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We classify insulators by generalized symmetries that combine space-time transformations with
quasimomentum translations. Our group-cohomological classification generalizes the nonsymmorphic
space groups, which extend point groups by real-space translations; i.e., nonsymmorphic symmetries
unavoidably translate the spatial origin by a fraction of the lattice period. Here, we further extend
nonsymmorphic groups by reciprocal translations, thus placing real and quasimomentum space on equal
footing. We propose that group cohomology provides a symmetry-based classification of quasimomentum
manifolds, which in turn determines the band topology. In this sense, cohomology underlies band topology.
Our claim is exemplified by the first theory of time-reversal-invariant insulators with nonsymmorphic spatial
symmetries. These insulators may be described as “piecewise topological,” in the sense that subtopologies
describe the different high-symmetry submanifolds of the Brillouin zone, and the various subtopologies
must be pieced together to form a globally consistent topology. The subtopologies that we discover include a
glide-symmetric analog of the quantum spin Hall effect, an hourglass-flow topology (exemplified by our
recently proposed KHgSb material class), and quantized non-Abelian polarizations. Our cohomological

classification results in an atypical bulk-boundary correspondence for our topological insulators.
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I. INTRODUCTION

Spatial symmetries have enriched the topological classi-
fication of insulators and superconductors [1-10]. A basic
geometric property that distinguishes spatial symmetries
regards their transformation of the spatial origin: symmor-
phic symmetries preserve the origin, while nonsymmorphic
symmetries unavoidably translate the origin by a fraction of
the lattice period [11]. This fractional translation is respon-
sible for band topologies that have no analog in symmorphic
crystals. Thus far, all experimentally tested topological
insulators have relied on symmorphic space groups
[12—17]. Here, we propose the first nonsymmorphic theory
of time-reversal-invariant insulators, which complements
previous theoretical proposals with magnetic, nonsymmor-
phic space groups [4,5,18-20]. Motivated by our recently
proposed KHgX material class (X = Sb, Bi, As) [21], we
present here a complete classification of spin-orbit-coupled
insulators with the space group (Dg,) of KHgX.

The point group (Dg;,) of KHgX, defined as the quotient
of its space group by translations, is generated by four
spatial transformations—this typifies the complexity of
most space groups. This work describes a systematic

“aris.alex @yale.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOIL.

2160-3308/16/6(2)/021008(38)

021008-1

Subject Areas: Condensed Matter Physics,
Topological Insulators

method to topologically classify space groups with
similar complexity; in contrast, previous classifications
[1,2,4-7,14] (with one exception by us [8]) have expanded
the Altland-Zirnbauer symmetry classes [22,23] to include
only a single point-group generator. For point groups with
multiple generators, different submanifolds of the Brillouin
torus are invariant under different symmetries; e.g., mirror
and glide planes are respectively mapped to themselves
by a symmorphic reflection and a glide reflection, as
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FIG. 1. (a) Mirror (red, blue) and glide (green, brown) planes in
the 3D Brillouin torus of KHgX. These planes project to the high-
symmetry line XUZT X in the 2D Brillouin torus of the 010
surface. (b)—(d) Examples of possible piecewise topologies in the
space group of KHgX, as illustrated by their surface band
structures along X U Z I" X. Panel (b) describes a “quantum glide
Hall effect” (along 7 f) and an odd mirror-Chern number (along
" X); these two subtopologies must be pieced together at their
intersection point I. Panel (c) describes an hourglass-flow top-
ology (5( Uz f) and an even mirror-Chern number (1~“ 5(). d) A
trivial topology is shown for comparison.
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illustrated in Fig. 1(a) for Dgh. Wave functions in each
submanifold are characterized by a lower-dimensional
topological invariant that depends on the symmetries of
that submanifold; e.g., mirror planes are characterized by a
mirror-Chern number [24] and glide planes by a glide-
symmetric analog [7,21] of the quantum spin Hall (QSH)
effect [25] [in short, a quantum glide Hall effect (QGHE)].
The various invariants are dependent because wave func-
tions must be continuous where the submanifolds overlap;
e.g., the intersection of planes in Fig. 1(a) are lines that
project to f, 5(, U , and Z. We refer to such insulators as
“piecewise topological,” in the sense that various subto-
pologies (topologies defined on different submanifolds)
must be pieced together consistently to form a 3D topology.

This work addresses two related themes: (i) a group-
cohomological classification of quasimomentum submani-
folds and (ii) the connection between this cohomological
classification and the topological classification of band
insulators. In (i), we ask how a mirror plane differs from a
glide plane. Are two glide planes in the same Brillouin
torus always equal? This equality does not hold for D¢, : in
one glide plane, the symmetries are represented ordinarily,
while in the other we encounter generalized “symmetries”
that combine space-time transformations with quasimo-
mentum translations (W). Specifically, VW denotes a dis-
crete quasimomentum translation in the reciprocal lattice.
These symmetries then generate an extension of the point
group by W; i.e., W becomes an element in a projective
representation of the point group. The various representa-
tions (corresponding to different glide planes) are classified
by group cohomology, and they result in different sub-
topologies (e.g., one glide plane in D¢, may manifest a
quantum glide Hall effect, while the other cannot). In this
sense, cohomology underlies band topology.

To determine the possible subtopologies within each
submanifold and then combine them into a 3D topology,
we propose a general methodology through Wilson loops
of the Berry gauge field [26,27]; these loops represent
quasimomentum transport in the space of filled bands [28].
As exemplified for the space group D‘éh, our method is
shown to be efficient and geometrically intuitive—piecing
together subtopologies reduces to a problem of interpolat-
ing and matching curves. The novel subtopologies that
we discover include (i) the quantum glide Hall effect in
Fig. 1(a), (ii) an hourglass-flow topology, as illustrated in
Fig. 1(b) and exemplified [21] by KHgX, and (iii) quan-
tized, non-Abelian polarizations that generalize the Abelian
theory of polarization [29].

Our topological classification of Dg, is the first physical
application of group extensions by quasimomentum trans-
lations. It generalizes the construction of nonsymmorphic
space groups, which extend point groups by real-space
translations [30-34]. Here, we further extend nonsymmor-
phic groups by reciprocal translations, thus placing real and
quasimomentum space on equal footing. A consequence of
this projective representation is an atypical bulk-boundary

correspondence for our topological insulators. This corre-
spondence describes a mapping between topological
numbers that describe bulk wave functions and surface
topological numbers [35]—such a mapping exists if the
bulk and surface have in common certain “edge sym-
metries” that form a subgroup of the full bulk symmetry.
This edge subgroup is responsible for quantizing both bulk
and surface topological numbers; i.e., these numbers are
robust against gap- and edge-symmetry-preserving defor-
mations of the Hamiltonian. In our case study, the edge
symmetry is projectively represented in the bulk, where
quasimomentum provides the parameter space for parallel
transport; on a surface with reduced translational symmetry,
the same symmetry is represented ordinarily. In contrast, all
known symmetry-protected correspondences [27] are one
to one and rely on the identity between bulk and surface
representations; our work explains how a partial corre-
spondence arises where such identity is absent.

We summarize our main results in Sec. II, which also
serves as a guide to the whole paper. We then preliminarily
review the tight-binding method in Sec. IIT A, as well as
introduce the spatial symmetries of our case study. Next, in
Sec. IV, we review the Wilson loop and the bulk-boundary
correspondence of topological insulators; the notion of a
partial correspondence is introduced and exemplified with
our case study of D¢,. We then use the method of Wilson
loops to construct and classify a piecewise topological
insulator in Sec. V; here, we also introduce the quantum
glide Hall effect. Our topological classification relies on
extending the symmetry group by quasimomentum trans-
lations, as we elaborate in Sec. VI; the application of group
cohomology in band theory is introduced here. We offer an
alternative perspective of our main results in Sec. VII, and
end with an outlook.

II. SUMMARY OF RESULTS

A topological insulator in d spatial dimensions may
manifest robust edge states on a (d — 1)-dimensional
boundary. Letting k parametrize the d-dimensional
Brillouin torus, we then split the quasimomentum coor-
dinate as k = (k,.k;), such that k, corresponds to the
coordinate orthogonal to the surface, and kj is a wave
vector in a (d — 1)-dimensional surface-Brillouin torus. We
then consider a family of noncontractible circles c(k),
where for each circle k is fixed, while k is varied over a
reciprocal period; e.g., consider the brown line in Fig. 1(a).
We propose to classify each quasimomentum circle by the
symmetries that leave that circle invariant. For example, in
centrosymmetric crystals, spatial inversion is a symmetry
of c(ky) for inversion-invariant k| satisfying k; = —k;
modulo a surface reciprocal vector. The symmetries of the
circle are classified by the second group cohomology:

H*(G,,Z, x 74 x Z). (1)
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As further elaborated in Sec. VI and Appendix D, H?

classifies the possible group extensions of G, by

Z, x Z¢ x Z, and each extension describes how the sym-

metries of the circle are represented. The arguments in H?

are defined as follows.

(a) The first argument, G, is a magnetic point group [36]
consisting of those space-time symmetries that (i) pre-
serve a spatial point and (ii) map the circle c(k;) to
itself. For d = 3, the possible magnetic point groups
comprise the 32 classical point groups [37] without
time reversal (7), 32 classic point groups with 7', and
58 groups in which 7 occurs only in combination
with other operations and not by itself. However, we
consider only subgroups of the 3D magnetic point
groups (numbering 32 + 32 4 58 = 122) that satisfy
(i1); these subgroups might also include spatial sym-
metries that are spoilt by the surface, with the just-
mentioned spatial inversion a case in point.

(b) The second argument of H? is the direct product of
three Abelian groups that we explain in turn. The Z,
group is generated by a 2z spin rotation; its inclusion
in the second argument implies that we also consider
half-integer-spin representations; e.g., at inversion-
invariant k” of fermionic insulators, time reversal is
represented by T2 = —I.

(c) The second Abelian group (Z?) is generated by
discrete real-space translations in d dimensions: by
extending a magnetic point group (G,) by Z9 we
obtain a magnetic space group; nontrivial extensions
are referred to as nonsymmorphic.

(d) The final Abelian group (Z) is generated by the
discrete quasimomentum translation in the surface-
normal direction, i.e., a translation along ¢ (k) and
covering c(kj) once. A nontrivial extension by qua-
simomentum translations is exemplified by one of two
glide planes in the space group D¢, [cf. Sec. VI].

Having classified quasimomentum circles through

Eq. (1), we outline a systematic methodology to topologi-

cally classify band insulators. The key observation is that

quasimomentum translations in the space of filled bands is
represented by Wilson loops of the Berry gauge field; the
various group extensions, as classified by Eq. (1), corre-
spond to the various ways in which symmetry may
constrain the Wilson loop. Studying the Wilson-loop
spectrum then determines the topological classification.

A more detailed summary is as follows.

(i) We consider translations along c(k;;) with a certain
orientation that we might arbitrarily choose, e.g., the
triple arrows in Fig. 1(a). These translations are
represented by the Wilson loop W(k), and the
phase (0) of each Wilson-loop eigenvalue traces out
a “curve” over k. In analogy with Hamiltonian-
energy bands, we refer to each curve as the energy of
a Wilson band in a surface-Brillouin torus. The

advantage of this analogy is that the Wilson bands
may be interpolated [35,38] to Hamiltonian-energy
bands in a semi-infinite geometry with a surface
orthogonal to k| . Some topological properties of the
Hamiltonian and Wilson bands are preserved in this
interpolation, resulting in a bulk-boundary corre-
spondence that we describe in Sec. IV B. There, we
also introduce two complementary notions of a total
and a partial correspondence; the latter is exempli-
fied by the space group Dgh.

(ii) The symmetries of c(k) are formally defined as the
group of the Wilson loop in Sec. VI; any group of
the Wilson loop corresponds to a group extension
classified by Eq. (1). That is, our cohomological
classification of quasimomentum circles determines
the representation of point-group symmetries that
constrain the Wilson loop, whether linear or pro-
jective. The particular representation determines the
rules that govern the connectivity of Wilson energies
(curves), as we elaborate in Sec. VA; we then
connect the curves in all possible legal ways, as
in Sec. V B—distinct connectivities of the Wilson
energies correspond to topologically inequivalent
ground states. This program of interpolating and
matching curves, when carried out for the space
group D¢, produces the classification summarized
in Table I.

Beyond DY,, we note that Eq. (1) and the Wilson-loop
method provide a unifying framework to classify chiral
topological insulators [39], and all topological insulators
with robust edge states protected by space-time sym-
metries. Here, we refer to topological insulators with either
symmorphic [1,2,8] or nonsymmorphic spatial symmetries
[4,7,19,40], the time-reversal-invariant quantum spin Hall
phase [25], and magnetic topological insulators [18,41-43].
These case studies are characterized by extensions of G, by

TABLE 1. Classification of time-reversal-invariant insulators
with the space group DY, . A quantized polarization invariant (P?)
distinguishes between two families of insulators: modulo the
electron charge e, 73? = ¢/2 (= 0) characterizes the quantum
glide Hall effect (its absence). Specifically, Pg is the polarization
of one of two glide subspaces (as labeled by 7 = +1), but time-
reversal symmetry ensures there is only one independent polari-
zation: Pl =Pz modulo e. The Pl =0 family is further
subclassified by two non-Abelian polarizations, Qf; € Z, and
Q% i € Z5, and a mirror-Chern number (C, ) that is constrained to
be even; where Qf; # Qg ), the insulator manifests an hour-
glass-flow topology. The P? = ¢/2 family is subclassified by
Qi € Z, and odd C,.

Qrz i Ce
P;,Z‘ - 0 ZZ Zz 2Z
PL=e/2 Z, 27 + 1
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Z, x Z%; on the other hand, extensions by quasimomentum
translations are necessary to describe the space group D¢,
but have not been considered in the literature. In particular,
D¢, falls outside the K-theoretic classification of non-
symmorphic topological insulators in Ref. [7].

Finally, we remark that the method of Wilson loops
(synonymous [26] with the method of Wannier centers
[27]) is actively being used in topologically classifying
band insulators [26,27,44-46]. The present work advances
the Wilson-loop methodology by (i) relating it to group
cohomology through Eq. (1), (ii) providing a systematic
summary of the method (in this section), and (iii) demon-
strating how to classify a piecewise-topological insulator
for the case study Dgh (cf. Sec. V).

III. PRELIMINARIES

A. Review of the tight-binding method

In the tight-binding method, the Hilbert space is reduced
to a finite number of Lowdin orbitals ¢ ,, for each unit cell
labeled by the Bravais-lattice (BL) vector R [47—49]. In
Hamiltonians with discrete translational symmetry, our
basis vectors are

Beal) = SRR g r =R =r,). ()
R

where @ =1, ..., ny, k is a crystal momentum, N is the
number of unit cells, a labels the Lowdin orbital, and r,,
denotes the position of the orbital « relative to the origin in
each unit cell. The tight-binding Hamiltonian is defined as

H@M:/wmmmewm (3)

where H is the single-particle Hamiltonian. The energy
eigenstates are labeled by a band index n and defined as

Wak(r) = D20t 1 (@) ey o(r), Where

Mot

Z H(k)aﬂun,k (ﬂ) = 8n,kun,k<a)' (4)
=1

We employ the bra-ket notation:

H(k) | ge) = Enilttnic)- (5)

Because of the spatial embedding of the orbitals, the basis
vectors ¢ , are generally not periodic under k — k + G for
a reciprocal vector G. This implies that the tight-binding
Hamiltonian satisfies

H(k +G) = V(G) ' H(k)V(G), (6)

where V(G) is a unitary matrix with elements [V(G)],; =

éaﬁeiG"a. We are interested in Hamiltonians with a spectral

gap that is finite for all k, such that we can distinguish
occupied from empty bands; the former are projected by

Moce

P(k) = Z |14 ) (|
=V(G)P(k+G)V(G)!, (7)

where the last equality follows directly from Eq. (6).

B. Crystal structure and spatial symmetries

The crystal structure KHgX is chosen to exemplify the
spatial symmetries we study. As illustrated in Fig. 2, the Hg
and X ions form honeycomb layers with AB stacking along
Z; here, X, v, Z denote unit basis vectors for the Cartesian
coordinate system drawn in the same figure. Between each
AB bilayer sits a triangular lattice of K ions. The space
group (D¢, = P63/mmc) of KHgX includes the following
symmetries: (i) an inversion (Z) centered around a K ion
(which we henceforth take as our spatial origin), the
reflections (ii) M, = #(cZ/2)M ., and (iii) M, = t(cZ/2)M,,
where M; inverts the coordinate j € {x,y.z}. In (i) and
(iii) and the remainder of the paper, we denote, for any
transformation g, g = #(cz/2)g as a product of g with a
translation (7) by half a lattice vector (cZ/2). Among (ii) and
(iii), only M, is a glide reflection, wherefore the fractional
translation is unremovable [11] by a different choice
of origin. While we primarily focus on the symmetries
(1)—(iii), they do not generate the full group of Dgh; e.g.,
there also exists a sixfold screw symmetry whose impli-
cations have been explored in our companion paper [21].

We are interested in symmetry-protected topologies that
manifest on surfaces. Given a surface termination, we refer

&S0,
) 2 Ia
@0 @@ o0
olo o & He
o ¢% o K o

FIG. 2. (a) 3D view of atomic structure. The Hg (red) and X
(blue) ions form a honeycomb layers with AB stacking. The K ion
(cyan) is located at an inversion center, which we also choose to
be our spatial origin. (b) Top-down view of atomic structure that
is truncated in the 010 direction; two of three Bravais-lattice
vectors are indicated by a; and a,. (c) Center: bulk Brillouin zone
(BZ) of KHgX, with two mirror planes of M, colored red and
blue. Top: 100-surface BZ. Right: 010-surface BZ.
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to the subset of bulk symmetries that are preserved by that
surface as edge symmetries. The edge symmetries of the
100 and 001 surfaces are symmorphic, and they have been
previously addressed in the context of KHgX [21]. Our
paper instead focuses on the 010 surface, whose edge group
(nonsymmorphic Pma?2) is generated by two reflections:
glideless M, and glide M.

IV. WILSON LOOPS AND THE BULK-BOUNDARY
CORRESPONDENCE

We review the Wilson loop in Sec. IVA and introduce
the loop geometry that is assumed throughout this paper.
The relation between Wilson loops and the geometric
theory of polarization is summarized in Sec. IV B.
There, we also introduce the notion of a partial bulk-
boundary correspondence, which our nonsymmorphic
insulator exemplifies.

