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Pursuing complementary field-theoretic and numerical methods, we here paint the global phase diagram
of a three-dimensional dirty Weyl system. The generalized Harris criterion, augmented by a perturbative
renormalization-group analysis shows that weak disorder is an irrelevant perturbation at the Weyl
semimetal (WSM)-insulator quantum-critical point. But, a metallic phase sets in through a quantum phase
transition (QPT) at strong disorder across a multicritical point. The field-theoretic predictions for the
correlation length exponent v = 2 and dynamic scaling exponent z = 5/4 at this multicritical point are in
good agreement with the ones extracted numerically, yielding v = 1.98 £ 0.10 and z = 1.26 4 0.05, from
the scaling of the average density of states (DOS). Deep inside the WSM phase, generic disorder is also an
irrelevant perturbation, while a metallic phase appears at strong disorder through a QPT. We here
demonstrate that in the presence of generic but strong disorder, the WSM-metal QPT is ultimately always
characterized by the exponents v = 1 and z = 3/2 (to one-loop order), originating from intranode or chiral-
symmetric (e.g., regular and axial potential) disorder. We here anchor such emergent chiral super-
universality through complementary renormalization-group calculations, controlled via ¢ expansions, and
numerical analysis of average DOS across WSM-metal QPT. In addition, we also discuss a subsequent
QPT (at even stronger disorder) of a Weyl metal into an Anderson insulator by numerically computing the
typical DOS at zero energy. The scaling behavior of various physical observables, such as residue of
quasiparticle pole, dynamic conductivity, specific heat, Griineisen ratio, inside various phases as well as

across various QPTs in the global phase diagram of a dirty Weyl liquid, are discussed.
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I. INTRODUCTION

The complex energy landscape of electronic quantum-
mechanical states in solid-state compounds, commonly
known as band structure, can display accidental or
symmetry-protected band touching at isolated points in
the Brillouin zone [1-9]. In the vicinity of such diabolic
points, low-energy excitations can often be described as
quasirelativistic Dirac or Weyl fermions [10-12], which
may provide an ideal platform for condensed matter
realization of various peculiar phenomena, such as chiral
anomaly, Casimir effect, and axionic electrodynamics
[13—-15]. Recently, three-dimensional Weyl semimetals
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(WSMs) have attracted a lot of interest due to the growing
evidence of their material realization [16-25].

A WSM, the prime example of a gapless topological
phase of matter, is constituted by so-called Weyl nodes that
in the reciprocal space (Brillouin zone) act as the source
and sinks of Abelian Berry curvature, and thus always
appear in pairs [26]. In a nutshell, the Abelian Berry flux
enclosed by the system determines the integer topological
invariant of a WSM and the degeneracy of topologically
protected surface Fermi arcs. A question of fundamental
and practical importance in this context concerns the
stability of such a gapless topological phase against
impurities or disorder, inevitably present in real materials.
Combining complementary field-theoretic renormalization-
group (RG) calculations and a numerical analysis of the
average density of states (ADOS), we here study the role of
randomness in various regimes of the phase diagram of a
Weyl system to arrive at the global phase diagram,
schematically illustrated in Fig. 1.
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FIG. 1. A schematic phase diagram of a dirty Weyl semimetal.
Here, A is a tuning parameter that drives quantum phase
transition from Weyl semimetal to (Chern or normal) insulator
in clean system [see Sec. II], and W denotes the strength of
disorder (the nature of which is not specified here). Semimetal-
insulator quantum-critical points are denoted by the blue dots.
The red dots represent multicritical points, where an insulator, a
metal, and the Weyl semimetal meet [see Sec. III]. The string of
green dots represents a line of quantum-critical points through
one of which (depending on the bare value of A) the Weyl
semimetal undergoes a quantum phase transition into a metallic
phase (see Secs. IV, V, VI, and VII). At stronger disorder the
metallic phase undergoes a second quantum phase transition into
the Anderson insulator phase (see Sec. IX). The shape of the
phase boundaries is, however, nonuniversal. See, for example,
Fig. 2 for numerically obtained phase diagram from a lattice
model.

A WSM can be constructed by appropriately stacking
two-dimensional layers of quantum anomalous Hall insu-
lator (QAHI) in the momentum space along the k,
direction, for example. Thus, by construction a WSM
inherits the two-dimensional integer topological invariant
of constituting layers of QAHI, and the momentum space
Skyrmion number of QAHI jumps by an integer amount
across two Weyl nodes. As a result, the Weyl nodes serve as
the sources and sinks for Abelian Berry curvature, and in a
clean system WSM is sandwiched between a topological
Chern and a trivial insulating phase, as shown in Fig. 1. In
an effective tight-binding model a WSM-insulator quantum
phase transition (QPT), the blue dot in Fig. 1, can be tuned
by changing the effective hopping in the k, direction, as
demonstrated in Sec. II. In this work, we first assess the
stability of such a clean semimetal-insulator quantum-
critical point (QCP) in the presence of generic randomness
in the system, and arrive at the following conclusions.

(1) By generalizing the Harris criterion [27], we find

that WSM-insulator QCP is stable against suffi-
ciently weak, but otherwise generic, disorder (see
Sec. III). Such an outcome is further substantiated
from the scaling analysis of disorder couplings,
suggesting that any disorder is an irrelevant pertur-
bation at such a clean QCP.

(2) From an appropriate € expansion (see Sec. III),

we demonstrate that a multicritical point (MCP)

emerges at stronger disorder, where the WSM, a
band insulator (either Chern or trivial), and a
metallic phase meet, the red dot in Fig. 1. The
critical semimetal residing at the phase boundary
between a WSM and an insulator (along the black
dashed line in Fig. 1) then becomes unstable toward
the formation of a compressible metal through such
a MCP. The exponents capturing the instability of
critical excitations toward the onset of a metal are
(a) correlation length exponent (CLE) v =2 and
(b) dynamic scaling exponent (DSE) z = 5/4 to the
leading order in the e expansion. These two ex-
ponents also determine the scaling behavior of
physical observables across the anisotropic critical
semimetal-metal QPT.

(3) By following the scaling of DOS along the phase
boundary (the black dashed line in Fig. 1) between
the WSM and insulator with increasing randomness
in the system, we numerically extract v and z at the
MCP across the critical semimetal-metal QPT (see
Fig. 2). Numerically extracted values of these two
exponents are v = 1.98 £ 0.10 and z = 1.26 £ 0.05
(see Sec. III B), which are in good agreement with
our prediction from the leading-order e expansion
(see Appendix E, Table IV).

We now turn our focus on the WSM phase (the green
shaded region in Fig. 1). The study of disorder effects in
topological phases of matter has recently attracted a lot of
attention, leading to a surge of analytical [28-50] and
numerical [51-65] works. In particular, the focus has been
concentrated on the massless Dirac critical point separating
two topologically distinct insulators (electrical or thermal),
as well as inside Dirac and Weyl semimetal phases. Even
though the effects of generic disorders have been studied
to some extent theoretically [30,36,42—44], most of the
numerical works solely focused on random charge impu-
rities (for exceptions, see Refs. [54,56]). By now there is
both analytical and numerical evidence that chemical
potential disorder when strong enough drives a QPT from
the WSM to a diffusive metal, leaving its imprint on
different observables, e.g., average DOS, specific heat, and
conductivity (see Sec. VIII). Deep inside the WSM phase,
the system possesses various emergent symmetries (see
Table III), such as a continuous global chiral U(1) sym-
metry that is tied with the translational symmetry of a clean
noninteracting WSM in the continuum limit [66]. In the
absence of both inversion and time-reversal symmetries, the
simplest realization of a WSM with only two Weyl nodes is
susceptible to 16 possible sources of elastic scattering,
displayed in Table III. They can be grouped in eight classes,
among which only four preserve the emergent global chiral
symmetry (intranode scattering), while the remaining ones
directly mix two Weyl nodes with opposite (left and right)
chiralities (internode scattering) [67]. As we demonstrate in
this paper, such characterization of disorders based on the
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FIG. 2. Left: Numerically obtained phase diagram of a Weyl
material residing in the proximity of the WSM-insulator QCP
(blue dot for W = 0) in the presence of random charge impurities
(W). The black dashed line represents the phase boundary
between these two phases, and the blue square is the multicritical
point (MCP) where the WSM, a band insulator (Chern in
the present situation), and a metal meet. The density of states
at the phase semimetal-insulator phase boundary scales as
0(E) ~ |E|'3, as shown in the right-hand panel (see Sec. III
for details). With increasing strength of disorder the direct
transition between WSM and insulator gets avoided by an
intervening metallic phase, where DOS at zero energy is finite
(see the right-hand panel). The metallicity sets in through the
MCP, where the DOS scales roughly as ¢(E) ~ |E|. These
findings are in qualitative agreement with the field-theoretic
predictions (see Fig. 6).

chiral symmetry allows us to classify the WSM-metal
QPTs (across one of the green dots shown in Fig. 1) in
the presence of generic disorder.

To motivate our theoretical analysis, we now discuss
the possible microscopic origin of disorders in the Weyl
materials. Furthermore, knowing this in the future may
facilitate a control over randomness in experiments on these
materials. For example, chemical potential disorder can be
controlled by modifying the concentration of random
charge impurities. Random asymmetric shifts of chemical
potential between the left and right chiral Weyl cones
correspond to the axial potential disorder. Therefore, in an
inversion asymmetric WSM such disorder is always
present. Magnetic disorder is yet another type of chiral
symmetry-preserving (CSP) disorder, and the strength of
random magnetic scatterers can be efficiently tuned by
systematically injecting magnetic ions in the system. [We
here do not consider Kondo effect or Ruderman—Kittel—
Kasuya—Yosida (RKKY) interaction.] In contrast, all
chiral-symmetry-breaking (CSB) disorders cause mixing
of two Weyl nodes, and in an effective model for WSMs,
they stem from various types of random bond disorder
that also cause random fluctuation of bandwidth (see
Appendix D). Therefore, strength of CSB disorder may
be tuned by applying inhomogeneous pressure (hydrostatic
or chemical) in the Weyl materials. Since the WSMs are
found in strong spin-orbit-coupled materials, a random spin-
orbit coupling can be achieved when hopping (hybridization)

between two orbitals with opposite parity acquires random
spatial modulation. Yet another CSB but vectorlike type of
disorder is a random axial Zeeman coupling. Its source is the
different g factor of two hybridizing bands that touch at the
Weyl point [68-70]. Therefore, when magnetic impurities
are injected in the system, such disorder is naturally
introduced, and depending on the relative strength of the
g factor in different bands, one can access regular (intranode)
or axial (internode) random magnetic coupling. Finally, two
different types of CSB mass disorders that tend to gap out the
Weyl points are represented by random charge- or spin-
density-wave order, depending on the microscopic details
[71]. These disorders correspond to random scalar and
pseudoscalar mass in the field-theory language. Because
of their presence, Weyl nodes are gapped out in each disorder
configuration, but the sign of the gap is random from
realization to realization, and in the thermodynamic limit
the nodes remain gapless. To the best of our knowledge, it is
currently unknown how to tune the strength of all individual
sources of elastic scattering in real Weyl materials.
Nevertheless, we elucidate how all possible disorders can
be obtained from a simple effective tight-binding model on a
cubic lattice for a WSM with two nodes (see Appendix D),
allowing us to numerically investigate the effects of generic
disorder in this system.

Here we address the stability of a disordered WSM (i) in
the field-theoretical framework by using two different RG
schemes: (a) an €,, expansion about a critical disorder
distribution, where €,, = 1 — m, with the Gaussian white
noise distribution realized as m — 0, and (b) ¢, =d —2
expansion about d; = 2, the lower critical spatial dimen-
sion for WSM-metal QPT; and (ii) lattice-based numerical
evaluation of average DOS by using the kernel polynomial
method (KPM) [72] in the presence of generic chiral-
symmetric disorder [see Fig. 3 (upper panel)] as well as
nonchiral disorder [see Fig. 3 (lower panel)]. Comparisons
between the field-theoretic predictions and numerical
findings for all chiral disorders are given in Table 1. Our
central results can be summarized as follows.

(1) From the scaling analysis we show in Sec. IV that all
types of disorder (both CSP and CSB) are irrelevant
perturbations in a WSM. This outcome is also
supported numerically, see Fig. 3, depicting that
DOS scales as ¢(E) ~ |E|)* for small energy (E),
when generic disorder is sufficiently weak.

(2) We show in Sec. V that irrespectively of the details
of two distinct e expansions, in the presence of a
CSP disorder, the WSM-metal QPT takes place
through either a QCP (when either potential or axial
potential disorder is present) or a line of QCPs (when
both types of scalar disorder are present simulta-
neously), characterized by critical exponents,

2= 1+=40(),

5 vrl=e+0(), (1)
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FIG. 3. Scaling of numerically evaluated (using the kernel polynomial method [72]) average density of states in dirty Weyl semimetals
in the presence of (a) potential, (b) axial, (c) axial current, (d) current, (e) spin-orbit (represented by temporal component of tensor),
(f) axial magnetic (represented by spatial component of tensor), (g) scalar mass, and (h) pseudoscalar mass disorder for weak to strong
disorder regime, in a cubic lattice of linear dimension L = 220 (see Table III for definition and field-theoretic nomenclature). Notice that
for weak enough disorder, ADOS ¢(E) ~ |E|? for |E| < 1. In the metallic phase, appearing for strong enough disorder, ADOS at zero
energy ¢(0) becomes finite. Around a (nonuniversal) critical strength of disorder W = W, the ADOS scales as ¢(E) ~ |E| for |E| < 1.
Since ¢(E) ~ |E|%/*~!, the dynamic scaling exponent z ~ 1.5 across the WSM-metal quantum phase transitions, irrespective of the
nature of the elastic scatterers. Disorders in (a)-(d) preserve the emergent global chiral symmetry and represent intranode scattering,
while the remaining ones [(e)—(h)] break that symmetry and represent internode scattering. Numerically extracted critical exponents
across WSM-metal QPTs and their comparison with the field-theoretic predictions are displayed in Tables I and II, suggesting an
excellent agreement between these two methods and emergence of a superuniversality across WSM-metal QPT. The strength of disorder
increases monotonically in the direction of the red arrow in each panel.

obtained from the leading order in e expansions, critical exponents at such QCP or line of QCPs are
where € =€, or €,, and € = 1 corresponds to the in stark contrast to the ones reported in Eq. (1), and
physical situation. Therefore, irrespective of the typically z > d. In particular, the DSE varies con-
nature of elastic scatterers, the universality class tinuously across the line of QCPs supported by a
of the WSM-metal QPT in the presence of a CSP strong CSB disorder. On the other hand, v~ = ¢ to
disorder is unique, and we name such a universality the leading order in an e expansion, irrespective of
class chiral superuniversality. Even though the ex- the RG scheme.
ponents v and z can receive higher-order corrections (5) Since z > d (always), the CSP disorder as well as the
O(e?), presently there is no controlled way to higher gradient terms (inevitably present in a lattice
compute them beyond leading order in e [40,45]. model) become relevant at the CSB disorder-driven
(3) InSec. VI, we carry out a thorough numerical analysis QCPs separating a WSM from a metallic phase.
of DOS in the presence of all four CSP disorders, Consequently, in lattice-based simulations the
obtained by using KPM from a lattice model [see WSM-metal QPT is expected to ultimately be
Figs. 3(a)-3(d)]. Within the numerical accuracy we controlled by the QCPs associated with CSP dis-
find that z~ 1.5 and v~ 1 across possible CSP order. We anchor this outcome by numerically
disorder-driven WSM-metal QPTs (see Fig. 13 and computing the DOS in the presence of all four
Table I). Thus, numerically extracted values of critical internode scatterings (see Fig. 3 (lower panel)] and
exponents are in excellent agreement with the field- find that across WSM-metal QPTs, driven by any
theoretic predictions from leading-order € expansions, CSB disorder, z~ 1.5 and v~ 1 [see Table IIJ.
and strongly support the proposed scenario of emer- Therefore, generic disorder-driven WSM-metal
gent chiral superuniversality. QPT offers a rather sparse example of superuniver-
(4) In Sec. VII, we show that the CSB disorder can also sality, characterized by the critical exponents z =
drive a WSM-metal QPT through either an isolated 3/2 and v = 1, to the leading order in ¢ expansions,
QCP or a line of QCPs. Irrespective of the actual which are in a reasonable good agreement with
details of an e-expansion scheme, the values of the numerical findings (within error bars); see Eq. (1).
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TABLE 1. Comparison of numerically extracted values of
dynamic scaling exponent (z) and correlation length exponent
(v) across the WSM-metal QPT (takes place at W = W), with the
ones obtained from the leading-order e expansions using field-
theoretic techniques. All four disorders preserve continuous global
chiral symmetry of a WSM. This comparison strongly suggests
that a WSM-metal transition driven by a CSP disorder is
insensitive to the nature of elastic scatterers, thus motivating an
emergent chiral superuniversality class of the QPTs, cf. Sec. V. The
fact that z ~ 1.5 for all types of disorder reflects through almost
linear scaling of DOS around the WSM-metal QPT; see Fig. 3 (top

TABLE II. Numerically extracted critical strength of disorder
for WSM-metal QPT (W,), dynamic scaling exponent (z), and
correlation length exponent (v) in the presence of four individual
disorder potentials that mix two Weyl nodes (nonchiral disorder),
obtained from the scaling of average DOS. The fact that z ~ 1.5 for
all types of disorder reflects through almost linear scaling of DOS
around the WSM-metal QPT; see Fig. 3 (lower panel). For field-
theoretic analysis of internode scatterers or nonchiral disorder, see
Sec. VII. Here, error bars in z and v are fitting error bars (see
Fig. 14). For detailed discussion, see Appendix E and Table IV.

panel). Here, error bars in z and v are “fitting error bars” (see Disorder W, z v
Fig. 13). For detailed discussion, see Appendix E and Table IV. Spin-orbit 090+005 153+005 1.01+0.10
N cal analvsi Field th Axial magnetic 0.90+0.05 153+£0.05 0.99+£0.12
THoped drayss 1o IO Scalar mass 150 £0.05 1494005 0.99+0.12
Disorder W, z v z Pseudoscalar mass  1.40£0.05 149+0.05 1.01+0.11
Potential 1.65+0.05 1.47 +£0.05 1.00£0.08 3/2

Axial 2.60 £0.05 1.47£0.05 1.06 +£0.10 3/2
Magnetic 1.80 £0.05 1.51+0.05 1.03+0.10 3/2
Current 1.65£0.05 1.48+0.05 1.02+0.09 3/2

[ R

(6) In Sec. VIII, we show that various experimentally
measurable quantities, such as average DOS, dy-
namic conductivity, specific heat, and Griineisen
ratio, exhibit distinct scaling behavior in terms of
CLE and DSE in different phases of a dirty WSM.
As such, they may be useful to distinguish types of
disorder in a WSM. Most importantly, distinct
scaling of observables can allow one to pin the
onset of various phases in real materials.

We point out that the notion of superuniversality is
realized rather sparsely in condensed matter systems. Most
prominent examples in this regard include the quantum
Hall plateau transitions [73—75] and one-dimensional dis-
ordered superconducting wires [76]. Therefore, dirty Weyl
semimetal represents, to the best of our knowledge, the
only example of a three-dimensional system exhibiting
superuniversality.

It is worth mentioning that for sufficiently strong
disorder the metallic phase in a Weyl system undergoes
a second continuous QPT into an Anderson insulating
phase [28,54,77], across the red dashed line shown in
Fig. 1. In Sec. IX, we address the metal-insulator Anderson
transition (AT), but only in the presence of random charge
impurities. Our central achievements regarding the fate of
the AT in strongly disordered Weyl metal are the following.

