D.J. Thouless, and Y.-S. Wu, Quantized Hall
Conductance as a Topological Invariant, Phys. Rev. B 31,
3372 (1985).

[58] D. V. Else and C. Nayak, Classification of Topological
Phases in Periodically Driven Interacting Systems, Phys.
Rev. B 93, 201103 (2016).

[59] C. W. von Keyserlingk and S. L. Sondhi, Phase Structure
of One-Dimensional Interacting Floquet Systems. I
Abelian Symmetry-Protected Topological Phases, Phys.
Rev. B 93, 245145 (2016).

[60] A.C. Potter, T. Morimoto, and A. Vishwanath, Classifi-
cation of Interacting Topological Floquet Phases in One
Dimension, Phys. Rev. X 6, 041001 (2016).

[61] R. Roy and F. Harper, Periodic Table for Floquet
Topological Insulators, Phys. Rev. B 96, 155118 (2017).

[62] T. Kitagawa, E. Berg, M. Rudner, and E. Demler,
Topological Characterization of Periodically Driven
Quantum Systems, Phys. Rev. B 82, 235114 (2010).

[63] L. Jiang, T. Kitagawa, J. Alicea, A.R. Akhmerov, D.
Pekker, G. Refael, J. I. Cirac, E. Demler, M. D. Lukin, and
P. Zoller, Majorana Fermions in Equilibrium and in
Driven Cold-Atom Quantum Wires, Phys. Rev. Lett.
106, 220402 (2011).

[64] M.S. Rudner, N.H. Lindner, E. Berg, and M. Levin,
Anomalous Edge States and the Bulk-Edge Correspon-
dence for Periodically Driven Two-Dimensional Systems,
Phys. Rev. X 3, 031005 (2013).

[65] Y.C. Hu and T.L. Hughes, Absence of Topological
Insulator  Phases in Non-Hermitian  pt-Symmetric
Hamiltonians, Phys. Rev. B 84, 153101 (2011).

[66] K. Esaki, M. Sato, K. Hasebe, and M. Kohmoto, Edge
States and Topological Phases in Non-Hermitian Systems,
Phys. Rev. B 84, 205128 (2011).

[67] H. Schomerus, Topologically Protected Midgap States in
Complex Photonic Lattices, Opt. Lett. 38, 1912 (2013).

[68] S. Malzard, C. Poli, and H. Schomerus, Topologically
Protected Defect States in Open Photonic Systems with
Non-Hermitian Charge-Conjugation and Parity-Time
Symmetry, Phys. Rev. Lett. 115, 200402 (2015).

[69] P. San-Jose, J. Cayao, E. Prada, and R. Aguado, Majorana
Bound States from Exceptional Points in Non-Topological
Superconductors, Sci. Rep. 6, 21427 (2016).

[70] T.E. Lee, Anomalous Edge State in a Non-Hermitian
Lattice, Phys. Rev. Lett. 116, 133903 (2016).

[71] D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F.
Nori, Edge Modes, Degeneracies, and Topological Num-
bers in Non-Hermitian Systems, Phys. Rev. Lett. 118,
040401 (2017).

[72] Y. Xu, S.-T. Wang, and L.-M. Duan, Weyl Exceptional
Rings in a Three-Dimensional Dissipative Cold Atomic
Gas, Phys. Rev. Lett. 118, 045701 (2017).

[73] K. Kawabata, Y. Ashida, H. Katsura, and M. Ueda, Parity-
Time-Symmetric Topological Superconductor, Phys. Rev.
B 98, 085116 (2018).

[74] G. Barontini, R. Labouvie, F. Stubenrauch, A. Vogler, V.
Guarrera, and H. Ott, Controlling the Dynamics of
an Open Many-Body Quantum System with Localized
Dissipation, Phys. Rev. Lett. 110, 035302 (2013).

[75] M. Aspelmeyer, T.J. Kippenberg, and F. Marquardt,
Cavity Optomechanics, Rev. Mod. Phys. 86, 1391 (2014).

[76] H. Cao and J. Wiersig, Dielectric Microcavities: Model
Systems for Wave Chaos and Non-Hermitian Physics,
Rev. Mod. Phys. 87, 61 (2015).

[77] P. Peng, W. Cao, C. Shen, W. Qu, J. Wen, L. Jiang, and
Y. Xiao, Anti-Parity-Time Symmetry with Flying Atoms,
Nat. Phys. 12, 1139 (2016).