A. Review of Wilson loops

The matrix representation of parallel transport along
Brillouin-zone loops is known as the Wilson loop of the
Berry gauge field. It may be expressed as the path-ordered
exponential (denoted by exp) of the Berry-Wilczek-Zee
connection [50,51] A(k);; = (u;x|Viu;x):

WII] = exp [— / dl-A(k)} (8)

Here, recall from Eq. (5) that |u;;) is an occupied
eigenstate of the tight-binding Hamiltonian; / denotes a
loop and A is a matrix with dimension equal to the
number (n,..) of occupied bands. The gauge-invariant
spectrum of JW[I] is the non-Abelian generalization of
the Berry phase factors (Zak phase factors [28]) if [ is
contractible (noncontractible) [26,27]. In this paper, we
consider only a family of loops parametrized by k; =
(k, € [-n/\3a, +n/\/3a).k, € [-n/c,+n/c]), where
for each loop kj is fixed while k, is varied over a
noncontractible circle [—27/a, +2xz/a] [oriented line with
three arrowheads in Fig. 3(a)]. We then label each Wilson
loop as W(k)) and denote its eigenvalues by exp[if, |,
with n =1, ..., n,.. Note that k also parametrizes the
010-surface bands; hence, we refer to k” as a surface wave
vector. Here and henceforth, we take the unconventional
ordering k = (ky. k. k,) = (k,.k;). To simplify the nota-
tion in the rest of the paper, we reparametrize the rec-
tangular primitive cell of Fig. 3 as a cube of dimension 2x;
ie., k, = +r/V3a - k, =+, k, = £2r/a > k, = +n,
and k, = £x/c — k, = £x. The time-reversal-invariant k
are then labeled as I = (0,0), X = (x,0), Z = (0, z), and
U = (n, x). For example, W(I') would correspond to a
loop parametrized by (k,,0,0).

(a) ky )k, © Kk

~

S
N
L Zn/zz\h
14

b b
S y ky y kx
X L
2nMBa 2nf3a
FIG. 3. (a) A constant-k, slice of quasimomentum space, with

two of three reciprocal-lattice vectors indicated by b; and b,.
While each hexagon corresponds to a Wigner-Seitz primitive cell,
it is convenient to pick the rectangular primitive cell that is shaded
in cyan. A close-up of this cell is shown in (b). Here, we illustrate

how the glide reflection (#,) maps (k),,ﬂ/\/ga,kz)—»
(ky,—m/+/3a, k) (red dot to brown), which connects to (2/a +
ky, 7/ V3a, k.) (blue) through l;z. Panel (c) serves two interpre-
tations. In the first, T]l_/lZ maps (ky,ﬂ/\/ga,kz) -
(—ky,—m/ \/§a,k1) (red dot to brown), which connects to
(2n/a —ky,n/\/3a,k;) (blue) through b,. If we interpret

(c) as the k, = 0 cross section, the same vectors illustrate the
effect of time reversal.

B. Bulk-boundary correspondence
of topological insulators

The bulk-boundary correspondence describes topo-
logical similarities between the Wilson loop and the surface
band structure. To sharpen this analogy, we refer to the
eigenvectors of W(k) as forming Wilson bands with
energies 9n,k"- The correspondence may be understood in
two steps.

(i) The first is a spectral equivalence between

(=i/2m)log W(k)) and the projected-position oper-
ator P, (kj)yP, (k;), where

Moce

Pol) =3 [T Wi )| ©)

n=1

projects to all occupied bands with surface wave
vector ky, and vy, x(r) = exp(ik - r)u, ;(r) are the
Bloch-wave eigenfunctions of A. For the position
operator y, we have chosen natural units of the lattice
where 1=a/2=a, -y, and a,/a = —/3x/2+
y/2 is the lattice vector indicated in Fig. 2(b).
Denoting the eigenvalues of P, (kj)yP (k) as
Vndeys the two spectra are related as Yk, =
Hn,k" /27 modulo one [26]. Some intuition about
the projected-position operator may be gained
from studying its eigenfunctions; they form a set
of hybrid functions {|k;.n)[n € {1.2,...,n4}}
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that maximally localize in y (as a Wannier function)
but extend in X and 7 [as a Bloch wave with
momentum k = (k,,k,)]. In this Bloch-Wannier
(BW) representation [27], the eigenvalue (yn,k”)
under P PP, is merely the center-of-mass
coordinate of the BW function (|n,k)) [26,45].
Since P, is symmetric under translation [#(a;)] by
a,, while 1(a,)y?(@,)™" =9 — I, each of [y, |n €
{1,2, ..., nye }] represents a family of BW functions
related by integer translations. The Abelian polari-

zation (P/e) is defined as the net displacement of
BW functions [29,52,53]:

Pk 1 Noce l T
7” - ﬂzl:ekan - %/a TrA, (ky. ky)dk,, (10)
j=

where all equalities are defined modulo integers, and
TrA, (k) = 377 (u; |V u; ) is the Abelian Berry
connection.

(i) The next step is an interpolation [35,38] between
P, yP, and an open-boundary Hamiltonian (H)
with a boundary termination. Presently, we assume
for simplicity that each of {P,,9, H,} is invariant
under space-time transformations of the edge group.
A simple example is the 2D quantum spin Hall
insulator, where time reversal (7)) is the sole edge
symmetry: by assumption, 7 is a symmetry of the
periodic-boundary Hamiltonian (hence also of P );
furthermore, since 7T acts locally in space, it is also a
symmetry of § and H . It has been shown in Ref. [35]
that the discrete subset of the H, spectrum (corre-
sponding to edge-localized states) is deformable into
a subset of the fully discrete P | yP | spectrum. More
physically, a subset of the BW functions mutually
and continuously hybridizes into edge-localized
states when a boundary is slowly introduced, and
the edge symmetry is preserved throughout this
hybridization. Consequently, P, yP | (equivalently,
log[W]) and H share certain traits that are only well
defined in the discrete part of the spectrum, and,
moreover, these traits are robust in the continued
presence of said symmetries. The trait that identifies
the QSH phase (in both the Zak phases and the edge-
mode dispersion) is a zigzag connectivity where the
spectrum is discrete; here, eigenvalues are well
defined, and they are Kramers degenerate at time-
reversal-invariant momenta but otherwise singly
degenerate, and, furthermore, all Kramers subspaces
are connected in a zigzag pattern [26,44,45]. In the
QSH example, it might be taken for granted that the
representation (72 = —I) of the edge symmetry is
identical for both H, and W, the invariance of
T? = —I throughout the interpolation accounts for
the persistence of Kramers degeneracies, and

consequently for the entire zigzag topology. The
QSH phase thus exemplifies a fotal bulk-boundary
correspondence, where the entire set of boundary
topologies (i.e., topologies that are consistent with
the edge symmetries of H,) is in one-to-one corre-
spondence with the entire set of WV topologies (i.e.,
topologies that are consistent with symmetries of W,
of which the edge symmetries form a subset). One is
then justified in inferring the topological classifica-
tion purely from the representation theory of surface
wave functions—this surface-centric methodology
has been successfully applied to many space
groups [4,8,54].

While this surface-centric approach is technically easier
than the representation theory of Wilson loops, it ignores
the bulk symmetries that are spoiled by the boundary. On
the other hand, W topologies encode these bulk sym-
metries, and are therefore more reliable in a topological
classification. In some cases [26,46,55,56], these bulk
symmetries enable VV topologies that have no boundary
analog. Simply put, some topological phases do not have
robust boundary states, a case in point being the Z topology
of 2D inversion-symmetric insulators [26]. In our non-
symmorphic case study, it is an out-of-surface translational
symmetry [7(a;)] that disables a YV topology, and con-
sequently a naive surface-centric approach would over-
predict the topological classification—this exemplifies a
partial bulk-boundary correspondence. As we clarify, the
t(a;) symmetry distinguishes between two representations
of the same edge symmetries: an ordinary representation
with the open-boundary Hamiltonian (H|) and a projective
one with the Wilson loop (V). To state the conclusion up
front, the projective representation rules out a quantum
glide Hall topology that would otherwise be allowed in the
ordinary representation. This discussion motivates a careful
determination of the W topologies in Sec. V.

V. CONSTRUCTING A PIECEWISE-
TOPOLOGICAL INSULATOR BY
WILSON LOOPS

We would like to classify time-reversal-invariant insula-
tors with the space group D¢,; our result should more
broadly apply to hexagonal crystal systems with the edge
symmetry Pma?2 (generated by glide M, and glideless M)
and a bulk spatial-inversion symmetry. Our final result in
Table I relies on topological invariants that we briefly
introduce here, deferring a detailed explanation to the
sections below. The invariants are (i) the mirror-Chern
number (C,) in the k, =0 plane, (ii) the quadruplet
polarization Qp; (Qgz) in the k, =0 glide plane
(k, = r), wherefor O 5 # Qz ;; implies an hourglass flow,
and (iii) the glide polarization Pg = 0 (e/2) indicates the
absence (presence) of the quantum glide Hall effect in the
k. = 0 plane.
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Our strategy for classification is simple: we first derive
the symmetry constraints on the Wilson-loop spectrum,
then enumerate all topologically distinct spectra that are
consistent with these constraints. Pictorially, this amounts
to understanding the rules obeyed by curves (the Wilson
bands) and connecting curves in all possible legal ways; we
do these in Secs. VA and V B, respectively.

A. Local rules of the curves

We consider how the bulk symmetries constrain the
Wilson loop W(k), with k” lying on the high-symmetry

line' X U ZT; note that I" Z and X U are ghde lines that are
invariant under Mx, while T'X and Z U are mirror lines
invariant under M. The relevant symmetries that constrain
W(k) necessarily preserve the circle (k, € [-z,7].k),
modulo translation by a reciprocal vector; such symmetries
comprise the little group of the circle [8]. For example,
(a) TZ would constrain W (k) for all ky, (b) TM, and M is

constraining only for k; along ' X, and (c) T matters only at

the time-reversal-invariant k". Along ff(, we omit dis-
cussion of other symmetries (e.g., TC,,) in the group of the
circle, because they do not additionally constrain the
Wilson-loop spectrum. For each symmetry, only three
properties influence the connectivity of curves, which
we first state succinctly.

(1) Does the symmetry map each Wilson energy as 8 —
6 or 8 - —0? Note here we omit the constant
argument of 6y .

(ii) If the symmetry maps @ — 6, does it also result in
Kramers-like degeneracy? By “Kramers-like,” we
mean a doublet degeneracy arising from an anti-
unitary symmetry that representatively squares to
—1, much like time-reversal symmetry in half-
integer-spin representations.

(iii) How does the symmetry transform the mirror
eigenvalues of the Wilson bands? Here, we refer
to the eigenvalues of mirror M, and glide M, along
their respective invariant lines.

To elaborate, (i) and (ii) are determined by how the
symmetry constrains the Wilson loop. We say that a
symmetry represented by 7, is time-reversal-like at k|,
if for that k”

TiW(k”)T;l — W(k”)71,
with 7.i7'=—i, and 73 =+l (11

Both 7, map the Wilson energy as 6 — 6, but
only 7 _ symmetries guarantee a Kramers-like degeneracy.
Similarly, a symmetry represented by I/ is particle-hole-like
at k”, if for that k”

UW (ke JU™!

=W(ky), with U™ =—i; (12)

ie., U maps the Wilson energy as 0 — —6. Here, we
caution that 7" and U/ are symmetries of the circle (k, €
[—7, x], k) and preserve the momentum parameter k; this
differs from the conventional [23] time-reversal and par-
ticle-hole symmetries that typically invert momentum.

To precisely state (iii), we first elaborate on how Wilson
bands may be labeled by mirror eigenvalues, which we
define as 4; for the reflection M ; (j € {x,z}). First consider
the glideless M, which is a symmetry of any bulk wave
vector that projects to rx (k, = 0) and ZU (k, = m)in y.
Being glideless, M? = E (2 rotation of a half-integer spin)
implies two momentum- independent branches for the
eigenvalues of M_: A, = +i; this eigenvalue is an invariant
of any parallel transport within either M -invariant plane.
That is, if y is a mirror eigenstate, any state related to
by parallel transport must have the same mirror eigenvalue.
Consequently, the Wilson loop block diagonalizes with
respect to 4, = £i, and any Wilson band may be labeled
by 4,.

A similar story occurs for the glide M,, which is a
symmetry of any bulk wave vector that projects to rz
(k, = 0). The only difference from M, is that the two
branches of 4, are momentum dependent, which follows
from M? = t(Z)E, with ¢ denoting a lattice translation.
Explicitly, the Bloch representation of M, squares to
—exp(—ik,), which implies for the glide eigenval-
ues A, (k,) = £iexp(—ik,/2).

To wrap up our discussion of the mirror eigenvalues, we
consider the subtler effect of M, along X U. Despite being a
symmetry of any surface wave vector along XU,

M,: (k) = (—m, k) = (. k.) —2zx, (13)
with 27X a surface reciprocal vector, M, is not a symmetry
of any bulk wave vector that projects to X U, but instead
relates two bulk momenta that are separated by half a bulk
reciprocal vector; i.e.,

M,: (ky, 7 k,) = (ky,—n k;) = (k, + 7,7 k,) — by,
as illustrated in Fig. 3(b). This reference to Fig. 3(b) must
be made with our reparametrization (k, = 47/v/3a —
k. = xm, k, = £2x/a — k, = ) in mind. We refer to
such a glide plane as a projective glide plane, to distinguish
it from the ordinary glide plane at k, = 0. The absence of
M, symmetry at each bulk wave vector implies that the
Wilson loop cannot be block diagonalized with respect to
the eigenvalues of M,. However, quantum numbers exist
for a generalized symmetry (M,) that combines the glide
reflection with parallel transport over half a reciprocal
period. To be precise, let us define the Wilson line W_,_
to represent the parallel transport from (0,7, k,) to
(—m, 7, k). We demonstrate in Sec. VI that all Wilson
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TABLE II

Symmetry constraints of the Wilson bands at generic points along the mirror lines. 7, and U are

possible characterizations of the symmetries (TZ, TM ., TM,) in the leftmost column: a 7 -type (-type) symmetry
is time-reversal-like (particle-hole-like) symmetry, as defined in Eqs. (11) and (12). For j € {x, z}, 4; is a symmetry
eigenvalue that falls into one of two branches: A, = +i or 4,(a) = +iexp(—ia/2). Along k, = 0, 4, is momentum
dependent, and along k, = =, it is energy dependent as well; that is, A, (k. + 0) is the glide eigenvalue of a Wilson

band at momentum k, and energy 6.

k, =0T Z) k, = z(XU) k, = 0(T'X) k. ==(ZU)
T U: (k) = —2,(k,) U Ak, +0) > =4, (k, — 0) U: A, = =2, U: A, = 42,
TMZ T+: j',\'(kz) - +Ax(kz) T+: lx(kz + 6) g +}‘x(kz +9) e e
T™, : T A, = +4, T_ A, > =2,

bands may be labeled by quantum numbers under
M, =W_,_ oM, and that these quantum numbers fall
into two energy-dependent branches as

A0+ k) =niexp[—i(0+k,)/2], with n==£1.

(14)

That is, 4,(0 + k) is the M, eigenvalue of a Wilson band
at surface momentum (7, k,) and Wilson energy 6.

For the purpose of topological classification, all we need
are the existence of these symmetry eigenvalues (ordinary
and generalized) that fall into two branches [recall 1, =
+i, A, = +iexp(—ik,/2) along I’ Z, and also Eq. (14)], and
(iii) asks whether the 7 - and U-type symmetries preserve
(4; = 4;) or interchange (4; — —A4;) the branch. To clarify a
possible confusion, both 7 .- and U-type symmetries are
antiunitary and therefore have no eigenvalues, while the
reflections [M,, M, (along T'Z) and M, (along X U)] are
unitary. The answer to (iii) is determined by the commu-
tation relation between the symmetry in question (whether
T . or U type) and the relevant reflection. To exemplify
(i)—(iii), let us evaluate the effect of 7Z symmetry along
" Z. This may be derived in the polarization perspective,
due to the spectral equivalence of (—i/2x)log W(k))
and P, (k)P (k;). Since TZ inverts all spatial coordi-
nates but transforms any momentum to itself (y,l,k” =
Ok, /2m = —Ynk, ), we identify T7 as a U-type symmetry
[cf. Eq. (12)]. Indeed, while TZ is known to produce
Kramers degeneracy in the Hamiltonian spectrum, 77
emerges as an unconventional particle-hole-type symmetry
in the Wilson loop. Since M, commutes individually with
P, (0, k,) and 9, all eigenstates of P, (0, k,)9P, (0, k,) may

TABLE IIL

simultaneously be labeled by A,. That 7Z maps 4, — —4,
then follows from M,TZ = t(Z)TIM,, where #(Z) origi-
nates simply from the noncommutivity of Z with the
fractional translation [#(Z/2)] in M,:

.7 = 1(Z)IH,. (15)

To show TZ: 1, — —A, in more detail, suppose for a Bloch-
Wannier function |n, k.) that

P, yP |nk,) = yn,kz|n, k,) and
Mx‘n’kz> :Ax(kz)|n’kz>’ (16)

with 4,(k,) = £iexp(—ik,/2) and suppression of the label
k,=0.[TZ,P,] ={TZ,3} =0 then leads to

P, 9P, TT|n,k,) = —yn.k2|n, k) and
M, TZ|n, k) = t(Z)TIM |n, k)
= e &) TT|n, k), (17)

with  exp(—ik,)Ai = —A, following from A2 =
—exp(—ik,). To recapitulate, (a) TZ imposes a particle-
hole-symmetric spectrum and (b) two states related by 77
have opposite eigenvalues under M,. (a) and (b) are
summarized by the notation U: A, — —A, in the top left-
hand entry of Table II. The complete symmetry analysis is
derived in Sec. VI and Appendix B and tabulated in
Tables II and III. These relations constrain the possible
topologies of the Wilson bands, as we show in the next
section.

Time-reversal constraint of the Wilson bands at surface wave vectors satisfying ky = (k.. k,) = —k; modulo a reciprocal

vector. To clarify a possible source of confusion, the actual time-reversal symmetry (7') is, by our definition of 7. in Eq. (11), only
“time-reversal-like” at ky = —k, since T:k; — —k; is not a symmetry of the circle (k, € [—z, 7], k) for generic k.