(1) We show that a Weyl metal undergoes a second
transition at stronger disorder into an Anderson
insulator (AI) phase. By numerically computing
the typical density of states (TDOS) at zero energy
[0,(0)], we show that ¢,(0) vanishes smoothly across
the Weyl metal-Al QPT, while displaying critical
and single-paramter scaling. In particular, ¢,(0) is
pinned at zero in the WSM and Al phases, while it is
finite inside the entire metallic phase. By contrast,

the average DOS at zero energy [¢(0)] remains finite
in the metallic as well as Al phases, while being zero
only in the weakly disordered WSM. Otherwise,
0(0) decreases smoothly and monotonically across
the Weyl metal-Al QCP.

(2) We demonstrate that TDOS at zero energy displays
single-parameter scaling across both (a) WSM-metal
and (b) metal-Al QPTs. Specifically, the order-
parameter exponent for ¢,(0), f3;, defined as ¢,(0) ~
|5/%:, where & defines the reduced distance from
transition point, is S, = 1.80 £ 0.20 across the
WSM-metal QPT (which is different from the one
for the average DOS at zero energy for which
S, = 1.50 £ 0.05).

(3) We show that inside the metallic phase the mobility
edge, separating the localized states from the ex-
tended ones, reside at finite energy. With increasing
strength of disorder the mobility edge slides down to
smaller energy and across the AT the entire energy
widow is occupied by localized states.

The rest of the paper is organized as follows. In Sec. II,
we introduce a simple tight-binding model for a Weyl
system and discuss possible phases and the phase tran-
sitions in the clean limit. In Sec. III, we demonstrate the
effects of generic disorder near the clean WSM-insulator
QCP and perturbatively address the effects of strong
disorder. In Sec. IV, we set up the theoretical framework
for addressing the role of randomness deep inside the WSM
phase and introduce the notion of ¢,, and ¢, expansions for
perturbative treatment of disorder. This section is rather
technical and readers familiar with the formalism or
interested in physical outcomes may wish to skip it. We
devote Sec. V to the effects of CSP disorder and promote
the notion of chiral superuniversality. Detailed numerical
analysis of the scaling of DOS is presented in Sec. VI.
Effects of CSB disorder are discussed in Sec VII, and
scaling of various physical observables, such as DOS,
specific heat, conductivity, etc., across the WSM-metal
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QPT is discussed in Sec. VIII. We discuss the Anderson
transition of the metallic phase at stronger disorder in
Sec. IX. Concluding remarks and a summary of our main
findings are presented in Sec. X. Some additional technical
details are relegated to the Appendixes.

II. LATTICE MODEL FOR WEYL SYSTEM

Let us begin the discussion with a lattice realization of
chiral Weyl fermions in a three-dimensional cubic lattice.
Even though in most of the commonly known Weyl
materials, such as the binary alloys TaAs and NbP, Weyl
fermions emerge from complex band structures in non-
centrosymmetric lattices, their salient features can be
captured from a simple tight-binding model:

H =" y[NK)- ol (2)
k

The two-component spinor is defined as y,| = (cg 1, ¢k ).
where ¢, is the fermionic annihilation operator with
momentum k and spin or pseudospin projection s = 7, |,
and o’s are standard Pauli matrices. We here choose

Ns(k) =t cos(k,a) — m_ + to[2 — cos(k,a) — cos(kya)],
(3)

where a is the lattice spacing. The first term gives rise to two
isolated Weyl nodes along the k, axis at k, = +k?, where

cos(k%a) = fo (T—OZ + cos(ka) + cos(kya) — 2), (4)
4

with the following choice of pseudospin vectors:

N, (k) = tsin(k.a), N, (k) = tsin(kya).  (5)
The second term in Eq. (3), namely, N¥(k)=
192 — cos(kya) — cos(kya)], plays the role of a momen-
tum-dependent Wilson mass [58,59]. The resulting phase
diagram of the above tight-binding model is displayed
in Fig. 4. We subscribe to this tight-binding model in
Secs. III B, VI, and IX to numerically study the effects of
randomness in various regimes of a dirty Weyl system.

For the sake of simplicity, we hereafter consider only the
parameter regime —t, < m, < t; and , < t;, so that only
a single pair of Weyl fermions is realized at k® = (0,0,
+cos~!m,/t.]). In the vicinity of these two points the
Weyl quasiparticles can be identified as left and right
chiral fermions, respectively. A WSM can be found when
|m./t] <1 and the system becomes an insulator for
|m./t| > 1. Even though we here restrict our analysis
within the aforementioned parameter regime, this analysis
can be generalized to study the semimetal-insulator QPTs
in various other regimes shown in Fig. 4.

1.5 T T
WSM; | WSM, | WSM;

1t

- 0.5}
NI Cl Cl NI
0 . .
-1.5 0 1 2 3 4 55
mzlto

FIG. 4. The phase diagram of the clean noninteracting tight-
binding model defined through Egs. (5) and (3). Here, NI and CI,
respectively, represent trivial (normal) and Chern insulators. Weyl
nodes in the WSM phase are always located along the k,
direction. Respectively, WSM, , 3 supports one, two, and one
pair of Weyl nodes. The projection of the Weyl nodes on the xy
plane in these phases are at the (0,0) point, (0,7) and (z,0)
points, and (r, x) point. This model therefore supports transla-
tionally active topological phases [9,78]. The transitions between
the WSM and insulating phases (solid lines) and the ones
between two distinct WSM phases (dashed lines) are continuous.
We emphasize that there is no symmetry distinction among these
phases.

Within this parameter regime, to capture the Weyl
semimetal-insulator QPT, which occurs along the line
t./m, =1, we expand the tight-binding model around
the I' = (0,0, 0) point of the Brillouin zone to arrive at
the effective low-energy Hamiltonian

A

Hy(A) = v(o1k, + 02k,) + 03(bk? = A), (6)

where v = ta is the Fermi velocity in the xy plane and
b =t.a*/2 bears the dimension of inverse mass. For
A=t,—m, <0, the system becomes an insulator
(Chern or trivial). On the other hand, when A > 0, the
lattice model describes a WSM. The QPT in this clean
model between these two phases takes place at A = 0.
Hence, A plays the role of a tuning parameter across the
WSM-insulator QPT. The QCP separating these two phases
is described by an anisotropic semimetal, captured by the
Hamiltonian H(0) in Eq. (6), that in turn also determines
the universality class of the transition. Notice that the
expansion of the lattice Hamiltonian [see Eq. (5)] also
yields terms ~ki and ~kj and higher order (from the
Wilson mass), which are, however, irrelevant in the RG
sense, and therefore do not affect the critical theory for the
WSM-insulator QPT. Hence, we omit these higher gradient
terms for now. We discuss the paramount importance of
such higher gradient terms close to the CSB disorder-driven
WSM-metal QPT in Sec. VII. Next, we address the stability
of this quantum-critical semimetal against disorder in the
system using scaling theory and RG analysis.
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III. EFFECTS OF DISORDER ON
SEMIMETAL-INSULATOR TRANSITION

The imaginary time (z) action associated with the low-
energy Hamiltonian [see Eq. (6)] reads as

So = /a’rdz)udxy//+ 0, — iv0;6; — 03(b0; + A)w. (7)

In proximity to the Weyl semimetal-insulator QPT, the
system can be susceptible to both random charge and
random magnetic impurities, and their effect can be
captured by the Euclidean action,

Sp = /drdledx3wT[V0(x)ao +V,(x)(o) + 0,)

+V.(x)osly, (8)

where V;(x) are random variables. The effect of random
charge impurities is captured by V,(x), while V (x) and
V.(x) represents random magnetic impurities with the
magnetic moment residing in the easy or xy plane and
in the z direction (denoted here by x5 for notational clarity),
respectively, which we allow due to the anisotropy of the
Hamiltonian [see Eq. (6)]. All types of disorder are
assumed to be characterized by Gaussian white noise
distributions.

The scale invariance of the noninteracting action [see
Eq. (7)] mandates the following scaling ansatz: 7 — e'r,
(x,y) = e!(x.y), and x5 = €"/x3, followed by the rescal-
ing of the field operator y — e~>"/*y, where [ is the
logarithm of running RG scale. The scaling dimension
|

of the tuning parameter A is then given by [A] =1,
implying that A is a relevant perturbation at the WSM-
insulator QCP, located at A = 0. The scaling dimension of
the tuning parameter A plays the role of the correlation
length exponent (v) at this QCP, implying v = 1. In the
presence of disorder, as we show in Appendix A, the Harris
stability criterion [27] can be generalized for the WSM-
insulator QCP with the quantum-critical theory of the form
given by Eq. (6), but in a system with the topological or
monopole charge ¢ [see Eq. (Al)]. The generalized Harris
criterion then suggests that WSM-insulator QCP in a clean
system remains stable against sufficiently weak disorder
only if

4c

2
v>—, with —= ,
(4+0)

d, d,

©)

and d, as the effective spatial dimensionality of the system
under the coarse-graining procedure. At the WSM-insulator
QCP v =1, and the critical excitations residing at A =0
are therefore stable against weak disorder when ¢ =1
[regular WSM; see Eq. (6)]. We next analyze the effects of
disorder on the WSM-insulator QCP using a RG approach.
The same outcome can be arrived at from the computation
of inverse scattering lifetime (1/7) within the framework of
self-consistent Born approximation (see Appendix J).

A. Perturbative RG analysis

After performing the disorder averaging in the action
[see Eq. (8)] within the replica formalism, we arrive at the
replicated Euclidean action,

a . nr om A
S = /drdzdex3y/I,{6, —iv(0,0, + ay"z) + 63[(=i)"b,05 — Al}y, — / dedt' d®x | dx, (70 (l//zllla)(x,r) (wlwb)pc.a)

A . A,
+ % Z (l//erjl//a)(x,T)(l//bdjl//b)(x.f’) t3 (Who3wa) ) (wza3wb)(x,r’)> ; (10)

j=12

where a, b are replica indices. Notice that here we
have replaced k% — k%, with n as an even integer so that
such deformation of spectrum does not change the
symmetry of the system. We will show that such
deformation of the quasiparticle spectrum allows us to
control the perturbative RG calculation in terms of
disorder coupling. The above imaginary-time action (S)
remains invariant under the space-time scaling
(x,y) = el(x,y), x3 = €'/"x3, and 7 — e%z. At the bare
level the scale invariance of the free part of the action
requires the field-renormalization factor Z,, = e~(>*1/m!
and y — Z.,_,l/ %y. From this scaling analysis we immedi-
ately find that the scaling dimension of disorder couplings
is [Aj] = —1/n, for j =0, L, z. Therefore, at the WSM-
insulator QCP, characterized by n = 2, disorder is an
irrelevant perturbation, in accordance with the prediction

|
from the generalized Harris criterion, implying the sta-
bility of this QCP against sufficiently weak randomness.
Note that disorder couplings are marginal in a hypotheti-
cal limit n — oo, for which the system effectively
becomes a two-dimensional Weyl semimetal. Therefore,
perturbative analysis in the presence of generic disorder is
controlled via an ¢, expansion, where ¢, = 1/n, about
n — oo, following the spirit of ¢ expansions about upper
or lower critical dimension [79] and infinite monopole
charge [80,81].

Upon integrating out the fast Fourier modes within the

momentum shell Ae™" < k; < A, where k; = /k% + Kk,

0 < k3 < o0, and accounting for pertubative corrections to
one-loop order (see Fig. 5), we arrive at the following flow
equations:
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(a) (b) (©) (@)

FIG. 5. One-loop diagrams contributing to the self-energy
correction (a), and renormalization of disorder coupling (b)—(d).
Notice that contributions from (c) ladder and (d) crossing diagram
are ultraviolet divergent only in ¢, (Sec. Il A) and e, (Sec. IV C)
expansions, while they produce ultraviolet finite contribution in
€,, expansion (Sec. IV B). Here, solid (dashed) lines represent
fermionic (disorder) field.

Px =-X(Ag+2A, +A,)=(1-2)X,
Pa=A1+Ag—2A, +A]

Ba, = —€,80 +20¢(Ag +2A; +A,),

Pa, = €, + 2007,

Ba. = —€,0, 20,20 —Ag— A) +4A0A,,  (11)

in terms of dimensionless parameters,

o A A AEn
A== A =A(—r ")
A J J <(27[)2b;r1 UZ_€”>

for X =v,b,, j=0, L, z, Bp =dQ/dl is the § function
for the running parameter Q, and for brevity we omit the
hat notation in Eq. (11). In the above flow equations, we
have kept only the leading divergent contribution that
survives as n — oo. Inclusion of subleading divergences
yields only nonuniversal corrections, as shown in
Appendix B. The g function for in-plane Fermi velocity
(v) and b,, leads to a scale-dependent DSE:

2(I) =14 (Ag+2A, +A)(I). (12)

Note that in this formalism the random charge impurities do
not generate any new disorder, allowing us to depict the RG
flow in the (A, Ap) plane, as shown in Fig. 6(a).

The coupled RG flow equations [Eq. (11)] support only

two fixed points.

(1) (A,A¢p,A;,A,)=(0,0,0,0), which has only one
unstable direction along the A direction that serves
as the tuning parameter for WSM-insulator QPT.
This fixed point stands as a QCP in the four-
dimensional coupling constant space. The correla-
tion length exponent at this QCP is v~' = 1. All
disorder couplings are irrelevant perturbations at this
QCP [see the blue dot in Fig. 6(a)].

(2) (A,Ag, A ,A)~(0,€,/2,0,0) stands as a multi-
critical point with two unstable directions. At this
MCP the WSM, an insulator, and the metallic phase
meet. Two correlation-length exponents are v, =¢,
determining the relevance of disorder coupling A,

0.5 0.5

Metal

025 S0.25

Insulator WSM

|o

02 -01 0 01 02 %02 -0 0.2

SHES] S
o

—
-~

FIG. 6. (a) The RG flow diagram obtained from Eq. (11) and
(b) the resulting phase diagram in the A — A plane, fore, = 1/2.
Here, A is the tuning parameter for WSM-insulator transition
[see Eq. (6)], and A, is the strength of random charge impurities.
The blue dot and red dot, respectively, represent a critical and a
multicritical point. The metallicity sets in through the multi-
critical point.

which drives the anisotropic critical semimetal
[described by A 0(0)] into a diffusive metallic phase,
and v~! =1 that determines the relevance of the
tuning parameter A, controlling the WSM-insulator
transition. The DSE for critical semimmetal-metal
QPT is z =1+ (¢,/2) + O(€2). Therefore, for a
three-dimensional anisotropic critical semimetal-
metal QPT, setting €, = 1/2, the critical exponents
are vy; = 2 and z = 1.25, to the leading order in ¢,
expansion.

The RG flow and the resulting phase diagrams are
shown in Figs. 6(a) and 6(b), respectively. At the multi-
critical point the average DOS scales as ¢(E) ~ |E|%/*! ~
|E| to one-loop order, since d, = 5/2 for ¢ = 1, as given
by Eq. (9). Beyond the critical strength of disorder
system becomes a metal where the average DOS at zero
energy [0(0)] is finite and the order parameter exponent
p = (d, — z)v = 2.5 determines the scaling of ¢(0) accord-
ing to ¢(0) ~ &8 = 6> in the metallic phase, where & =
(Ag — Aj)/Af is the reduced disorder coupling from the
critical one at Ay = Aj. Next, we numerically demonstrate
(a) stability of WSM-insulator QCP at weak disorder and
(b) emergence of a metallic phase through a MCP at finite
disorder coupling that masks the direct transition between
WSM and insulator by numerically computing the average
DOS using the kernel polynomial method. As a natural
outcome of this exercise, we will also show that numerically
extracted values of the exponents, z and v, at the MCP,
associated with the critical excitations-metal QPT agree with
the predictions from the leading-order ¢, expansion. We also
note that the same spirit of RG analysis, controlled via “band
flattening”, can also be applied to address the effect of
randomness deep inside the WSM phase. We, however,
relegate that discussion to Appendix L.

For the sake of simplicity, we here neglect quantum
corrections to RG flow equations due to nontrivial
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dispersion along k,. Nonetheless, our formal approach
allows us to systematically account for such quantum
corrections, controlled via another small parameter 1/n
(in the spirit of a 1/N expansion, where N counts the
number of fermion flavors [79]). Therefore, our RG
analysis is ultimately controlled by two small parameters
€, (measuring the deviation from the marginality condition
for disorder, i.e., two spatial dimensions, leading to non-
trivial bare scaling dimension [A;] = —e, for all disorder
couplings with j =0, L1, z) and 1/n [measuring the
strength of the band dispersion in k, direction and thus
controlling the quantum (loop) corrections arising from
finite band curvature in this direction]. In this regard the RG
analysis follows the spirit of simultaneous ¢ and 1/N
expansions [79]. Only at the very end of the calculation we
sete, = 1/2 and n = 2 (physically relevant situation). This
analysis is presented in detail in Appendix B 1. The
resulting exponents (after accounting for 1/n quantum
corrections), namely, z = 1.245 and v = 2, are sufficiently
close to the ones we report here by taking n — oo in the
perturbative loop corrections.

B. Scaling of density of states near WSM-insulator
QCP: Numerical demonstration of the MCP

Before we discuss the scaling behavior of the average
DOS along the WSM-insulator phase boundary and inside
the metallic phase, setting in through the instability of the
critical semimetallic phase, let us point out some crucial
subtle issues associated with such analysis. Note that the
ADOS of the critical semimetal [described by H,(0) in
Eq. (6)] vanishes as ¢(E) ~ |E|>/?, while that in the WSM
phase vanishes as ¢(E) ~ |E|?. But, in the insulating phase,
average DOS displays hard gap. Based on scaling analysis
we expect WSM, insulator, and the critical semimetal to be
stable against sufficiently weak disorder. We exploit these
characteristic features to pin the WSM-insulator phase
boundary for weak disorder. On the other hand, for stronger
disorder onset of a metallic phase can be identified from the
existence of finite ADOS at zero energy. Following these
diagnostic tools we arrive at the phase diagram of a Weyl
material residing in close proximity to the WSM-insulator
QPT; see Fig. 2 (left). We are ultimately interested in
exposing the existence of a MCP in the (m_, t,) plane [the
red dot in Fig. 6(a)], which has two relevant directions. One
of them controls critical semimetal-metal QPT, while the
other one drives WSM-insulator QPT. Since we consider
the former transition, our focus will be restricted on the
black dashed line shown in Fig. 2.

More specifically, we here compute the average DOS by
employing the KPM [72] starting with the tight-binding
model, introduced in Egs. (2), (3), and (5), and staying in
close vicinity of m_/t, = 0.5 and ¢, /¢, = 0.5 (see the phase
diargam in Fig. 4). The tight-binding model is implemented
on a cubic lattice with periodic boundary conditions in all
three directions and the linear dimensionality of the system

in each direction is L = 140. Even though average DOS is
a self-averaged quantity, we perform average over 20
random disorder realizations to minimize the residual
statistical fluctuations, compute 4096 Chebyshev moments,
and take trace over 12 random vectors to obtain the average
DOS. For the sake of simplicity we here account for only
random charge impurities. Potential disorder is distributed
uniformly and randomly within the range [-W, W]. The
scaling of average DOS can be derived in the follow-
ing way.

