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A muon collider requires a reduction of the six-dimensional emittance of the captured muon beam by
several orders of magnitude. In this study, we describe a novel rectilinear cooling scheme that should meet
this requirement. First, we present the conceptual design of our proposed schemewherein we detail its basic
features. Then, we establish the theoretical framework to predict and evaluate the performance of ionization
cooling channels and discuss its application to our specific case. Finally, we present the first end-to-end
simulation of 6D cooling for a muon collider and show a notable reduction of the 6D emittance by 5 orders
of magnitude. We find good agreement between simulation and theory.
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I. INTRODUCTION

Lepton (eþe−) colliders have the valuable property of
producing simple, single-particle interactions with little
background, and this property is essential in the exploration
of new particle states. However, extension of (eþe−)
colliders to multi-TeV energies is performance constrained
by radiative effects and cost constrained because two full
energy linacs are required [1]. Since radiative energy losses
for a lepton of mass m are inversely proportional to m4 [2],
radiation difficulties may be circumvented by use of a
heavier probe. For this reason, it seems prudent to more
concretely investigate muon beams as primary probes in
high-energy collisions, since they combine an electronlike
nature with a large mass which is sufficiently immune to
radiation [3–5].
The initial muon beam occupies a relatively large phase-

space volume which must be compressed by several orders
of magnitude to obtain high-luminosity collisions [6].
Furthermore, this phase-space reduction must be done
within a time that is not long compared to the muon
lifetime (2 μs in rest frame). Ionization cooling is currently
the only feasible option for cooling a muon beam [7,8].
This technique is not very practical for protons, which
would have frequent nuclear interactions, or electrons,
which would have bremsstrahlung, but is practical for
muons, and cooling rates compatible with muon lifetimes
are possible.
Ionization cooling is achieved by reducing the beam

momentum through ionization energy loss in absorbers
and replenishing the momentum loss only in the longi-
tudinal direction through rf cavities. This mechanism can

effectively reduce the transverse phase space of a beam in
the same way as radiation damping does to an electron
beam. However it does not effectively cool the longitudinal
momentum spread because the energy-loss rate is not
sensitive to beam momentum except for very low-energy
muons. In order to reduce the longitudinal emittance, the
so-called “emittance exchange” [9] technique is commonly
used, where a dispersive beam is passed through a discrete
[10,11] or continuous absorber [12] in such a way that
the high-energy particles traverse more material than the
low-energy particles. The net result is a reduction of the
longitudinal emittance at the cost of simultaneously
increasing the transverse emittance. By controlling the
amount of emittance exchange the six-dimensional emit-
tance can be reduced.
Ionization cooling of muons seems relatively straightfor-

ward in theory, but will require extensive simulation and
feasibility studies for its optimization. The main goal of this
paper is to develop a potential baseline cooling lattice for a
muon collider and evaluate its performance. In order to
accomplish this, we follow a sequence of steps. First, we
present a novel rectilinear lattice design that in view of its
simple geometry may offer several technological advan-
tages for muon cooling over previously considered schemes
[13,14]. Second, we review the theoretical framework to
evaluate the efficiency of ionization cooling channels and
discuss its application to our present rectilinear scheme. We
use the basic theory to predict the cooling rate and identify
the most promising lattice properties such as the absorber
length, rf frequency and focusing arrangement that is within
the practical limits on magnetic field strengths. Finally, we
numerically examine the performance of the channel with
ICOOL [15], a standard code that fully incorporates all
basic physical processes such as energy loss, scattering,
straggling and muon decay. We initiate our simulation at
the front end of a proposed Neutrino factory [16] and
present for the first time a detailed end-to-end simulation.
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Key parameters, such as the transverse and longitudinal
cooling emittances, are compared against findings from
theoretical calculations. We find good agreement between
simulation and theory and show that with a rectilinear
channel a notable 6D emittance decrease by more than 5
orders of magnitude can be achieved.
The outline of this paper is as follows: In Sec. II, we give

a brief overview of some previously considered ionization
cooling schemes. In Sec. III, we provide details of the
design parameters for the proposed rectilinear channel.
Next, in Sec. IV we review the fundamental ionization
cooling theory. In Sec. V we report the results from our
simulations modeling the aforementioned channel and
compare them with the theoretical values. Finally, we
present our conclusions in Sec. VI. We note that the
subject of this study will be lattices with discrete absorbers,
only.