031079-30


https://doi.org/10.1038/nphys3867
https://doi.org/10.1038/nphys3867
https://doi.org/10.1103/PhysRevB.55.1142
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1063/1.3149495
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1103/PhysRevB.82.115120
https://doi.org/10.1103/PhysRevB.82.115120
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1038/nphys2513
https://doi.org/10.1103/PhysRevB.88.075142
https://doi.org/10.1103/PhysRevB.88.075142
https://doi.org/10.1103/PhysRevB.88.125129
https://doi.org/10.1103/PhysRevB.90.165114
https://doi.org/10.1103/PhysRevB.90.165114
https://doi.org/10.1146/annurev-conmatphys-031214-014501
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1103/PhysRevLett.71.3697
https://doi.org/10.1070/1063-7869/44/10S/S29
https://doi.org/10.1103/PhysRevLett.104.130502
https://doi.org/10.1103/PhysRevLett.104.130502
https://doi.org/10.1103/PhysRevB.31.3372
https://doi.org/10.1103/PhysRevB.31.3372
https://doi.org/10.1103/PhysRevB.93.201103
https://doi.org/10.1103/PhysRevB.93.201103
https://doi.org/10.1103/PhysRevB.93.245145
https://doi.org/10.1103/PhysRevB.93.245145
https://doi.org/10.1103/PhysRevX.6.041001
https://doi.org/10.1103/PhysRevB.96.155118
https://doi.org/10.1103/PhysRevB.82.235114
https://doi.org/10.1103/PhysRevLett.106.220402
https://doi.org/10.1103/PhysRevLett.106.220402
https://doi.org/10.1103/PhysRevX.3.031005
https://doi.org/10.1103/PhysRevB.84.153101
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1364/OL.38.001912
https://doi.org/10.1103/PhysRevLett.115.200402
https://doi.org/10.1038/srep21427
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1103/PhysRevLett.118.040401
https://doi.org/10.1103/PhysRevLett.118.040401
https://doi.org/10.1103/PhysRevLett.118.045701
https://doi.org/10.1103/PhysRevB.98.085116
https://doi.org/10.1103/PhysRevB.98.085116
https://doi.org/10.1103/PhysRevLett.110.035302
https://doi.org/10.1103/RevModPhys.86.1391
https://doi.org/10.1103/RevModPhys.87.61
https://doi.org/10.1038/nphys3842

TOPOLOGICAL PHASES OF NON-HERMITIAN SYSTEMS

PHYS. REV. X 8, 031079 (2018)

[78] H. Xu, D. Mason, L. Jiang, and J. G. E. Harris, Topolo-
gical Energy Transfer in an Optomechanical System
with Exceptional Points, Nature (London) 537, 80
(2016).

[79] B. Peng, S. K. Ozdemir, M. Liertzer, W. Chen, J. Kramer,
H. Yilmaz, J. Wiersig, S. Rotter, and L. Yang, Chiral
Modes and Directional Lasing at Exceptional Points, Proc.
Natl. Acad. Sci. U.S.A. 113, 6845 (2016).

[80] W. Chen, S. K. Ozdemir, G. Zhao, J. Wiersig, and L. Yang,
Exceptional Points Enhance Sensing in an Optical Micro-
cavity, Nature (London) 548, 192 (2017).

[81] H. Zhou, C. Peng, Y. Yoon, C. W. Hsu, K. A. Nelson, L.
Fu, J.D. Joannopoulos, M. Soljaci¢, and B. Zhen,
Observation of Bulk Fermi Arc and Polarization Half
Charge from Paired Exceptional Points, Science 359,
1009 (2018).

[82] M. A. Bandres, S. Wittek, G. Harari, M. Parto, J. Ren, M.
Segev, D. N. Christodoulides, and M. Khajavikhan, Topo-

logical Insulator Laser: Experiments, Science 359,
eaar4005 (2018).
[83] C.E. Riiter, K.G. Makris, R. El-Ganainy, D.N.

Christodoulides, M. Segev, and D. Kip, Observation
of Parity-Time Symmetry in Optics, Nat. Phys. 6, 192
(2010).

[84] B. Peng, S. K. Ozdemir, F. Lei, F. Monifi, M. Gianfreda,
G.L. Long, S. Fan, F. Nori, C. M. Bender, and L. Yang,
Parity-Time-Symmetric  Whispering-Gallery Microcav-
ities, Nat. Phys. 10, 394 (2014).