I'=(0,0) X = (x,0)

Z=(0,7) U= (nx)

T T 4, - =,
ﬂx(kz) - _ﬂx(kz)

T 22, - =,

j'x(kz + 9) - _ﬂx(kz + 9)

T 2, = =4, T :2
Aelk:) = +Au(k:)
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B. Connecting curves in all possible legal ways

Our goal here is to determine the possible topologies of
curves (Wilson bands), which are piecewise smooth on the

high-symmetry line I'XUZI. We first analyze each
momentum interval separately, by evaluating the available

subtopologies within each of fZ, 7 l7, etc. The various
subtopologies are then combined to a full topology, by a
program of matching curves at the intersection points (e.g.,
Z) between momentum intervals.

Since our program here is to interpolate and match
curves (Wilson bands), it is important to establish just how
many Wilson bands must be connected. A combination of
symmetry, band continuity, and topology dictates this
answer to be a multiple of four. Since the number (7,..)
of occupied Hamiltonian bands is also the dimension of the
Wilson loop, it suffices to show that n,.. is a multiple of
four. Indeed, this follows from our assumption that the
ground state is insulating, and a property of connectedness
between sets of Hamiltonian bands. For spin systems with
minimally time-reversal and glide-reflection symmetries,
we prove in Appendix C that Hamiltonian bands divide into
sets of four that are individually connected; i.e., in each set
there are enough contact points to travel continuously
through all four branches. The lack of gapless excitations
in an insulator then implies that a connected quadruplet is
either completely occupied or unoccupied.

1. Interpolating curves along the glide line T Z

Along k, =0 (f 2), the rules are as follows.

(a) There are two flavors of curves (illustrated as solid and
blue dashed lines in Fig. 4), corresponding to two
branches of the glide eigenvalue A, ==+iexp(—ik./2).
Only crossings between solid and dashed curves are
robust, in the sense of being movable but unremovable.

(b) At any point along I'Z, there is an unconventional
particle-hole symmetry (due to 77Z) with conjugate
bands (related by & — —6) belonging in opposite glide
branches; cf. first column of Table II. Pictorially, [6,
blue solid curve] <> [0, blue dashed curve].

(c) At T, each solid curve is degenerate with a dashed
curve, while at Z the degeneracies are solid-solid and
dashed-dashed; cf. Table III. These end-point con-
straints are boundary conditions for the interpolation
along Iz

Given these rules, there are three distinct connectivities
along ['Z, which we describe in turn: (i) a zigzag
connectivity [Figs. 4(a)—4(e)] defines the quantum glide
Hall effect, and (ii) two configurations of hourglasses [e.g.,
Fig. 4(f) versus Fig. 4(h), and also Fig. 4(g) versus Fig. 4(i)]
are distinguished by a connected-quadruplet polarization.

(i) As illustrated in Figs. 4(a)-4(e), the QGHE describes
a zigzag connectivity over I'Z, where each cusp of the
zigzag corresponds to a Kramers-degenerate subspace.

(a) (b) (c) (d) (e)

T T oo T I T Ssao
N ==
o,
.
> -7
L X7
(S (1] 55 0 0 Ors<
. LN 4 ~~
. / = =
Seo /7 4 ==
.,
- ’ s
Ptg 7 Q
-T[-" T - - -

Z fr z r z rtv zZ 1t Z

%

FIG. 4. Possible Wilson spectra along T Z.

While Figs. 4(c) and 4(d) are not obviously zigzag, they
are smoothly deformable to Fig. 4(a), which clearly is. A
unifying property of all five figures [Figs. 4(a)-4(e)] is
spectral flow: the QGHE is characterized by Wilson bands
that robustly interpolate across the maximal energy range
of 2z. What distinguishes the QGHE from the usual
quantum spin Hall effect [25]? Despite describing the band
topology over all of I'Z, the QGHE is solely determined by
a polarization invariant (Pg) at a single point (f), which we
now describe.

Definition of Pl.—Consider the (k, € [~x,7),k; = 0)
circle in the 3D Brillouin zone. Each point here has the
glide symmetry M,, and the Bloch waves divide into two
glide subspaces labeled by 4,/i = n = £1. This allows us
to define an Abelian polarization (Pg/ e) as the net
displacement of Bloch-Wannier functions in either # sub-
space:

,Pg 1 nOCC/z
_— = d ~
=2 JZI ¢y mod 1. (18)

Here, the superscript # indicates a restriction to the 4, = #i,
occupied subspace, {exp(i0")} are the eigenvalues of the
Wilson loop W(I'), and the second equality follows from
the spectral equivalence introduced in Sec. IV. We have
previously determined in this section that n,,. is a multiple
of four, and therefore there is always an even number
(nocc/2) of Wilson bands in either 7 subspace. Furthermore,
73%’ = Pz modulo e follows from time reversal relating
9; N 91?7; cf. Table III.

We claim that the effect of spatial inversion (Z) sym-
metry is to quantize 7?'% to 0 and e/2, which, respectively,

correspond to the absence and presence of the QGHE.
Restated, the set of occupied Bloch states along a high-

symmetry line (projecting to p) holographically determines
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the topology in a high-symmetry plane (projecting to I 2).
To demonstrate this, (a) we first relate the Wilson spectrum
at I to the invariant P?, then (b) determine the possible

Wilson spectra at Z. (c) These end-point spectra may be
interpreted as boundary conditions for curves interpolating
across I' Z—we find there are only two classes of inter-
polating curves that are distinguished by spectral flow.
(a) To prove the quantization of PZ, consider how each
glide subspace is individually invariant under Z. This
invariance follows from Eq. (15), leading to the
representative commutivity of Z and M,, where
k,=0. We need further that 7 maps 607 — —0]

mod 2z. This may be deduced from the polarization
perspective, where 6’% /2 is an eigenvalue of the
position operator y (projected to the occupied sub-
space at surface wave vector I" and with A, = ni); our
claim then follows simply from Z inverting the
position operator 3. (91'1_ and —Gg may correspond either
to two distinct Wilson bands (an inversion doublet) or
to the same Wilson band (an inversion singlet at g1 =

0 or x). Since there are an even number of Wilson
bands in each 75 subspace, a O singlet is always
accompanied by a z singlet—such a singlet pair
produces the only nonintegral contribution to
Pg(: e/2); the absence of singlets corresponds to

P! = 0. These two cases correspond to two classes of
l" p

boundary conditions at I". We remark briefly on fine-
tuned scenarios where an inversion doublet may
accidentally lie at O (or z) without affecting the value
of P”f In complete generality, 73? =¢/2 (0) corre-
sponds to an odd (even) number of bands at both 0 and
7, in one n subspace.

(b) What is left is to determine the possible boundary
conditions at Z. We find here only one class of
boundary conditions, i.e., any one boundary condition
may be smoothly deformed into another, indicating the
absence of a nontrivial topological invariant at Z.
Indeed, the same nonsymmorphic algebra [Eq. (15)]
has different implications where k, = 7: now Z relates
Wilson bands in opposite glide subspaces; i.e.,
1:0% — 0. = —0%. Consequently, the total polariza-
tion (P;) vanishes modulo e, and the analogous P”Z is

well defined but not quantized. With the additional
constraint by T (see Table III), any Kramers pair
belongs to the same glide subspace due to the reality of
the glide eigenvalues; on the other hand, each Kramers
pair at € is mapped by 7 to another Kramers pair at —6,
and Z-related pairs belong to different glide subspaces.
(¢) Having determined all boundary conditions, we pro-
ceed to the interpolation. For simplicity, this is first
performed for the minimal number (four) of Wilson
bands; the two Wilson-energy functions in each 7

subspace are defined as 9'17.,{” and ngk”. If PL=e/2,
the boundary conditions are

o'

1P

=0 . =0T = _9g "
and 91,2_92,2_ 91,2 92,2'

oo
0, sz ===

In one of the glide subspaces (say, 7), the two Wilson-
energy functions are degenerate at Z, but are at
everywhere else along rz nondegenerate; particularly
at T, one Wilson energy is fixed to 0 and the other to
+x. Consequently, the two energy functions sweep
out an energy interval that contains at least [0, z]
[see, e.g., Fig. 4(a)], but may contain more [see, e.g.,
Fig. 4(c)]. The particle-hole symmetry (due to 77Z;
cf. Table II) further imposes that the other two energy
functions (in —#) sweep out at least [—x, 0]—the net
result is that the entire energy range is swept; this
spectral flow is identified with the QGHE.

If Pg = 0, the boundary conditions at I" are instead

6"17f:9‘ =-0".=-0 ” (19)
leading to spectrally isolated quadruplets, e.g., in
Figs. 4(f), 4(h), and 4(i). Since Kramers partners at r
(Z) belong in opposite 7 subspaces (the same 7 subspace),
the interpolation describes an internal partner switching
within each quadruplet, resulting in an hourglasslike
dispersion. The center of the hourglass is an unavoidable
crossing [57] between opposite-y bands—this degeneracy
is movable but unremovable. Finally, we remark that the
interpolations distinguished by Pg easily generalize

beyond the minimal number of Wilson bands; e.g., com-
pare Fig. 4(e) to Fig. 4(g). m

Given that the Abelian polarization depends on the
choice of spatial origin [26], it may seem surprising that
a single polarization invariant (77'71;) sufficiently indicates
the QGHE; indeed, each of the inequivalent inversion
centers is a reasonable choice for the spatial origin. In
contrast, many other topologies are diagnosed by gauge-
invariant differences in polarizations of different 1D sub-
manifolds in the same Brillouin zone [26,58]. Unlike
generic polarizations, P”f is invariant when a different
inversion center is picked as the origin, i.e., this globally
shifts all @ — 0 + « [see, e.g., Figs. 4(a) and 4(b)], which
leads to ’Pg/ e — P”f /e modulo Z, since each glide sub-
space is even dimensional. We caution that 77? will not
remain quantized if the spatial origin lies away from an
inversion center, due to the well-known U(1) ambiguity of
the Wilson loop [26].

That the QGHE is determined solely by 73? makes
diagnosis especially easy: we propose to multiply the
spatial-inversion (Z) eigenvalues of occupied bands in a
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single # subspace, at the two inversion-invariant k that

project to I'. This product being +1 (—1) then implies that
77'% = 0 (= ¢/2). In contrast, the usual quantum spin Hall

effect (without glide symmetry) cannot [26,44,45] be
formulated as an Abelian polarization, and a diagnosis
would require the 7 eigenvalues at all four inversion-
invariant momenta of a two-torus [59].

(i1) With trivial Pg, the spectrally isolated interpolations

further subdivide into two distinct classes, which are dis-
tinguished by an hourglass centered at § = x; e.g., contrast
Figs. 4(h) and 4(i) with Figs. 4(f), 4(g), and 4(j). This
difference may be formalized by a Z, topological invariant
(Qf3), which we introduced in our companion work [21]
and presently describe in the polarization perspective. Qf >
characterizes a coarse-grained polarization of quadruplets
along [ Z, as we illustrate in Fig. 5(b). Here, the center-of-
mass position of this quadruplet may tentatively be defined
by averaging four Bloch-Wannier positions: Y, (k) =
(1/4)57%_, Ynky» Withky € I" Z. Any polarization quantity
should be well defined modulo 1, which reflects the discrete
translational symmetry of the crystal. However, we caution
that ) is only well defined mod 1/4 for quadruplet bands
without symmetry, due to the integer ambiguity of each
of {y,|n € Z}. To illustrate this ambiguity, consider in
Fig. 5(a) the spectrum of P | $P | for an asymmetric insulator
with four occupied bands. Only the spectrum for two spatial
unit cells (with unit period) are shown, and the discrete
translational symmetry ensures y Tk = Yitalk, [ for j,
1 € Z. Clearly, the centers of mass of {y;, y,,v3,y4} and
{¥2.¥3,v4.ys} differ by 1/4 ateach k;, but both choices are

equally natural given level repulsion across VAWA
However, a natural choice presents itself if the Bloch-
Wannier bands may be grouped in sets of four, such that

within each set there are enough contact points along I'Zto

(a) (b)
1.5
\_/)11’" < ;2
1 % 1
1 Y4
Y 05 Y4
\_% < ;6
0 e 0
— Uy
0.5 Y8
z T Z Z T

FIG. 5. Comparison of the spectrum of P, yP, for a system
without any symmetry (a) and one with time-reversal, spatial-
inversion, and glide symmetries (b). Only the spectrum for two
spatial unit cells is shown.

continuously travel between the four bands. Such a
property, which we call fourfold connectivity, is illustrated
in Fig. 5(b) over two spatial unit cells. Here, both
quadruplets {yi,y,y3,y4} and {ys, g, y7,ys} are con-
nected, and their centers of mass differ by unity; on the
other hand, {y,, 3, y4, ¥s} is not connected. The following
discussion then hinges on this fourfold connectivity, which
characterizes insulators with glide and time-reversal sym-
metries. Having defined a mod 1 center-of-mass coordinate
for one connected quadruplet, we extend our discussion to
insulators with multiple quadruplets per unit cell; i.e., since
there are n,.. number of Bloch-Wannier bands, where 7,
is the number of occupied bands, we now discuss the most
general case where integral n,../4 > 1. Let us define the
net displacement of all n../4 number of connected-

quadruplet centers: Q(k))/e = Z?;“j/ N Y;(ky) mod 1. A
combination of time-reversal (7') and spatial-inversion (Z)
symmetry quantizes Q(k;) to 0 or /2, as we now show.
We have previously described how 77 inverts the spatial
coordinate but leaves momentum untouched; i.e., we have
an unconventional particle-hole symmetry at each kj:
TZlky,n) = |ky,m), with m#n and y,p = —Yms,
mod 1. Consequently, TZ: Y;(ky) = YV;(ky) = =Y;(k)
mod 1, and the only noninteger contribution to Q/e
(=1/2) arises if there exists a particle-hole-invariant
quadruplet (j) that is centered at Y; =1/2=-Y; mod
1, as we exemplify in Figs. 4(h) and 4(i); moreover, since
each y, , is a continuous function of ky, Oy, is constant
(=9 ;) over ' Z. Alternatively stated, Qr 5 is a quantized
polarization invariant that characterizes the entire glide
plane that projects to Iz

2. Connecting curves along the glide line X U

As we discuss in Sec. VA, the relevant symmetries that
constrain WW(k;) comprise the little group of the circle
(k, € [-7.7].k;) [8]. For any k € X U, the corresponding
group has the symmetries M,, TZ, and TM_; these are
exactly the same symmetries of the group for k| € I'Z In
spite of this similarity, the available subtopologies on XU
and T'Z differ: while the two hourglass configurations
(distinguished by a connected-quadruplet polarization) are
available subtopologies on each line, the QGHE is only
available along I" Z. This difference arises because the same
symmetries are represented differently on each line—the
different projective representations are classified by the
second cohomology group, as we discuss in Sec. VI. For
the purpose of topological classification, we need only
extract one salient result from that section: any Wilson band
at k = (m, k;) and Wilson energy € has simultaneously a
“glide” eigenvalue: A, (k. + 6) in Eq. (14); here, glide refers
to the generalized symmetry M, =W_, oM, which
combines the ordinary glide reflection (M) with parallel
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FIG. 6. (a),(b) Possible Wilson spectra along XU. (c) A
hypothetical spectrum that is ruled out by a continuity argument.

transport WV_, o). We might ask if = 1 in 4, labels a
meaningful division of the Wilson bands; i.e., do we once
again have two noninteracting flavors of curves, as we had
for I Z? The answer is affirmative if the Wilson bands are
spectrally isolated, i.e., if all n,.. Wilson bands lie strictly
within an energy interval [6;, 6] with |0, — 6;| < 2z, for all
k. € [0,2x). For example, the isolated bands of Fig. 6(a) lie
within a window of [—z/2,7/2|, whereas no similar
window exists in the hypothetical scenario of Fig. 6(c).
If isolated, then at each k. the energy difference (6; — 0;)
between any two bands is strictly less than 2z—therefore,
there is no ambiguity in labeling each band by # from
Eq. (14). Conversely, this potential ambiguity is sufficient
to rule out bands with spectral flow, as we now
demonstrate.

Let us consider a hypothetical scenario with spectral flow
[Fig. 6(c)], as would describe a QGHE. There is then a
smooth interpolation between bands in one energy period
to any band in the next, as illustrated by connecting black
arrows in Fig. 6(c). As we interpolate § — 6 42z and
k, = k, + 4, we of course return to the same eigenvector
of W, and therefore the glide eigenvalue must also return to
itself. However, the energy dependence leads to 4, — —A4,.
More generally, for 4u number of occupied bands,
0 — 0+ 2z, while k, — k, + 4un, leading to the same
contradiction. We remark that the essential properties that
jointly lead to a contradiction are that (i) Wilson bands
come in multiples of four, as we discuss in the introduction
to Sec. V B, (ii) the Kramers partners at X (f]) belong to
opposite flavors (the same flavor) (cf. Table III),
and (iii) bands connect in a zigzag. Certain details of
Fig. 6(c) (e.g., that # is quantized to special values at X) are
superfluous to our argument. Besides this argument, we
furnish an alternative proof to rule out the QGHE in our
companion paper [21]. We remark that the QGHE is
perfectly consistent with the surface symmetries [21],
and it is only ruled out by a proper account of the bulk
symmetries. m

Returning to our classification, Tables II and III inform
us of the constraints due to time-reversal and spatial-
inversion symmetries. The summary of this symmetry
analysis is that our rules for the curves along XU are

completely identical to that along I” Z, assuming that bands
are spectrally isolated. We thus conclude that the only

subtopologies are two hourglass-type interpolations
[Figs. 6(a) and 6(b)], which are distinguished by a second
connected-quadruplet polarization (Qx 7).

3. Connecting curves along the mirror line rx

(a) Curves divide into two noninteracting flavors (solid
and red dashed lines in Fig. 7), corresponding to 4, =
+i subspaces. _ _

(b) At both boundaries (I' and X), each red solid curve is
degenerate with a red dashed curve; cf. Table III.

(c) At any point along I'X [0, red solid] <> [—6, red
dashed], due to the 7Z symmetry of Table II.

These rules allow for mirror-Chern [24] subtopol-
ogies in the torus that projects to XT X, where A, = Ei
subspaces have opposite chirality due to time-reversal
symmetry; Fig. 7(a) exemplifies a Chern number (C,)
of —1 in the A, = +i subspace, and Fig. 7(b) exem-
plifies C, = —2. The allowed mirror-Chern numbers
(C,) depend on our last rule: ~ ~

(d) Curves must match continuously at I'" and X.