Since we are following only one relevant direction
associated with the MCP, effectively it can be treated as
a simple QCP across which various physical observables
(such as average DOS) display single parameter scaling.
Note that the total number of states N(E,L) in a d-
dimensional system of linear dimension L, below the
energy E, is proportional to L?, and in general is a function
of two dimensionless parameters L/& and E/E,. Here, & ~
0% is the correlation length that diverges at the QCP,
located at § = 0, where § = [(W — W,)/W_] is the reduced
distance from the QCP, located at W = W .. Consequently,
the correlation energy, defined as Ej ~ 6*%, vanishes as the
QCP is approached from either side of the transition [82].
Following the standard formalism of scaling theory, we
then can write

N(E.L) = (L/§)'G(E/8",L/5™), (13)

where G is an universal but unknown scaling function.
Therefore, from the definition of average DOS,
o(E,L) = L™%dN(E,L)/dE, we arrive at the following
scaling form:

0(E,L) = "I F(|E|57%, 8L'"), (14)

where F is yet another universal, but typically unknown,
scaling function. However, we can access the behavior of
the scaling function in different regimes along the black
dashed line shown in Fig. 2 (left), which we exploit to
compute critical exponents characterizing the critical semi-
metal-metal QPT across the MCP. In the final step we have
used the fact that average DOS remains particle-hole
symmetric, but on average. Note that we will use exactly
the same scaling function deep inside the WSM phase in
the presence of generic disorder, discussed in Sec. VI. We
must stress here that in the above expression d = d,, the
effective dimensionality of the system, defined in Eq. (9),
when we address the scaling of ADOS along the phase
boundary between the WSM and an insulator, and across
the QPT to a metallic phase through the MCP, shown in
Fig. 2 (left). On the other hand, we set d = 3 (physical
dimensionality) while addressing the WSM-metal transi-
tion, since the electronic dispersion is linear and isotropic
in a WSM.
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Analysis of average density of states in various regimes along the black dashed line shown in Fig. 2 (left). Recall the black

dashed line for weak disorder defines the phase boundary between the WSM and insulator, while when extended into the metallic phase
[the red shaded regime in Fig. 2 (left)] captures the instability of critical excitations residing at the WSM-insulator QCP toward the
formation of a metallic phase. (a) Scaling of average DOS at zero energy [¢(0)] along the black dashed line as a function of increasing
disorder (W), showing that ¢(0) remains pinned at zero up to a critical strength of disorder, W, = 1.20 4 0.05. (b) Scaling of average
DOS at finite energy [¢(E)] around the multicritical point residing in the two-dimensional coupling constant space (m., W), indicating
the dynamic scaling exponent for critical excitation-metal QPT is z = 1.26 4 0.05. (c) Scaling of ¢(0) along the black dashed line inside
the metallic phase indicating that correlation length exponent for critical excitation-metal QPT is v = 1.97 &= 0.05. Details of the data
analysis are presented in Sec. III B. The quoted error bars in z and v are fitting error bars. See Appendix E and Table IV (last row) for

further details of data analysis.

First of all, notice that ADOS ¢(0) is pinned to zero
along the phase boundary between the WSM and insulator
for weak enough disorder, as shown in Fig. 7(a). Therefore,
critical semimetal separating these two phases remains
stable against weak disorder and the nature of the WSM-
insulator direct transition remains unchanged for weak
enough randomness. However, beyond a critical strength of
disorder, W, = 1.20£0.05, ¢(0) becomes finite and
metallicity sets in through the MCP; see Figs. 2 (left)
and 7(a). Beyond this point there exists no direct transition
between the WSM and an insulator. Also note for W < W,
o(E) ~ |E|', as shown in Fig. 2 (right), as expected, since
in the clean system z =1 and d, = 5/2.

Now we consider very close proximity to the MCP,
located at W = W, along the disorder axis. At this MCP
average DOS becomes independent of &, yielding F(x) ~
x4-/==1. By comparing ¢(E) with E, we obtain the DSE
associated with critical semimetal-metal QPT to be
z = 1.26 4+ 0.05; see Fig. 7(b).

Next we move into the metallic phase, but continue to
follow the black dashed line from Fig. 2 (left). In the
metallic phase ¢(0) becomes finite [see Fig. 7(a)]. Thus
to the leading order F(x) ~ x° and consequently ¢(0) ~
84~ With the prior notion of z = 1.26 + 0.05, now by
comparing ¢(0) versus § we obtain the CLE at the MCP
associated with the critical semimetal-metal QPT to be
v =197 £ 0.05, as shown in Fig. 7(c). [After accounting
for the variation in the location of W, and determination of
z, we finally obtain v = 1.98 £ 0.10; see Appendix E for
discussion and Table IV (last row) for analysis.]

Therefore, numerically extracted values of two
critical exponents, namely, v = 1.97 and z = 1.26, at
the MCP associated with the critical semimetal-metal
QPT match quite satisfactorily with the field-theoretic
prediction obtained from an ¢, expansion introduced in
this work, which allows us to control the RG calculation
by tuning the flatness of the quasiparticle dispersion
along the k, direction: a controlled ascent from two
spatial dimensions.

We now discuss two different types of data collapse
across the disorder-driven MCP. The results are shown in
Fig. 8. First, we focus on the largest system with
L = 220. From Eq. (14), upon neglecting the finite-size
effects, we compare o(E)|8|~(%~2* versus |E||5|™** along
the black line from Fig. 2 (left). With numerically
obtained values of v and z we find that all data nicely
collapse onto two branches (corresponding to the aniso-
tropic semimetal and metallic sides of the QPT), which
meet in the critical regime, as shown in Fig. 8 (left).
Next, we compare the ADOS at zero energy in the
metallic phase, namely, @(0)L%~* versus L'/*§, in
systems of different sizes (L), as shown in Fig. 8 (right).
We also obtain excellent finite-size data collapse for a
wide range of system sizes using already numerically
extracted values of v and z. Therefore, field-theoretic
predictions and numerical findings across the disorder-
driven MCP are in good agreement with each other.
Next, we address the effects of disorder inside the WSM
phase by pursing complementary field-theoretic and
numeric approaches.

031076-10



GLOBAL PHASE DIAGRAM OF A DIRTY WEYL LIQUID ...

PHYS. REV. X 8, 031076 (2018)

50|

=126

100} M=120 4

R o126 ”// Le 80

80} =19 - 120

5 ~ ! ‘

T M +160

5 ! _— 5%

& o o g ,

g . We=120
10 )

o

v=1.97

1 10
IFle|
(@)

GL”V

(b)

FIG. 8. (a) Collapse of average DOS at finite energy (obtained
in system with L = 220) across the multicritical point shown in
Fig. 2 (left). All data collapse reasonably well onto two branches
corresponding to anisotropic semimetal (upper branch) and
metallic phase (lower branch), which tend to meet in the critical
regime. (b) Data collapse of average DOS at zero energy for
different system sizes inside the metallic phase, appearing across
the MCP. These two data collapses are obtained with numerically
extracted critical exponents z = 1.26 and v = 1.97 (see Fig. 7),
with d, =5/2.

Note that the MCP, where WSM, an insulator, a metal,
and the critical anisotropic semimetal meet, possesses two
relevant directions; see Fig. 6(a). Hence, at finite energies
two quantum-critical fans associated with (1) critical
anisotropic semimetal-metal and (2) WSM-metal QPTs
(characterized by distinct sets of critical exponents) infer-
twine. Thus, obtaining a high-quality data collapse at finite
energies [see Fig. 8 (left)] across this MCP is quite
challenging, and qualitatively it is slightly worse than that
across the WSM-metal QPT (sufficiently far from the
MCP), shown in Figs. 13 and 14 (third column). Still,
roughly 300 data points effectively fall on two branches
[the top (bottom) one representing metallic (anisotropic
semimetallic) phase] with numerically extracted mean
values of the exponents, z = 1.26 and v = 1.97, in good
agreement with analytical predictions from leading order in
€, expansion (z = 1.25 and v = 2). The quality of finite-
size data collapse obtained from the scaling of ¢(0) in
different systems [see Fig. 8 (right)] is yet quite comparable
to the ones shown in Figs. 13 and 14 (fourth column) across
the WSM-metal QPT.

IV. DIRTY WEYL SEMIMETAL: MODEL
AND SCALING ANALYSIS

In this section, we set up the field-theoretical framework
to analyze the role of disorder when the system is deep
inside the WSM phase. We introduce the notion of two
different ¢ expansions: (a) an ¢,, expansion about a critical
disorder distribution, where ¢, = 1 —m with Gaussian
white noise distribution recovered as m — 0, and (b) an
€, expansion, with Gaussian white noise distribution from
the outset, about the lower critical dimension d, = 2 for
WSM-metal QPT, where ¢; =d —2, and therefore for
three spatial dimensions ¢; = 1.

A. Hamiltonian and action

The effective low-energy description of WSM can be
obtained by expanding the lattice Hamiltonian [see Eq. (5)]
around the Weyl nodes located at k° = (0,0, £k?), with
k2 = cos™!(m,/t,). The resulting low-energy Hamiltonian
reads

Hy =19 @ v(k,01 + ky0,) + 73 ® 030k,  (15)
where v = ta, v, = a\/t> —m?, and the momentum is
measured from the Weyl nodes. For simplicity we hereafter
take the Fermi velocity to be isotropic, v = v,, so that the
low-energy Hamiltonian becomes rotationally symmetric.
Upon performing a unitary rotation with U = ¢, @ o3, the
above Hamiltonian assumes a quasirelativistic form
HW = l]/()]/]vk], where Yo = 71 ® 0, }’] =T ® Uj for
j =1, 2, 3 are mutually anticommuting 4 x 4 Hermitian
matrices, and summation over repeated spatial indices is
assumed. To close the Clifford algebra of five mutually
anticommuting matrices, we define y5 = 73 ® 0. Two sets
of Pauli matrices o, and 7, respectively, operate on spin or
pseudospin and valley or chiral (left and right) indices. The
low-energy effective Hamiltonian enjoys a variety of
emergent discrete and continuous symmetries. The above
Hamiltonian is invariant under a pseudo-time-reversal
symmetry, generated by an antiunitary operator 7 =
vo72K, where K is the complex conjugation, a charge
conjugation symmetry, generated by C = y,, and parity or
inversion symmetry generated by P = y,. Furthermore, the
Hamiltonian [see Eq. (15)] also possesses a global chiral
U(1) symmetry, generated by ys, which in the low-
energy limit corresponds to the generator of translational
symmetry [66].

To incorporate the effects of disorder we consider the
following minimal continuum action for a dirty WSM:

5= [ atxdd (0, + v7,0,)% - pu(INV). (16

with x as d-dimensional spatial coordinates, the four-
component spinor W' = (u¥+, ui.Jr, u?_, ul_), where
uy . is the fermionic creation operator near the Weyl point
at tk° for 7 = + (left or right) and with spin ¢ = 1, |, while
¥ = ¥'y,, as usual. Various disorder fields ¢y, coupled to
the fermion bilinears, are realized with different choices of
4 x 4 matrices N, as shown in Table III. Notice that the
matrices associated with four types of disorder anticom-
mute with ys; and represent chiral-symmetric disorder,
while for the other four types of disorder, [N,ys] =0
and the corresponding disorder vertex breaks the U(1)
chiral symmetry. As we demonstrate in this paper, such a
global chiral symmetry plays a fundamental role in clas-
sifying the disorder-driven WSM-metal QPTs.
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TABLE III.  Various types of disorder represented by fermionic
bilinears (j =1, 2, 3), together with their symmetries under
pseudo-time-reversal (7), parity (P), continuous chiral rotation
(U,), and charge conjugation (C). The disorder couplings are
represented by Ay and ¥, = [y,.7,]/(2i). Note that true time-
reversal symmetry in WSM is already broken. The pseudo-time-
reversal symmetry 7 is generated by an antiunitary operator
Yor2K, where K is complex conjugation, such that 72 = —1 (the
true time-reversal operator is y;y3K). The parity operator is
‘P =yy, while the charge-conjugation operator is C = y,. The
continuous chiral symmetry (U,) is generated by ys, the generator
of translational symmetry in the continuum limit in a clean Weyl
semimetal [66]. The Hermitain y matrices satisfy standard
anticommutation relation {y,,y,} = 26,, for u, v=0, 1, 2, 3,
5, and for explicit representation of y matrices, see Sec. [VA.
Here v and x signify even and odd under a symmetry operation,
respectively. With a slightly different tight-binding model, where
N;(k) = tcos(k;a) and NA(k) = [sin(k;a) + sin(kya) —
2 sin(kza)] [see Eq. (2)], the axial current corresponds to
magnetization, temporal and spatial tensors to spin-orbit and
axial magnetization, respectively. However, such microscopic
details do not alter any physical outcome.

Bilinear Physical quantity 7 P U, C Coupling
¥y, ¥ Chemical potential v v v X Ay
Pyors¥ Axial potential o X v/ Ay
Py Scalar mass X v X / Ag
Piys W Pseudoscalar mass v X X / Apg
Wiysy;¥ Axial current X v v / Ay
iy, ¥ Current X X v X Ac
ViV Temporal tensor X X X X Ago
‘?ij‘l‘ Spatial tensor /X X Ay

B. €,, expansion in three dimensions

We assume that the disorder field obeys the distribution
[38,83]

(ox(X)on(y)) = ANW, (17)

or in the momentum space,

(o (@on(0)) = ANmﬁm, (18)

and the limit m — 0 corresponds to the Gaussian white
noise distribution, which we are ultimately interested
in. This form of the white noise distribution stems
from the following representation of the d-dimensional o
function [44]:

F(M) 1
SD(x —v) = 1i 2 . (19
(x —y) = lim T (m2) [ =y (19)

We now carry out the scaling analysis of the continuum
action for a WSM given by Eq. (16). The scaling

dimensions of the momentum and frequency are [g] = 1
and [@w| =z. The form of the Euclidean action [see
Eq. (16)] then implies that the engineering scaling dimen-
sion of the fermionic field W] =d/2 and [v] =z -1,
while the scaling dimension of the disorder field is [py] =
Z+1,,, since the engineering dimension of the disorder
field is equal to the DSE z for any choice of N, and 1, is its
anomalous dimension. Equation (17) then yields

[Ay] =2(z +1,,) —d+m. (20)

Because of linearly dispersing low-energy quasiparticles, a
WSM corresponds to z = 1 fixed point, and in d = 3 the
engineering dimension of the disorder strength is
[Ay] =m —1. A first implication of this result is that
the white noise disorder, m = 0, is irrelevant close to
the WSM ground state in d = 3. Second, for m = 1, the
disorder is marginal and we use that to introduce the
deviation from this value as an expansion parameter
€, =1—m.

The f function (infrared) for the disorder coupling Ay in
the €,, expansion is given in terms of its scaling dimension
in Eq. (20), yielding

ﬁAN = AN[_em + 2(Z - ]) + 2771/),\,]’ (21)

in d = 3. Therefore, to obtain the explicit form of this j
function in terms of the disorder couplings, we have to
compute the DSE and the anomalous dimension of the
disorder field. The former is obtained from the fermion self-
energy with the diagram shown in Fig. 9(a), while the latter
is found from the vertex diagram in Fig. 9(b). Evaluation of
these two diagrams has been carried out using the field-
theoretic method (see Appendix C). Alternatively, one may
choose to integrate out the fast modes within the momen-
tum shell Ae™! < k < A, with A as an ultraviolet cutoff in
the momentum, to arrive at the RG flow equations for Ay.
We note that in the ¢,, expansion two ladder diagrams
shown in Figs. 5(c) and 5(d) are ultraviolet convergent (see
Appendix C3) irrespective of the choice of disorder
vertices. Therefore, during the coarse graining no new or
short-range disorder gets generated (see also Appendix G
1). This conclusion remains operative even beyond the
leading order in €,, expansion.

1. Self-energy and dynamic scaling exponent

We first show the computation of the self-energy
diagram, shown in Fig. 9(a), yielding the dynamical
exponent and the anomalous dimension for the fermion
field within the regularization scheme defined by the
parameter €,, = 1 —m, the deviation from the critical
disorder distribution. All the integrals are therefore per-
formed in d = 3. The divergent part of the integral appears
as apole ~1/¢,,, analogously to the case of the dimensional
regularization where the deviation from the upper or lower
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FIG. 9. One-loop (a) self-energy and (b) vertex diagram.
Contributions from only these two diagrams are ultraviolet
divergent in €, = m — 1 expansion. Evaluations of these two
diagrams are shown in Appendix C. Here, solid (dashed) lines
represent fermion (disorder) fields.

critical space-time dimension plays the role of an expansion
parameter. To find renormalization constants, we use
minimal subtraction; i.e., we keep only the divergent part
appearing in the corresponding diagrams.

The action [see Eq. (16)] without the disorder yields
the inverse free-fermion propagator Gy' (iw,k)=i(yw +
voy;k;), with vy as the bare Fermi velocity. Taking into
account the self-energy correction, the inverse dressed
fermion propagator is

G (i, k) = Gy (iw, k) + Z(iw, k), (22)

with X(iw, k) as the self-energy. After accounting for all
possible disorders, we arrive at the following compact
expression for the self-energy (see Appendix C for details):

S(iw. k) = iypw (f I(Af>) + ivgy ik (f 23(€Af')), (23)

€m m

where

fl(Aj) = AV + AA + 3AM + 3AC + 3ASO + 3AAM
+ As + Aps, (24)

f2(A)) = =Ay = Ay + Ay +Ac = Aso = Dpy
+ Ag + Aps, (25)

with A; = Ak /(27°v%) as the dimensionless disorder
strength, and for brevity we here drop the hat symbol in the
final expression. From the above expression of the self-
energy, together with the renormalization condition
G (0. k) = Zy(iyow + Z,viyjk;), with v as the renor-
malized Fermi velocity, we arrive at the expression for the
fermion-field renormalization (Zy) and velocity renorm-
alization (Z,):

f1(4;)

eﬂ’l

Z\Ij:1+

(26)

1
s szl_em<fl(Aj)

This equation then yields the anomalous dimension for the
fermion field:

dinZ
ny = —Z dAj\yﬁAf (27)
J

Furthermore, the renormalization factor Z, enters the
renormalization condition for the Fermi velocity
Z,v = v,. Using Eq. (26), together with , = —e, Ay +
O(43%), we find

po=-3oBAB) - FA).  (28)

Finally, the pf function of the Fermi velocity is
B, = (1 —z)v, which together with Eq. (28) determines
the DSE:

c= 13BN -AA) (9)

2. Vertex correction: Anomalous dimension
of disorder field

We now turn to the vertex correction due to the disorder,
shown in Fig. 9(b), which yields the anomalous dimension
of the disorder field. As shown in Appendix C, the vertex
represented by the matrix N receives the correction of
the form

Vi) = Sy, Ny ) £ (30)

The corresponding renormalization condition that deter-
mines the renormalization constant Zyy for the disorder
field reads

Z‘PZ(pNN + VN — N, (31)

with Zy given by Eq. (26). The above condition in turn
yields the anomalous dimension of the disorder field as

dInZ
”IQ”N = _Z dAj(ﬂN /}A/-’ (32)
J

which we then use to write the explicit form of the fj
function, given by Eq. (21) in terms of the disorder
couplings.

C. ¢; expansion about d =2

Alternatively, one may take the Gaussian white noise
distribution in Eq. (17) with m — 0 from the outset. In that
case, the engineering dimension of the disorder coupling is
equal to 2 —d, since z =1 in a clean WSM. Therefore,
d = 2 is the lower critical dimension in the problem and we
can use €; = d — 2 as an expansion parameter, following
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the spirit of e expansion [30,36,37,40,42,45,56,79,84]. In
this scheme, after performing the disorder averaging using
the replica method, the imaginary time action assumes a
similar form of Eq (10).