[85] L. Feng, Z.J. Wong, R.-M. Ma, Y. Wang, and X. Zhang,
Single-Mode Laser by Parity-Time Symmetry Breaking,
Science 346, 972 (2014).

[86] V. V. Konotop, J. Yang, and D. A. Zezyulin, Nonlinear
Waves in PT -Symmetric Systems, Rev. Mod. Phys. 88,
035002 (2016).

[87] L. Xiao, X. Zhan, Z. H. Bian, K. K. Wang, X. Zhang, X. P.
Wang, J. Li, K. Mochizuki, D. Kim, N. Kawakami, W. Yi,
H. Obuse, B.C. Sanders, and P. Xue, Observation of
Topological Edge States in Parity-Time-Symmetric Quan-
tum Walks, Nat. Phys. 13, 1117 (2017).

[88] S. Weimann, M. Kremer, Y. Plotnik, Y. Lumer, S. Nolte,
K.G. Makris, M. Segev, M.C. Rechtsman, and A.
Szameit, Topologically Protected Bound States in
Photonic Parity-Time-Symmetric Crystals, Nat. Mater.
16, 433 (2017).

[89] R. El-Ganainy, K.G. Makris, M. Khajavikhan, Z.H.
Musslimani, S. Rotter, and D.N. Christodoulides,
Non-Hermitian Physics and PT Symmetry, Nat. Phys.
14, 11 (2018).

[90] C.M. Bender and S. Boettcher, Real Spectra in
Non-Hermitian Hamiltonians Having P7T  Symmetry,
Phys. Rev. Lett. 80, 5243 (1998).

[91] C. M. Bender, Making Sense of Non-Hermitian Hamilto-
nians, Rep. Prog. Phys. 70, 947 (2007).

[92] W.D. Heiss, The Physics of Exceptional Points, J. Phys. A
45, 444016 (2012).

[93] F. Petruccione and H.P. Breuer, The Theory of Open
Quantum Systems (Oxford University, New York, 2002).

[94] M. S. Rudner and L. S. Levitov, Topological Transition in
a Non-Hermitian Quantum Walk, Phys. Rev. Lett. 102,
065703 (2009).

[95] T.E. Lee and C.-K. Chan, Heralded Magnetism in Non-
Hermitian Atomic Systems, Phys. Rev. X 4, 041001 (2014).

[96] T.E. Lee, F. Reiter, and N. Moiseyev, Entanglement and
Spin Squeezing in Non-Hermitian Phase Transitions,
Phys. Rev. Lett. 113, 250401 (2014).

[97] Y. Ashida, S. Furukawa, and M. Ueda, Quantum Critical
Behavior Influenced by Measurement Backaction in
Ultracold Gases, Phys. Rev. A 94, 053615 (2016).

[98] Y. Ashida, S. Furukawa, and M. Ueda, Parity-Time-
Symmetric Quantum Critical Phenomena, Nat. Commun.
8, 15791 (2017).

[99] Z. Gong, S. Higashikawa, and M. Ueda, Zeno Hall Effect,
Phys. Rev. Lett. 118, 200401 (2017).

[100] K. Kawabata, Y. Ashida, and M. Ueda, Information
Retrieval and Criticality in  Parity-Time-Symmetric
Systems, Phys. Rev. Lett. 119, 190401 (2017).

[101] M. Esposito, U. Harbola, and S. Mukamel, Nonequili-
brium Fluctuations, Fluctuation Theorems, and Counting
Statistics in Quantum Systems, Rev. Mod. Phys. 81, 1665
(2009).

[102] J. Ren, P. Hénggi, and B. Li, Berry-Phase-Induced Heat
Pumping and Its Impact on the Fluctuation Theorem,
Phys. Rev. Lett. 104, 170601 (2010).

[103] T. Sagawa and H. Hayakawa, Geometrical Expression of
Excess Entropy Production, Phys. Rev. E 84, 051110
2011).

[104] D.R. Nelson and N. M. Shnerb, Non-Hermitian Locali-
zation and Population Biology, Phys. Rev. E 58, 1383
(1998).

[105] A. Amir, N. Hatano, and D.R. Nelson, Non-Hermitian
Localization in Biological Networks, Phys. Rev. E 93,
042310 (2016).

[106] A. Murugan and S. Vaikuntanathan, Topologically
Protected Modes in Non-Equilibrium Stochastic Systems,
Nat. Commun. 8, 13881 (2017).