This last rule imposes a consistency condition with the
subtopologies at I'Zand X U: C, is odd (even) if and only if
77'% =e/2 [77? =0], as illustrated in Figs. 8(a)-8(c)
[Figs. 8(d)-8(f)].

To demonstrate our claim, we rely on a single-energy
criterion to determine the parity of C,: count the number
(N;) of A, = +i states at an arbitrarily chosen energy and
along the full circle X T' X, then apply N, ; mod 2 = C, mod
2. Supposing we choose 6 = /2 in Fig. 7(a), there is a
single intersection (encircled in the figure) with a A, = +i
band, as is consistent with C, = —1 being odd. For the
purpose of connecting C, with Pg, we need a slightly

modified counting rule that applies to the half-circle X
instead of the full circle. Since time reversal relates A, = £i
bands at opposite momentum, we would instead count the
total number of bands in both M, subspaces, at our chosen
energy and along the half-circle; one additional rule regards
the counting of the Kramers doublet, which comprise time-
reversed partners at either I" or X. If such a doublet lies at
our chosen energy, it counts not as two but as one; every

FIG. 7. [Illustrating the single-energy criterion to determine the
parity of the mirror-Chern number (C,): C, = —1 in (a) and —2 in
(b). Red solid (dashed) lines correspond to a Wilson band with
mirror eigenvalue A, = +i (—i).
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FIG. 8. Possible Wilson spectra along [ X. (a)-(c) With non-
trivial glide polarization (Pg), the mirror-Chern numbers (C,) are,
respectively, —1, +1, and —3. (d)—(f) With trivial 73}1, C, equals 0,
—2, and —4, respectively.

other singlet state counts as one. With these rules, the parity
of this weighted count (N) equals that of C,. Returning to
Fig. 7(a) for illustration, we would still count the single
A, = +i crossing (encircled) at 6 = z/2, but if we instead
pick @ = 0, we could count the Kramers doublet at I as
unity; for both choices of 6, N = +1. In comparison, the
two 6 = 0 states in Fig. 7(b) are both singlets and count
collectively as two, which is consistent with this figure
describing a C, = —2 phase.

Though our single-energy criterion applies at any 6, it is
useful to particularize to = 0, where in counting N we
would have to determine the number of zero-energy Kramers
doublets at f; e.g., this would be one in Fig. 7(a) and zero in
Fig. 7(b). This number may be identified, mod 2, with the
number of zero-energy inversion singlets, which we estab-
lishin Sec. V B 1 to be unity ifP”l: = e¢/2and zero ifP;l =0.

Moreover, the parity of zero-energy doublets at I' may
immediately be identified with the parity of N (and thus also
that of C,), because every other contribution to N has even
parity, as we now show. We first consider the contribution at
X. Given that the only subtopologies at XU are hourglasses,
there are generically no zero-energy Kramers doublets
at X [Figs. 8(a), 8(c)-8(f)], though in fine-tuned situations
[Fig. 8(b)] there might be an even number. Away from
the end points, any intersection comes in particle-hole-
symmetric pairs [see, e.g., Figs. 8(c), 8(e) and 8(f)].

4. Connecting curves along the mirror line ZU

(a) Asillustrated in Fig. 9, each red solid curve (M .= +0)
is degenerate with a red dashed curve (M, = —i).
Doublet curves cannot cross due to level repulsion,
and must be symmetric under 6 — —0. _

(b) The curve-matching conditions at Z and U again
impose consistency requirements.

FIG. 9. Possible Wilson spectra along ZU.

These rules are stringent enough to uniquely specify the
interpolation along ZU, given the subtopologies at rz
(specified by P”f, QOr5) and at XU (Qx iy)- Alternatively
stated, there are no additional invariants in this already-
complete classification. To justify our claim, first consider
7711_ = ¢/2, such that doublets at U are matched with cusps

of hourglasses (along U X), while doublets at Z connect to

cusps of a zigzag (along ZT). There is then only one type of
interpolation illustrated in Figs. 9(a)-9(c). If 7911_ =0, we

have hourglasses on both glide lines I'Z and X U. If on one
glide line an hourglass is centered at § = 7, while on the
other line there is no z hourglass (i.e., Qf 5 # Qy ), the
unique interpolation is shown in Figs. 9(d) and 9(e): red
doublets connect the upper cusp of one hourglass to the
lower cusp of another, in a generalized zigzag pattern with
spectral flow. A brief remark here is in order: when viewed
individually along any straight line (e.g., T’ Z or Z U), bands
are clearly spectrally isolated; however, when viewed along
a bent line (fZ U 5(), the bands exhibit spectral flow. In all
other cases for Pg, Qr 5, and Oy, bands along rzux
separate into spectrally isolated quadruplets, as in Fig. 9(f).

VI. QUASIMOMENTUM EXTENSIONS AND
GROUP COHOMOLOGY IN BAND INSULATORS

Symmetry operations normally describe space-time
transformations; such symmetries and their groups are
referred to as ordinary. Here, we encounter certain “sym-
metries” of the Wilson loop that additionally induce
quasimomentum transport in the space of filled bands;
we call them W symmetries to distinguish them from the
ordinary symmetries. In this section, we identify the
relevant W symmetries and show their corresponding group
(Gr.) to be an extension of the ordinary group (G,) by
quasimomentum translations, where G, corresponds purely
to space-time transformations; the inequivalent extensions
are classified by the second cohomology group, which we
also introduce here. In crystals, G, would be a magnetic
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point group [36] for a spinless particle; i.e., G, comprise the
space-time transformations (possibly including time rever-
sal) that preserve at least one real-space point. It is well
known how G, may be extended by phase factors to
describe half-integer-spin particles, and also by discrete
spatial translations to describe nonsymmorphic crystals
[30-34]. One lesson learned here is that G, may be further
extended by quasimomentum translations (as represented
by the Wilson loop), thus placing real and quasimomentum
space on equal footing.

W symmetries are a special type of constraints on the
Wilson loop at high-symmetry momenta (k). As exem-
plified in Egs. (11) and (12), constraints (§) on a Wilson
loop (VW) map W to itself, up to a reversal in orientation:

gyt =W, (20)

where W~! is the inverse of W, all § satisfying this
equation are defined as elements in the group (Gy, ) of the
Wilson loop. A trivial example of § would be the Wilson
loop itself; g may also represent a space-time transforma-
tion, as exemplified by a 2z real-space rotation (E).
Particularizing to our context, we let k, € [~z ) para-
metrize the noncontractible momentum loop, and choose
the convention that YW (W) effects parallel transport in
the positive orientation: +2xy (in the reversed orientation:
—2ry), as further elaborated in Appendix B 1.

W symmetries arise as constraints if a space-time trans-
formation exists that maps k, — +k, + x. Our first exam-
ple of a W symmetry was introduced in Sec. VA, namely,
that the glide reflection (M) maps (k,.k;) — (k, + 7.ky)
for any k along k, = 7 (X U), as illustrated in Fig. 10(a).
Consequently, the Wilson loop is mapped as

MXW—ﬂ(ﬂ7 kZ)M;l = WO(ﬂ’ kz)’ (21)

where we indicate the base point of the parameter loop as a
subscript of W; i.e., Wy induces parallel transport from

(ky,m.k;) to (k,+ 2z, 7 k;) in the positive orientation.
This mapping from W_, [vertical arrow in Fig. 10(a)] to
W, [arrow in Fig. 10(b)] is also illustrated. As it stands,
Eq. (21) is not a constraint as defined in Eq. (20). Progress
is made by further parallel transporting the occupied space
by —xy, such that we return to the initial momentum:
(ky, 7 k;). This motivates the definition of a W-glide
symmetry (M,), which combines the glide reflection
(M,) with parallel transport across half a reciprocal
period—then by our construction, M, is an element in
the group (G ) of W_, (7, k). To be precise, let us define
the Wilson line W_,_ to represent a parallel transport
from (0,7, k) to (—=, x, k), then

MW_ M =W_,, with M, =W_,_oM,. (22)

(a) (b) 4 @ [
.-
~ B
bz l: A\ A
B “’kx L T;"'kx
(q\]
N N N
21 21 21 21

FIG. 10. Origin of W-glide and W-time-reversal symmetries.
(a)—(d) Constant-k, slices of the bulk Brillouin zone. Panel
(a) illustrates how the glide (#,) maps momenta from the glide
plane k, = 7. Under M, the Wilson loop is mapped from the red
vertical arrow in (a) to the red vertical arrow in (b). Panels (¢) and
(d) describe the k, = 0 plane and illustrate a similar story for the
time reversal 7.

The W glide (M,) squares as
M2 = EZ)W=L, (23)

which may be understood loosely as follows: the glide
component of the W glide squares as a 2z rotation (E) with
a lattice translation [#(Z)], while the transport component
squares as a full-period transport WV~'); we defer the
detailed derivations of Egs. (21)—(23) to Appendix B 4. For
a Wilson band with energy 6(k.), Eq. (23) implies that the
corresponding W-glide eigenvalue depends on the sum of
energy and momentum, as in Eq. (14). Our construction of
M, is a quasimomentum analog of the nonsymmorphic
extension of point groups [30-34]. For example, the glide
reflection (M,) combines a reflection with half a real-
lattice translation—A2 thus squares to a full lattice trans-
lation, which necessitates extending the point group by the
group of translations. Here, we further combine M, with
half a reciprocal-lattice translation, thus necessitating a
further extension by Wilson loops.

Our second example of a W symmetry (7)) combines
time reversal (7') with parallel transport over a half-period,
and belongs in the groups of W(X) and W(U), which
correspond to the two time-reversal-invariant k along k, =
7 (recall Fig. 2); since both groups are isomorphic, we use a
common label: G;. Under time reversal,

, kZ) _)(_kyv -7, _]_CZ)
=(—k, + 7,7 k) —by, —2k37,  (24)

T: (k

v

for k. € {0, z} and 2k.Z a reciprocal vector (possibly zero),
as illustrated in Fig. 10(c). Consequently,

TW—JTT_I k:ZWr,Zﬂ’ (25)
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where W, . denotes the reverse-oriented Wilson loop with

base point 2z [see arrow in Fig. 10(d)], and & indicates that
this equality holds for k| € {X.,U}. Equation (B62) moti-
vates combining 7 with a half-period transport, such that
the combined operation 7 effects

TW_ T 5w with TEW_,_,T.  (26)

To complete the Wilsonian algebra, we derive in

Appendix B 4 that

T2E M TMIT'EwL (27)

This result, together with Eq. (23), may be compared with
the ordinary algebra of space-time transformations:

2 =Ez), TEE mIHT'EL (28)
as would apply to the surface bands at any time-reversal-
invariant k). Both algebras are identical modulo factors of
W and its inverse; from here on, W(k;)_, =W. We
emphasize that the same edge symmetries are represented
differently in the surface Hamiltonian (H,) and in YW—this
difference originates from the out-of-surface translational
symmetry [#(a@,)], which is broken for H, but not for W,
recall here that a; is the out-of-surface Bravais-lattice
vector drawn in Fig. 2(b). Where #(a;) symmetry is
preserved, we can distinguish the bulk wave vectors k,
from k, + x, and therefore define W-symmetry operators
that include the Wilson line W_,_.

To further describe this difference group theoretically, let
us define G, = Z, x Z, as the symmetry group of a
spinless particle with glideless-reflection (M,) and time-
reversal (7) symmetries:

G, = {MaT?

a, b (S Zz}, (29)
with the algebra

T° =1, M, T] = 0. (30)
The algebra of Eq. (28) describes a well-known, non-
symmorphic extension of G, for spinful particles [11]; we
propose that Egs. (23) and (27) describe a further extension
of Eq. (28) by reciprocal translations. That is, G is a
nontrivial extension of G, by N, where N = 7Z? x Z, is an
Abelian group generated by E, W, and #(Z):

N = {E(Z)"W¢la € Z,,b,c € Z}. (31)

For an introduction to group extensions and their applica-
tion to our problem, we refer the interested reader to
Appendix D 1. There exists another extension (Gy, as

further elaborated later in this section), which is inequiva-
lent to G and applies to a different momentum submani-
fold of our crystal; in Sec. VB, we further show that
inequivalent extensions lead to different subtopologies for
the Wilson bands.

From the cohomological perspective, two extensions (of
G, by N) are equivalent if they correspond to the same
element in the second cohomology group H*(G,, ). The
identity element in this group corresponds to a linear
representation of G, which we now define. Let the group
element g; € G, be represented by g; in the extension of G,
by N, and further define g;; = g,9; € G. by §;;. We insist
that {g,;} satisfy the associativity condition:

(@i@j)f]k =0 (@j@k)~ (32)
In a linear representation,

A

9:9; = g;; for all g;, g, g;; € G, (33)

while in a projective representation,

gl@] = Ci,jgij’ where Ci,j S N, (34)
at least one of {C; ;} (defined as the factor system [60]) is
not trivially identity. Equation (23) exemplifies Eq. (34) for
g; = g; = M,, satisfying M3 =1, j; =M,, and C;; =
Et(Z)W~!. We say that two representations are equivalent
if they are related by the transformation

9i — 9/ = D;g;, with D; eN. (35)
In either representation, the same constraint is imposed on
W [cf. Eq. (20)]:

Wt =WE & gt = wEL (36)

since any element of A/ commutes with . This state of
affairs is reminiscent of the U(l) gauge ambiguity in
representing symmetries of the Hamiltonian (H) [61],
where if [§,H] =0, so would [{,H] =0 for any
9 = explig(9)]g. By this analogy, we also call §; and g,/
from Eq. (35) two gauge-equivalent representations of
the same element g;, though it should be understood in
this paper that the relevant gauge group is N and not U(1).
To recapitulate, each element in H 2(GO,/\/’ ) corresponds to
an equivalence class of associative representations; in
Appendix D2, we further connect our theory to group
cohomology through the geometrical perspective of
coboundaries and cocycles.

To exemplify an extension or representation that is
inequivalent to Gy, let us consider the group (Gy) of

W(T); Gy is isomorphic to the group of W(Z). Recall that
both I" and Z are time-reversal-invariant kj along k, = 0.

021008-15



ALEXANDRADINATA, WANG, and BERNEVIG

PHYS. REV. X 6, 021008 (2016)

k. =0 labels a glide line in the 010-surface BZ, which
guarantees the k, = 0 plane (in the bulk BZ) is mapped to
itself under the glide M, ; the same could be said for k, = 7.
However, unlike k, = &, M, also belongs to the group of
any bulk wave vector in the k, = O plane, and, therefore,

MW(I)M; = wW(DD), (37)

with M, an ordinary space-time symmetry; i.e., unlike M, in
Eq. (22), M, does not encode parallel transport.
Consequently, this element of Gy satisfies the ordinary
algebra in Eq. (28); by an analogous derivation, the time-
reversal element in Gy is also ordinary. It is now apparent
why G5 and Gy are inequivalent extensions: there exists no
gauge transformation, of the form in Eq. (35), that relates their
factor systems. For example, the following elements of G.,

91 = MxT7

G=MIT', gop=gn=1  (38)

may be represented in G5 by

9 =M,T, = MIT, =1, (39)

such that the second relation in Eq. (27) translates to

019, = Ci2812, with Cro =W (40)
Under the gauge transformation, M, — M, = WM.,
T - T' =W"'T,and a, b € Z, Eq. (40) transforms as

MTMIT =w!
N M;T/M;—IT/—l — W2a—1, (4])

which ensures that the factor C; , is always an odd product
of W. This must be compared with the analogous
algebraic relation in Gy, where with M, — M,' = W*M,,
T—>T =WIT,andc,d € Z,

MXTM;IT_I =1- Mx/T/Mx/_lT/_l = W2C; (42)

here, the analogous factor C , is always an even product of
W—there exists no gauge transformation that relates the two
factor systems in G; and G.. We say that the factor system of a
projective representation can be lifted if, by some choice of
gauge, all of {C;;} from Eq. (34) may be reduced to the
identity element in N; Eq. (41) demonstrates that C, , for G
can never be transformed to identity. G thus exemplifies an
intrinsically projective representation, wherefor its nontrivial
factor system can never be lifted.

Finally, we remark that this section does not exhaust all
elements in Gy or Gy; our treatment here minimally
conveys their group structures. A complete treatment of
Gy is offered in Appendix B 4, where we also derive the
above algebraic relations in greater detail.

VII. DISCUSSION AND OUTLOOK

In the topological classification of band insulators, one
may sometimes infer the classification purely from the
representation theory [4,8,54] of surface wave functions. In
our companion work [21], we have identified a criterion
on the surface group that characterizes all robust surface
states that are protected by space-time symmetries
[1,2,4,7,8,18,19,25,40-43,54]. Our criterion introduces
the notion of connectivity within a submanifold (M) of
the surface-Brillouin torus and generalizes the theory of
elementary band representations [57,62]. To restate the
criterion briefly, we say there is a D-fold connectivity
within M if bands there divide into sets of D, such that
within each set there are enough contact points in M to
continuously travel through all D branches. If M is a single
wave vector (k;j), D coincides with the minimal dimension
of the irreducible representation at k; D generalizes this
notion of symmetry-enforced degeneracy where M is
larger than a wave vector (e.g., a glide line). We are ready
to state our criterion: (a) there exist two separated sub-
manifolds M, and M,, with corresponding D, = D, =
fd (f>2 and d>1 are integers), and (b) a third
submanifold M3 that connects M, and M,, with corre-
sponding D5 = d. This surface-centric criterion is techni-
cally simple, and has proven to be predictive of the
topological classification. However, we also found it is
sometimes overpredictive [21], in the sense of allowing
some surface topologies that are inconsistent with the full
set of bulk symmetries.

An alternative and, as far as we know, faithful approach
would apply our connectivity criterion [21] to the Wilson
“bands,” which properly encode bulk symmetries that are
absent on the surface; since Wilson bands also live on the
surface-Brillouin torus, we could replace the original
meaning of surface bands in the above criterion by
Wilson bands. To determine the possible Wilson “band
structures,” one has to determine how symmetries are
represented in the Wilson loop; one lesson learned from
classifying D‘gh is that this representation can be projective,
requiring an extension of the point group by the Wilson
loop itself. Such an extended group forces us to generalize
the traditional notion of symmetry as a space-time trans-
formation—we instead encounter symmetry operators that
combine both space-time transformations and quasimo-
mentum translations, thus putting real and quasimomentum
space on equal footing. While our case study involves a
nonsymmorphic space group, the nonsymmorphicity (i.e.,
nontrivial extensions by spatial translations) is not a
prerequisite for nontrivial quasimomentum extensions;
e.g., there are projective mirror planes (e.g., in symmorphic
rocksalt structures) where the reflection also relates Bloch
waves separated by half a reciprocal period. The implica-
tions are left for future study.