II. SOME ALTERNATIVE 6D COOLING SCHEMES

Three different geometries for ionization cooling
towards micron-scale emittances as required for a muon
collider have been previously considered. The common

feature for all cases was that the solenoids were slightly
tilted to generate upward dipole fields. In the first, shown in
Fig. 1(a), the lattice is bent into a circle, with the curvature
corresponding to that generated by the dipole components
[17,18]. The ring consists of a series of identical cells with
two or four solenoids in each cell with opposite polarity to
provide transverse focusing. The coils (yellow) are not
evenly spaced; those on either side of the wedge absorber
(magenta) are closer together in order to increase the
focusing at the absorber and thus minimizing the beta
function at that location. The relative amount of cooling can
be adjusted by changing the opening angle and transverse
location of the wedge. A series of rf cavities (dark red) are
used to restore the momentum along the longitudinal axis.
The dispersion necessary for emittance exchange is pro-
vided from the bend field generated by tilting the axes of
the solenoids above and below the orbital midplane.
Simulations have shown that a suitable sequence of such
rings, with multiple stages using different cell lengths,
focusing fields, and rf frequencies, can provide 2 orders of
magnitude reduction of the normalized phase-space volume
with a transmission above 50%. However, injection into or
extraction from such rings would be very challenging.
In the second case, represented in Fig. 1(b), the cooling

cells are set on a gently upward or downward helix (as in
the New York Guggenheim Museum and commonly
referred to by that name). Simulations [19] have shown
that their performance is almost the same as that of rings of
the same approximate bending radii. This case would
appear to be practical for the early stages of 6D cooling,
but would be increasingly difficult as the radii get smaller in
the later stages. An added complication is that stray fields
from one pitch can influence those before and after, causing
the beam to be heavily distorted.
In the third case, essentially the same cells from a ring or

a Guggenheim, including their coil tilts and resulting
upward dipole fields, are laid out in straight (rectilinear)
geometry. The solenoid focusing is so strong, compared
with the dipole deflections, that the closed orbits are merely
displaced laterally, but continue down the now straight
lattice. This rectilinear scheme was proposed for the first
time by Balbekov [20] and is represented in Fig. 2. Despite
its much simpler geometry, it was found [21] that its
cooling performance was essentially the same as with rings

FIG. 1. Some previously considered 6D ionization cooling
lattices: (a) Schematic layout of a ring cooler; (b) 5 turn slice of a
Guggenheim helix. The large yellow cylinders are solenoids, the
small red cylinders are the active volume of the rf cavities, and the
magenta wedges are hydrogen absorbers.

FIG. 2. Conceptual design of a rectilinear channel: (a) top view; (b) side view.
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or a helix. As a result, the rectilinear scheme will be
considered our new baseline cooling lattice and will be
analyzed in more detail in the next section.

III. RECTILINEAR CHANNEL: LATTICE DESIGN

A complete scheme for cooling a muon beam sufficiently
for use in a muon collider has been previously described
[6]. The proposed scheme consists of a sequence of steps.
The first step, referred to as phase rotation [16] converts the
initial single muon bunch with very large energy spread
into a train of bunches with much reduced spread of which
we use only 21. The next step uses an ionization cooling
channel to reduce the 6D emittance of the bunch train until
it can be injected into a bunch-merging system. The single
muon bunches, one of each sign, are then sent through a
second 6D cooling channel where the transverse emittance
is reduced as much as possible and the longitudinal
emittance is cooled to a value below that needed for the
collider. If necessary, the beam can be sent through a final
4D cooling channel using high-field solenoids that further
cools the transverse emittance while allowing the longi-
tudinal emittance to grow. While well-defined concepts on
the phase-rotation [16], charge separation [22,23] and
bunch merger [24–26] subsystems have been previously
reported, the conceptual design and simulation of a 6D
cooling channel suitable for a muon collider is far from
complete. Therefore, the focus of this paper will be the 6D
system, before and after the bunch recombination. Unlike
most previous studies where a priori assumption of the
initial beam distribution was made [27] and/or a modest
cooling was achieved [14,28], in this study we present
a detailed end-to-end simulation by using the actual

post-phase-rotation beam and show that our channel has
the potential to cool towards the baseline emittance require-
ment for a muon collider.