[107] J. Ren and N. A. Sinitsyn, Braid Group and Topological
Phase Transitions in Nonequilibrium Stochastic Dynam-
ics, Phys. Rev. E 87, 050101(R) (2013).

[108] Y. Cao, Z. Gong, and H.T. Quan, Thermodynamics of
Information Processing Based on Enzyme Kinetics: An
Exactly Solvable Model of an Information Pump,
Phys. Rev. E 91, 062117 (2015).

[109] T. McGrath, N.S. Jones, P.R. ten Wolde, and T.E.
Ouldridge, Biochemical Machines for the Interconversion
of Mutual Information and Work, Phys. Rev. Lett. 118,
028101 (2017).

[110] M. S. Rudner, M. Levin, and L.S. Levitov, Survival,
Decay, and Topological Protection in Non-Hermitian
Quantum Transport, arXiv:1605.07652.

[111] H. Shen, B. Zhen, and L. Fu, Topological Band Theory
for Non-Hermitian Hamiltonians, Phys. Rev. Lett. 120,
146402 (2018).

[112] M. A. Nielsen and I.L. Chuang, Quantum Computation
and Information (Cambridge University Press, Cambridge,
England, 2010).

[113] P. W. Anderson, Absence of Diffusion in Certain Random
Lattices, Phys. Rev. 109, 1492 (1958).

[114] N. Hatano and D. R. Nelson, Localization Transitions in
Non-Hermitian Quantum Mechanics, Phys. Rev. Lett. 77,
570 (1996).

031079-31


https://doi.org/10.1038/nature18604
https://doi.org/10.1038/nature18604
https://doi.org/10.1073/pnas.1603318113
https://doi.org/10.1073/pnas.1603318113
https://doi.org/10.1038/nature23281
https://doi.org/10.1126/science.aap9859
https://doi.org/10.1126/science.aap9859
https://doi.org/10.1126/science.aar4005
https://doi.org/10.1126/science.aar4005
https://doi.org/10.1038/nphys1515
https://doi.org/10.1038/nphys1515
https://doi.org/10.1038/nphys2927
https://doi.org/10.1126/science.1258479
https://doi.org/10.1103/RevModPhys.88.035002
https://doi.org/10.1103/RevModPhys.88.035002
https://doi.org/10.1038/nphys4204
https://doi.org/10.1038/nmat4811
https://doi.org/10.1038/nmat4811
https://doi.org/10.1038/nphys4323
https://doi.org/10.1038/nphys4323
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1088/1751-8113/45/44/444016
https://doi.org/10.1088/1751-8113/45/44/444016
https://doi.org/10.1103/PhysRevLett.102.065703
https://doi.org/10.1103/PhysRevLett.102.065703
https://doi.org/10.1103/PhysRevX.4.041001
https://doi.org/10.1103/PhysRevLett.113.250401
https://doi.org/10.1103/PhysRevA.94.053615
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1038/ncomms15791
https://doi.org/10.1103/PhysRevLett.118.200401
https://doi.org/10.1103/PhysRevLett.119.190401
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/PhysRevLett.104.170601
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1103/PhysRevE.58.1383
https://doi.org/10.1103/PhysRevE.58.1383
https://doi.org/10.1103/PhysRevE.93.042310
https://doi.org/10.1103/PhysRevE.93.042310
https://doi.org/10.1038/ncomms13881
https://doi.org/10.1103/PhysRevE.87.050101
https://doi.org/10.1103/PhysRevE.91.062117
https://doi.org/10.1103/PhysRevLett.118.028101
https://doi.org/10.1103/PhysRevLett.118.028101
http://arXiv.org/abs/1605.07652
https://doi.org/10.1103/PhysRevLett.120.146402
https://doi.org/10.1103/PhysRevLett.120.146402
https://doi.org/10.1103/PhysRev.109.1492
https://doi.org/10.1103/PhysRevLett.77.570
https://doi.org/10.1103/PhysRevLett.77.570

ZONGPING GONG et al.

PHYS. REV. X 8, 031079 (2018)

[115] N. Hatano and D.R. Nelson, Vortex Pinning and Non-
Hermitian Quantum Mechanics, Phys. Rev. B 56, 8651
(1997).

[116] N. Hatano and D.R. Nelson, Non-Hermitian Delo-
calization and Eigenfunctions, Phys. Rev. B 58, 8384
(1998).