To restate our finding from a broader perspective, group
cohomology specifies how symmetries are represented in
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the quasimomentum submanifold, which in turn determines
the band topology. A case in point is time-reversal
symmetry (7)), which may be extended by 2z-spin rotations
(which distinguishes half-integer from integer-spin repre-
sentations) and also by real-space translations (which
distinguishes paramagnetic and antiferromagnetic insula-
tors); only the projective representation (72 = —I) has a
well-known Z, topology [18,25]. By our cohomological
classification of quasimomentum submanifolds through
Eq. (1), we provide a unifying framework to classify chiral
topological insulators [39] and topological insulators with
robust edge states protected by space-time symmetries
[1,2,4,7,8,18,19,25,40-43]. Our framework is also useful
in classifying some topological insulators without edge
states [26,55,56]; one counterexample that eludes this
framework may nevertheless by classified by bent Wilson
loops [46] rather than the straight Wilson loops of this
work. With the recent emergence of Floquet topological
phases, an interesting direction would be to consider further
extending Eq. (1) by discrete time translations [63].
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APPENDIX A: REVIEW OF SYMMETRIES
IN THE TIGHT-BINDING METHOD

The appendixes are organized as follows: In Appendix A,
we review how space-time symmetries affect the tight-
binding Hamiltonian. We introduce notations that are
employed in the remaining appendixes. In Appendix B,
we derive how symmetries of the Wilson loop are repre-
sented and their constraints on the Wilson bands, as
summarized in Tables II and III. The first few sections deal

with ordinary symmetry representations along XTZU,
while the last section derives the projective representations
along XU. In Appendix C, we prove the fourfold
connectivity of Hamiltonian bands, in spin systems
with minimally time-reversal and glide-reflection sym-
metries. This proof is used in the topological classification
of Sec. V B. In Appendix D, we introduce group extensions
by Wilson loops, as well as rederive the extended algebra in
Sec. VI from a group-theoretic perspective.

We begin by reviewing the effects of spatial symmetries,
then generalize our discussion to include time-reversal
symmetry.

1. Effect of spatial symmetries on the
tight-binding Hamiltonian

Let us denote a spatial transformation by gs, which
transforms real-space coordinates as r — D r + &, where
D, is the orthogonal matrix representation of the point-

group transformation g in R¢. Nonsymmorphic space
groups contain symmetry elements where ¢ is a rational
fraction [11] of the lattice period; in a symmorphic space
group, an origin can be found where § = 0 for all symmetry
elements. The purpose of this section is to derive the
constraints of gs on the tight-binding Hamiltonian. First, we
clarify how gs transforms the creation and annihilation
operators. We define the creation operator for a Lowdin
function [47-49] (¢,) at Bravais-lattice (BL) vector R as
ck(R + ry). From Eq. (2), the creation operator for a Bloch-
wave-transformed Lowdin orbital ¢y, is

J— ik-(R+r,) I(R + ) -
c e ch ry), a sy Moy
k.a /—N; tot
(A1)

A BL that is symmetric under gs satisfies two conditions.
(i) For any BL vector R, DR is also a BL vector:

VY R € BL, D,R € BL. (A2)
(ii) If g5 transforms an orbital of type « to another of type 3,
then D (R +r,) + 6 must be the spatial coordinate of an
orbital of type f. To restate this formally, we define a matrix
U,s such that the creation operators transform as

F 4]
9gs: Ch(R+1y) = cj(DR + Ry +15)[Upslpe  (A3)
with R;‘Z = Dgr, + 6 —ry. Then,
[Uyslpa # 0 = R} € BL. (A4)

Explicitly, the nonzero matrix elements are given by
* 1/2 -
Ul = / d'rgj(r.s)[Dg"?]40a(D7'r. ). (AS)
5,8

where ¢, is a spinor with spin index s, and D;l/ 2)

gs in the spinor representation.
For fixed gs, @, and f3, the mapping 7° '/Z‘fl: R - R/g;fl is
bijective. Applying Eqgs. (Al), (A2), (A4), the orthogon-

ality of D, and the bijectivity of T[gji, the Bloch basis

represents

vectors transform as
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95" Cha = fZe“*’« cy(DR + R, + 1) [

3!

ﬂ\

7 7
= e~ I(PH)Fc ;) [ gﬁ]ﬁa'
This motivates a definition of the operator
95(k) = e PRy 5, (A7)
which acts on Bloch wave functions (|u,z)) as
95 tnr) = 95(k)|u, ) (A8)

The operators {§s(k)} form a representation of the space-
group algebra [11] in a basis of Bloch-wave-transformed
Lowdin orbitals; we call this the Lowdin representation. If
the space group is nonsymmorphic, the nontrivial phase
factor exp(—iDyk - 6) in gs(k) encodes the effect of the
fractional translation; i.e., the momentum-independent
matrices {Ug} by themselves form a representation of a
point group.

To exemplify this abstract discussion, we analyze a
simple 2D nonsymmorphic crystal in Fig. 11. As delineated
by a square, the unit cell comprises two atoms labeled by
subcell coordinates A and B, and the spatial origin is chosen
at their midpoint, such that r, = aX/\/3 — ¢Z/2 = —rg, as
shown in Fig. 11(a). The symmetry group (Pma2) of this
lattice is generated by the elements M, and M., where in
the former we first reflect across x (¢ = M,) and then
translate by & = ¢z/2. Similarly, M, is shorthand for a
7z — —z reflection followed by a translation by § = ¢z/2.
Let us represent these symmetries with spin-doubled
s orbitals on each atom. Choosing our basis to diago-
nalize S,

7(R+rA) —

+
c
_ A.S,
M,: { ;
Cps

(R +rp)

_iczﬁ_s‘. (DXR + rB) (Ag)
- _iCIL—S; (DR + cZ+ry),

where D, (x, z)’

apply R 2 Dorp+cz/2—ry = cZ It is useful to
recall here that a reflection is the product of an inversion
with a twofold rotation about the reflection axis:

= (—x, 2)", and in the second mapping, we

R
Z (DK [D R+ +1] ch(D,R+ RY + 1)U sl
R

oD k][R +r] T(R/—i-rﬁ)[U ]

Dy(R+1,)+0] - (D R + Rﬂa + rﬂ)[Ugﬁ]/}a

(l

(A6)

M; =TICy; for j € {x,z}. Consequently, M,  C,, flips
S, — =S,. In the basis of Bloch waves,

MX: c]:a — e~ ik; C/ZCD k/i[UMx]ﬂa’ (AIO)

with Uy = —ir0,. Here, we employ 73 = +1 (—1) for
subcell A (B) and o3 = +1 for spin-up in Z. A similar
analysis for the other reflection (M, « C,, « exp[—iS,x])
leads to

(@)
Q Q
Iy
T'a
o * )
® O) @)
cl2
c @ o o
z
all3 © ©
X
——— 9
Ba °
(b) (©) (d
@) © @
*) (Y] ©
’ [ > ) ¢
o L %) ©

FIG. 11. (a) Simple example of a 2D nonsymmorphic crystal.
The two sublattices are colored, respectively, dark blue and cyan.
Panels (b)—(d) illustrate the effect of a glide reflection.
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CL.SZ(R + TA) g
—isgn[S,]ch g (D.R + cZ +14)
Tz A.S, z (All)
CB,S,_(R —|—rB) -
—isgn[SZ]c;SZ (D.R +rp).

with D_(x, z)" = (x,—z), and in the basis of Bloch-wave-
transformed Lowdin orbitals,

MZ: Cl:a - e_ikZC/QCTDZk.[)’[UA_/I,]ﬂa’ (AIZ)
with Uy = —ios. To recapitulate, we derive {gs} as

M (k) = —ie"*</2z,6, and

M. (k) = —ie~ /2, (A13)

which should satisfy the space-group algebra for Pma2,
namely, that

M? = Et(c3), M? =E and

M_.M, = Et(—cZ)M M.,

(A14)

where E denotes a 27z rotation and 7(cZ) a translation.
Indeed, when acting on Bloch waves with momentum £,

M (D J)M (k) = —e%<, M (DKM, (k) = I,
M_(DJ)M (k) = —e= <M (D k)M (k). (A15)

Finally, we verify that the momentum-independent matri-
ces {U,s} form a representation of the double point group
C,,, whose algebra is simply

M:?=M2=E and M.M,=EMM.. (A16)
A simple exercise leads to
Uy = U%lz =—I and {Uy.Up}=0. (Al7)

The algebras of C,, and Pma?2 differ only in the additional
elements #(£cZ), which in the Lowdin representation
({95(k)}) is accounted for by the phase factors
exp(—ik,c/2).

Returning to a general discussion, if the Hamiltonian is
symmetric under g,

g5 H=" ci HK)ycrp — H. (A18)
k
then Eq. (A6) implies
9s(k)H (k)gs(k)~" = H(D jk). (A19)

By assumption of an insulating gap, §5(k)|u, ;) belongs in
the occupied-band subspace for any occupied band |u,, ;).
This implies a unitary matrix representation (sometimes
called the ‘“sewing matrix”) of gz in the occupied-band
subspace:

[gﬁ(ng + G’k)]mn

= (Un.pp+6V(=G)Is(k)[unp),  (A20)
with m,n =1, ...,n,.. Here, G is any reciprocal vector
(including zero), and we apply Eq. (7), which may be
rewritten as

Moce Moce

D i) (una] = V(G) Y unkia) (ttnis6lV(G) ™.
n=1

n=1

(A21)

To motivate Eq. (A20), we are often interested in high-
symmetry k which are invariant under gs; i.e., Dk + G =
k for some G (possibly zero). At these special momenta, the
sewing matrix is unitarily equivalent to a diagonal matrix,
whose diagonal elements are the g5 eigenvalues of the
occupied bands. When we are not at these high-symmetry
momenta, we will sometimes use the shorthand
[gﬁ(k)}mn = [éﬁ(ng’k)]mn = <um,ng|§6(k)|un,k>’ (A22)
since the second argument is self-evident. We emphasize
that g5 and gs are different matrix representations of the
same symmetry element (gz), and, moreover, the matrix
dimensions differ: (i) §s acts on Bloch combinations of
Lowdin orbitals ({¢y .|a =1, ..., ny}) defined in Eq. (2),
while (ii)) gs acts on the occupied eigenfunctions
({un,k‘n =1.. nocc}) of H(k)

It is also useful to understand the commutative relation
between §s(k) and the diagonal matrix V(G) which
encodes the spatial embedding; as defined in Eq. (6), the
diagonal elements are [V(G)],; = 6,4 exp(iG - r,). From
Egs. (A2) and (A4),

(Ul #0 = D;le‘; € BL

= iG-(rytD]'8-D7'ry) — 1 (A23)

for a reciprocal-lattice (RL) vector G. Applying this
equation in

0% 356V (G)]y = e PA[U ]y "

— e—i(D,]k)~6[Ugls]aﬁei(DgG)-(ra—f?)
9

= POV (D,G)is ()]s

we then derive
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9s(k)V(G) = e POV (D G)gs(k).  (A24)
This equality applies only if the argument of V is a

reciprocal vector.

2. Effect of space-time symmetry
on the tight-binding Hamiltonian

Consider a general space-time transformation 7 gz, where
now we include the time reversal 7. The following
discussion also applies if gs is the trivial transformation.

Tglg: CZ,(R —l—ra) (D R +RT(]6 +rﬂ)[UTg6]/}a’

where Urgs is the matrix representation of Tgs in the
Lowdin orbital basis, R =Dgr,+6—

[Urgslpa #0 = R;? € BL, (A25)

and the Bravais-lattice mapping of R to D R +RT‘J‘s i

bijective. It follows that the Bloch-wave- transformed
Lowdin orbitals transform as

Tygs: Cch,a elPkdct kﬁ[UTgﬁ}ﬁa (A26)
This motivates the following definition for the Lowdin
representation of 7gs:

A

T,5(k) = PHOU, 5K, (A27)
where K implements complex conjugation, such that a
symmetric Hamiltonian (T'g;: H — H) satisfies

75 () H()T (k)" = H(-Djk).  (A28)
For a simple illustration, we return to the lattice of Fig. 11,
where time-reversal symmetry is represented by T(k) =
—io,K in a basis where 63 = +1 corresponds to spin-up in
Z. Observe that time reversal commutes with any spatial
transformation:

for je {x,z},  T(Dk)M;(k) = M;(=k)T (k).

If the Hamiltonian is gapped, there exists an antiunitary
representation of 7Tgs in the occupied-band subspace:

[Tg&(G - ng’ k)]mn

= <”m,G—Dyk | V(_G) Ag& (k) |un,k> ’ (A29)
where m,n =1, ..., n,., G is any reciprocal vector, and we

apply Eq. (A21). Once again, we introduce the shorthand

mn

[ g&(k>]mn = [Tgé(_ng’k)]

= (tm—pal Tgs (k) un).  (A30)
Equations (A25) and (A2) further imply that

[Urgslep #0 = D;le'; € BL
= G- tD;'0=D'ra) — | (A3])

which when applied to

0 # [Ty5(k)V(G)Klyy
— ei(ng)-a[UTg&]aﬁe—iG-rﬂ
— ¢iDK)3] Uryslap o~i(D,G)-(r,~0)
= eV (=D G)T 5 (k)K,y  (A32)
leads finally to
T,5(k)V(G) = ¢!P9V(-D G)T ,5(k). (A33)

APPENDIX B: SYMMETRIES
OF THE WILSON LOOP

The goal of this Appendix is to derive how symmetries of
the Wilson loop are represented and their implications for
the “rules of the curves,” as summarized in Tables II and III.
After introducing the notations and basic analytic proper-
ties of Wilson loops in Appendix B 1, we consider in
Appendix B2 the effect of spatial symmetries, with
particular emphasis on glide symmetry. We then generalize
our discussion to space-time symmetries in Appendix B 3.
These first sections apply only to symmetries of the Wilson
loops along XT,TZ, and Z U. These symmetry represen-
tations are shown to be ordinary; i.e., they do not encode
quasimomentum transport. Their well-known algebra
includes

Et(c3).  (TM,)? =1,

T? = (IT)* =
M.T =TM,.

M,TM_ = Et(cZ)TM_M,,
= 1(c

M. IT 2)ITM,, (B1)
In Appendix B4, we move on to derive the projective
representations that apply along X U.

1. Notations and analytic properties of the Wilson loop

Consider the parallel transport of occupied bands along
the noncontractible loops of Sec. IVA. In the Lowdin
orbital basis, such transport is represented by the Wilson-
loop operator [26]:
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T<——T

Wky) =v(2xy) [ Pk, k). (B2)
k}'

Recall here our unconventional ordering: k = (ky, ki,
k.) = (ky. k). We discretize the momentum as k, =
2zm/N, forintegerm = 1, ..., N, and (7<— — x) indicates
that the product of projections is path ordered. The role of
the path-ordered product is to map a state in the occupied
subspace [H(—z.ky)] at (—z,k;) to one (|i)) in the
occupied subspace at (r,kj); the effect of V(2xy) is to
subsequently map |u) back to H(—z, k), thus closing the
parameter loop; cf. Eq. (A21). Equivalently stated, we may
represent this same parallel transport in the basis of 7,
occupied bands:

W)y = (i (i) W ) ) <rk))- - (B3)
While W depends on the choice of gauge for |u; ., ),

its eigenspectrum does not. Indeed, under the gauge
transformation

Moce

|uj.<—ﬂ,kH)> - ‘ui,(—ﬂ.k|\)>sij’
i=1

W - STws = s1ws.

with S € U(nge),
(B4)

The eigenspectrum is also independent of the base point of
the loop [26]; our choice of (—z, k) as the base point
merely renders certain symmetries transparent. In the limit
of large N, YV becomes unitary and its full eigenspectrum
comprises the unimodular eigenvalues of W, which we
label by exp[if, ], with n=1,...,ny,. Denoting the
eigenvalues of P P as Vnky> the two spectra are related
as Yok, = Onk, /27 modulo one [26].

On occasion, we also need the reverse-oriented Wilson

loop (W,), which transports a state from base point
(ﬂ,k”) - (—ﬂ,k”):

=<7

W, (k) = V(=2zy) [] P(ky.ky).
k,

y

(BS)

In the occupied-band basis, Wilson loops of opposite
orientations are mutual inverses:

W)™ 5 = VT3 = (i e W () |14, )
(B6)

with the gauge choice

|Mj.(7r,k||)> = V(_2ﬂ§)|uj.(—ﬂ,k“)>’ for J =1, <o Moce-

(B7)

The second equality in Eq. (B6) follows from

Wi = (u; |V (2x5) T Plky)lui—s)*
k,

= (i [T P(k)V(=279)lu; )
[

= (ui[V(=275) [] P(ky)luje)
ky

= <ui,lr‘Wr|uj,7r>7 (B8)

where we drop the constant argument k; for notational

simplicity.

2. Effect of spatial symmetries of the 010 surface

Let us describe the effect of symmetry on the spectrum of
W. First, we consider a generic spatial symmetry gz, which
transforms real-space coordinates as r — D r + 6. From
Eq. (A19), we obtain the constraints on the projections as

95(k)P(k)gs(k)~" = P(D k). (B9)
The constraints on VV arise only from a subset of the
symmetries that either (i) map one loop parametrized by k|
to another loop at a different k| or (ii) map a loop to itself at
a high-symmetry k. We say that two loops are mapped to
each other even if the mapping reverses the loop orientation
li.e., W — W cf. Egs. (BS) and (B6)] or translates the
base point of the loop. For illustration, we consider spatial
symmetries of the 010 surface that necessarily preserve the
spatial y coordinate; for these symmetries we add an
additional subscript to gs = gs;, D, = Dy, and 6 =6,
such that D,y =y and 8, -y = 0. We now demonstrate
that the Wilson loop is constrained as

91 (= Jey )W) 3o (=7, Ky ) =1 = W(Dyky), - (B10)
where the argument of g, is the base point of W(k)).