A. Cooling before bunch recombination

The scheme starts with the post-phase-rotation beam that
yields bunch trains of muons and is illustrated in Fig. 3.
Recent studies [29] showed that good cooling efficiency
requires the channel to be tapered. As a result, parameters
such as the cell length, focusing strength and rf frequency
change from stage to stage based on the emittance
reduction rate and transmission with the purpose to main-
tain a beam emittance that is always larger from the
equilibrium emittance.
We consider a four-stage (A1–A4) tapered channel,

where each stage consists of a sequence of identical cells
and some of the main lattice parameters are summarized in
Table I. At the first stage of the channel, the focusing will
be relatively weak to avoid excessive angular divergence
that can arise from the large transverse emittance of the
initial beam. This stage is then terminated and we couple
into the next stage that has a lower beta. This is achieved by
simultaneously scaling down the cell dimensions and
raising the strength of the on-axis solenoidal field. A
common feature of all stages is that they consist of equally
spaced alternating solenoids (commonly known as FOFO
lattices) so that they can operate above the π resonance and
thus have the highest possible momentum acceptance.
Figure 4(a) shows the side view of one cell of the first

stage of the channel (stage A1). This stage consists of a
sequence of 66 identical 200 cm cells, each containing six
25.5 cm-long 325 MHz pillbox cavities, and two wedge-
shaped liquid hydrogen (LH) absorbers, with 12.2 cm
central thickness and 39 degree opening angle. Moreover,
each cell contains two solenoid coils of opposite polarity,
yielding an approximate sinusoidal variation of the mag-
netic field in the channel with a peak on-axis value of 2.4 T.
The minimum value of the transverse beta function βT , is
72.7 cm (at 200 MeV=c) and occurs at the absorber center.
The solenoids are tilted in opposite directions by
3.1 degrees providing a 10.7 cm dispersion at the absorber
center which is mainly along the x axis. The peak
accelerating gradient of the rf cavities is 22 MV=m, while
each operates at a synchronous phase 14 degrees off the
0-crossing point.
Figure 4(b) shows the last cooling stage (stage A4) that is

designed for late stage cooling towards the bunch-merging
system [24–26] which requires a normalized transverse rms
emittance ≤1.5 mm and a normalized longitudinal rms
emittance ≤2.5 mm. In order to reach this goal, the trans-
verse beta function at the absorbers has to be reduced from
∼72 to ∼27 cm. This reduction, without changing the
essential dynamics, is achieved by scaling down the cell
length (from 200 to 80 cm) and proportionally raising the
peak axial field (from 2.4 to 6.0 T). Stage A4 consists of 88
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FIG. 3. Longitudinal phase space of a muon beam after phase
rotation and just before entering the cooling channel. The phase
rotation converts the initial single muon bunch with large energy
spread into a train of bunches with much reduced energy spread
of which we use only 21. The muons enclosed within the red box
are also shown in Fig. 8(a).
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cells, each containing four 650 MHz cavities and one LH
wedge absorber to produce the energy loss as before. The
increase in frequency allows a raise in the operating
gradient from 22 to 28 MV=m. This change reduces the

relative fraction of length needed for the rf and gives
more space for solenoidal coils. By carefully examining
Figs. 4(a) and 4(b) and Table I the following points are
noteworthy: First, the dispersion at the cell entrance of

TABLE I. Main parameters of a 12-stage rectilinear 6D cooling lattice before and after recombination. Stages A1–A4 and B1–B4 use
LH absorber while stages B5–B8 use LiH absorber. Dispersion is calculated at the absorber center at the reference momentum of
200 MeV=c.