[117] E. Abrahams, P. W. Anderson, D. C. Licciardello, and T. V.
Ramakrishnan, Scaling Theory of Localization: Absence of
Quantum Diffusion in Two Dimensions, Phys. Rev. Lett.
42, 673 (1979).

[118] M. Karoubi, K-theory: An Introduction (Springer, Berlin,
2008).

[119] L. V. Ahlfors, Complex Analysis (McGraw-Hill, New York,
1979).

[120] R. Nandkishore and D. A. Huse, Many-Body Localization
and Thermalization in Quantum Statistical Mechanics,
Annu. Rev. Condens. Matter Phys. 6, 15 (2015).

[121] R. Moessner and S. L. Sondhi, Equilibration and Order in
Quantum Floquet Matter, Nat. Phys. 13, 424 (2017).

[122] F. Haake, Quantum Signatures of Chaos (Springer, Berlin,
2010).

[123] V. Khemani, A. Lazarides, R. Moessner, and S. L. Sondhi,
Phase Structure of Driven Quantum Systems, Phys. Rev.
Lett. 116, 250401 (2016).

[124] C. W. von Keyserlingk and S. L. Sondhi, Phase Structure
of One-Dimensional Interacting Floquet Systems. II.
Symmetry-Broken Phases, Phys. Rev. B 93, 245146
(2016).

[125] D. V. Else, B. Bauer, and C. Nayak, Floguet Time Crystals,
Phys. Rev. Lett. 117, 090402 (2016).

[126] In the absence of a particle-hole or chiral symmetry, the
classification of all the Hermitian Hamiltonians with a
given Ey is equivalent to that with E = 0, since we have
a time-reversal-symmetry-preserved one-to-one map
H — H — Er between two sets of Hamiltonians. In the
presence of a particle-hole or/and chiral symmetry,
although E has arbitrariness for a given system, the only
choice of E is zero when considering the set of all such
Hermitian Hamiltonians.

[127] N. G. Van Kampen, Stochastic Processes in Physics and
Chemistry (Elsevier, New York, 2007).

[128] V. V. Albert, B. Bradlyn, M. Fraas, and L. Jiang, Geometry
and Response of Lindbladians, Phys. Rev. X 6, 041031
(2016).

[129] D. Kim, M. Ken, N. Kawakami, and H. Obuse, Floguet
Topological Phases Driven by PT Symmetric Nonunitary
Time Evolution, arXiv:1609.09650.

[130] C.-E. Bardyn, M. A. Baranov, C. V. Kraus, E. Rico, A.
Imamoglu, P. Zoller, and S. Diehl, Topology by Dissipa-
tion, New J. Phys. 15, 085001 (2013).

[131] D.J. Thouless, Quantization of Particle
Phys. Rev. B 27, 6083 (1983).

[132] The phenomenon alone may be relevant to a single band,
like the integer or anomalous quantum-Hall effect. After
all, at least another band is necessary to make the present
band nontrivial, such as another band with the opposite
Chern number.

[133] Y. Asada, K. Slevin, and T. Ohtsuki, Anderson Transition
in Two-Dimensional Systems with Spin-Orbit Coupling,
Phys. Rev. Lett. 89, 256601 (2002).

Transport,

[134] H. Aoki and T. Ando, Effect of Localization on the Hall
Conductivity in the Two-Dimensional System in Strong
Magnetic Fields, Solid State Commun. 38, 1079 (1981).

[135] Here, we tacitly assume a finite system size (L),
and therefore the probability is zero for the disordered
Hamiltonian to be not invertible. )

[136] If z; = 25, we have y; = ¢,2] + c,jz) "

[137] Y. Xiong, Why Does Bulk Boundary Correspondence Fail
in Some Non-Hermitian Topological Models, J. Phys.
Commun. 2, 035043 (2018).

[138] E. H. Lieb and D. W. Robinson, The Finite Group Velocity
of Quantum Spin Systems, Commun. Math. Phys. 28, 251
(1972).

[139] L. Reichel and L. N. Trefethen, Eigenvalues and Pseudo-
Eigenvalues of Toeplitz; Matrices, Linear Algebra Appl.
162-164, 153 (1992).

[140] D. Xiao, M.-C. Chang, and Q. Niu, Berry Phase Effects on
Electronic Properties, Rev. Mod. Phys. 82, 1959 (2010).