Within the framework of the ¢, expansion only the
temporal (frequency-dependent) component of self-energy
acquires a disorder-dependent correction to the leading
order. The self-energy correction due to disorder reads as

Sio, k) = iy0w< 1<Aj)>, (33)

€4

with the function f,(A;) given by Eq. (24), and
AjA“/(2zv?*) — A;. This result is obtained from
Eq. (C1) with d =2 +¢; and m = 0. As a result, the
field-renormalization factor Zy = 1 + f1(4A;)/e, and the
velocity renormalization factor is Z, =1 — f(4;)/e,.
Using the renormalization condition Z,v = v, together
with By = —€;Ay + (’)(Ajz-), we obtain the leading-order
RG flow equation for the Fermi velocity,

po=v(1=2) = —vfi(4)), (34)

which yields a scale-dependent dynamic exponent
z=1+f(4;). The seemingly different expressions for
the flow equation and DSE in these two schemes stems
from underlying different methodology of capturing the
ultraviolet divergences of various diagrams. However, such
details do not alter any physical outcome. While extracting
the RG flow of all disorder couplings, we first complete the
y matrix algebra in d =3 and subsequently perform the
momentum integral in d = 2 + €. Such a procedure is safe
at least to the leading order in €, expansion as the relevant
Feynman diagrams (see Fig. 5) do not contain any over-
lapping divergence. For next-to-leading-order calculation
one also needs to perform the y-matrix algebra in
d =2 + e¢. However, in the ¢,,-expansion scheme we do
not need to continue the y matrix algebra in general
dimension, as the entire analysis is performed in d = 3.

V. CHIRAL-SYMMETRIC
OR INTRANODE DISORDER

We first focus on chiral-symmetric disorders. For a
single pair of Weyl fermions there are four such disorders,
namely, chemical potential, axial potential, current, and
axial current disorders, as shown in Table III. With
appropriate lattice model axial current disorder corresponds
to magnetic impurities, and from here onward we use this
terminology. We address the effect of weak and strong
chiral-symmetric disorder using both ¢,, and ¢, expansions.

A. €,, expansion

Let us first analyze this problem pursuing the ¢,
expansion. Using Egs. (21), (29), (31), and (32), we obtain

05 05
/W
/ % Metal
S 25 <‘f 025
Weyl
/ semimetal
0o o 2 05 % 025 05
V AV
(a) (b)
FIG. 10. (a) The RG flow diagram and (b) the phase diagram in

the Ay — A4 plane, for €,, = 1, obtained from Eq. (35). Here Ay,
and A, are, respectively, the strength of potential and axial
potential disorder. The red line in (a) corresponds to the line of
quantum-critical points [see Eq. (36)] that in turn defines the
phase boundary between the Weyl semimetal and metallic phases,
as shown in (b). A similar flow and phase diagram is obtained
from the RG calculation performed within the framework of an ¢,
expansion [see Eq. (39)] [30,42,44].

the following RG flow equations for the coupling constants
to the leading order in €,,:

8 16

Pa, = Ay (—€m 3 (Ay +Ay) + 3 (Ac + AM)>7
8 16

Ba, = Ay —€n +§(AV +44) +?(Ac +Ay) |,

ﬂAM = =€y, ﬁAC = —€,Ac. (35)
The above set of flow equations supports a line of quantum-
critical points in the Ay — A, plane, determined by

3

AV,* + AA.* = §€m7 (36)

where the quantities with subscript “*” represent their
critical values for WSM-metal QPT. The RG flow in this
plane is shown in Fig. 10(a). The line of QCPs also
determines the WSM-metal phase boundary, and the
corresponding phase diagram in the A, — A, plane is
shown in Fig. 10(b). At each point of this line of QCPs the
DSE and CLE are respectively given by

zzl—i—%—l—@(eﬁ,),

vli=e,+0(%). (37)
Therefore, for the Gaussian white noise distribution,
realized for €,, = 1, we obtain z =3/2 and v =1 from
the leading-order €,, expansion. If the bare value of either
the chemical potential or axial potential disorder strength is
zero, the quantum-critical behavior is governed by the QCP
corresponding to the disorder of a nonvanishing bare value
[44]. This QCP features the critical exponents of the same
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FIG. 11. (a) The renormalization-group flow diagram and
(b) corresponding phase diagram in the Ay — Ay plane, where
X =V,Aand Y = M, C obtained from Eq. (35). In these planes
there is only one QCP at Ay = 3¢,,/8, Ay =0 (red dot). The
phase boundary between the Weyl semimetal and metal in (b) is
determined by the irrelevant direction, shown by blue dotted line
in (a).

value to the one-loop order, as in the case of the quantum-
critical line, given by Eq. (37).

From the RG flow equations [see Eq. (35)], we find that
both magnetic and current disorder are always irrelevant
perturbations, at least to the leading order in the e,
expansion. In the Ay — Ay plane, where X =V, A and
Y = M, C, the RG flow diagram is shown in Fig. 11(a) and
the corresponding phase diagram is shown in Fig. 11(b).
Importantly, the QPT separating the metallic and the
semimetallic phase in any Ay — Ay plane is governed by
the QCP located at Ay, = 3¢,,/8. The phase boundary
between these two phases is determined by the irrelevant
direction at this QCP. Therefore, across the entire
WSM-metal phase boundary in these planes the univer-
sality class of the QPT is identical and characterized by
z=1+¢,/2+ O(e,) and v™! = ¢,, + O(e,) to the lead-
ing order in ¢,, expansion.

B. €, expansion

The RG flow equations for the chiral-symmetric disorder
coupling constants within the framework of the leading-
order €, expansion are

Ba, =Av[—eq+2F (A))] +8Ay A,
B, = Bal—ea+2F ((A))]+4(A) +AZ),
2 8

Pa,, =By |:_€d +§F—<Aj)] +§(ACAV +A44y),

2 8
Pa.=Ac |:—€d+§F_<Aj>:| +§(ACAV+AAAM)v (38)

where F(A;)=(Ay+A,)E£(Ac+Ay). These coupled
flow equations also support only a line of QCPs in the

Ay — A, plane, as we previously found from Eq. (35) using
€,, expansion, now determined by

I
N
3]

—
a—

0 0.25 05 0 0.25 0.5 0.75

AA AA
(@) ()

Ay
Ay

0.1

FIG. 12. (a) The renormalization-group flow diagram and
(b) corresponding phase diagram in the A, — Ay plane, where
Y = M, C obtained from e, expansion for €, = 1. There is only
one quantum-critical point at A, = ¢;/2, Ay = 0 (red dot). The
phase boundary between the Weyl semimetal and metal in (b) is
determined by the irrelevant direction, shown by the blue dotted
line in (a). These figures are qualitatively similar to the ones
shown in Fig. 11, apart from the nonuniversal shift in the phase
boundary.

€
Avat By = (39)

similar to the one in Eq. (36). The critical exponents at each
point of such line of QCPs are z = 1 + ¢,4/2 + O(€3) and
v = e, + O(€3). We here stress that presently there is no
known method to compute these two exponents beyond
leading order in e, in a controlled fashion [40,45].
Therefore, in three spatial dimensions, ¢, = 1, and we find
z=23/2and v = 1 [30,42]. The RG flow diagram and the
corresponding phase diagram are similar to the ones shown
in Figs. 10(a) and 10(b). Only the location of the line of
QCPs and the phase boundary shift in a nonuniversal
fashion. The differences in the flow equations [Egs. (36)
and (38)] arise from two diagrams shown in Figs. 5(c) and
5(d), which produce ultraviolet divergent contributions, but
only within the ej-expansion scheme. In the presence
of only potential disorder, we find z=3/2 and v =1
[30,36,37,40,42,45].

Notice that if we start with only magnetic or current
disorder, the axial disorder gets generated from Feynman
diagrams in Figs. 5(c) and 5(d). Thus, to close the RG flow
equations, we need to account for A, coupling from the
outset, and the resulting RG flow equations read

Ba, = Dal—eq+2(A4 +3Ay)] + 4A3,

8
+ §AAAy, (40)

Pa, = Ay |—€q +§(AY —Ay)
for Y = M, C. The above set of coupled RG flow equations
supports only one QCP, located at Ay, = €,/2, Ay = 0.
The RG flow and the resulting phase diagrams are shown in
Figs. 12(a) and 12(b), respectively. Hence, in the presence
of magnetic and current disorder, the transition to the
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metallic phase is controlled by the QCP due to axial
disorder. If we also take into account the presence of
potential disorder, then such a semimetal-metal QPT takes
place through one of the points residing on the line of QCPs
in the Ay — A, plane, depending on the bare relative
strength of these two disorder couplings.

C. Chiral superuniversality

From the discussion in the previous two sections, we can
conclude that in the presence of chiral-symmetric disorder in
a WSM, the semimetal-metal QPT takes place through either
a QCP or a line of QCPs. The location of the line of QCPs
and the resulting phase boundaries are nonuniversal and thus
dependent on the RG scheme. However, the universal
quantum-critical behavior with chiral-symmetric disorder
couplings is insensitive to these details, at least to the leading
order in the expansion parameter, and all QPTs in the four-
dimensional hyperplane of disorder coupling constants are
characterized by an identical set of critical exponents,
namely, z = 1 +¢€/2 + O(€?) and v™! = € + O(€?), with
€ = 1. The importance of the higher-order corrections is
presently unknown. Therefore, emergent quantum-critical
behavior for strong chiral-symmetric disorder stands as a
rare example of superuniversality, and we name it chiral
superuniversality. Next, we demonstrate emergence of such
superuniversality across WSM-metal QPT by numerically
analyzing the scaling of average DOS in the presence of
generic chiral-symmetric disorder.

VI. NUMERICAL DEMONSTRATION
OF CHIRAL SUPERUNIVERSALITY

Motivated by the field-theoretic prediction of emergent
chiral superuniversality across the WSM-metal QPTs driven
by CSP disorder, next we numerically investigate the scaling
of average DOS across such QPTs. Since ¢(0) vanishes and
is finite in the WSM and metallic phases, respectively, it can
be promoted as a bona fide order parameter across the
WSM-metal QPT [52,54,56,57,59,63]. In addition, such
analysis endows an opportunity to extract the critical
exponents for the transition nonperturbatively and, at the
same time, test the validity of the proposed scenario for
chiral superuniversality. The WSM phase is realized from
the tight-binding model, defined through Egs. (3) and (5),
which we implement on a cubic lattice of linear dimension
L. For numerical analysis we always set m_, = 0, and for
current disorder take t =1, =1 =1y, while t =1 = 1,
t, :% for the remaining seven types of elastic scatterers
[see Table III], in the clean model, given by Egs. (2)—(5).
We use lattice realizations of disorder introduced in
Appendix D. We impose periodic boundary condition in
all three directions. The average DOS is computed by using
the kernel polynomial method [72]. The average is taken
over 20 random realizations of disorder that minimizes
the residual statistical error in average DOS, which is a

self-averaged quantity. We typically compute 4096
Chebyshev moments and take the trace over ~12 random
vectors to compute the average DOS. All types of disorder
are distributed uniformly and randomly within the range
[-W, W|. The scaling theory for average DOS has already
been discussed in Sec. III B. Thus, we can readily start from
the final expression of the general scaling form of the
average DOS, presented in Eq. (14), and continue with our
numerical analysis.

A. Numerical analysis with random intra-node
scatterers or chiral-symmetric disorder

We begin the discussion on the effects of randomness on
WSM by focusing on the intranode or chiral-symmetric
disorder. Let us first focus on the quantum-critical regime
and for now we assume that the system size is sufficiently
large so that we can neglect the L dependence in Eq. (14).
In this regime the scaling function must be independent of
8, dictating F(x) ~ x%*~!. Therefore, when W = W, we
compare ¢(E) versus E¥*~! and extract the DSE z. Such
analysis for all four possible CSP disorders is shown in the
first column of Fig. 13 and numerically extracted values of
z are quoted in Table I. Within the numerical accuracy,
we always find z =~ 1.5, in excellent agreement with the
field-theoretic result, obtained from the leading-order e
expansions.

Next we proceed to the metallic side of the transition,
where average DOS at zero energy becomes finite. From
the scaling function in Eq. (14), we obtain ¢(0) ~ 5@,
Thus, by comparing ¢(0) versus §, we extract the CLE v,
using already-obtained value of the DSE z, as shown in the
second column of Fig. 13. The numerically found CLE is
also quoted in Table I, and within numerical accuracy v =~ 1
always, irrespective of the nature of CSP disorder. Once
again we find an excellent agreement of numerically
extracted values of v with the one obtained from the
leading-order ¢ expansions. These two results strongly
support the picture of chiral superuniversality.

To test the quality of our numerical analysis we search
for two types of data collapse. First, we compare
0(E)|8|™14=%) versus |5|*|E|, motivated by the scaling
form of average DOS, displayed in Eq. (14). Using
numerically obtained values of v and z, we find that for
energies much smaller than the bandwidth (|E| < 1), all
data collapse onto two separate branches for all four
disorders, as shown in the third column of Fig. 13.
While the top branch corresponds to the metallic phase,
the lower one stems from the WSM phase, and eventually
these two branches meet in the quantum-critical regime.

Finally, we demonstrate a finite-size data collapse for
0(0) for different system sizes (L) by focusing on the
metallic side of the transition. Setting £ = 0 in Eq. (14),
we obtain ¢(0) = L9F(0,5L'/*). Hence, we compare
0(0)L4* versus SL'/* and find an excellent data collapse
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FIG. 13. Scaling analysis of average density of states in various regimes of the phase diagram of a dirty WSM for all four possible
intranode scatterings; plots from top to bottom rows correspond to potential (Ay), axial potential (A ), axial current (A,,), and current
(Ac) disorder. First column shows the scaling of ADOS ¢(E) versus E around the critical strength of disorder (W = W,). The second
column depicts the scaling of ADOS at zero energy ¢(0) versus &, the reduced distance from the critical disorder defined as
8= [(W—W,.)/W,]. In the third column we display ¢(E)5~(4=9 versus |E||8|™* for weak (W < W) and strong (W > W) disorder
and |E| < t(= 1). All data collapse onto two branches. The top branch represents the metallic phase, while the lower branch represents
WSM. Note that these two branches meet at large values of |E||5| ™%, corresponding to the quantum-critical regime. All data in the first
three columns are obtained from a system of linear dimension L = 220. The finite-size data collapse inside the metallic phase is shown
in the fourth column, where we compare @(0)L4~% versus SL'/* for 100 < L < 220. Notice that all data collapse onto one branch for
small to moderate values of 6L'/%, with the numerically extracted values of the critical exponents z and v, quoted in the figure and
summarized in Table I. The quality of the data collapse progressively worsens for larger values of 5L'/* due to the existence of a second
QPT of a three-dimensional dirty Weyl metal into the Anderson insulating phase, discussed in Sec. IX. Scaling of ADOS and data
analysis are discussed in detail in Sec. VI. The quoted error bars in z and v are fitting error bars. See Appendix E and Table IV (first four
rows) for details of data analysis.

for 100 < L < 220, using numerically obtained values of v QPTs driven by generic chiral-symmetric disorder, and
and z for all four disorders, as shown in the fourth column  staunchly supports the proposal of an emergent chiral
of Fig. 13. The data collapse becomes systematically worse ~ superuniversality across such QPTs.

for large values of & or stronger disorder due to the Finally, we note that one can attempt to extract the
existence of a second transition that takes the system from  CLE (v) from the scaling of ADOS at finite energy in
a metallic phase to an Anderson insulator. Therefore, our ~ the semimetallic side of the transition in the following
thorough numerical analysis provides a valuable and  way. In the WSM phase the universal scaling function
unprecedented insight into the nature of the WSM-metal  (after neglecting the L dependence) F(x) ~ x*~!, yielding
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FIG. 14. Scaling analysis of numerically extracted ADOS in various regimes of the phase diagram of a dirty WSM in the presence of
internode scattering. Each column is identical to the corresponding one in Fig. 13 (including methods of analysis and system size). The
plots from top to bottom rows correspond to temporal (Ag,) and spatial (A 4,,) component of tensor, scalar (Ag), and pseudoscalar (Apg)
mass disorder (see Table III). Final results of our analysis are quoted in Table II. The quoted error bars in z and v are fitting error bars. See
also Appendix E and Table IV (from fourth to eighth row) for additional details.

0(E) ~ 819 |E|4-1; see Eq. (14) for sufficiently small
energy. By contrast, for moderately high energy (still
|E| < 1), ¢(E)~ |E| inside the critical regime. There-
fore, by tracking the scaling of the crossover boundary
between the WSM [displaying ¢(E) ~ |E|?] and critical
regime [displaying ¢(E) ~ |E|?] at finite energy for sub-
critical disorder, one can extract the CLE v. However,
determination of such crossover boundary does not rest on
any strict criterion and is often (if not always) associated
with a large error, which in turn produces a large error bar
in the determination of CLE [52,56,57,59]. Therefore, this
methodology of determining v and the corresponding error
bar is questionable.

B. Numerical analysis with random internode
scatterers or nonchiral disorder

Motivated by the intriguing possibility of realizing an
emergent superuniversality, we further seek to examine its

robustness in the presence of internode scattering (also
referred to as nonchiral disorder). In the simplest version
of a Weyl semimetal composed of only two Weyl nodes,
there are four sources of internode scattering, highlighted
in Table III, and their lattice realization is shown in
Appendix D. We rely on the scaling of average DOS in
the presence of nonchiral disorder as well, and all the
parameters and numerical strategies are identical to the
ones pursued for chiral-symmetric (intranode) disorder.
The analyses of average DOS in various regimes of the
phase diagram of disordered WSM are performed in the
same fashion. The locations of WSM-metal QPT are shown
in Fig. 22 (lower row), and numerically extracted values of
two critical exponents v and z are reported in Table II. The
details of the data analysis are displayed in Fig. 14.
Within the numerical accuracy we find that the WSM-
metal QPT driven by CSB disorder is also characterized by
v~ 1 and z =~ 1.5. Therefore, the chiral superuniversality
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appears to be generic in a dirty WSM, and the WSM-metal
QPTs belong to the same universality class, irrespective of
the nature of impurities. Such an intriguing outcome further
motivates us to understand the effect of internode scattering
in a WSM from a field-theoretic point of view, which we
present in the following section by carrying out two
different ¢ expansions, described in Secs. IV B and IV C.

VII. CHIRAL-SYMMETRY-BREAKING
OR INTERNODE DISORDER

In a WSM constituted by a single pair of Weyl nodes,
there are four CSB disorders, namely temporal and spatial
components of a tensor disorder, which in a suitable lattice
model respectively represent spin-orbit and axial magnetic
disorder, as well as scalar and pseudoscalar mass disorder;
see Table III. We address the effects of weak and strong
CSB disorder by using both ¢,, and ¢, expansions.