Proof—We note that the Lowdin representation
of g5 only depends on momentum through a multiplicative
phase factor: exp[—i(D k) - §[, and for gg that this same
phase factor is independent of k,; hence, the Lowdin
representation of g5 may be written as g5 (k) = 95 (k).
Equation (B9) then particularizes to

9o (ky) P(ky, ke ) Gsy (k) ™" = P(ky, Dygky),

and Eq. (A24) to

(B11)

a1 (k) V (27y)
= 200V (213 s (k) = V(277)gsy (k). (B12)
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Applying Egs. (B2), (B11), and (B12),

951 (Rey )W (k) 9y ()™ = W(Dyky).  (B13)

Into this equation, we then insert complete sets of states
[1(K)]:
I(=.Dygyhey) oy ey )T (=72, Jey )W (b )T
x (=, k) gy (g )~ 1 (=7, D ygkey)

= (=7, Dy )W(D gk )I(—7, Dy k), (B14)

where 1 (k) is resolved by the energy eigenbasis at k:

i)=Y

n=1

|un,k><un.k|' (BIS)

Since all symmetry representations are block diagonal with
respect to occupied and empty subspaces, Eq. (B14) is
equivalent to

P(=x, Dyyky ) sy (ky ) P (=, Ky )W (k) P
x (=, k) sy (ky) ™' P(=7, Dy k) )
= P(—x, Dyyky )W (D gk ) P(=1, D gy k).

Finally, we apply Eqgs. (A20) and (B3) to obtain Eq. (B10),
as desired. m

Let us exemplify this discussion with the glide reflection
which transforms spatial coordinates as (x,y,z) —
(=x,y,z+ 1/2). This symmetry acts on Bloch waves as

A

M, (k) = e=*/2Uy [from Eq. (A7)], with U2, =-I
representing a 2z rotation. Equation (B10) assumes the
form

M (=2, k )Wk yo k)M (=7~ = W(=k,.k,).  (B16)
Since A_/Ix transforms momentum as k — (ky, —kx,kz), it
belongs in the little group of any wave vector with k, = 0.
Indeed, [M,(-=,0,k.), W(0,k.)] =0, and each Wilson

band may be labeled by an eigenvalue of M, which again
falls into either branch of +iexp(—ik,/2), as we now
show:

(M, (k)2

mn

Moce

= e_ikz Z(um.kl |U1\_/IX |ua,k| ><Mu.k| |U1\_/IX |un,k|>
a=1

ot

= > (i | Ut i Wi U [0,
a=1

= ™" [(Uip, )l g,) = =8, (B17)

Here, k; = (—7,0, k.); in the second equality, we denote
Ny as the total number of bands, and apply that the
symmetry representations are block diagonal with
respect to the occupied and empty subspaces [i.e.,
(Uap,|Ufs lttyr,) =0 if the bra (ket) state is occupied
(empty)]; the completeness relation is used in the third
equality, and (U )* = —I represents a 27 rotation.

3. Effect of space-time symmetries

Suppose our Hamiltonian is symmetric under a space-
time transformation 7'gs, where gs is any of the following:
(a) a symmorphic spatial transformation (i.e., the fractional
translation 6 = 0) that is not necessarily a symmetry of the
010 surface or (b) a nonsymmorphic transformation that is
a symmetry of the 010 surface. In the group we study
(space group D, with time-reversal symmetry), if one
considers the subset of space-time symmetries that map the
Wilson loop to itself (recall what “to itself” means in
Appendix B 2), elements of this subset are either of (a) or
(b) type.

Since the Lowdin representation [recall T,5(k) in
Eq. (A27)] of Tgs depends on momentum only through
the phase factor expl[i(D k) - 6], we deduce that fq@(k) is
independent of k. In case (a), this follows trivially from
6 =0, while in case (b) we apply that D,y =y and
& -y = 0. Consequently, we write Tgﬁ(k) = ]A"gﬁ (ky) with
possible k dependence through a phase factor.

Following Eq. (A28), the occupied-band projection is
constrained as

T 5(ky)P(k)T 5(ky)~" = P(=D k). (B18)

This, in combination with Egs. (A33) and (B2), implies

T oo (e )W (ke ) T g5 (R ) ™!
= Ty(ky)V(2xy) ] PK)T 50k~
k,
= T (ky)V(273)T s (k) ™! ”ﬂﬂp(—ng)
k,
= ¢y (—D, (27y)) ”ﬁﬂp(—ng). (B19)
ky

In the next few sections, we particularize to a few
examples of Tgs that are relevant to the topology of our
space group.

a. Effect of space-time inversion symmetry

The space-time inversion symmetry (7Z) maps
(x,y,2,1) = —(x,y,2,t). Let us show how this results in
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the eigenvalues of WW(k) forming complex-conjugate pairs
at each k. If we interpret the phase (6) of each eigenvalue
as an “energy,” then the spectrum has a @ — —6 symmetry;
this may be likened to a particle-hole symmetry that
unconventionally preserves the momentum coordinate (k).
Proof.—Inserting D, = —I and § = 0 in Eq. (B19),
Then by inserting in Eq. (B20) a complete set of states at
momentum k = (—,k;), and applying the definitions
Egs. (B3) and (A29),

Tr(—m )W) Tr(=n. k)™ = Wi(ky).  (B21)
Thus, if an eigensolution exists with eigenvalue
exp[if(k )], there exists a partner solution with the com-
plex-conjugate eigenvalue exp[—if(k))]. These two solu-
tions are always mutually orthogonal, even in cases where
the eigenvalues are real. The orthogonality follows from
T% = —1I, as we now show:

Moce

Z(”/n,kﬁ"f(k) |Uak) <”a.k|?2(k)|un,k>

3
=
N
3
3

I

= <um.k|?1(k)|ua.k><ua,k|TI(k)|un,k>

= (| [T (R)? |, 1)
= (| Uzr U p |t o)

= _<um,k|un.k> = —6n- (BZZ)
In the second equality, we denote n, as the total number of
bands, and apply that the symmetry representations are
block diagonal with respect to the occupied and empty
subspaces; the completeness relation is used in the third
equality, and Uz, U%, = —I follows because (TZ)? is a 2z
rotation.

b. Effect of time reversal with a spatial glide
reflection
The symmetry TM, maps space-time coordinates as

(x,y,2,1) > (=x,y, 2+ ¢/2,-1); i.e.,

Dy =diag[-1,1,1] and & =cz/2. (B23)

The momentum coordinates are mapped as

(ky7 kx’ kz)l - _DMX (kyv kw kz)[
= (_ky’ ky, _kz)t’

which implies that a Wilson loop at fixed (k,, k) is mapped
to a loop at (k,,—k.), with a reversal in orientation since
k, — —ky. In more detail, we insert Eq. (B23) into
Eq. (B19),

?Mx(kx’ kZ)W(km kz)fﬂlf/[x(kx’ kz)_] = Wr(kx’ _kz)’

where the reversed Wilson-loop operator (W,) is defined in
Eq. (B5). An equivalent expression in the occupied-band
basis is

(B24)

where the inverse Wilson loop is defined in Eq. (B6); it is
worth clarifying that TMX particularizes Eq. (A30) as

TMX (_7[’ kx’ kz)mn = <um,(ﬂ.kx,—k,) |Tll_/lx (km kz)'”n,(—n:,kx,k,)%

with
|um~(ﬂ,k_,(,—kz)> = V(_2ﬂ§)|um.(—ﬂ,kx,—kz)>' (BZS)
We now focus on k. = k. satisfying k, = —k, modulo 27,
such that Eq. (B24) particularizes to
TMX(_E» kxv ]_Cz W<kx» I_CZ)TMX(_ﬂ’ kx’ ]_Cz)_l
=Wk, —k,)™" = W(k,, k,)™", (B26)
in the gauge
) k) = V(KD U i ). (B27)

for j€{1,2,....,n5}, and 2k.Z a reciprocal vector
(possibly zero). Equation (B26) shows that the symmetry
maps the Wilson loop to itself, with a reversal of
orientation.
Let us prove that
T (~mky K)? = { k=0 g
! -1, k.==

from which we may deduce a Kramers-like degeneracy in
the spectrum of W(k,, k, = z) but not in W(k,,k, = 0).
Employing the shorthand

k; = (_”’ ke, ]}1)7 k) = _DMXkIt - (777 ke, _l_{z)t7
(B29)

and the gauge conditions assumed in Egs. (B25) and (B27),
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MNoce

= <um,k, |‘/(277")7 - 2I_CZE)TMX (k1)|ua,k1 > <”a,k, |V(27Z5; - Z%ZE)TA_/IX (kl) |un,k,>

=1

= (i, |V (275 = 2k.2) Ty (k) V (225 — 2k.2) T (k) i)

= fﬁ(’(”m,k,|UTMXU;MX|“n,k,> =e¢

In the second equality, we apply that the symmetry
representations are block diagonal with respect to the
occupied and empty subspaces; the completeness relation
is used in the third equality, Eq. (A33) in the fourth
equality, and Uy U7, = +I represents the point-group
relation that (TM,)? is just the identity transformation;
cf. our discussion in Appendix A 1.

c. Effect of time-reversal symmetry
Let us particularize the discussion in Appendix A 2 by
letting g5 in T'gs be the trivial transformation. In the Lowdin
representation, 7 = U7K, where Uy 7 = —I corresponds

to a 2z rotation of a half-integer spin. We obtain from
Eq. (B19) that

T<——T

TWk)T™ =v(-2xy) [ P(-k)
k,"

=<7

where in the last equality we identify the reverse-oriented
Wilson loop defined in Eq. (BS5). Equivalently, in the
occupied-band basis,

T(—z k)W (k)T (—z.dey) ™" = W(—ky)™'. (B32)
with the inverse Wilson loop defined in Eq. (B6). Time
reversal thus maps explit, | — exp[if_ ]. Following an
exercise similar to the previous section (Appendix B 3 b),
one may derive a Kramers degeneracy where k = —k (up
to a reciprocal vector).

4. Extended group algebra of the
W symmetries along X U

In Sec. VI we introduce the notion of W symmetries and
that section should be read in advance of this section. Our

ety g, |V (25 = 2k.Z)V (=275 + 2k2) Ty, (k) Ty (k)| i)

ik (B30)

U k, |uVLk1> = e_”—(zémn-

|
aim is to derive the algebra of the group (G ;) of W(x, k),
which we introduce in Sec. VI. k, = 0 and 7 mark the time-
reversal invariant k| (namely, X and U ). Here, G; =G, o =
Gi; = G, , has the elements 2z rotation (E), the lattice
translation #(Z), the Wilson loop (W), and analogs of time
reversal (7), spatial inversion (Z), and glide reflection
(M,) that additionally encode parallel transport; the latter
three are referred to as W symmetries. In addition to
deriving the algebraic relations in Egs. (22) and (27), we
also show the following.
(a) The combination of time reversal, spatial glide, and
parallel transport is an element 7 j; with the algebra

TuWT; =W, with T3 =1,
and M, Ty = Et(X)T 5 MW. (B33)

(b) The space-time inversion symmetry acts in the ordi-
nary manner:

TIWT_I - W,
T2 = E,

with

M T;=1tZ) T M,  (B34)

The algebra that we derive here extends the ordinary
algebra of space-time transformations, which we show in
Eq. (B1). For time-reversal-variant k along the same glide
line, G, (k.#{0,7}) is a subgroup of G = G, and is
instead generated by E, t(R”), W, M., TM:’ and 7.
Therefore, Egs. (22), (B33), and (B34) [but not Eq. (27)]
apply to G (k.£{0, z}). Equations (22), (B33), (B34), and
(27) are, respectively, derived in Appendixes B 4 a-B 4 d.

One motivation for deriving the Wilsonian algebra is that
it determines the possible topologies of the Wilson bands
along X U. This determination is through “rules of the
curves” that we summarize in two tables: Table II is derived
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from the algebra of G, ;_and applies to any k| along XU,
Table III is derived from G; and applies only to X and U.

a. Wilsonian glide-reflection symmetry

Consider the glide reflection M, which transforms
spatial coordinates as (x,y,z) = (—=x,y,z+1/2). In
Appendix B2, we describe how M, constrains Wilson
loops in the k, = 0 plane, where M, belongs in the little
group of each wave vector, and therefore the projections on
this plane separate into two mirror representations. This is
no longer true for the k, = 7 plane, since M, maps between
two momenta that are separated by half a reciprocal period,
ie., M,: (ky, 7. k) = (ky, =7, k;) = (k, + 7,7, k;) = by,
as illustrated in Fig. 3(b). Consequently, the Wilson-loop
operator is symmetric under a combination of a glide
reflection with parallel transport over half a reciprocal
period, as we now prove.

Proof.—A crucial observation is that the glide symmetry
relates projections at (k,, 7, k,) and (k, + 7, 7, k). That is,
by particularizing Eq. (A19) and (A21), we obtain the
symmetry constraint on the projections:

V(b:) Uy, P(ky. 7. k) U5, V(b2)

(ky + 7 k). (B35)

This relation allows us to define a unitary sewing matrix
between states at (0,k;) and (—z.k):

[M,((0.ky). (=7 k)

= /2wy, (04 |V (=02) Usy |t (—r ) (B36)
which particularizes Eq. (A20) with G = b,.

Presently, it becomes useful to distinguish the base point
of a Wilson loop, and also to define Wilson lines which do
not close into a loop. The remaining discussion in this
section occurs at fixed ky = (7., k,) [for any k, € |-z, 7)]
and variable k,; subsequently, we suppress the label k;

e.g.,

|”m,k,,k”> = |”m.k}.>;

M((0.ky). (=7 ky)) = M,(0, ~x).

We denote the base point (l_cy) of a Wilson loop by the
subscript in W,-Cy and choose an orientation of increasing k;

(B37)

i.e., we parallel transport from k, — k, -+ 27, as exempli-
fied by Figs. 12(a) and 12(b). We denote a Wilson line
between two distinct momenta by

ky <k

[Wk7<—k1 mn — um k7| H P |unk (B38)

where Hkﬁ_k‘ P(k,) denotes a path-ordered product of

projections sandwiched by P(k;) (rightmost) and P(k,)
(leftmost); while k; and k, are more generally mod 2z
variables due to the periodicity of momentum space, we
always choose a branch that includes both k; and k, in our
definition of Wy ., such that if k, > k;, we parallel
transport in the direction of increasing k, [e.g., Figs. 12(c)
and 12(d)], and vice versa [e.g., Fig. 12(e)]. Therefore, this
Wilson line reverts to the familiar Wilson loop if
ky —ky =2x, ie., W, _, =W_, of Eq. (B3) with the
gauge condition of Eq. (B7). Since parallel transport is
unitary within the occupied subspace [26],

Wikt = Wiy = Wi Wiyer, = 1. (B39)

With these definitions in hand, we return to the proof.
To proceed, we first show that the glide symmetry
translates the Wilson loop by half a reciprocal period in y:

M (0, —1)W_,M (0, -7)~' =W,.  (B40)

This is proven by applying Eqgs. (B35) and (A24) to

V(l;z)_lUMXWUX;}XV(I;z)
= V(l;z)_lUMXV(Zﬂff) H P(ky)U;quV(l;z)
.

= V(by)"' U, V(215) U3 V(b)) H P(ky + )

(B41)

(@ ® © @ @ O @

2T

\/

=27

FIG. 12. To clarify our notations for Wilson loops and lines, we
draw several examples, all of which occur at fixed k” and variable
ky (vertical axis). The arrow indicates the orientation for parallel
transport. (a) The Wilson loop at base point —z (encircled) is
labeled by W_, =W, _,. (0) W_y, = Wy gz (€) Wy _zp2-
(d) Wreg- (€) Wy W, g denotes a Wilson loop with base
point I_cy and oriented in the direction of decreasing k, €.g., W, »,
in (f) and W, in (g).
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which then implies Eq. (B40) in the occupied-band basis;
cf. Eqgs. (B37) and (B50).
We now apply the following identity,

27«0

< m0|V 2ﬂy H P
k,

[WO]mn =

|un 0>

—n<0

H P(‘]y)'”n,0>
q\'

V(2ry) H P(ry)

27«0 0«——x

= <um,0|V(2”§) H H P(ry)
k), Ty

O<——7x

um0| H P

—<0

< [T Play)luno)

= [W0<——JZW—7ZW—7Z<—0]m)1’ (B42)

which is pictorially represented in Fig. 13: Fig. 13(a)
represents W,, Fig. 13(b) an intermediate step in
Eq. (B42), and Fig. 13(c) the final result. The second
equality in Eq. (B42) follows from Eq. (B39) and the third
from Eq. (7). Combining Egs. (B40) and (B42),

with M, = W_,_ oM, (0, -7).
(B43)

[-A_/lm W—ﬂ] = 0’

parallel transport over half a reciprocal period (encoded in
W_,0); we call any such symmetry that combines a
space-time transformation with parallel transport a
Wilsonian symmetry, or just a W symmetry. [

It is worth mentioning that M, and W_, always
commute as in Eq. (B43), though the specific representa-
tions of M, and W_, depend on the gauge of |u,, _). That
is, in a different gauge labeled by a tilde header,

Noce

ity ) =
m=1

|um,—lr>Smn7 S e U(”OCC)’ (B44)

we would represent the W reflection and the Wilson loop by

M,=5"M,S and W_, =S W_S  (B4S)

which would still commute.

Equation (B43) implies that we can simultaneously
diagonalize both Wilson-loop and W-symmetry operators;
for each simultaneous eigenstate, the two eigenvalues are
related in the following manner: if exp[i6] is the Wilson-
loop eigenvalue, then the W-symmetry eigenvalue falls into
either branch of A,(k, + 0) = xiexp[—i(k, +0)/2], as
claimed in Eq. (14) and as we proceed to prove.

Proof.—Up to a k,-dependent phase factor, this W-

To interpret this result, the Wilson-loop operator commutes  gymmetry operator squares to the reverse-oriented
with a combination of glide reflection (encoded in M,) with ~ Wilson loop:
|
M = VoM (0. =)W oM (0, =),
—z<0 —n<0
= e_ikz<um,—ﬂ| H P(kv)v UM H P Qy UM |un —ﬂ>
k,
<0 —n<0 5
= _lk Up, —7T| H P H P ‘IV +” bZ) 1UM (bZ)_lUMX|un,—7r>
= e_lk m—ﬂ| H P V(b —276'5)7)(UM'{)2|M”‘_”>
= =% (U, ] H P(ky)V(=27y)|uy )
_lk <uﬂ’l JT|V 27[.)) H P |ul’l JT>
= —e S [WV_) e (B46)
Here, U%I = —I represents a 2z rotation, and in the fourth equality we make use of
Upp,V(=bs) = exp [iDMJ?z : (M)} V(=D by)Uss, = V(by — 213) Uy, (B47)
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@ & © @ @@ O
21 * s
n BiiES
0 r A A
R

FIG. 13. (a)—(c) Pictorial representation of Eq. (B42), with
solid line indicating a product of projections that is path
ordered according to the arrow on the same line, and V
indicating an insertion of the spatial-embedding matrix V(2zy).
Panels (d)—(f) represent Eq. (B52), with V', indicating an insertion
of V(=2zy).