[141] D. A. Abanin, T. Kitagawa, 1. Bloch, and E. Demler,
Interferometric Approach to Measuring Band Topology in
2D Optical Lattices, Phys. Rev. Lett. 110, 165304 (2013).

[142] S. Longhi, Bloch Oscillations in Complex Crystals with
PT Symmetry, Phys. Rev. Lett. 103, 123601 (2009).

[143] S. Longhi, Bloch Oscillations in Non-Hermitian Lattices
with Trajectories in the Complex Plane, Phys. Rev. A 92,
042116 (2015).

[144] M. Wimmer, H. M. Price, 1. Carusotto, and U. Peschel,
Experimental Measurement of the Berry Curvature from
Anomalous Transport, Nat. Phys. 13, 545 (2017).

[145] S. Longhi, D. Gatti, and G. D. Valle, Robust Light Trans-
port in Non-Hermitian Photonic Lattices, Sci. Rep. §,
13376 (2015).

[146] S. Longhi, D. Gatti, and G. D. Valle, Non-Hermitian Trans-
parency and One-Way Transport in Low-Dimensional
Lattices by an Imaginary Gauge Field, Phys. Rev. B 92,
094204 (2015).

[147] P. Bordia, H. P. Liischen, S. S. Hodgman, M. Schreiber, 1.
Bloch, and U. Schneider, Coupling Identical One-
Dimensional Many-Body Localized Systems, Phys. Rev.
Lett. 116, 140401 (2016).

[148] K. Shiozaki, M. Sato, and K. Gomi, Topological
Crystalline Materials: General Formulation, Module
Structure, and Wallpaper Groups, Phys. Rev. B 95,
235425 (2017).

[149] J. E. Moore, Y. Ran, and X.-G. Wen, Topological Surface
States in Three-Dimensional Magnetic Insulators, Phys.
Rev. Lett. 101, 186805 (2008).

[150] K. Kawabata, S. Higashikawa, Z. Gong, Y. Ashida, and M.
Ueda, Topological Unification of Time-Reversal and
Particle-Hole Symmetries in Non-Hermitian Physics,
arXiv:1804.04676.

[151] Another reason is that the full information of U(k,t) =

Te™ Joara) from ¢t = 0 to t = T is important in a Floquet
system. A good illustration is the anomalous edge states
[64], which exist in spite of a trivial U(k,T) =1. In
contrast, we focus on time-independent non-Hermitian
Hamiltonians so that the base manifold for classification
contains only k but not 7.

[152] E.P. Wigner, Normal Form of Antiunitary Operators,
J. Math. Phys. (N.Y.) 1, 409 (1960).

031079-32


https://doi.org/10.1103/PhysRevB.56.8651
https://doi.org/10.1103/PhysRevB.56.8651
https://doi.org/10.1103/PhysRevB.58.8384
https://doi.org/10.1103/PhysRevB.58.8384
https://doi.org/10.1103/PhysRevLett.42.673
https://doi.org/10.1103/PhysRevLett.42.673
https://doi.org/10.1146/annurev-conmatphys-031214-014726
https://doi.org/10.1038/nphys4106
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1103/PhysRevB.93.245146
https://doi.org/10.1103/PhysRevB.93.245146
https://doi.org/10.1103/PhysRevLett.117.090402
https://doi.org/10.1103/PhysRevX.6.041031
https://doi.org/10.1103/PhysRevX.6.041031
http://arXiv.org/abs/1609.09650
https://doi.org/10.1088/1367-2630/15/8/085001
https://doi.org/10.1103/PhysRevB.27.6083
https://doi.org/10.1103/PhysRevLett.89.256601
https://doi.org/10.1016/0038-1098(81)90021-1
https://doi.org/10.1088/2399-6528/aab64a
https://doi.org/10.1088/2399-6528/aab64a
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://doi.org/10.1016/0024-3795(92)90374-J
https://doi.org/10.1016/0024-3795(92)90374-J
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/PhysRevLett.110.165304
https://doi.org/10.1103/PhysRevLett.103.123601
https://doi.org/10.1103/PhysRevA.92.042116
https://doi.org/10.1103/PhysRevA.92.042116
https://doi.org/10.1038/nphys4050
https://doi.org/10.1038/srep13376
https://doi.org/10.1038/srep13376
https://doi.org/10.1103/PhysRevB.92.094204
https://doi.org/10.1103/PhysRevB.92.094204
https://doi.org/10.1103/PhysRevLett.116.140401
https://doi.org/10.1103/PhysRevLett.116.140401
https://doi.org/10.1103/PhysRevB.95.235425
https://doi.org/10.1103/PhysRevB.95.235425
https://doi.org/10.1103/PhysRevLett.101.186805
https://doi.org/10.1103/PhysRevLett.101.186805
http://arXiv.org/abs/1804.04676
https://doi.org/10.1063/1.1703672