Stage
Cell

length [m]
Total

length [m]
rf frequency

[MHz]
rf gradient
[MV=m] rf #

rf length
[cm]

Coil tilt
[deg]

Pipe radius
[cm]

Dispersion
[cm]

Wedge angle
[deg]

A1 2.000 132.00 325 22.0 6 25.50 3.1 30.0 10.7 39
A2 1.320 171.60 325 22.0 4 25.00 1.8 25.0 6.8 44
A3 1.000 107.00 650 28.0 5 13.49 1.6 19.0 4.2 100
A4 0.800 70.40 650 28.0 4 13.49 0.7 13.2 1.9 110
B1 2.750 55.00 325 19.0 6 25.00 0.9 28.0 5.2 120
B2 2.000 64.00 325 19.5 5 24.00 1.3 24.0 5.0 117
B3 1.500 81.00 325 21.0 4 24.00 1.1 18.0 4.6 113
B4 1.270 63.50 325 22.5 3 24.00 1.1 14.0 4.0 124
B5 0.806 73.35 650 27.0 4 12.00 0.7 9.0 1.4 61
B6 0.806 62.06 650 28.5 4 12.00 0.7 7.2 1.2 90
B7 0.806 40.30 650 26.0 4 12.00 0.8 4.9 1.1 90
B8 0.806 49.16 650 28.0 4 10.50 0.6 4.5 0.6 120

FIG. 4. Lattice characteristics of the rectilinear 6D cooling channel before bunch recombination: (a) side view of one cell of the first
stage (stage A1); (b) side view of one cell of the last stage (stage A4). The dashed curve shows the beta function versus z in the cell at
200 MeV=c; (c) beta function versus momentum; (d) beta function at the absorber center (dark circles) at 200 MeV=c and peak-on-axis
magnetic field (squares) for all stages. The tilts of solenoids are not shown.
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stage A4 is almost 5 times smaller than in stage A1, which
is a direct consequence of the stronger focusing field. As
we will show in more detail in Sec. V, this value is adequate
enough to provide the required longitudinal cooling.
Second, a common feature for all stages is that the
absorbers are located at beta minima. For stage A4, this
is illustrated by the blue dashed curve in Fig. 4(b) which
shows the dependence of the beta function with position.
Since the lattice equilibrium emittance is proportional to
the beta function [8], placing the absorber on that location
would enhance the cooling rate compared to any other
location in the cell.
Figure 4(c) shows the transverse beta function versus

momentum for all stages. As also noted earlier, all stages
are carefully designed so that they can operate above the π
resonance and thus have the highest possible momentum
acceptance. This is necessary since a glance at Fig. 3
indicates that the post-phase-rotator beam has a wide
momentum spread. Finally, Fig. 4(d) exhibits the transverse

beta function at the absorber center and peak-on-axis
magnetic field for all stages. As desired, the field is
becoming progressively stronger so as to enhance the
cooling rate by reducing the beta function and hence the
equilibrium emittance.

B. Cooling after bunch recombination

Previous studies [24–26] showed that after bunch merg-
ing, both longitudinal and transverse emittances of the now
single muon bunch increase by a factor ∼4 and thus are
comparable to their initial values. It can thus be taken again
through the same cooling system but with one important
difference. While only a modest transverse cooling to
∼1.5 mm was required before the bunch-merging system,
the new single muon bunch needs to be cooled by an
additional order of magnitude before it can be sent to the
accelerator systems. This implies that the beta function at
the late stages needs to be very small (≤5.0 cm). Given the

FIG. 5. Lattice characteristics of the rectilinear 6D cooling channel after bunch recombination: (a) side view of one cell of the first
stage (stage B1); (b) side view of one cell of the last stage (stage B8). The dashed curve shows the beta function versus z in the cell at
200 MeV=c; (c) beta function versus momentum; (d) beta function at the absorber center (at 200 MeV=c) and peak-on-axis magnetic
field for all stages. The triangles depict the maximum field in the coil, while the squares show the maximum allowable field at the used
coil current density, assuming an Nb3Sn conductor. The used current densities are 185 A=mm2 (stage B6), 198 A=mm2 (stage B7) and
220 A=mm2 (stage B8). The tilts of solenoids are not shown.
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practical limits on magnetic field strengths, this makes the
whole scheme quite challenging.
We consider eight tapered stages (B1–B8) to achieve this