A. €,, expansion

Within the framework of an €,, expansion, the RG flow
equations to one-loop order read as

4
Pag, = Aso |:_€m + 3 (Aaym — As)} ,

4
Pa,, = Bam |:_€m + 3 (Aso — AP):| )

(41)

4
Pas, = Ag [—em + 3 (5A50 —4A 4 —2A5 + APS)} ,
4
ﬂAPS = APS —€p + 5 (SAAM - 4'ASO - 2APS + AS) .

Therefore, individually each CSB disorder is always an
irrelevant perturbation, at least to the leading order in the €,,,
expansion, and as such does not lead to any QPTs.
However, in the absence of chiral symmetry all four
disorder couplings are present, and to address the critical
properties in this situation, we recast the above flow
equations in terms of newly defined coupling constants as

By = ey + 5[0 ~ (A7)? - Ay AF ~ A7ag),
Pa; = —enhy = % [AvAT +AVAS],

Pag = —en§ ~2[(A5 +3(5)° - AYAT —9A7A3],
Ba; = —€nly — % [ASA) —4AFAT —9ALAT] (42)
where Af = Agp £ Ay, AT = Ag £ Apg. The above set

of RG flow equations supports a line of QCPs determined
by the equation

05 05
025 Fo2st  Weyl
semimetal
Metal
% % 1 2
Ay Ay
(a) (b)
FIG. 15. (a) The renormalization-group flow diagram and

(b) corresponding phase diagram in the A}, — A plane obtained
from ¢, expansion for €, = 1. The WSM-metal QPT in this
coupling constant space is controlled by the line of QCPs [see
Eq. (43)], shown by the red line in (a) that in turn also determines
the phase boundary between these two phases, as shown in (b).

AL =AL AT A =00 ap =0 @)
Notice that if we tune the CSB disorders, so that
Ay, = Ay =0, these two coupling constants do not get
generated through quantum corrections, and the plane with
Ay = Ay = 0, shown in Fig. 15, remains invariant under
the RG. The RG flow in this plane is shown in Fig. 15(a),
and the corresponding phase diagram is presented in
Fig. 15(b). The WSM-metal phase boundary in the
A}, — A plane is determined by the line of QCPs, given
by Eq. (43), qualitatively similar to the situation in the
presence of potential and axial disorders, as shown in
Fig. 10. However, these two scenarios are fundamentally
different in the sense that while the DSE z = 1 + ¢/2, with
€ =¢, or €4 is fixed along the entire line of QCPs in the
Ay — A, plane, it varies continuously along the line of

QCPs in the A}, — Ag plane according to
2 pr + +
z=1+ 3 [5Ay., +Ag,] =14 5¢, +4Ag,.  (44)

where the quantity with subscript “*” denotes the critical
value for WSM-metal transition. Such continuously vary-
ing DSE leaves its signature in critical scaling of various
physical observables, as we discuss below, and qualita-
tively mimics the picture of Kosterlitz-Thouless transition.
Notice that the end point of such a line of QCPs on the A,
axis resides in the Agy — Ay, plane at Agp = Ay =
3e,,/4, and the RG flow in this plane is shown in Fig. 16(a).
The phase diagram of a dirty WSM containing only spin-
orbit and axial magnetic disorder in this plane is shown in
Fig. 16(b), with z =1+ 5¢,,, which is directly obtained
from Eq. (44) by setting A{ = 0. It is worth pointing out
that in the Agy — A,y plane the phase boundary between
the WSM and metallic phase is set by the irrelevant
parameter associated with the QCP, while when such
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FIG. 16. (a) The renormalization-group flow diagram and

(b) corresponding phase diagram in the Ay, — Ago plane
obtained from ¢, expansion for ¢, = 1. There is only one
quantum-critical point at A,y = Agp = 3¢,,/4 (red dot). The
phase boundary between the Weyl semimetal and metal in (b) is
determined by the irrelevant direction, shown by blue dotted
line in (a).

QCP percolates through the A}, — A{ plane in the form of a
line of QCPs, it is determined by the relevant direction at
each point on the line of QCPs.

B. €; expansion

Next let us address the effects of CSB disorder within
the framework of an €, expansion. In this method the RG
flow equations become very complicated due to the ultra-
violet divergent contribution arising from the class of the
Feynman diagrams shown in Figs. 5(c) and 5(d), and it is
challenging to decode the emergent quantum-critical phe-
nomena. Thus we attempt to unearth critical properties by
focusing on various coupling constant subspaces that
remain closed under the RG, at least to the leading order.
Let us first focus on spin-orbit or axial magnetic disorder.
The RG flow equations read

2
Pa, = —€4Ax — §A§< + 2AxAy,
ﬂAA = —€;7, +2Ai —6AAAX+4A2, (45)

where X = SO,AM. Notice that even though the bare
theory contains only spin-orbit or axial magnetic disorders,
the CSP axial disorder gets generated, and in order to keep
the RG flow equations closed, we need to include the latter
from the outset. The coupled flow equations support one
QCP, located at Ay , = 9¢,/10, Ay, = 6¢€,/5 [30,42]. The
RG flow diagram is shown in Fig. 17(a), and the resulting
phase diagram is displayed in Fig. 17(b). Note that QCP
obtained in the absence of the CSB disorders, located at
Ay = €4/2, now becomes unstable in the presence of
either spin-orbit or axial magnetic disorder, and a new QCP
results from the competition between these two disorders,
as mentioned above. This outcome, although is in contrast
with our previously reported results obtained from e,

15 Metal
3
Weyl
0.5 semimetal
% 0.5 1. 15 2.
Ay

(b)

FIG. 17. (a) The renormalization-group flow diagram and
(b) corresponding phase diagram in the A, — Ay plane obtained
from e, expansion for ¢; = 1, where X = SO, AM. There exists
only one QCP at A, = 6¢,/5, Ay = 9¢,/10. The QCP at A, =
€4/2 in the absence of a CSB disorder now possesses two
unstable directions. Note that a new critical point emerges from
the competition between the chiral and nonchiral disorder
[30,42].

expansion, still shows some qualitative similarities, as
we argue below. Notice that the DSE and CLE at the
new QCP, shown in Fig. 17(a), are respectively given by

z=1+ ged + O(€?), vl=e;+0(3). (46)
As a result, the mean DOS at the QCP diverges as ¢(E) ~
|E|=>/1 for e, = 1 or d = 3, since z > d. Hence, both ¢
expansions give rise to diverging DOS at the QCP con-
trolled via spin-orbit and axial magnetic disorder. Although
the calculated values of DSE depend on the RG scheme,
to the leading order they do not differ significantly; z = 6
for €, =1, and z=11/2 for ¢, =1, while v =1 is
independent of the RG scheme.

C. Mass disorder

We now discuss the role of mass disorder in WSMs. It
should be noted that a WSM can be susceptible to two
different types of mass disorder: (a) scalar mass disorder
and (b) pseudoscalar mass disorder. Both of them break the
chiral symmetry, but can be rotated into each other by the
generator of the chiral symmetry ys. The flow equation
for mass disorder within the framework of an e expansion
reads as

ﬁAX = _ejAX - Och%(, (47)

for X =S, PS, where a,, =8/3 and a;, =2, j=m, d
corresponds to €,, and €, expansions, respectively. Hence,
by itself scalar or pseudoscalar mass disorder does not drive
any WSM-metal QCP, at least within the leading order in €
expansions. In this regard, both ¢,, and ¢, expansions yield
an identical result.
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Finally, we discuss yet another interesting aspect of mass
disorder, when it coexists with the axial one. The flow
equations in the presence of these two disorders are

Ba, = —Dalej—a;A],  Pa, = —Axle; + @A), (48)
for X = S, PS, where A_ = Ay — Ay, &,, =8/3, a, =2,
and, respectively, j = m, d, corresponds to €, and €,
expansions. These two flow equations support a line of
QCPs, determined by

Ay, = S oAy, (49)
aj '

The location of such a line of QCPs is regularization
dependent (through @;), along which the DSE and CLE,
given by

€

=1
Z +2

+ 2Ag.,, vl = €, (50)
are identical in both e-expansion schemes. Therefore, in a
WSM with these two disorders the DSE continuously
increases from z = 3/2 in an unbounded fashion, while
the CLE remains fixed. The numerical investigation of such
an interesting possibility is left for a future work.

D. Why is the chiral superuniversality so robust?

Leaving aside the interesting possibilities of realizing
such a line of QCPs with continuously varying critical
exponents, perhaps the most urgent issue to be addressed is
the following: Why does the disorder-driven WSM-metal
QPT always display the same universality class, charac-
terized by v~ 1 and z~ 1.5?

The answer to this question in the presence of intranode
or chiral-symmetric disorders has already been provided
in Sec. V. Note that the scaling dimension of any disorder
coupling in a d-dimensional WSM is [A,] = 2z — d. But at
all CSB disorder-driven QCPs, controlling the WSM-
metal QPT, z > d irrespective of the RG methodology.
Therefore, even though the bare values of CSP disorders
in lattice-based simulations are set to be zero, discussed in
Sec VI B, they do get generated as we approach the Weyl
points through the coarse-graining procedure. Ultimately
the CSP disorder becomes relevant at CSB disorder-driven
WSM-metal QCPs. As a result, the dirty system, even
though it initially tends to flow toward the QCPs with
z > d, described in this section, flows back toward the
chiral-symmetric QCP or line of QCPs shown in
Fig. 10(a). This is the reason why the WSM-metal
QPTs are always characterized by CLE v~ 1 and DSE
z =~ 1.5 (within numerical accuracy), the characteristics of
the proposed chiral superuniversality. The above argu-
ment is very generic and does not depend on the number
of Weyl nodes. Therefore, in any lattice system, we expect

WSM-metal QPT to always belong to the chiral super-
universality. This outcome can be anchored from the RG
calculation in the presence of all eight possible disorder
couplings (since in a strong disorder regime all disorders
get generated even if the bare coupling for some specific
channel is set to be zero), as shown in Appendix G within
the framework of both ¢, and e, expansions. Such
analysis confirms that only the line of QCPs, defined
through Eq. (36) or Eq. (39), and shown in Fig. 10(a),
ultimately controls the quantum-critical behavior. Among
all possible WSM-metal QCPs, we note that along the
entire line of QCPs in the plane of regular and axial
potential disorders, shown in Fig. 10, the DSE possesses
the least (and constant) value. As a consequence, ADOS is
smallest along this line of QCPs, which is thus expected to
be robust against any perturbation. Therefore, we believe
that the proposed notion of emergent superuniversality
across such a line of QCPs in the chiral-symmetric
hyperplane is nonperturbative in nature, which is further
substantiated by our complementary numerical analysis,
always yielding z ~ 1.5 and v =~ 1 (within numerical error
bars); see Table I and Table II. This strongly supports the
above argument in favor of chiral superuniversality under
generic circumstances [85].

The specific tight-binding model we subscribe in this
work (see Sec. II) also contains Wilson mass that bears
higher gradient terms, such that 736, (k2 + k), with b =
toa’/2. The scaling dimension of such an operator is
[b,] = z—2. Hence, the higher gradient terms are irrel-
evant at the clean WSM fixed point ([0, | = —1) as well as
at the chiral-symmetric line of QCPs ([b,] = —1/2), but
become relevant at pure CSB disorder-driven QCPs (since
z>d > 2). This is also the reason why chiral super-
universality is such a generic and utmost stable situation.

Furthermore, we also show that the chiral superuniver-
sality does not depend on the choice of disorder distribu-
tion. For example, in Appendix F we perform similar
analysis of average DOS in the presence of correlated
potential disorder that by construction significantly sup-
presses the intervalley scattering (at least when disorder is
sufficiently weak). However, the universality class of the
WSM-metal QPT (characterized by z and v) remains
unchanged (within numerical accuracy) by the profile of
the distribution function. This observation should further
strengthen the proposed scenario of emergent superuniver-
sality (insensitive to the nature of disorder and its distri-
bution) across the WSM-metal QPT.

Nevertheless, we believe pure CSB disorder-driven
QCPs (with z > d) can in principle be realized in a
numerical simulation performed in momentum space,
where forward or intranode or CSP scattering processes
can be suppressed deliberately and higher gradient terms
can be avoided completely. Such an analysis is an interest-
ing exercise of a pure academic interest, and we leave it for
a future investigation.
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VIII. QUANTUM-CRITICAL SCALING OF
PHYSICAL OBSERVABLES

As demonstrated in the previous two sections, QPT
from a WSM to a diffusive metal can be driven by different
types of elastic scatters, and the critical exponents are
remarkably independent of the actual nature of random-
ness. We here highlight how these exponents can affect the
scaling behavior of measurable quantities as the Weyl
material undergoes this QPT [86].

A. Residue of quasiparticle pole

As the WSM-metal QCP is approached from the semi-
metallic phase, the residue of the quasiparticle pole
vanishes, and beyond the critical strength of disorder
Weyl fermions cease to exist as sharp quasiparticle exci-
tations, similar to the situation for two-dimensional Dirac
fermion-Mott insulator QPT in the presence of a strong
Hubbard interaction [87,88]. The residue of quasiparticle
pole (Z) vanishes as

A, — A\
7~ * = Vv 1
( . ) , (s1)

*

where 7y is the fermionic anomalous dimension at the
critical point located at the disorder strength A = A,.
Within the framework of an e, expansion, 7y = 0 to the
leading order in €,, and one needs to account for two-loop
diagrams to obtain finite #7y. In contrast, in the ¢,
expansion we obtain nontrivial fermionic anomalous
dimension even to the one-loop order, and 7, ~¢€, as
shown in Eq. (27). Therefore, at the WSM-metal QCP,
the quasiparticle spectrum displays a branch cut and the
critical point represents a strongly coupled non-Fermi
liquid. Alternatively, the residue of quasiparticle pole plays
the role of a bona fide order parameter on the semimetallic
side. It is worth mentioning that the disappearance of
residue of quasiparticle pole has recently been tracked in
quantum Monte Carlo simulations for the Hubbard model
in a two-dimensional honeycomb lattice [88], and we can
expect that future numerical work can verify our proposed
scaling form in Eq. (51) across the disorder-driven WSM-
metal QPTs. The Fermi velocity scales as v ~ |§[*(<"1), and
since z > 1 at the QCP or the quantum-critical line, the
Fermi velocity vanishes at the transition to the metallic
phase. A subsequent numerical work has demonstrated the
suppression of residue of quasiparticle pole [89].

B. Average density of states

The most widely studied physical quantity in numerical
simulations across the WSM-metal QPT is the average
DOS [52,54,56,57,59,63]. Since throughout the paper we
have already extensively used the average DOS to char-
acterize phases, for the sake of completeness we here
review only its salient features. We can infer the scaling

form of the average DOS in the thermodynamic limit
L — oo in different phases by using its scaling function
[see Eq. (14)]. In the quantum-critical regime ¢(E) should
be independent of 5, yielding ¢y (E) ~ E%/*~!. Inside the
WSM phase, the average DOS scales as gw(E) ~
s(-94|E|?. In the metallic phase, average DOS at zero
energy is finite and scales as ¢(0) ~ 8“9, From the
quoted values of DSE and CLE, it is straightforward to find
the scaling of average DOS in these three regimes of the
phase diagram in a dirty WSM, which we have used in the
numerical analysis of this observable in the previous
sections.

C. Conductivity

The optical conductivity () at 7 = 0 can as well serve as
an order parameter across the WSM-metal QPT, and
assumes the following scaling ansatz for frequency (£2)
much smaller than the bandwidth [43],

o(Q) = MIG(Q57), (52)
where G is yet another unknown universal scaling function.
This scaling form remains operative even at finite temper-
ature as long as Q > T, i.e., in the collisionless regime. In
the collision-dominated regime at 7" > Q, the dc conduc-
tivity also assumes a similar scaling form as in Eq. (52),
upon replacing the frequency (€2) by temperature (7))
[37,53,90]. In the WSM side of the transition, the optical
conductivity vanishes linearly with Q and scales as
oW (Q) ~ §*179d=2)Qd=2 Inside the critical regime the
optical conductivity scales as o, (Q) ~ Q@27 In the
presence of strong CSP disorder z ~ 3/2, and the optical
conductivity inside the quantum-critical regime thus van-
ishes as 0, (Q) ~Q*3. Since for nonchiral disorder the
DSE is typically much bigger than in the presence of a
chiral-symmetric one, the optical conductivity vanishes
with a weaker power as Q — 0 when the system is still
dominated by CSB disorder before CSP disorder takes
over. Hence, in this regime the system becomes more
metallic in the presence of CSB disorder than with only
CSP disorder. Inside the metallic phase, the optical con-
ductivity becomes finite and scales as ¢,,(0) ~ §*4=%) as
Q — 0. Within the leading-order ¢,, or ¢, expansions, the
conductivity of the metal is therefore always independent
of the actual nature of elastic scatterers, since v~! = ¢,, or
€4, and €,, = 1, ¢; = 1. Otherwise, weak disorder (such
as potential) causes enhancement of optical conductivity
without altering o ~ Q scaling [43] (see also Appendix H
for a simple derivation).

D. Specific heat

The specific heat (C,) also displays distinct scaling
behavior in three regimes of the phase diagram of a dirty
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WSM. The scaling of specific heat at temperature much
smaller than bandwidth follows the ansatz [36]

Td/z
cvn ="5

—H(T57), (53)

where H is also an unknown universal scaling function. In
the WSM phase, H(x) ~ x%“~1)/z and the specific heat
scales as Cy ~ 6®(1=9T9 5o that we recover 7T° depend-
ence for the three-dimensional Weyl fermion. Inside the
metallic phase, H(x) ~ x'~%%, yielding Cy, ~ 8*1“~9T, and
we obtain 7-linear specific heat, similar to the situation in
Fermi liquids. By contrast, inside the critical regime
H(x) ~ x°, yielding Cy, ~ T3/?. Therefore, the specific heat,
analogous to the conductivity, displays distinct power-law
dependence on temperature inside the quantum-critical
regime depending on the dominant source of disorder,
while its scaling inside the WSM and metallic phases is
insensitive to the nature of random impurities. Hence, the
scaling of specific heat can be used to extract the extent of
the critical regime and crossover boundaries among differ-
ent phases of a dirty Weyl system at finite temperature [56].

E. Mean-free path

The quasiparticle mean-free path (£) also follows the
critical scaling
[L(E)|™" = 6T (E5™), (54)
where 7 is a universal, but unknown, scaling function, with
energy much smaller than bandwidth. At the QCP (6 = 0)
the mean-free path should be independent of §, implying
J(x) ~ x~1/%, Therefore, inside the quantum-critical fan,
the mean-free path at zero energy diverges as L(E) ~
E~'. In the metallic phase, J(x) ~ x° as x — 0, leading
to finite mean-free path at zero energy, and £(0) ~&7*.
On the other hand, in the WSM phase, the mean-free path
Ly(E) ~8VE™ as E — 0. Since at all disorder-driven
QCPs z > 1, Ly(E) decreases with increasing disorder,
indicating propensity toward the onset of a metallicity in
the system.

F. Griineisen parameter

Yet another directly measurable quantity is the Griineisen
parameter, defined as y = a/Cp, where « is the thermal
expansion parameter, and Cp is the specific heat measured at
constant pressure. The Griineisen ratio in the WSM phase is
yw ~ T~*, while inside the critical regime y, ~ 7-U+%/3),
Inside the metallic phase y, ~7T72. Therefore, the
Griineisen parameter displays distinct power-law behavior
in three different phases of a dirty WSM.

Fascinating scaling behavior can also be observed for the
magnetic Griineisen ratio, defined as T'y =(0M/0T),/
Cy, where M « H is magnetization, Cy is the molar

specific heat, and H is the magnetic field strength. In
the presence of sufficiently weak randomness when Landau
quantization is sharp (w.z > 1, where w, is cyclotron
frequency and 7 is scattering lifetime) and it dominates over
the Zeeman coupling, leading to I'y; ~ T-%%. On the other
hand, in the presence of strong elastic scattering, when
.7 < 1, the Landau levels are sufficiently broadened and
the dominant energy scale is set by Zeeman coupling,
yielding I'y; ~ T~2, which is independent of dimensionality
(d) or DSE (z). Therefore, for a fixed weak magnetic field,
as the strength of impurities is gradually increased, the
magnetic Griineisen ratio should display a smooth cross-
over from T7* to 772 dependence. Note that such a
crossover will take place even before the system enters
the quantum-critical regime and will persist in the metallic
regime as well, since elastic scattering is strong in these
two phases.