TOPOLOGICAL PHASES OF NON-HERMITIAN SYSTEMS

PHYS. REV. X 8, 031079 (2018)

[153] K. Kraus, General State Changes in Quantum Theory,
Ann. Phys. (N.Y.) 64, 311 (1971).

[154] This should be understood with respect to the Hilbert-
Schmidt inner product (A, B) = Tr[A"B]. We can check
that (KA, KCB) = Tr[AB"] = Tr[BTA] = (B, A).

[155] M. M. Wolf and J. 1. Cirac, Dividing Quantum Channels,
Commun. Math. Phys. 279, 147 (2008).

[156] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini,
Colloquium: Non-Markovian Dynamics in Open Quantum
Systems, Rev. Mod. Phys. 88, 021002 (2016).

[157] C.H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J. A. Smolin, and W. K. Wootters, Purification of Noisy
Entanglement and Faithful Teleportation via Noisy
Channels, Phys. Rev. Lett. 76, 722 (1996).

[158] Z. Gong, R. Hamazaki, and M. Ueda, Discrete Time-
Crystalline Order in Cavity and Circuit QED Systems,
Phys. Rev. Lett. 120, 040404 (2018).

[159] K. Macieszczak, M. d. Guta, I. Lesanovsky, and J.P.
Garrahan, Towards a Theory of Metastability in Open
Quantum Dynamics, Phys. Rev. Lett. 116, 240404 (2016).

[160] N.Y. Yao, A. C. Potter, I.-D. Potirniche, and A. Vishwanath,
Discrete Time Crystals: Rigidity, Criticality, and Realiza-
tions, Phys. Rev. Lett. 118, 030401 (2017).

[161] J. Zhang, P. W. Hess, A. Kyprianidis, P. Becker, A. Lee, J.
Smith, G. Pagano, L-D. Potirniche, A.C. Potter, A.
Vishwanath, N.Y. Yao, and C. Monroe, Observation of
a Discrete Time Crystal, Nature (London) 543, 217 (2017).

[162] S. Choi, J. Choi, R. Landig, G. Kucsko, H. Zhou, J. Isoya,
F. Jelezko, S. Onoda, H. Sumiya, V. Khemani, C. von
Keyserlingk, N.Y. Yao, E. Demler, and M.D. Lukin,
Observation of Discrete Time-Crystalline Order in a
Disordered Dipolar Many-Body System, Nature (London)
543, 221 (2017).

[163] C.W. von Keyserlingk, V. Khemani, and S.L. Sondhi,
Absolute Stability and Spatiotemporal Long-Range Order
in Floquet Systems, Phys. Rev. B 94, 085112 (2016).

[164] O. Zilberberg, S. Huang, J. Guglielmon, M. Wang, K. P.
Chen, Y.E. Kraus, and M.C. Rechtsman, Photonic
Topological Boundary Pumping as a Probe of 4d Quan-
tum Hall Physics, Nature (London) 553, 59 (2018).

[165] M. Lohse, C. Schweizer, H. M. Price, O. Zilberberg, and I.
Bloch, Exploring 4d Quantum Hall Physics with a 2d
Topological Charge Pump, Nature (London) 553, 55
(2018).

[166] H. M. Price, O. Zilberberg, T. Ozawa, I. Carusotto, and N.
Goldman, Four-Dimensional Quantum Hall Effect with
Ultracold Atoms, Phys. Rev. Lett. 115, 195303 (2015).

[167] M. Miiller, S. Diehl, G. Pupillo, and P. Zoller, Engineered
Open Systems and Quantum Simulations with Atoms and
Ions, Adv. At. Mol. Opt. Phys. 61, 1 (2012).

[168] J. Feinberg and A. Zee, Non-Hermitian Localization and
Delocalization, Phys. Rev. E 59, 6433 (1999).

[169] C.D. Meyer, Matrix Analysis and Applied Linear
Algebra (Society for Industrial and Applied Mathematics,
Philadelphia, 2000).