<

which follows from Eq. (A24). m

The situation is analogous to that of the 010-surface
bands along both glide lines (I' Z and X U), where on each
line there are also two branches for the glide-mirror
eigenvalues; namely, 4.(k.) = +iexp(—ik./2). A curious
difference is that the W-symmetry eigenvalue of a Wilson
band (only along X U) also depends on the energy (0)
through Eq. (14).

We remark on how a W-reflection symmetry more
generally arises. While our nonsymmorphic case study is
a momentum plane with W-glide symmetry, the nonsym-
morphicity is not a prerequisite for W symmetries. Indeed,
certain momentum planes in symmorphic crystals (e.g.,
rocksalt structures) exhibit a glideless W-reflection sym-
metry. The rocksalt structure and our case study are each
characterized by a momentum plane (precisely, a torus
within a plane) that is (a) orthogonal to the reflection axis
and (b) reflected not directly to itself, but to itself translated
by half a reciprocal period (G/2), with G lying parallel to
the same plane; in our nonsymmorphic case study, the
plane is k, = 7= and G = 2xy.

b. Wilsonian 7M, symmetry

TM, transforms space-time coordinates as (x,y, z,) —
(x,y,—z+1/2,—t) and momentum coordinates as
(kys 70, k2) = (=ky, =7, k) = (7= ky, 7w, k) = by, as illus-
trated in Fig. 3(c). From Egs. (A27) and (A28), we obtain
its action on Bloch waves,

A

Tj (k) = e Upy K. (B48)

and the constraint on the occupied-band projections,

V(by) ™' Ty, P(ky, 7, k) T3 V(by) = Pz = ky, 7 k),

(B49)

following similar steps that we use to derive Eq. (B35).
This relation allows us to define a unitary sewing matrix
between states at (27.k) and (-7, k):

[T (27 k). (=7 4)) ]

= <um.(27z,k”) | V(EZ)_I ?MZ | un.(—ﬂ,k“) > ’ (BSO)

which particularizes Eq. (A29) with G = —I;z. Henceforth,
suppressing the k; labels, and by similar manipulations that
we use to derive Eq. (B40), we are led to

TMz(zﬂ’ _”)W—JzTM:(zﬂ’ _ﬂ)_l = WF.ZII’ (BSI)
and W, ,, denotes the reverse-oriented Wilson loop with
base point 2z, as illustrated in Fig. 12(f).

We use the following two identities: as pictorially
represented in Figs. 13(d)—13(f), the first identity,

(1> Wr.27r = WZ;T(—JTWr,ﬂWJR—Zﬂ’ (B52)
follows from a generalization of Eq. (B42), and
(H) [WIR—QJL'TMZ (2’”’ _ﬂ>]mn
n<2r
mn:| H P b2 lTM |” —ﬂ>
—<0
= m—ﬂ| H P 2”)} b2)TM |M —7z>
Noce —n<0
Z um—n| H P |ua0
x <ua,0|v(2ﬂy - bZ)TMZ |un.—ﬂ>
= Z[W—M—O]ma[vﬁ_{. (O’ _ﬂ)]an (B53)
a=1
Inserting (i) and (ii) into Eq. (B51), we arrive at
TM:W_,TTMZ_I = [W_]™!, with
Tir. =W_reoTis (0. —n). (B54)

The Wilson-loop operator is thus W symmetric under TM:,
which combines a space-time transformation (encoded in
T i) with parallel transport over half a reciprocal period
(enéoded in W_,_). This constraint does not produce any
degeneracy, since (i) 712171. = 41 and furthermore (ii) the
eigenvalues of M, [cf. Eq. (14)] are preserved under 7 ; .
The proof of (i) follows as ~
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—n<0 —z<0
[T_z mn — m—7z| H P 27[.)) b2 TM H P CI} (2”5; _bZ)TM:|un,—7t>
q\
—n<0 —n<—0

= <um.—7z| H P(k)) H P<_7T_ qy)v(zﬂi; —Zz)szV(zﬂﬁ _I;Z)TMJun,—ﬂ)
k, !

—z<0 O«——7
— (il T] Pl) TT Play) V(255 = b)V (=245 + bo) (T )l )
ky gy
—z<0 O«—n

= (U x| H P(ky) H P(Qy)|”n.—7z> = W_zcoWo—almn = Smn: (BS5)
ky qy

where in the second equality we use Eqs. (7) and (B49), in the third equality, Eq. (A33), and in the fourth,
(TMZ)Z = Urjy Uy = 1. To prove (ii), we first demonstrate that Uy and Upy K anticommute, which follows from
Uj, and Urjy K forining a symmorphic representation of M, and TM, [where M ; are glideless reflections; see discussion
of Eq. (A16)]“. Indeed, MM, = EM_M, in the half-integer-spin representation, and time reversal commutes with any

spatial transformation, leading to {Uj; , Ury K} = 0. This anticommutation is applied in the fourth equality of

—n<0

[MXTMJWH‘L = _lk Up, —7z| H P

—n<0

= e ®(u, | T Pk
k,

—n<0

= e (uy | T Pk
k,

—n<0

—n<0
—bz Un, H P(qy) (2ﬂ§_b2)UTA_/IZK|un,—7Z>
4y
—n<0

H P qy+ﬂ _b2) (2”)) bZ)UTM K|un 7[>

0«7

HP qy _b2

O«

(1;2) UMX UTMZ K| un,—zr>

= —e % (u,, _| H P( k)HP 4y)Urit KUz [ty )

)

—z<0

= —€_ikz<um.—7r| H P<k>’) H P(C]y)
k. a

—n<0

_;k _,,|HPk)HPqV

—n<0

= =" (u, | [] P(k)V(2r5 =b2) T3 V(

ky

—z<0

= —e *(u,, _,| H P(k,)V(2my — b,) TM

k,

= —e™ik: {TM:W—IIMX]WV[ -

qy
0«1

V(273 = by) V(=275 + by) (Tig, e/ Uy |1t )

(s

2”5) - 52)?1171 V(Zﬂ}>e_ikz/zv(_52> UM,('un,—ﬂ)

O<«x

213) [ [ Px = a,)e™*/2V (=b2) Uy |t )
qy

T——7 —n<0

Zﬂy)Hqu HP

—ei [TMZMXW—ﬂ]mn’

—ik3/2 V(_EZ) UMX | un,—zr>

(B56)

where we also apply Egs. (B35) and Eq. (A24) in multiple instances. Then we define simultaneous eigenstates of YV _, and

M, such that

W_,le® A k,) = e A k,)

and '/\_/l)(‘eie’/{)(;kz> = ﬂx|ei6’ﬂx;kz>‘ (B57)

Once again, all operators and eigenvalues here depend on k.. Finally,

021008-28



TOPOLOGICAL INSULATORS FROM GROUP COHOMOLOGY PHYS. REV. X 6, 021008 (2016)

-A_/leM: |ei97 A kz> = _e_ik"TMzMxW—Aeigv Ay kz> = _e_[(k1+9)/1;TMZ |ei9’ A kz> = AxTIl_/I: |ei07 Ay kz>'

In the last equality, we apply A2 = —exp[—i(6 + k,)] from Eq. (14).

c. Effect of space-time inversion symmetry

The first two relations of Eq. (B34) may be carried over from Appendix B 3 a, if we identify 7 ; = T7. What remains is to
show M, T = t(2)T 7 M,:

—n<0

[MXTI]WH‘L = _lk /2 Up, —ﬂ| H P _b2 UM TZ|M —ﬂ>

—z<0

_ e—ik:<um,_”|f*ze—ik:/2 H P(k},)V(—EQ)UMX‘un,—H>
I

y

= e [Tr M- (B58)

Recalling our definitions in Eq. (B57), we now show that |e??, A,; k) and 7 7|e®, 1,; k) belong in opposite mirror branches.
To be precise, since A,(k, + 6) = Liexp|—i(k, + 0)/2] is both momentum and energy dependent, and 7Z maps
0 — -0, k. — k., we would show that two space-time-inverted partners have M, eigenvalues A,(k, + 0) and —4, (k. — 0):

M T1le® A k) = e 25T 7|e?, A k)
= Fie k02T 1|e )i k.). (B59)

d. Wilsonian time-reversal operator

In the remaining discussion, we particularize to two Wilson loops at fixed k| = (z, k.), with k, = 0 or z only. Under time
reversal, (k,,7, l_cz) = (=ky, =7, —I_cz) = (z— ky,zr,l_cz) —I;z —21212, as illustrated in Fig. 3(d). This implies that the
occupied-band projections along these lines are constrained as

V(by +2k.2) ' TP(ky, 2, k) T~V (by + 2k.3) = P(z — ky, 7, k), (B60)

where T = UK is the antiunitary representation of time reversal. This relation allows us to define a unitary sewing matrix
between states at (27,k) and (-7, k)):

[T(2r. k). (~7 ) = (i 2i) |V (=2 = 2K 2) T |1t (). (Bé1)
which particularizes Eq. (A29) with G = —52 — 2k.Z. Henceforth, suppressing the k) labels, we are led to

T2r,~n)W_,T(2r,—z)"' =W, ,,, where
[T<2ﬂ7 _”)]mn = <um,2ﬂ| V(_EZ _Z%ZZ)Tlun,—ﬂ> ’ (B62)

and W, ,, denotes the reverse-oriented Wilson loop with base point 2z, as drawn in Fig. 12(f). Combining this result with
Eq. (B52) and the identity
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n<2r

[Wﬂ<—27z7‘1(2ﬂ’ 77: mn — \Um 7z| H P _b2 ZI_CZZ)T|MI1,—7[>

n<2n
<um _”‘V Zﬂy H P V(_bZ - 2k Z)T|Mn Il>

—n<0

= <um,—7r‘ H P(l@)V(Zﬂ'SI _52 - ZI_CZZ)T|MH.—H>
k,

= [W—ﬂHOT(O’ _”)]mn’ (B63)

we arrive at
TW_, T ' =W_]', with T =W_,_,T(0,-x). (B64)

The Wilson-loop operator is thus W symmetric under 7, which combines time reversal (encoded in T) with parallel
transport over half a reciprocal period (encoded in W_,_ ). While many properties of the ordinary time reversal are well
known (e.g., Kramers degeneracy, the commutivity of time reversal with spatial transformations), it is not a priori obvious
that these properties are applicable to the W symmetry (7°). We find that 7 indeed enforces a Kramers degeneracy in the VW
spectrum, but it only commutes with the W glide (M) modulo a Wilson loop. The Kramers degeneracy follows from (a) 7

relating two eigenstates of VV_, with the same eigenvalue, as follows from Eq. (B64), and (b) 7 2 — _], as we now show:
—z<0 —n<0 B B R
[ mn = U, —71| H P Zﬂy b2 - 2k Z T H P q\ (27[5; _b2 - 2kzz)T|”n,—ﬂ>

dy

—r<0 O«——x

= <um,—7r| H P H P CI} 2”)) b2 - 2k Z) (_2ﬂ§ +52 + 27(12)(T)2|un,—/t>
k,

—7<0 O«——rx
<um,—ﬂ| H P(ky) H P(Qy)|un,—7r> = _[W—neowoe—ﬂ]mn = —Omn; (B65)
ky
where 72 = —I represents a 27 rotation. We further investigate if Kramers partners share identical or opposite eigenvalues

under /\/l We find at k, = 0 that 7: A, - —A,, while at k, =z, 7: A, — 4,, as we now prove.
Proof—Applying [T, Us ] =0,

—n<0 —r<0
M T, = e (1, | H P(k)V(=by)Uy, [] P(a,)V (275 —by = 2k.2)T|u, )
dy
—<0 (e

= _lk /2 Up, 7r| H P(k HP ‘Iy _b2 ik, V(BZ_ZIEZZ)TUMX|un,—n>
—1<0 5 A s —z<0 . ~
= (un | [] P(k)V(275 =y =2k2)TV2ay) ] Play) [T P()e™2V(=b2)Ups, |ty )
qy Iy

= [TW—nMx]mn = [T-/\_/lxw—ﬂ]mn' (B66)

This confirms our previous claim that 7 commutes with M, modulo a Wilson loop, unlike the algebra of ordinary space-
time symmetries. Recalling Eq. (B57),

M T|e?, A k) = TMW_ | A k) = e 02T |, A k) = —e* 2, T e, A k). (B67)

In the last equality, we apply A,(0 + k,)> = —exp[—i(0 + k,)]. m
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An analog of this result occurs for the surface bands,
where the eigenvalues of M, are imaginary (real) at k, = 0
(), and time reversal pairs up complex-conjugate
eigenvalues.

APPENDIX C: CONNECTIVITY OF BULK
HAMILTONIAN BANDS IN SPIN SYSTEMS
WITH GLIDE AND TIME-REVERSAL
SYMMETRIES

In spin systems with minimally time-reversal (T) and
glide-reflection (M,) symmetries, we prove that bulk
Hamiltonian bands divide into quadruplet sets of hour-
glasses, along the momentum circle parametrized by
(0,0, k). Each quadruplet is connected, in the sense that
there are enough contact points to continuously travel
through all four branches. With the addition of other spatial
symmetries in our space group, we further describe how
degeneracies within each hourglass may be further
enhanced. Our proof of connectivity generalizes a previous
proof [62] for integer-spin representations of nonsymmor-
phic space groups.

The outline of our proof is as follows. We first consider a
spin system with vanishing spin-orbit coupling, such that it
has a spin SU(2) symmetry. In this limit, we prove that
bands divide into doubly degenerate quadruplets with a
fourfold intersection at (0, 0, z), as illustrated in Fig. 14(a).
Then, by introducing spin-orbit coupling and assuming no

+i exp(-ik,/2) +exp(-ik,/2)
-i exp(-ik,/2) -exp(-ik,/2)

FIG. 14. Bulk band structures with glide and time-reversal
symmetries, for systems with spin (a),(b) and without (c).
'=(0,0,k, =0) and Z=(0,0,k, =) are high-symmetry
points that are selected because the fractional translation (in the
glide) is parallel to Z. Panel (a) either has no spin-orbit coupling or
has spin-orbit coupling with an additional spatial-inversion sym-
metry. Panel (b) has spin-orbit coupling but breaks spatial-
inversion symmetry. The crossings between orthogonal mirror
branches (indicated by arrows) are movable along I'Z but
unremovable so long as glide and time-reversal symmetries are
preserved. The glide eigenvalues are indicated atI" and Z for one of
the two hourglasses. Panel (c) could apply to an intrinsically
spinless system (e.g., bosonic cold atoms and photonic crystals),
and also to an effectively spinless system (e.g., a single-spin
species in an electronic system without spin-orbit coupling).

other spatial symmetries, we show that each quadruplet
splits into a connected hourglass [Fig. 14(b)].

With vanishing spin-orbit coupling, the system is addi-
tionally symmetric under the spin flip (F,) that rotates spin
by z about x. The double group (G) relations include

T?P—F2—E = Ei(c),

[Tv Fx] - [Tv Mx] - [Fx’Mx] =0, (Cl)

with E a 27 rotation and ¢ a lattice translation. It follows

from this relations that we can define two operators that act

like time reversal and glide reflection in a spinless system:
mx = MXFX7

T2 =1,

T,=TF,,
0

[T,,m,] =0, m? = t(cz). (C2)

These operations preserve the spin component in Z—the
group (G) of a single spin species (aligned in +7) is
generated by T',, i, and the lattice translations. It is known
from Ref. [62] that the elementary band representation [57]
of G is two dimensional; i.e., single-spin bands divide into
sets of two that cannot be decomposed as direct sums, and
in each set there are enough contact points (to be found
anywhere in the Brillouin zone) to continuously travel
through both branches. This latter property they call
“connectivity.” We reproduce here their proof of connec-
tivity by monodromy:

Let us consider the single-spin Bloch representation
(D) of G along the circle (0,0,%,); k. € [0,27). For
k, # =, there are two irreducible representations (labeled by
p) that are each one dimensional:

kz?é”, pe{o’l}a
as follows from Eq. (C2). Making one full turn in this
momentum circle (k, — k, + 2rx) effectively permutes the
representations as p — p + 1. This implies that if we follow
continuously an energy function of one of the two
branches, we would evolve to the next branch after making
one circle, and finally return to the starting point after
making two circles—both branches form a connected
graph. The contact point between the two branches is
determined by the time-reversal symmetry (7',), which
pinches together complex-conjugate representations of 7,
at k, = ; on the other hand, real representations at k, = 0
are not degenerate, as illustrated in Fig. 14(c). We apply
here that [T,,m,] =0, and the eigenvalues of m, are
imaginary (real) at k, = 7 (0). m

Because of the spin SU(2) symmetry, we double all
irreducible representations of G to obtain representations of
G; i.e., in the absence of spin-orbit coupling but accounting
for both spin species, bands are everywhere spin
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degenerate, and especially fourfold degenerate at k, = x.
For illustration, Fig. 14(a) may be interpreted as a spin-
doubled copy of Fig. 14(c). Recall that the eigenvalues of
M, fall into two branches labeled by 7= =+1 in
A(k.) = niexp(—ik_/2). For each spin-degenerate dou-
blet, the two spin species fall into opposite branches of M,
as distinguished by solid and dashed curves in Fig. 14(a).
This result follows from continuity to k, =0, where
Kramers partners have opposite, imaginary eigenvalues
under M.