IX. ANDERSON TRANSITION

As a final topic, we discuss the Anderson transition (AT)
of a disordered diffusive Weyl metal at stronger strength of
disorder. For the sake of simplicity we here focus only on
the effects of random charge impurities. Possible AT in the
presence of all other disorder is left for a future inves-
tigation. To study the AT we compare three different types
of DOS, namely ADOS [¢,(E)], local DOS (LDOS)
[e.(E)] and typical DOS (TDOS) [¢,(E)], respectively
defined as [72,77]

L 2
0u(E) = <§Z HE-Ei)) (59

i=l a=

o’ ZI (k. pli.a)8(E — Ey ). (56)

N,

S

1
2N,

2
> (logej”

j=1 a=1

o/(E) = exp [ ] . (57)

Here, L3 i , @) is the eigenstate with
site index i and orbital index a(= 1,2) at energy E;,. As
previously discussed, ADOS is a self-averaging quantity,
so to minimize statistical fluctuations we only extract the
disorder-averaged smoothened data, which we carry out by
computing N,, = 1024 Chebyshev moments and perform-
ing disorder average over 20 random disorder realizations.
On the other hand, LDOS and TDOS are not self-averaging
quantities. Therefore, numerical extraction of TDOS is
extremely demanding, for which we compute N,, = 8192
moments and perform disorder average over 100 random
disorder realizations to construct the TDOS. To further
suppress statistical fluctuations in TDOS we average over
a small cube of size N, = L3 < L?, and we here take
L, =4. Such averaging is justified since translational
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FIG. 18. (a) Scaling of average [¢,(0)] and typical [¢,(0)]
density of states at zero energy as a function of disorder strength.
The Weyl semimetal-metal and metal-Anderson insulator quan-
tum phase transitions, respectively, take place at W.; = 1.65 +
0.05 and W, = 9.30 £ 0.25. (b) Scaling of these two quantities
as a function of § = (W — W, ,)/W,,, yielding corresponding
order-parameter exponents [defined in Eq. (58)] g, = 1.50 =
0.05 and g, = 1.80 £ 0.20.

symmetry gets restored after disorder averaging has been
performed.

The scaling of ADOS and TDOS over a wide range of
disorder strength is shown in Fig. 18(a). Note that in the
WSM phase both ADOS and TDOS at zero energy are
pinned to zero, which then become finite across the WSM-
metal QPTat W, ; = 1.65 £ 0.05. Therefore, either ADOS
or TDOS can be identified as a bona fide order parameter to
pin the WSM-metal QCP. Respectively these two quantities
scale as

W_W(,'l ﬂd W_W('l ﬂ/
0)~ | — , 0)~(———) , 58
2u(0) ( " ) 2:(0) < " ) (58)

near the WSM-metal QCP, with

B, = 1.50+0.05, B, =180+0.20, (59)
as shown in Fig. 18(b). Even though the numerical error bar
for f, is quite large, in general, we expect it to be different
from f,, as their difference, A = f, — 3, is intimately tied
with the multifractal dimension of the wave function across
a disorder-driven QPT [91-94]. However, more precise
determination of 3, requires additional extensive numerical
simulation. Therefore, we leave this issue as a subject for a
future investigation.

Inside the compressible diffusive metallic phase these
two quantities increase monotonically and follow each
other up to a moderate strength of disorder W, ~ 3.5. Upon
further increasing strength of disorder the TDOS smoothly
vanishes around W, = 9.30 & 0.25. Therefore, a metal-
insulator transition (MIT) takes place at W = W ,, com-
monly known as AT. Note that the ADOS decreases
monotonically across the AT, but remains noncritical, as
shown in Fig. 18(a). In Fig. 19(a), we present the scaling
of TDOS with the number of Chebyshev moments (N,,).

10
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FIG. 19. (a) Scaling of typical density of states at zero energy

0,(0) for disorder (W) within the range 6.0 < W < 10.0 with the
number of Chebyshev moments N,,. We here compute ¢,(0) for
N,, = 2048, 4096, and 8192. From the scaling of ¢,(0) versus
N,,, we find that metal-insulator Anderson transition takes palce
at W., = 9.30 in the N,, — oo limit. (b) Mobility edge M, (E)
[defined in Eq. (61)] as a function of energy (E) and disorder (W).
Respectively, the green and the dark regions accommodate
extended or metallic and localized states. Scale of M,(E) is
shown in the legend. Here the system size is L = 80.

We explicitly compute TDOS from moderate to strong
disorder regime (6 < W < 10), in close vicinity of the AT,
for N,, = 2048, 4096, and 8192. From the scaling of ¢,(0)
versus N,, we conclude that AT [identified with ¢,(0) — 0]
takes place around W, ., =9.30 in the N,, — oo limit.
Therefore, we can conclude that a three-dimensional
diffusive Weyl metal is a stable phase of matter for
moderately strong disorder, which ultimately undergoes
a QPT into the Anderson insulator phase for sufficiently
strong disorder. Across the AT the TDOS at zero energy
display single-parameter scaling,

(60)

/(0) ~ (w)ﬁ

Wc,2

with # = 1.5 £ 0.15. Critical scaling of typical DOS across
the Anderson transition strongly suggests that wave func-
tions at the Anderson critical point become multifractal in
nature [77]. A detailed analysis of a multifractal spectrum
requires the notion of exact wave function, which is
numerically very time consuming. Nevertheless, analysis
of the multifractal nature of wave functions in a time-
reversal symmetry-breaking topological metal is a problem
of fundamental importance, which we leave for future
investigation.

Recall that for weak disorder ADOS ¢,(E) ~ |E|* and
around the WSM-metal QCP it scales as ¢(E) ~ |E|. Inside
the metallic phase ¢,(0) is finite. In Fig. 20(a), we show
that within the range of disorder strength 0.50 (weak) <
W < 3.5 (moderate), the TDOS also displays the same
scaling behavior as ADOS. This observation confirms that
TDOS can also be subscribed as a bona fide order
parameter across the WSM-metal QPT. On the other hand,
for strong enough disorder the TDOS ¢,(E) decreases
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FIG. 20. (a) Scaling of typical density of states [¢,(E)] versus

energy (E) from weak to moderately strong disorder, showing
that g7 (E) ~ |E|> of weak disorder. Also note that g,(E) ~ |E]
around W = W &~ 1.65, and inside the metallic phase ¢,(0) is
finite. These features are qualitatively similar to the ones for the
average density of states [see Fig. 3]. (b) Scaling of ¢,(E) versus
E for stronger disorder (close proximity to the Anderson metal-
insulator transition), showing that ¢(0) smoothly vanishes across
the Anderson transition, and remains pinned at zero inside an
Anderson insulator. Here we compute 8192 Chebyshev moments
to construct ¢,(E) in a system with linear dimension L = 80.

monotonically for any energy E, and ultimately ¢,(0)
becomes zero across the AT. Therefore, TDOS can serve
as the order parameter across all possible disorder-driven
QPTs considered here.

Finally, we focus on the evolution of the location of the
mobility edge in a dirty Weyl metal as a function of disorder
strength by numerically computing the mobility edge,
defined as

M (E) =20 (61)

In particular, the mobility edge defines the boundary
between the extended and localized states, and we here
focus on this quantity in the strong disorder regime
W >2 > W,_,. The results are shown in Fig. 19(b). For
weak disorder the mobility edge resides at high energy,
indicating the metallic nature of a moderately dirty Weyl
system. However, the mobility edge progressively slides
down toward smaller energy with increasing randomness in
the system. Finally, across the AT the mobility edge comes
down to zero energy, indicating that all states inside the
Anderson insulator are localized. Notice that the shape of
the mobility edge is quite distinct in a Weyl metal in
comparison to its counterpart in conventional metal [95],
which, however, can solely be attributed to the linear
dispersion of Weyl quasiparticles in the clean system.

X. SUMMARY AND DISCUSSION

In this paper, we study the role of generic disorder in a
Weyl semimetal, by considering its simplest realization,
composed of only two Weyl nodes. When the system
resides in the proximity of semimetal-insulator quantum

phase transition, the generalized Harris criterion suggests
that such a critical point is stable in the presence of weak
but generic disorder. By contrast, a multicritical point
appears in the phase diagram for strong disorder, where
the Weyl semimetal, an insulator, and a metallic phase
meet. Within the framework of an appropriate € expansion
we show that, to the leading order, the critical exponents at
such multicritical point are (i) dynamic scaling exponent
z=1+¢€,/2 and (ii) correlation length exponent v = 1/¢,
that controls the relevance of disorder coupling, where
€, = 1/2 for a physical system. These findings are in good
agreement with the ones obtained numerically, yielding
v=198=+0.10 and z = 1.26 £ 0.05.

On the other hand, when the system is deep inside the
Weyl semimetal phase, we have shown that the continuous
global chiral U(1) symmetry plays a fundamental rule in
classifying the disorder-driven Weyl semimetal-metal
quantum phase transitions. The simplest realization of a
Weyl semimetal is susceptible to eight types of disorder,
among which only four preserve such chiral symmetry.
Using two different € expansions, we show that the chiral-
symmetric disorder-driven semimetal-metal transition takes
place through either a quantum-critical point or a line of
quantum-critical points. Irrespective of details, the critical
exponents to the leading order in € expansions are given by
z=14+¢€/2+0() and v =€+ 0O(e?), and e =1
corresponds to the physical situation. Even though these
exponents can receive higher-order corrections O(e?),
presently there is no known route to compute them in a
controlled fashion beyond the leading order in €. Such a
unique set of exponents in the presence of generic chiral-
symmetric disorder gives birth to an emergent chiral
superuniversality across the Weyl semimetal-metal quan-
tum phase transition.

Furthermore, we have performed a thorough numerical
analysis of average density of states in Weyl semimetals
with chiral-symmetric disorder. The emergence of chiral
superuniversality has been demonstrated through numerical
analysis of average density of states near zero energy. We
show that for any such disorder, Weyl semimetal undergoes
a continuous quantum phase transition into a diffusive
metallic phase. Within the numerical accuracy, we find that
across this transition z & 1.5 and v =~ 1, in excellent agree-
ment with our field-theoretic predictions obtained from
leading-order e expansions (see Table I for comparison).
The quality as well as reliability of our numerical analysis
have been anchored through two completely different types
of high-quality data collapses, shown in Fig. 13, in the
entire phase diagram of a dirty Weyl semimetal for all
possible chiral disorder.

For chiral-symmetry-breaking disorder, the Weyl semi-
metal-metal quantum phase transition also takes place
through a critical point or a line of critical points, but
the critical exponents are significantly different from the
ones reported in the presence of chiral disorder. Even
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though the critical exponents across such a semimetal-
metal transition turn out to be slightly dependent on the
renormalization-group scheme, we always find z > d and
v = 1/e from leading-order ¢ expansions. Consequently,
all chiral-symmetric or intranode disorder (as well as higher
gradient terms that are inevitably present in a lattice)
become relevant at such a putative line of critical points.
As a result, internode disorder-driven semimetal-metal
phase transition is ultimately always governed by the
chiral-symmetric disorder, yielding v~ 1 and z~3/2,
characteristic of chiral superuniversality. We anchor these
outcomes by numerically extracting the scaling of average
density of states in the presence of internode disorder, and
the results are shown in Table II, Fig. 3 (lower panel),
and Fig. 14.

Even though we promote such a classification scheme in
a Weyl semimetal with only two nodes, our prescription can
easily be generalized to Weyl systems with multiple flavors,
as well as topological Dirac semimetals with bona fide
time-reversal symmetry that has recently been found in
Cd,As; [96] and NayBi [97] and the ones at the quantum-
critical point residing between two topologically distinct
insulating vacua.

We here mention that ¢; expansion can be problematic
beyond the leading order in €4, since the contribution from
Figs. 5(c) and 5(d) and their higher-loop cousins are
typically ultraviolet divergent and one loses the order-
by-order control over the perturbative calculation [40,45].
For example, it was shown in Refs. [40,45] that to the order
€3 the correlation length exponent is (see also Ref. [41])

1 3
vl=e;+ 565 + gez, (62)

respectively yielding /2 = 0.66 and v® = 0.53 to the
two- and three-loop order for ¢, = 1. Upon implementing
the Padé resummation [note that (2) = 0.5 is obtained from
Padé [1|1] resummation, while ) = 0.33 and 0.375 are,
respectively, obtained from Padé [2|1] and Padé [1|2]
resummation; see Refs. [40,45] for details], we obtain
v =0.5 and v =0.33 or 0.375 (both being smaller
than the mean-field value of v = 1/2). Hence, ¢, expansion
runs into the serious problem of convergence beyond
the leading order. Such a class of diagrams is, however,
ultraviolet finite and thus does not contribute to
renormalization-group flow equations in the €,, expansion
scheme (see Appendix C 3). We, therefore, believe that
higher-order perturbation theory within the framework of
an ¢, expansion should be more controlled. Explicit
higher-order calculation in €,, expansion and its corrobo-
ration with a newly proposed nonperturbative approach
combined with the functional renormalization-group analy-
sis [98] 1is, however, left as a challenging interesting
problem for future investigation. Nonetheless, we note
that leading-order €, and ¢,, expansions, as well as the

functional renormalization-group approach from Ref. [98],
yield identical values for the critical exponents, namely,
z=3/2and v =1.

In addition to the Weyl semimetal-metal quantum phase
transition, we also establish that a compressible Weyl metal
undergoes a subsequent transition at stronger disorder into
an Anderson insulator. We track the typical density of states
to pin the onset of such an insulating phase that only
accommodates localized states. In particular, we show that
across the Weyl metal-insulator transition the typical
density of states at zero energy [¢,(0)] smoothly vanishes,
and thus serves as a bona fide order parameter, while the
average density of states remains noncritical across this
transition. In addition, we also find that ¢,(0) remains
pinned in the Weyl semimetal phase and becomes finite in
the metallic phase. Therefore, typical density of states at
zero energy serves as a unified order parameter across all
possible disorder-driven quantum phase transitions in a
Weyl semimetal.

Finally, we comment on some nonperturbative effects of
disorder in Weyl semimetals, such as puddles [99], Lishiftz
tail [100], and rare-region states and Griffiths physics
[34,61]. Puddles are inevitable in real materials as there
are always density fluctuations that locally shift the
chemical potential away from the Weyl nodes, while
maintaining the overall charge neutrality of the system.
In addition, the presence of disorder can also support
quasilocalized rare states at zero energy even for subcritical
strength of disorder [34,61]. Although such effects are
important and interesting, they possibly do not affect the
quantum-critical behavior. Also, the presence of finite
average DOS close to zero energy for subcritical disorder
does not necessarily imply a finite typical DOS at zero
energy [¢,(0)] and a finite dc conductivity as T — 0, the
hallmark signatures of a metal. By contrast, we find that
0,(0) remains pinned to zero for weak enough disorder; see
Fig. 18(a). In addition, whether generic disorder (inter- and
intranode) accommodates rare regions remains to be
examined. Furthermore, it is not clear if the rare states
can survive when they hybridize with nonrare or critical
states, residing close in energy. On the other hand, a recent
numerical work has demonstrated that such nonperturba-
tive effects can be systematically suppressed with a suitable
choice of the distribution of disorder, while the critical
properties across the Weyl semimetal-metal quantum phase
transition remain almost unchanged [63]. Therefore, rare
and critical excitations appear to be decoupled from each
other (based on present numerical evidence) and these
effects do not alter any physical outcome we report in
this paper.
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APPENDIX A: GENERALIZED HARRIS
CRITERION AT WSM-INSULATOR QCP

In this appendix, we present a generalization of the
Harris criterion applicable near the clean WSM-insulator
QCP. Let us first consider a generalized version of the
Hamiltonian from Eq. (6) describing the gapless excitations
residing at general WSM-insulator QCP [80],

Ay(k, A) = a[o1kS cos(chy) + ork( sin(cy)]

+ o3(bk3 — A), (A1)

\/ k2 + k% and ¢, = tan™" (k,/k,). The above

Hamiltonain for any value of A possesses the same
symmetry, but describes two distinct phases: (i) a band
insulator for A <0 and (ii)) WSM for A > 0, with ¢
representing the monopole charge of the Weyl nodes.
Respectively, for ¢ = 1, 2, and 3, single, double, and triple
WSMs are realized in a crystalline environment [101-103].
The effective dimensionality (d,) of such critical semi-
metallic phase can be found from the corresponding
imaginary time Euclidean action,

where k| =

S¢ = /dfdzdexy//T[af + ﬁl‘g(k = =iV, Ay, (A2)

where y is a two-component spinor, describing the
critical excitations residing at the WSM-insulator QCP.
All parameters, such as @, and b, remain invariant under the
rescaling of space-time (imaginary) coordinates according
to 7 — elr, (x,y) = e/¢(x,y), x3 = €/?x3, when accom-
panied by the field normalization w — Zl},/ *w, where
Z, =exp{[—(2/c) + 1)1} = exp[—d.l]. The spatial mea-
sure d’x|dx; —» e!d’x) dx;, where d, = [(2/c) +4] is
the effective dimensionality of the system under the
rescaling of spatial coordinates. Note that A in Eq. (A1)
is the tuning (relevant) parameter at the WSM-insulator
QCP, and the scaling dimension of A, denoted by [A],
is tied with the CLE (v) at this QCP, according to
v~! = [A] = 1. The stability of the clean WSM-insulator
QCP against mass disorder [denoted by V_(x) in Eq. (8)]
can be assessed from the generalized Harris criterion,
suggesting that such QCP is stable against mass disorder
when

(A3)

Therefore, only the single (¢ = 1) WSM-insulator QCP is
stable against sufficiently weak mass or bond disorder.
Furthermore, the stability of the WSM-insulator QCP in
the presence of generic disorder, which appears similar to
V.(x) in Eq. (8), can be established from the generalized
Harris criterion [see Eq. (A3)]. Hence, a single WSM-
insulator QCP is guaranteed to be stable against generic
disorder. In this regard a comment is due. Our derivation of
generalized Harris criterion differs from the original one in
Ref. [27], where d, is replaced by the physical dimension-
ality of the system (d) and the CLE v varies depending on
the nature of the phase transition. On the other hand, within
the framework of anisotropic scaling of spatial coordinates,
we always find v = 1, but actual spatial dimension gets
replaced by an effective dimensionality of the system (d,)
under the process of coarse graining. We believe that these
two methods are complementary to each other.

APPENDIX B: RG ANALYSIS NEAR
WSM-INSULATOR QCP

In this appendix, we provide technical details of the RG
calculations near the WSM-insulator QPT with disorder.
First, we show the effects of subleading divergences in the
RG flow equations within the ¢, expansion introduced in
Sec. III and its consequences (see Sec. B 1). Next, we
display the perturbative analysis of disorder near the WSM-
insulator in an expansion about the lower critical dimension
of the theory (see Sec. B 2).