[170] C. Callias, Axial Anomalies and Index Theorems on Open
Spaces, Commun. Math. Phys. 62, 213 (1978).

[171] Y. Ashida and M. Ueda, Full-Counting Many-Particle
Dynamics: Nonlocal and Chiral Propagation of Correla-
tions, Phys. Rev. Lett. 120, 185301 (2018).

[172] E. M. Graefe, H. J. Korsch, and A. Rush, Quasiclassical
Analysis of Bloch Oscillations in Non-Hermitian Tight-
Binding Lattices, New J. Phys. 18, 075009 (2016).

[173] J. E. Poyatos, J. 1. Cirac, and P. Zoller, Quantum Reservoir
Engineering with Laser Cooled Trapped Ions, Phys. Rev.
Lett. 77, 4728 (1996).

[174] B. Kraus, H. P. Biichler, S. Diehl, A. Kantian, A. Micheli,
and P. Zoller, Preparation of Entangled States by Quantum
Markov Process, Phys. Rev. A 78, 042307 (2008).

[175] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Biichler,
and P. Zoller, Quantum States and Phases in Driven Open
Quantum Systems with Cold Atoms, Nat. Phys. 4, 878
(2008).

[176] S. Diehl, E. Rico, M. A. Baranov, and P. Zoller, Topology
by Dissipation in Atomic Quantum Wires, Nat. Phys. 7,
971 (2011).

[177] G. Lindblad, On the Generators of Quantum Dynamical
Semigroups, Commun. Math. Phys. 48, 119 (1976).

[178] F. Reiter and A. S. Sgrensen, Effective Operator Formal-
ism for Open Quantum Systems, Phys. Rev. A 85, 032111
(2012).

[179] F. Gerbier and J. Dalibard, Gauge Fields for Ultracold
Atoms in Optical Superlattices, New J. Phys. 12, 033007
(2010).

[180] I. Bloch, J. Dalibard, and W. Zwerger, Many-Body Physics
with Ultracold Gases, Rev. Mod. Phys. 80, 885 (2008).

[181] Z. W. Barber, C. W. Hoyt, C. W. Oates, L. Hollberg, A. V.
Taichenachev, and V.I. Yudin, Direct Excitation of the
Forbidden Clock Transition in Neutral Yb Atoms
Confined to an Optical Lattice, Phys. Rev. Lett. 96,
083002 (2006).

[182] M. Miranda, R. Inoue, Y. Okuyama, A. Nakamoto, and M.
Kozuma, Site-Resolved Imaging of Ytterbium Atoms in a
Two-Dimensional Optical Lattice, Phys. Rev. A 91,
063414 (2015).

031079-33


https://doi.org/10.1016/0003-4916(71)90108-4
https://doi.org/10.1007/s00220-008-0411-y
https://doi.org/10.1103/RevModPhys.88.021002
https://doi.org/10.1103/PhysRevLett.76.722
https://doi.org/10.1103/PhysRevLett.120.040404
https://doi.org/10.1103/PhysRevLett.116.240404
https://doi.org/10.1103/PhysRevLett.118.030401
https://doi.org/10.1038/nature21413
https://doi.org/10.1038/nature21426
https://doi.org/10.1038/nature21426
https://doi.org/10.1103/PhysRevB.94.085112
https://doi.org/10.1038/nature25011
https://doi.org/10.1038/nature25000
https://doi.org/10.1038/nature25000
https://doi.org/10.1103/PhysRevLett.115.195303
https://doi.org/10.1016/B978-0-12-396482-3.00001-6
https://doi.org/10.1103/PhysRevE.59.6433
https://doi.org/10.1007/BF01202525
https://doi.org/10.1103/PhysRevLett.120.185301
https://doi.org/10.1088/1367-2630/18/7/075009
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevA.78.042307
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nphys1073
https://doi.org/10.1038/nphys2106
https://doi.org/10.1038/nphys2106
https://doi.org/10.1007/BF01608499
https://doi.org/10.1103/PhysRevA.85.032111
https://doi.org/10.1103/PhysRevA.85.032111
https://doi.org/10.1088/1367-2630/12/3/033007
https://doi.org/10.1088/1367-2630/12/3/033007
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/PhysRevLett.96.083002
https://doi.org/10.1103/PhysRevLett.96.083002
https://doi.org/10.1103/PhysRevA.91.063414
https://doi.org/10.1103/PhysRevA.91.063414