Without additional spatial symmetries, the effect of spin-
orbit coupling is to split the spin degeneracy for generic &,
while preserving the Kramers degeneracy at k, = 0 and
n—the final result is the hourglass illustrated in Fig. 14(b).
To demonstrate this, we note at k, = x that each four-
dimensional subspace (without the coupling) splits into two
Kramers subspaces, where Kramers partners have identical,
real eigenvalues under Mx; pictorially, two solid curves
emerge from one of the two Kramers subspaces, and for
the other subspace both curves are dashed, as shown in
Fig. 14(b). Furthermore, we know from the previous
paragraph that each Kramers pair at k, = 0 combines a
solid and dashed curve. These constraints may be inter-
preted as curve boundary conditions at 0 and z, which
impose a solid-dashed crossing between the boundaries, as
indicated by arrows in Fig. 14(b). There is then an
“unavoidable degeneracy” [57] that can move along the
half-circle, but cannot be removed. This contact point, in
addition to the unmovable Kramers degeneracies at 0 and 7,
guarantees that each quadruplet is connected.

Let us consider how other spatial symmetries (beyond
M,) may enhance degeneracies within each hourglass. For
illustration, we consider the spatial inversion (Z) symmetry,
which applies to the space group of KHgX. Since 77
belongs in the group of every bulk wave vector, the spin
degeneracy along (0,0, k,) does not split, and k, =7
remains a point of fourfold degeneracy, as illustrated in
Fig. 14(a).

One final remark is that the notion of “connectivity” over
the entire Brillouin zone, as originally formulated in
Ref. [62], can fruitfully be particularized to “‘connectivity
of a submanifold,” which we introduced in our companion
work [21] as a criterion for topological surface bands; our
notion differs from the original formulation in that contact
points must be found only within the submanifold in
question, rather than the entire Brillouin zone.

APPENDIX D: PROJECTIVE
REPRESENTATIONS, GROUP EXTENSIONS,
AND GROUP COHOMOLOGY

Wilsonian symmetries describe the extension of a point
group by quasimomentum translations; such extensions
are also called projective representations. In this appendix,
we elaborate on the connection between projective

representations and group extensions in Appendix D1,
then proceed in Appendix D2 to describe projective
representations from the more abstract perspective of
cochains, which emphasizes the connection with group
cohomology. Finally, in Appendix D 3, we exemplify a
simple calculation of the second group cohomology.

1. Connection between projective representations
and group extensions

In Sec. VI, we introduce three groups.

(i) As defined in Eq. (29), G, = Z, x Z, is a symmor-
phic, spinless group generated by time reversal (7'
and a glideless reflection (M), with an algebra
summarized in Eq. (30).

(ii) The group (Gy) of the Wilson loop is generated by
27 rotation (E), a lattice translation [#(cZ)], the
Wilson loop (W), and analogs of time reversal
(7)) and glide reflection (/\_/lx) additionally encode
parallel transport. With regard to our KHgX material
class, this appendix does not exhaust all elements in
Gy or G,; our treatment here minimally conveys
their group structures. A more complete treatment of
the material class is described in Appendix B 4 for
the different purpose of topological classification.

(iii) As defined in Eq. (31), N = Z? x Z, is an Abelian
group generated by 2z rotations (E), momentum
translations (W), and real-space translations [#(Z)].
G, induces an automorphism on A/, which we
proceed to define. Letting the group element g; €
G, berepresented in G by §;, we say that g; induces
the automorphism a — o;(a), where

oi(Et(Z)PWe) = g E1(2)PWegr!
_ Eat(z)x(fj,‘)b]/\/}’(!?i)c’
y(9:) €{£1}.

with «(g;),
(D1)

7(§;) = +1 if §; preserves the Wilson loop [e.g.,
3, =M, in Eq. (22)], and y(y;) = —1 if § is
orientation reversing [e.g., §; =7 in Eq. (26)].
Similarly, x(g;) = +1 (—1) if §; preserves (inverts)
the spatial translation #(zZ); in our example,
k(M,) = k(T) = +1. Equivalently, we may say
that AV is a normal subgroup of Gj.

To show that G; is an extension of G, by N, it is
sufficient to demonstrate that G, is isomorphic to the factor
group Gy /N [37]. This factor group has as elements the
left cosets g\, with g € Gg; by the normality of N,
gN = Ng. This isomorphism respectively maps the ele-
ments N, TN, M,N (in Gg/N) to identity (), T, M, (in
G,); this is a group isomorphism in the sense that their
multiplication rules are identical. For example, M2 = [ is
isomorphic to
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(MN)? = M (NM N = MIN?

= El(cHW W = N, (D2)
where we apply that V" is a normal subgroup of G, and the
third equality relies on Eq. (23). Two extensions are
equivalent if there exists a group isomorphism between
them; the second group cohomology [H?*(G,,N), as
further elaborated in Appendix D 2] classifies the isomor-
phism classes of all extensions of G, by N, of which Gy is
one example. We also describe an inequivalent extension
(Gy) toward the end of Sec. VI, which is nontrivially
extended in #(Z) (i.e., we are dealing with a glide instead of
a glideless reflection symmetry) and also in E (i.e., this is a
half-integer-spin representation), but not in V. More
generally, we could have either an integer-spin or a half-
integer-spin representation, with either a glide or glideless
reflection symmetry, and we could be describing a reflec-
tion plane (glide or glideless) in which the reflection either
preserves every wave vector or translates each wave vector
by half a reciprocal period.

2. Connection between projective representations
and the second cohomology group

For a group G., we define a G, module (denoted \) as
an Abelian group on which G, acts compatibly with the
multiplication operation in A [64]. In our application, G,
of Eq. (29) is the point group of a spinless particle, and N
of Eq. (31) is the group generated by real- and quasimo-
mentum-space translations, as well as 27 rotations. Let the
ith element (g;) of G, act on a € N by the automorphism:
a — o;(a) € N; we say this action is compatible if

c;(ab) = o;(a)o;(b) for every a,b € N. (D3)
We show in Eq. (D1) that g; acts on a by conjugation, i.e.,
oi(a) = g;ag;!, which guarantees that the action is
compatible.
|

To every factor (C; ; € N) of a projective representation,
defined again by
@if]j = Ci,j.@ij’ (D4)
where g;; = g;g; and §; is the representation of g;, there
corresponds a 2-cochain (1,):
Cij=u(l.91.9;) € N, (Ds)
with the first argument in v, set as the identity element in
G,. v, more generally is a map: G> — N —besides
informing of the factor system through Eq. (D5), it also
encodes how each factor transforms under G., through

o

v2(9:90- 9:91- 9:92) = Jiv2(90- 91+ gz)gi

=0i(2(9.91.92)) €N.  (D6)
Presently, we review group cohomology from the perspec-
tive of cochains before establishing its connection with
projective representations. Our review closely follows that
of Ref. [60], which described only U(1) modules; our
review demonstrates that the structure of cochains exists for
more general modules (e.g., N'). Moreover, we are moti-
vated by possible generalizations of our ideas to higher-
than-two cohomology groups, though presently we do not
know if such exist. We adopt the convention of Ref. [60] in
defining cochains and the coboundary operator, which they
have shown to be equivalent to standard [64] definitions;
the advantage gained is a more compact definition of the
coboundary operator. Generalizing Eq. (D6), an n-cochain
is a map v,: G"*! - N satisfying
Vn(9:90-9i91 -+ 9i9n) = 6i(Vn(90: 915 -+ 9n)) EN. (D7)
Given any v,_;, we can construct a special type of n-
cochain, which we call an n-coboundary, by applying the
coboundary operator d,_;, defined as

n
[dn—ll/n—l](gm g1 .-+ Qn) = H Up— (90, 915 - Gj—1:Gj415 -+ > Qn)(_w’

Jj=0

e.g..[dv1](90-91.92) = v1(91. 92)v1 (90’92)_11/1(90791)'

(D8)

Formally, let C"(N') = {v,} be the space of all n-cochains, and the space of all n-coboundaries is an Abelian subgroup of

C" defined by

B" = {yn|yn = dnflynfl”/nfl € Cnil}' (Dg)
Applying d, to an n-coboundary always gives the identity element in A/
n+1 )
[dndy1Vn1](90s G1s s 1) = H[dn—lyn—l](go’ s Gi-15 941 s Gur) TV =1 (D10)
j=0
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Succinctly, a coboundary has no coboundary. Though this conclusion is well known, it might interest the reader how this
result is derived with our nonstandard definition of d,. First, express Eq. (D10) as a product of 2:£!; by inserting Eq. (D8),

e.g.,

[drdi1/1](90. 91 922 93) = {v1(92. 93)1(91.93) "'vi (g1 92) Hei (92. 93)v1 (90 93) ' w1 (90- 92) }
x{v1(g1.93)v1(90- 93) " w1 (905 91) Her (91, 92)v1 (90- 92) " 'wi (90. 91)} ' = 1. (D11)

Each of z/n{ll has n distinct arguments drawn from the set {gy, g1, --., g1} of n + 2 elements. Equivalently, we may label
vl by the two elements (g; and g i3 0,j €{0,1,...,n+ 1}; i < j) which have been deleted from this cardinality-(n + 2)
set; there are always two such vﬁl arising from two different ways to delete {g;, g, }: either (a) g; was deleted by d,, and g;

by d,_; or (b) vice versa. For example, {g, g, } corresponds to

[drd v1](90. 915 92- 93) {Vl(gz’93)---}{1/1(92,93)---}_1{' H ~}_1, (D12)

where (a) v, (g5, g3) originates from d, deleting g, and d; deleting g,, while (b) v,(g,, g3)~" arises from d, deleting g; and
d, deleting g,. These two factors, from (a) and (b), multiply to identity, as is more generally true for any {g;, g;} (recall
i<j)and d,d,_v,_,, since

[dndnflynfl](go’ LEES) gnJrl)
& Uy (-5 Gimts Gt s 9ji-1-Gj+1s ---)(7]>1(7])Flyn—1(-'-,9[—179i+1, i1 95415 --')(71)1(7])‘ =1, (DI13)

where y,(;ll)j(*ly originates from d, deleting g;, and yf:l)i(*l)jil from d, deleting g;. We have thus shown

that dndnflynfl =1.
An n-coboundary is an example of an n-cocycle, which is more generally defined as any n-cochain with a trivial
coboundary. The space of all n-cocycles is an Abelian subgroup of C" defined as

z" ={v,|dw, =ILv, €C'}. (D14)
The nth cohomology group is defined by the quotient group

H"(G,,N) :m; (D15)

its elements are equivalence classes of n-cocycles, in which we identify any two n-cocycles that differ by an n-coboundary.
The rest of this section establishes how H?(G,, N') classifies the different projective representations of G., as extended by
N . Indeed, we have already identified the factor system of a projective representation with a 2-cochain through Eq. (D5),
and the associativity condition on the factor system will shortly be derived as

o

ikCijoi(Ci)Cip =1, (D16)

which translates to a constraint that the 2-cochain is a 2-cocycle. Indeed, from inserting Eqgs. (D4)—(D6) into
91(9293) = (9192)3, we find that

01(C23)C1239123 = C123C120123
= 1 =01(Cy3)C133C15C1h
= 1 =591, 912, 9123)2 (1. 912, 9123) ™' 12 (1. g1 9132 (1, 91 912) ™"
= 1= 3013," = Gov2(91 912, 912302 (1, 912: 9123) "' 12 (L, 91, 9123)v2 (1, 91, 912) ™' Gy
= 1 = 15(go1> Go12- 90123)2 (90> Go12> Go123) ' v2(Go- Go1» Jo123)v2 (o Got Jor2) ™
= 1= 1591, 92, 93)v2(90. 92, 93) ' v2(9o. 91, 93)v2(90. 91, 92) " = [dava] (0. 91. 9. 93).  (D17)

1
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where in the last = we relabel gq; ; — g and gy — go. Furthermore, we recall from Eq. (35) that two projective
representations are equivalent if they are related by the gauge transformation §; — ¢,/ = D;{;, with D; € N. This may be

reexpressed as

09— 0/ =vil.g) i

(D18)

by relabeling D; = v,(I, g;)~' € N. The motivation for calling §; and §;’ gauge equivalent is that both representations
induce the same automorphism on the Abelian group N i.e.,

giag;7" = 0;(a)

for any a € N = g/ad/~! = 0;(a).

(D19)

Let us demonstrate that this gauge-equivalence condition may be expressed as an equivalence of 2-cochains modulo 1-
coboundaries. By inserting Eqs. (D18) and (D19) into Eq. (D4), with i = 1 and j = 2,

919> = C2012 = (111, 91)7)) (i1 (1, 2)35) = Crovi (1, 912) 1, = va (L 915 912)vi (1 912) 91,

= U (17 91)01 (Ul (1’ 92))@’1@/2 = 1/2(1’ 91,912)7/1 (1’ 912)9/12
= 010, = v, g1-912)vi(L g1) " i (1, i)y (91,912)4@’12 =uv5(1,91.912) 915

(D20)

To reiterate, the 14, and v, are two gauge-equivalent 2-cochains differing only by multiplication with a 1-coboundary:

(1, g1.912) = va(1, g1, 912) vi(L g))vi (L g12) "1 (1. 912)
= @01/2(1’91,912@61 = 1290 901~ Jo12) = ¥2(o- o1 Y012)'1 (9o- 9o1)¥1 (90- Yo12) w1 (901 Gor2)

= U2(90791792) = ’/2(90791792)'1/1 (91,92)1/1(90’92)_1”1 (90,91) = Vz(go,91,92)/[d11/1](90’91,92)7

where in the last = we relabel go; ; — gx and gy — ¢o-
We thus demonstrate that different equivalence classes of
projective representations correspond to equivalence
classes of 2-cocycles, where equivalence is defined modulo
1-coboundaries; i.e., different projective representations are
elements of the second cohomology group [recall
H?*(G,,N) from Eq. (D15)].

3. Simple example

For a simple example of H?, consider a reduced problem
where we extend G, = Z, X Z, (as generated by M, and T)
by the group of Wilson loops,

N={W'nez}=27, (D22)

which differs from N in lacking the generators #(Z) and E;

nontrivial extensions by #(z) and E, respectively, describe

nonsymmorphic and half-integer-spin representations, and

are already well known [11]. Here, we focus on extensions
purely by momentum translations. G, acts on N as

TWT' =W and MWM;'=W. (D23)

Let us follow the procedure outlined in Ref. [65] to

determine the possible extensions of G,. First, we collect
all nonequivalent products of generators that multiply to

(D21)

I
identity according to the multiplication rules of G,: from
Eq. (30), these are

T°=1 and M, TM;'T'=1. (D24)
A projective representation is obtained by replacing / on
the right-hand side with an element in the G, module N:

M2 =We, T2 =W’ and M, TM;'T~' =W-.

That a, b, ¢ are integers does not imply Z> inequivalent
extensions; rather, we will see that not all three integers are
independent, some integers are only gauge-invariant mod-
ulo two, and moreover one of them vanishes so that the

representation is associative. Indeed, from the associativity
of T3,

W' =T(TT) = (TT)T = W’'T =TW=>

= W =1 (D25)
Lacking spatial-inversion symmetry, the eigenvalues of W
are generically not quantized to any special value, and the
only integral solution to W?» = [ is b = 0; we comment on
the effect of spatial-inversion symmetry at the end of this
example. Similarly, a = ¢ follows from
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WAT = M3T = W*TM? = W2 TW* = W4T,

Moreover, we clarify that only the parity of a labels the
inequivalent classes. This follows from M, and M =
WM, (n, € Z) inducing the same automorphism on N:

MWM:' =W & M/WM,/"' =W. (D26)
We say that M, and M,’ are gauge-equivalent representa-
tions; consequently, only the parity of the exponent (a) of
W in M2 = W is gauge invariant, as we see from

M2 =W = (WM, = W

= M2 =W =Wd . (D27)
One may verify that the relation @ = ¢ is gauge invariant,
since if a » a' = a 4+ 2n, (as we have just shown), like-
wise ¢ = ¢’ = ¢ + 2n, (as we now show). To determine
the gauge-transformed ¢’, we consider two gauge-
equivalent representations of time reversal related by
T' =W T, with ny € Z. By application of Eq. (D23),
we derive

W =M, TM;'T™!
= VMOV T ) (M~ W) (T W),
= W_n~‘_nT_n"+nTM;T/M;_1T/_l = W¢

= M, T'M,7'T'~! = Wet2n = W', (D28)

as desired. We conclude that there are only two elements of
H,(G.,N). (i) The first is gauge equivalent to a = 0,

M? =1, T° =1, [T,M,] =0, (D29)
as expected from the algebra of G., and (ii) the second
element of H,(G,, N) is gauge equivalent to a = —1,
Mz =W T° =1, T™,=W"'MT. (D30)

The first extension is split (i.e., it is isomorphic to a
semidirect product of G, with N), and corresponds to the
identity element of H,(G,, N) = Z,. Multiplication of two
elements corresponds to multiplying the factor systems;
e.g., the two nonsplit elements multiply as

M2 =W, T? =1, ™, =W>2M,T, (D31)
which is gauge equivalent to Eq. (D29) by the trans-
formation of Eq. (D27) with n, = 1.

To realize the nontrivial algebra in Eq. (D30), we need
that M, is a Wilsonian symmetry; i.e., it describes not
purely a spatial reflection, but also induces parallel trans-
port. As elaborated in Sec. VI, this Wilsonian symmetry is
realized in mirror planes where any wave vector is mapped

to itself by a combination of spatial reflection and quasi-
momentum translation across half a reciprocal period. To
clarify a possible confusion, Sec. VI describes a non-
symmorphic, half-integer-spin representation of a space
group where M2 is a product of a spatial translation [#(Z)]
and a 27 rotation (E), as is relevant to the KHgX material
class [21]; this appendix describes a symmorphic, integer-
spin case study where M2 =1I. Indeed, we rederive
Egs. (23) and (27) in Sec. VI, modulo factors of E and
#(z). Despite this difference, all Wilsonian reflections,
whether glide or glideless, have the same physical origin:
some crystal structures host mirror planes (of glide type for
KHgX, but glideless in this appendix) where the group of
any wave vector includes the product of spatial glide or
reflection with a fractional reciprocal translation.

Finally, we address a different example where G,
includes a spatial-inversion (7) symmetry. We have shown
in Ref. [26] that a subset of the V eigenvalues may be
quantized to =1 depending on the Z eigenvalues of the
occupied bands. Indeed, if we focus only on this quantized
eigenvalue subset, we might conclude that WW?» = I [whose
derivation in Eq. (D25) carries through in the presence of Z
symmetry] could be solved for any b € Z. However, our
perspective is that Wilson-loop extensions classify different
momentum submanifolds in the Brillouin zone; this clas-
sification should therefore be independent of specific 7
representations of the occupied bands. Thus, assuming that
a finite subset of WV eigenvalues are generically not
quantized, we conclude that b = 0 even with Z symmetry.
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