1. €, expansion

Within the framework of €, expansion, discussed in
Sec. III, after integrating out the fast Fourier modes within
the Wilsonian shell Ae™! < k; < A and 0 < k3 < oo and
accounting for subleading ultraviolet divergences, the RG
flow equations read

Bx = =X(8o + 28, + A )[h(n) + hy(n)] = (1 —2)X,
Pa = A +{A[h(n) + ho(n)] = h3(n) }(Ag — 241 +A,),
Pa, = —€a80 +280(Ag + 24, + A,)[hy(n) + hy(n)]
+AA LAy (1) + 4Ry (1) (8, 0mBoA; + 8y omi1 AT,
Pa, = —€,A1 +2A, (A, = Ag)hy(n) 4+ 28041y (n)
+ 4hy (1) AL [0y 2mA; + 8n2mi10),
Pa, = —€, A, +2A,(2A, — Ay — A ) [y (n) = hy(n)]
+400A | hy(n) + 2hy ()8, 0, (A3 + 2A% + A2),
(B1)
where 0, ,, is the Kronecker delta function, n, m are

integers, and X = v, b. Functions h;(n), i =1, 2, 3, are
defined as
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n(2n — 1) csc(£) 1

() = T S 4 O,
_ mese(zy) 1 5
hy(n) = 2 " on +O(n™),
a(n—1) sec(s£) = _

Therefore, as n — oo only the contribution from %, (n)
survives, and for any finite n, h,(n) and h3(n) give rise to
subleading divergences. The RG flow equations obtained
by keeping only the leading divergence are shown in
Eq. (11) of the main text. As we demonstrate below, at
least to the leading order in €, expansion, inclusion of
subleading divergences affects z only nominally, while
leaving the CLE unchanged, and we find ! = ¢, = 1/2.

In Sec. III A, we neglected the quantum corrections
arising from the nontrivial band dispersion in the k,
direction. Note that the quantum corrections in the RG
flow equations [see Eq. (B1)] can be systematically
incorporated by keeping the terms to the leading order
in 1/n from h;(n) for j = 1, 2, 3 [see Eq. (B2)], following
the spirit of 1/N expansion, where N counts the number of
fermion flavors [79]. Therefore, our RG analysis is simul-
taneously controlled by two small parameters €, (measur-
ing deviation from marginal two spatial dimensions)
and 1/n (controlling quantum corrections arising
from band curvature along k), and only at the very
end of the calculation we set ¢, = 1/2 and n = 2. The
resulting RG flow equations still support only two fixed
points (similar to the ones reported in Sec. Il A):
(1) (A,Ap,A1,A,) =(0,0,0,0) representing the WSM-
insulator QCP in the clean system and (2) the MCP, where
WSM, an insulator, and the metal meet, is now located at
(obtained numerically)

71 0.40 0.195 0.185
8’2 n ' n ' n

T 1

(A, A, A LA < )en. (B3)

The DSE at this MCP is [see Eq. (12)]
(B4)

which for the physical relevant situation ¢, = 1/2 and
n = 2 yields z = 1.245, extremely close to the one reported
in Sec. IIl A, namely, z = 1.25, obtained by neglecting
quantum corrections arising from the nontrivial dispersion
in the k, direction. Therefore, our proposed methodology
allows us to capture quantum corrections and extract the
critical exponents at the MCP in a controlled fashion. The
CLE, however, does not receive any 1/n corrections,
yielding v~! = ¢, as before. The resulting phase diagram
after accounting for 1/n corrections is shown in Fig. 21(a).

Metal 0.04 Metal

o
N
($)]
L
p

002t Insulator
Insulator

0 0 o
-0.04 0 0.05 0.1 0.15 -0.01 0 0.02 0.04

FIG. 21. The phase diagram of a dirty Weyl material residing in
close proximity to WSM-insulator QPT, obtained by solving the
RG flow equations Eq. (B1) for (a) and Eq. (BS) for (b). Here, A
is the tuning parameter for WSM-insulator transition in the clean
system and A is the strength of random charge impurities. These
two phase diagrams are qualitatively similar to the one obtained
numerically, see Fig. 2 (left), as the WSM-insulator phase
boundary shifts toward the semimetallic side with increasing
(but weak) disorder.

2. €/, expansion about lower critical dimension

In this section, we demonstrate the role of disorder in the
vicinity of WSM-insulator QPT perturbatively using an €,
expansion near the lower critical dimension d; =5/2 in
the theory, see Ref. [104], where €/, = d — 5/2. As we will
see, the outcomes are qualitatively the same as in the ¢,
regularization scheme. The exact values of the critical
exponents are, however, different from the ones announced
in Sec. III, although only slightly so, at least to the one-loop
order. Upon integrating the fast modes within the shell
E.e”! < \/v’k} + b*k? < E,., where E, is the ultraviolet
energy cutoff for critical excitations residing at the WSM-
insulator QCP, we arrive at the following flow equations to
the leading order in €/, expansion:

Px = =5X(Ag+2A, +A,) = (1-2)X,
Ba=A+(A-1)[Ag-24, +A],
Ba, = —€/,Ag+ 10A¢(Ag+2A, +A,) —16AA,
Ba, = —€;A1 + 240 (A, — Ag) +4A, (AL —24,),
Ba. = —€\A, +6A, (28, — Ag—A.)
FA(A2+ A2+ AgA, —4AgA, +2A2),  (BS)

for X = v, b, after defining the dimensionless disorder
coupling constant as Aja - Aj, for j =0, 1, z, where

a = E</(202*0%b'/?) and A/E, — A. Then, the § func-
tion for » and b in the presence of disorder yields a scale-
dependent dynamic scaling exponent:

2(1) =1+ 5[Ag+2A, + AJ(D). (B6)

The coupled RG flow equations from Eq. (B5) also
support only two fixed points: (i) (A,Ag, A, A,) =
(0,0,0,0), representing the WSM-insulator QCP in the
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clean limit [the blue dot in Fig. 21(b)], and
(i) (A,Ag, A, A,) =(0.058,0.056,0.01,0.02)¢/,, repre-
senting a multicritical point. The critical exponents at this
multicritical point for the anisotropic critical semimetal-
metal transition are

vl =¢, z=1+048¢, (B7)
which is extremely close to the ones reported in
Sec. I A, for €/, = 1/2, leading to z =1.24 and v =2
Therefore, both methods produce qualitatively similar
results near the WSM-insulator QPT, and the obtained
critical exponents for anisotropic semimetal-metal
transition are extremely close to each other, at least to

the leading order. The resulting phase diagram is shown in
Fig. 21(b).

APPENDIX C: DETAILS OF ¢,, EXPANSION

In this appendix, we display the detailed analysis of
various one-loop diagrams, shown in Fig. 9, within the
framework of an ¢,, expansion.

1. Self-energy

Let us first consider the self-energy diagram in Fig. 9(a).
The expression for the self-energy reads

(C1)

with d = 3, the summation is taken over all eight types of
disorder (see Table III), and ¢ = |q|.

The contribution from the one-loop self-energy diagram
from the disorder represented by the matrix N reads

d*q Nlyow +vy;(k—q);IN
27)* [0® +v*(k —q)’]g"

(€2)

We will evaluate the temporal and spatial components of
the self-energy diagram separately. Let us first set k = 0,
for which

. NyoN [ d’q 1
ZN(I(,U,O) AN( lw) i) (2]7'_)3 (CUZ +q2)qm
. N70NF(1 +7)
p— A -_
v )

3
x/ldxx’”/z‘l/ a4 !
0 (27)’ [¢* + (1 —x)w?

]l+m/2’

(C3)

where x is the Feynman parameter. Upon completing the
integrals over ¢ and x, and setting m = 1 — ¢ (for brevity,
we use here shorthand notation ¢,, — €), we obtain

Yy (iw,0) = [iNygwN] (2A2 2>é+(’)(1). (C4)

Next we set @ = 0, and the spatial component of self-
energy correction is then given by

1 d3 k - 1
- [ 4 =)

—iNy;,N\T(1+2) [1
—A J 2 m/2—1
() |,
(k_Q)j

x / q
(27) [? —=2(1 —x)q-k + (1 —x)K2] /2
(C5)

Zy(0.k) =

After shifting the momentum variable according to
q - (1 —x)k — q and setting m = 1 — ¢, we obtain

(0, k) = [iNy k;N] <2A2 2)’; +O(1). (C6)

Hence, the total self-energy correction reads

1

1
Sy (iw. k) = iN [yow +§y,~k,} NAy—+0(1),  (C7)

where we have redefined Ayk¢/(27°v?) — Ay, which is

Eq. (23) in the main text.

2. Vertex

The vertex correction for the disorder vertex shown in
Fig. 9(b) with the matrix N reads

Z/( MGy (0.k —q)NGy(0.k —q)M 21”
(C8)

where we kept only one external momentum as an infrared
regulator. The last expression can be compactly written as

V() = =S My NpM (), (C9)
where
5 o

We now present the evaluation of the above integral:
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/ _/ d*q (k—q);(k-q),

) @t (k-q)g”
rz+5 [ /21
—WA dxx(1 — x)m/?

X/ d’q (k=q),;(k-q),
(27)* [x(k — q)* + (1 - x)4?]

24m/2 ° (Cll)

After shifting the momentum variable as q —xk — q,
we obtain

re+z%
= o, s =7

X/ d*q g — (1 —x)k];[qg — (1 = x)k],

(271')3 [q2 + x(] _ x)k2}2+m/2
k¢ O;
=573, 0. (C12)

after taking m = 1 — ¢, since only the g-dependent part in
the numerator of the integrand yields a divergent contri-
bution. We use the last expression to obtain Eq. (30) in the
main text.

3. Ladder crossing

We now show computation of two ladder diagrams from
Fig. 5, in the ¢,,-expansion scheme. After setting all the
external frequencies to zero, Fig. 5(c) yields

d’q
(S¢) = AMAN/ (27) [
x iys(p2 + q)s
[N (p2 +q)?

iyi(p1—q),
(p1 — Q)2 N}

1
] _ _. (C13)
la|”|p; —p1 —q|

Taking then p; = p; =0 and keeping only the most
singular contribution, we obtain

d’q 1
(27) |q|*" (P2 + q)*

(5¢) ~ Ay Ay / (C14)

Here, we used that [y;, X] = 0 or {y;, X} =0 forall j =1,
2,3and X = M, N, as well as [M,N] =0or {M,N} =0.
Computation of the last integral yields

LG —m)C(m —3)

(47)*’T(m)T(2 —m)’

(5¢) ~ Ay Ay (p3)"> (C15)

which is finite in the expansion in ¢,, =1 —m as m — 0.
This is also expected based on the power counting of the
integral in Eq. (C14). Figure 5(d) reads

d3(l[ iy (pr—q); }

5d) = Ay A / N

(54) = Ay e[ (p—-q)

" |:Mi75(pl +pz—p3—qz)sN]
(p1+pP2-pP3—9q)

1
X " e
lq|"[p; — P2 —q|

(C16)

Taking then p; = p3 =0 and keeping only the most
singular contribution, we obtain

d*q 1
(27)° |q|*" (P2 —q)*’

(54) ~ Ay Ay / (17)

identical to the integral from Eq. (C14), after substituting
q — —q. Therefore this diagram is also ultraviolet finite,
confirming that both ladder diagrams are finite in the ¢,
expansion, irrespective of the choice of M and N.

The reason for these two diagrams yielding ultraviolet
finite contribution is the following: since the disorder
propagator is momentum dependent in the €,,-expansion
scheme (unlike the situation in €, expansion), only the self-
energy and vertex diagrams [see Fig. 9] containing only
one disorder line are ultraviolet divergent and contribute
RG flow equations. By contrast, each of the two ladder
diagrams [see Figs. 5(c) and 5(d)] contains two disorder
lines, yielding UV finite contribution and thus do not
influence the RG flow equations. Now readers can con-
vince themselves that such a distinction between these two
sets of Feynman diagrams persists to any order in pertur-
bation theory. Hence, in the €,,-expansion scheme, ladder
diagrams never contribute and we do not generate any
short-range disorder.

APPENDIX D: LATTICE REALIZATION OF
GENERIC DISORDER IN WEYL SEMIMETAL

In this appendix, we demonstrate the lattice realization of
16 possible fermionic bilinears (shown in Table III) from
the two-band tight-binding model, displayed in Egs. (5)
and (3). By virtue of the chosen tight-binding model, our
construction is based on two features

(1) Since two Weyl nodes are located on the k, axis at

+k? = 41/(2a), any fermionic bilinear odd under
the exchange of two Weyl nodes can be realized by
adding h = 3" P| sin(k.a)s; ¥y to the tight-bind-
ing model, where j = 0, 1, 2, 3. Such perturbation
corresponds to an imaginary hopping along the z
direction, and does not renormalize the bandwidth.
(2) Any fermionic bilinear that couples two Weyl nodes,
which therefore necessarily breaks translational
symmetry, can be realized through a periodic and
commensurate modulation of the nearest-neighbor
hopping amplitude, but only along the z direction.
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FIG. 22. Scaling of the ADOS at zero energy [¢(0)] as a function of disorder strength W (chosen to be uniformly and independently
distributed within a box [—-W, W]) for (a) potential, (b) axial, (c) axial current (or magnetic), (d) current, (e) temporal tensor (or spin-
orbit), () spatial tensor (or axial magnetic), (g) scalar mass, and (h) pseudoscalar mass disorder. The results are obtained by using KPM
in a cubic lattice with linear dimension L = 220 in each direction. Note ¢(0) is pinned to zero up to a critical strength of disorder W,
quoted in each panel (see also Tables I and II), and then it becomes finite, indicating the onset of a metallic phase. We reduce the
uncertainty in determining the location of W within the error bar +0.05, allowing us to minimize the fitting error in the determination of

z and v (see Appendix E and Table IV).

With these two construction principles we can realize all

16 fermion bilinears by adding the following terms to the

tight-binding Hamiltonian:
(1) regular chemical potential,
2V

GOlPr’

(2) axial chemical potential,

1V (r
P2 [¥ 50} W, +He.,
r

(3) Abelian current,

Sl

r

+ "PIV(I') (01 + Uz)lpr}a

(4) Abelian axial current,

r

+Hec + \I’;"V(r)@q!,},

0'3:| ‘PH,g.} + H.c.

Z{‘P; {ivér) (o1 + 52)} \Pr+63

2.2

(6) spatial components of tensor,

2.2

(7) scalar mass,
> (=
roj
(8) pseudoscalar mass,

2.2 !

(5) temporal components of tensor,

j\P V )[61“‘02"‘1.60]‘}11"@34‘4_1+H.C.,

]‘P V )[00+i61 + iaz]‘Pr’éB’lj+] +H.C.,

(r)os|®r e, j+1 + He.,

“PT lV ) ]‘Pr’é:;.j+l+H-C-

Thus, within the simplest realization of a Weyl semi-
metal from a tight-binding model on a cubic lattice, one can
realize all possible disorder couplings by choosing V(r) as
a random variable, and numerically study possible WSM-
metal QPTs. The scaling of ADOS at zero energy for all the
above eight disorders is shown in Fig. 22.
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FIG. 23.

Numerical analysis of average DOS in the presence of correlated potential disorder [see Appendix F and Eq. (F1)]. Scaling of

(a) average DOS [¢(E)] with increasing strength of disorder (in the direction of the red arrow), (b) average DOS at zero energy [¢(0)]
with increasing disorder in the system, yielding critical disorder strength W, = 0.90 + 0.05, (c) average DOS [¢(E)] around critical
disorder W = 0.85 (blue), 0.90 (yellow), and 0.95 (green) [fitting o(E) with |E|%/*~!, we obtain z = 1.49 + 0.05], (d) ¢(0) with the
reduced distance from the WSM-metal critical point (6), yielding v = 0.99 £ 0.05 with W, = 0.90 and z = 1.49. For discussion on
error analysis in the determination of v, see Appendixes E and F, as well as Table IV (the second to the last row).

APPENDIX E: DETAILS OF DATA ANALYSIS

In this appendix, we present quintessential details of data
analysis, which we employ for (a) anisotropic semimetal-
metal QPT through the MCP [the blue dot in Fig. 2 (left)] as
well as (b) WSM-metal QPT [for both uncorrelated and
correlated disorder (see Appendix F)].

1. Estimation of W,

We determine the critical strength of disorder (W.) by
computing the average DOS at zero energy ¢(0). Note
0(0) =0 in the semimetallic phase as well as at the
semimetal-metal QCP. But ¢(0) is finite in a metal.
Hence, by computing ¢(0) we can pin down W, as shown
in Figs. 7(a), 22, and 23(b). We minimize the error §W . in
determining W, by increasing the number of data points
around W, and throughout, §W,. = 0.05. Note small 6W,.
is the source of small “fitting error” in the quoted values
of z and v.

2. Estimation of z

To determine the DSE z, we compare ¢(E) versus
|E|%/==1, for W, —6W,, W,., and W, + 6W,. Since con-
tinuous semimetal-metal QPT is always characterized by a
unique z, we fit ¢(E) for a specific value of z. But, due to
the finite-size effects (which are nonuniversal and also
depend on the choice of disorder distribution), such a fit
never goes through zero at E =0, although ¢(0)~0
(within numerical accuracy). Hence, to find z we search
for its value that yields good fit with ¢(E) at finite energy
[i.e., we target to fit o(E) with |E|%/*~! within the quantum-
critical regime, where finite-size effects are nominal]. For
three values of W, namely, W, — 6W_., W, and W, + W,
we obtain three values of z, namely, z — 0z, z, and z + 0z,
where 8z is the fitting error associated with z [see Tables I
and II and Figs. 7(b) and 23(c)]. The red lines shown in
Figs. 7(b), 13 (first column), 14 (first column), and 23(c)

represent plots of ¢(E) versus |E|/*~! for the mean value
of z.

3. Estimation of v

Finally, we determine CLE v, for which we compare
0(0) in the metallic phase with § = (W — W_.)/W, (where
W, is the mean value of critical disorder strength), since
0(0) ~ 89=9%, Within the maximally allowed range of
disorder W, < W < W_ (due to the inevitable presence
of a subsequent Anderson transition, explained below), we
fit ¢(0) versus 6(?~?", yielding CLE v + év with the mean
value of DSE ¢z, reported in Fig. 7(c), the second column of
Figs. 13 and 14, and in Fig. 23(d). The black, red, and blue
curves are, respectively, shown for v € {v — év,v,v + 6v},
encompassing all data points.

To further improve our numerical analysis of v, we generate
two additional data sets for ¢(0) versus &, with W, —
W.£6W,, but still within the range W, =+ 6W,. <
W < W.. Performing the same analysis explained above,
we obtain another range of CLE, v. Finally, for all three sets of
0(0) versus 8, we extract the CLE taking z — z £ §z. With
such extensive data analysis, summarized in Table IV, we
acquire maximal fitting error in the determination of v, and
these values are quoted in Tables I and II (for WSM-metal
QPT), reported in Sec. III B for anisotropic semimetal-metal
QPT through the MCP and in Appendix F for correlated
potential disorder.

Finally, we highlight an important issue related to the
range of disorder (6) over which we perform numerical
analysis for v. Note that a three-dimensional Weyl metal
undergoes a second QPT into the AI phase (discussed in
Sec. IX; see also Fig. 1). Across the Anderson transition,
although average DOS at zero energy [¢,(0)] remains
smooth, it decreases monotonically. As shown in
Fig. 18(a), Anderson transition (for potential disorder)
takes place at W., = 9.30, but ¢,(0) starts to decrease
for much weaker disorder W > 2.90. On the other hand, the
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TABLE IV. Details of the data analysis for the computation of the correlation length exponent v across the WSM-metal QPT driven by
potential (Ay), axial potential (A,), magnetic (A,,), current (Ac), spin-orbit (Agy), axial magnetic (A,,,), scalar mass (Ag), and
pseudoscalar mass (Apg) disorder (see Table III for definition), where the disorder is assumed to be uniformly and independently
distributed within [—-W, W] (first eight rows). We here show the variation of v with (a) the variation of the location of the WSM-metal
QCP (denoted by W, £ 6W,) and (b) from the fitting error of z (denoted by z & §z). See Tables I and II for W, z, and 6z, and throughout
we have 6W, = 0.05. The second to the last row represents the same analysis but in the presence of correlated potential disorder (A{™),
discussed in Appendix F, while the last row shows similar analysis across the potential disorder-driven critical anisotropic semimetal-
metal transition through the multicritical point (discussed in Sec. III). The quantities in parentheses represent corresponding fitting error
for a given value of v for the specific value of critical disorder strength and dynamic scaling exponent; see Appendix E for discussion.
Each value of v and the corresponding fitting error is determined by comparing ¢(0) with §=2" for given values of W, and z, see, for
example, Fig. 7(c), second column of Figs. 13 and 14, and Fig. 23(d). The last column shows the corresponding values of the correlation
length exponent, accompanied by maximal fitting error. These analyses were performed in the largest system (see Secs. III B and VI and
Appendix F for details). Data collapse in Figs. 8, 13, 14, and 24 are shown with the values for W, z, and v shown in bold font.

W, —oW. W, W, + 6W.
7—0z z 740z 7—0z 4 7+0z 7—0z z 7+ 0z

Disorder v v v v v v v v v v

Ay 0.97(0.06) 1.00(0.05) 1.02(0.06) 0.97(0.05) 0.99(0.05) 1.01(0.07) 0.98(0.06) 0.99(0.07) 1.01(0.05) 1.00(0.08)
Ay 1.04(0.06) 1.07(0.05) 1.09(0.05) 1.01 (0.05) 1.03(0.05) 1.08(0.08) 1.04(0.05) 1.06(0.07) 1.08(0.08) 1.06(0.10)
Ay 0.99(0.06) 1.02(0.05) 1.05(0.05) 1.00(0.06) 1.03(0.05) 1.05(0.05) 1.01(0.05) 1.05(0.05) 1.07(0.06) 1.03(0.10)
Ac 1.01(0.05) 1.04(0.06) 1.07(0.06) 0.99(0.05) 1.03(0.05) 1.06(0.06) 0.99(0.05) 1.03(0.06) 1.06(0.05) 1.02(0.09)
Ago 1.01(0.05) 1.03(0.06) 1.06(0.05) 0.97(0.07) 1.01(0.05) 1.04(0.05) 0.99(0.06) 1.02(0.06) 1.05(0.05) 1.01(0.10)
Ay 0.99(0.07) 1.03(0.06) 1.07(0.05) 0.97(0.08) 1.01(0.05) 1.05(0.06) 0.97(0.06) 1.02(0.05) 1.06(0.06) 0.99(0.12)
Ag 0.95(0.06) 0.99(0.05) 1.03(0.07) 0.95(0.05) 0.97(0.05) 1.01(0.07) 0.95(0.07) 0.99(0.05) 1.02(0.06) 0.99(0.12)
Apg 0.99(0.08) 1.02(0.05) 1.05(0.06) 0.99(0.05) 1.02(0.06) 1.06(0.05) 0.97(0.05) 1.01(0.05) 1.05(0.06) 1.01(0.11)
AP™ 0.96(0.07) 1.00(0.05) 1.04(0.06) 0.96(0.05) 0.99(0.05) 1.03(0.07) 0.96(0.08) 1.01(0.05) 1.05(0.05) 0.99(0.11)
Ay (MCP) 1.94(0.07) 1.97(0.06) 2.03(0.05) 1.92(0.05) 1.97(0.05) 2.01(0.06) 1.97(0.06) 1.99(0.05) 2.02(0.06) 1.98(0.10)

WSM-metal QPT takes place around W ; =~ 1.65. Hence,
for W > 2.9, the Weyl metal starts to approach the
Anderson fixed point, and to properly extract v associated
with the WSM-metal QPT we can only fit g, (0) with 542
within the range 1.65+0.05 < W < 2.90, the maxi-
mally allowed range of disorder, mentioned earlier, with
W, < 2.90. The maximal value of § shown in the second
column of the first row in Fig. 13 is x0.60, yielding
corresponding W = 2.65 with W, = 1.65 (ensuring that the
system is still sufficiently far from the Anderson fixed
point). Therefore, in our data analysis for v, we cover the
maximally allowed range of disorder so that the system still
falls outside the basin of attraction for the Anderson
transition. No further variation of range of § is permitted
due to the very nature of the global phase diagram, shown
in Fig. 1. This way we acquire a maximal fitting error in
determination of v arising from the range of 0 we consider,
that nonetheless encompasses all data points. We follow the
same strategy for the analysis of v in the presence of
arbitrary disorder driving WSM-metal QPT or the transition
across the MCP.

APPENDIX F: CORRELATED DISORDER

So far we have assumed disorder to be a random variable
within the range [-W, W] at each site of the cubic lattice
with linear dimension L in each direction. Hence, disorder

is uncorrelated, which involves both intravalley as well as
intervalley scattering (since in any lattice model left and
right chiral Weyl points are always connected at high
energies). However, our proposed scenario of the emergent
superuniversality (see Sec. VIID) suggests that in the
presence of generic disorder, the WSM-metal QPT is
characterized by a unique set of exponents, namely, 7 =
1.5 and v =1 (obtained from leading-order e expansions,
in good agreement with numerical findings). Otherwise,
such emergent superuniversality does not depend on the
actual nature of the disorder (see Figs. 13 and 14 and
Tables I and II) nor does it depend on the distribution of
disorder. To anchor the last statement we now present the
numerical analysis of average DOS in the presence of
correlated random charge impurities for which intervalley
scattering is suppressed (although finite) by construction (at
least when disorder is sufficiently weak). As we demon-
strate, the universality class of the WSM-metal transition
remains unaffected (within numerical accuracy) by the
choice of disorder distribution, apart from causing a
nonuniversal shift of WSM-metal QCP (W,.).

We introduce a Gaussian disorder potential W(r), such
that the mean (W(r)) = 0, but

owwee) = gew (-E250) e
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In the lattice implementation, we set £ = 4a, where a is the
lattice constant, leading to a strong suppression of inter-
valley scattering by a factor exp [—(Ak)%&2/2] < 10734,
where Ak = 7/a is the separation between two Weyl nodes
[105]. Now we proceed with the numerical analysis of the
average DOS using KPM in a cubic lattice with linear
dimension L = 160 in each direction. We average over 20
random disorder realizations, compute 4096 Chebyshev
moments, and take trace over 12 random vectors to
compute ¢(E).

First, notice that scaling of average DOS ¢(E) as a
function of increasing disorder [see Fig. 23(a)] is similar to
the ones found with box distribution (see Fig. 3), showing a
smooth crossover from ¢(E) ~ |E|* to |E| scaling as we
approach the critical disorder strength W, = 0.90 £ 0.05
from the semimetallic side, beyond which ¢(0) becomes
finite [see Fig. 23(b)] and the system enters a metallic
phase. By fitting DOS ¢(E) with |E|*"!, we obtain
z = 1.49 £ 0.05; see Fig. 23(c). Finally, we compare the
DOS at zero energy ¢(0) with 6 = (W — W_.)/W_, and with
mean values of W, (=0.90) and z(= 1.49), and find
v =0.99 £ 0.05 [see Fig. 23(d)]. We here compare ¢(0)
versus 8 up to W = 1.75, such that ¢(0) increases smoothly
within  0.90 < W < 1.75 (see last paragraph of
Appendix E). Finally, performing a similar data analysis
by accounting for the variation of W, and z, we find
v=10.99 +0.11, containing maximal fitting error in the
determination of v (see second to the last row of Table IV).

Now, with the mean values of these parameters, namely,
W, =0.90, z = 1.49, and v = 0.99, we proceed to the data
collapse. The results are displayed in Figs. 24(a) and 24(b),
discerning satisfactory data collapse over a large parameter
space. In corroboration with the numerical results we
presented for all possible disorder with uncorrelated box
distribution, the present numerical analysis for correlated
potential disorder supports the following fact: the univer-
sality class of the WSM-metal QPT is insensitive to the
nature of disorder as well as its distribution, which in
conjunction with our field-theoretic predictions supports

|
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FIG. 24. Two types of data collapse in the presence of
correlated potential disorder. (a) Finite energy collapse of
0(E)|6|=9 versus |E|67* in a system with L = 160. All data
fall on two branches: top one corresponds to the metallic phase,
while the bottom one corresponds to the semimetallic phase.
(b) Finite-size data collapse of ¢(0)L¢~* versus 6L'/*. For these
two data collapses we take W. = 0.9, z =1.49, and v = 0.99.

the proposed scenario of emergent superuniversality across
the WSM-metal QPT.

APPENDIX G: RG ANALYSIS IN THE PRESENCE
OF GENERIC DISORDER COUPLINGS

In this appendix, we present the coupled RG flow
equations for eight disorder couplings shown in
Table III, obtained within the framework of ¢,, expansion
(defined in Sec. IVB) and ¢; expansion (defined in
Sec. IV C). We show that under generic circumstances
the line of QCPs, defined in Eq. (36) (obtained from ¢,
expansion) or Eq. (39) (obtained from e, expansion), in the
(Ay,A,) plane (two chiral-symmetric disorders), is the
legitimate solution, which provides a strong justification for
the chiral superuniversality across generic disorder-driven
WSM-metal QPT, qualitatively discussed in Sec. VII D.

1. RG flow equations from ¢,, expansion

The leading-order coupled RG flow equations in the
presence of all eight disorder couplings within the frame-
work of an ¢,, expansion read as
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4
Paw = Bam |:_€m 3 (Ay + Aps — Ago — Av)} , (Go)
4
ﬁAS - AS |:_€m + §(2AA - 4AAM + 4AC - SAM + APS — 2AS + SASO —_ AV):| s (G7)
4
‘BAPS = APS |:_€m + g (ZAA + SAAM + 4AC - SAM — 2APS + AS — 4ASO — AV):| . (Gs)

The above set of coupled flow equations only supports a line of QCPs, given by Eq. (36). Along the entire line of QCPs the
exponents are given by v7! =¢,, + O(e2,) and z = 1 +¢,,/2 + O(e2,) in three dimensions, to the leading order in ¢,,.
Therefore, for Gaussian white noise distribution (¢, = 1), we obtain v = 1 and z = 3/2. This outcome strongly supports
the proposed emergent superuniversality across the WSM-metal QPT, driven by arbitrary disorder.

2. RG flow equations from ¢; expansion

The coupled RG flow equations for eight symmetry-allowed disorder couplings to the leading order in the €; expansion
read as

Pa, = —€sBy + 20y (Ax + 304y +3Ac 434y + Aps + Ag + 3450 + Ay) +4(2AcAY + AppAps + AsAgp), (GI)

Ba, = —€aBs + 28,4 (Ag —3Duy +3A¢ + 30y — Aps — Ag —3A50 + Ay) + 4(A%,, + AL+ A3, + A3,),  (G10)

2 4
Pa,, =—€iAu +§AM(—AA +Auy+ACHAy—Aps—Ag+Ago—Ay) +§(2AAAM +TAsmBs0 +2AcAy + ApgAg),

2

(G11)

8
Pa. = —Ac+ gAc(—AA =Dy +Ac+ Ay + Apg + Ag— Ago — Ay) + 3 (AaAc + ApyAg + Ay Ay + ApsAgo),

(G12)

2 4
Bas, =€also _§ASO(AA — Ay —Ac+Ay—Aps+As+Ago—Ay) +§(2AAASO +TAp Dy +20cAps+AsAy),

(G13)

2 4
Payy = —€alam _gAAM(AA FAu—Ac+Ay+Aps—Ag—Ago—Ay) +§(2AAAAM +2AcA5+T7AyAso+ApsAy),

(G14)

Pay = —€4A5 +205(A4 —3Dpp + 300 =30y + Aps — Ag + 3050 — Ay) + 428y Ac + AyAps + Agoly), (G15)

Bap, = —€alps 4+ 28ps(Ap + 304y + 3Ac = 3Ay — Apg + Ag — 3050 — Ay) +4(AspAy +20cA50 + AyAs).

The above set of coupled flow equations supports only a
line of QCPs, given by Eq. (39), in the Ay — A, plane,
shown in Fig. 10. Along the entire line of QPCs, the
exponents are ! = ¢, and z = 1 + ¢,/2 (to the leading
order in €;). Therefore, in a three-dimensional WSM
(¢4 = 1) the semimetal-metal QPT driven by arbitrary
disorder potential is always characterized by v =1 and
7z = 3/2, thus strongly supporting the proposed emergent

(G16)

[
chiral superuniversality. Even though symmetry of a WSM
is different from its two-dimensional counterpart graphene
(for example, graphene does not allow the presence of time-
reversal symmetry-breaking magnetic or current disorder),
at least the coupled RG flow equations for potential (Ay)
and regular mass (Ag) disorder (present in both WSM and
graphene) are in agreement with Ref. [84], if we sete; = 0
or equivalently d = 2.
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APPENDIX H: ALTERNATIVE DERIVATION OF
CORRECTION TO OPTICAL CONDUCTIVITY

Direct computation of the correction to the optical
conductivity due to arbitrary disorder by using the Kubo
formula has already been presented in Ref. [43].
Specifically, we compute the disorder-driven correction
to the current-current correlation function (involving com-
putation of two-loop diagrams), and then via analytic
continuation we found the OC at frequency Q in a weakly
disordered WSM to be

AyA

2] =i

where N is the number of Weyl nodes, and ¢, is the electron
charge in vacuum [see Eq. (3) of Ref. [43] ]. For concrete-
ness, we here restrict ourselves to potential disorder or
random charge impurities (Ay), possessing Gaussian white
noise distribution in three dimensions. In the absence of
disorder (A, = 0), we recover the OC in a clean WSM,
60(Q) [30,32,106]. We now present an alternative deriva-
tion of the same expression.
The OC is given by

6(Q) =

Ne3Q [

AyA
H1
12hv 2112}’ (HD)

- D . ,iQx
=g | 4O
_ 72 D . ,iQx, i
=z ng(l)g/d xe' 0 (j(x)x(0))o

_ o (NetQ
B Z‘P(uhv)’ (H2)
where Zy = [1 + AyA/(27%0?)] is the field-renormaliza-
tion factor, as presented in Sec. IV C, for ¢; = 1. The same
expression for the field-renormalization factor can directly
be obtained by integrating over the entire Weyl band with
0 < |k| < A, which is legitimate since we are interested in
the OC of a weakly disordered WSM for which sharp
quasiparticle excitations persist all the way down to zero
energy or momentum. Upon substituting Z,, in the above
expression we immediately recover Eq. (H1).

APPENDIX I: ¢, EXPANSION FOR
WSM-METAL QPT

We devote this appendix of the paper to address yet
another controlled route to address the effects of disorder
deep inside the WSM phase. Without any loss of generality
we can express the Weyl Hamiltonian as

Hy =wv, Z iyoy jk;j + v3iyoysks, (I1)
j=w

and so far we have considered v, = v3 = v. Following the
spirit of the “band-flattening” method, demonstrated in
Sec. III A, we deform the above Hamiltonian to

Hy - Hy =v, Z ivorjk; + Cuirorsks, — (12)
=12

with the restriction that n can now only take odd integer
values, so that all symmetry properties of a WSM remain
unaffected. The DOS of such a deformed system is
o(E) ~ |E|'*1/". Notice in the limit n — oo the DOS scales
linearly with E, and disorder then become a marginal
variable (outcome from a self-consistent Born calculation).
Such a special limit represents a two-dimensional Weyl
system (since quasiparticles do not possess any dispersion
along k). Otherwise, following the same steps of coarse
graining we find that the scaling dimension of disorder
couplings after performing the disorder averaging using the
replica formalism is [A;] = —1/n. Therefore, we can
perform a controlled RG calculation about the n — oo
limit, following the spirit of an ¢, expansion, with
€, = 1/n, since [A;] = —¢,. For the physically relevant
case €, = 1. Otherwise, the steps are identical to the ones
presented in Sec. III A and the relevant Feynman diagrams
are already shown in Fig. 5. For the sake of simplicity, we
here focus only on the potential disorder. A detailed RG
analysis within the framework of the €, expansion in the
presence of eight disorders is left for a future investigation.
The leading-order RG calculation yields the following flow
equations:

Px = —AyHy(n)X = (1 - 2)X,
Ba, = Ay[—e, + AyHy(n)], (13)

where X = v,,C,, Ay = 2Ay A% /[(27)2C 0> ] is the
dimensionless disorder coupling, and for brevity we have
dropped the hat notation in the last set of equations. The
function Hy(n) reads as

1
24n*
Therefore, Hy(n) is a well-controlled function of 1/n.

Keeping the leading-order term in Hy(n), the RG equations
become

Hy(n) =1+==+40(n™). (14)

Px = —AyX = (1 - 2)X, Pa,

The DSE from the first equation reads as z = 1 + Ay. The
second equation supports only two fixed points: (i) the one
at Ay = 0 represents the stable WSM phase, while (ii) the
unstable fixed point at Ay, = ¢, /2 represents the WSM-
metal QCP. The DSE and the CLE at this fixed point are,
respectively,

— Ayl-e, + Ayl (15)

Z:1+€lv I/_l = €p- (16)

2
Therefore, for the physically relevant case of simple WSM
(e, = 1), we obtain z =3/2 and v = 1, same as the ones
obtained from ¢,, and €, expansions, declared in Sec. V.
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Note that even if we chose to keep the entire function Hy(n)
in the RG flow equations, we obtain the same set of critical
exponents.

APPENDIX J: SELF-CONSISTENT BORN
APPROXIMATION AT WSM-INSULATOR QCP

In this appendix, we present the computation of the
inverse scattering lifetime (1/7,) within the framework of
the self-consistent Born approximation, in the presence
of disorder. In this formalism, z; is computed from the
following self-consistent equation:

En o) 1
I

where E, is the ultraviolet energy cutoff up to which
critical excitations separating a WSM and an insulator
possess anisotropic dispersion, captured by H,(0) in
Eq. (6). Since at the WSM-insulator QCP the average
DOS scales as g(E) ~ |E[*/?, the right-hand side of the

above equation displays ultraviolet divergence ~E,1\/ % Such
divergence can be regulated by introducing a parameter

I
dE—, J2
W/ & (12)

where W corresponds to the critical strength of disorder
for the instability of ballistic critical fermions. The above
gap equation can then be cast as

5— /0 dEo(E) <E2 m> (13)

where § = W — W_./(WW,) measures the reduced disorder
strength from the critical one (W = W ). After regularizing
the ultraviolet divergence we can take the limit £, — o
without encountering any divergence. The self-consistent
solution of the scattering lifetime is then obtained from the
following universal scaling form,

\/,E - g 5, (14)

which immediately implies that 77! is finite only when
5>0 or W> W, and for W < W, we get 77! =0.
Therefore, critical fermions separating a WSM and an
insulator retain its ballistic nature up to a critical strength of
disorder W, ~ E/l\/ g Only for strong disorder W > W, a
metallic phase emerges where 77! is finite. Therefore, the
conclusion from the self-consistent Born approximation is
in qualitative agreement with our results found by field-
theoretic RG analysis and numerical calculation, presented
in Sec. IIL
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