goal and the required lattice parameters are summarized in
more detail in Table I. Since good cooling requires that the
absorber length along the beam path be comparable with
the minimum value of the beta function [27], this becomes
impractical with LH and we switched to using lithium
hydride (LiH) as the absorber material for stages B5–B8.
The aperture was gradually decreasing along the channel
(see Table I) in order to accommodate the higher frequency
rf cavities for the later stages. Figure 5(a) shows a cross
section of a cell of the first stage (stage B1). The rf is at
325 MHz operating at 19 MV=m and a phase of approx-
imately 41 degrees. The cell contains two coils of opposite
polarity, yielding an approximate sinusoidal variation of the
magnetic field in the channel with a peak on-axis value
of 2.6 T. The coils are tilted in opposite directions by
0.9 degrees. Figure 5(b) shows a cell of the last cooling
stage (stage B8) that is required to cool the beam trans-
versely to ≤0.3 mm. The cell consists of six solenoids
which surround four 650 MHz cavities in the cell center. As
before, the geometry of the lattice is such that the absorber
is located at beta minima (blue dashed curve).
Figure 5(c) shows the transverse beta function at the

absorber versus momentum for four stages out of the
total eight stages of the channel. Since the average
momentum of the incoming beam is expected to be within
200–210 MeV=c [26], all stages are appropriately designed
so as to provide a central momentum near 200 MeV=c.
Notice that the region over which the momentum is
nonzero becomes progressively smaller implying a reduc-
tion in momentum acceptance as the beam propagates
towards the late stages. For instance, while the momentum
acceptance is above 80 MeV=c at the first stages, it drops
below 60 MeV=c for the last two. From a beam dynamics
point of view this is not a point of concern since each stage
is carefully designed so as to provide a momentum
acceptance that is at least 5 times greater than the sigma
of the longitudinal momentum spread.
In a similar fashion with the channel before recombi-

nation, the transverse beta function becomes progressively
smaller from stage to stage by scaling down the cell
dimensions and raising the on-axis magnetic field
[Fig. 5(d)]. As a result, the minimum beta function drops
from 42.0 to 3.0 cm while the on-axis peak magnetic field
increases from 2.6 to 13.6 T. This implies that there is a
relatively rapid increase of the magnet operating current
with stage number. This can become a challenge since the
operating current in a superconducting magnet must be
smaller than the critical current corresponding to the peak
field in the coil. To highlight this last fact we also plot in
Fig. 5(d) the maximum local fields in the coils for the last
three stages (triangles) and compare them to the published
[31] maximum allowable field (squares) for the used coil

current density, assuming a Nb3Sn conductor. Our findings
indicate that the needed fields are consistent with the
critical limits of existing conductor technology but the last
stages are barely within the limits of Nb3Sn. Most
challenging is stage B8 where the solenoids are expected
to deliver 15 T in a bore of 4.5 cm. A recent magnet
feasibility study [32,33] revealed that for a more stable
operation a 1.9 K operating magnet temperature is preferred
for this stage. This would allow the Nb3Sn inner solenoids
to operate at 85% of the load line at operational current.

IV. RECTILINEAR CHANNEL: BASIC THEORY

In ionization cooling, particles pass through a material
medium and lose energy through ionization interactions,
and this is followed by beam reacceleration in rf cavities.
The losses are parallel to the particle motion, and therefore
include transverse and longitudinal momentum losses; the
reacceleration restores only longitudinal momentum. The
net loss of momentum reduces the transverse beam emit-
tance and thus is cooling the beam. However, the random
process of multiple scattering in the material medium
increases the rms beam divergence, adding a heating term
which must be controlled in a complete cooling system.
The differential equation for rms transverse cooling of

muons is [4,8,9]

dεT
ds

¼ − gT
β2E

dE
ds

εT þ βTE2
s

2β3mμc2LRE
; ð1Þ

where the first term is the energy loss cooling effect and the
second is the multiple scattering heating term. Here εT is
the normalized rms emittance, E is the beam energy, β is the
particle velocity, c is the speed of light, dE=ds is the energy
loss rate, βT is the transverse betatron function, LR is the
material radiation length and ES is characteristic scattering
energy (∼13.6 MeV). The factor gT ¼ 1 −D=w is the
transverse partition number [9,30,34] analogous to the

FIG. 6. edge geometry for emittance exchange. With wedges
and dispersion, the partition numbers gT; gL can be modified but
their sum remains constant [30]. For dispersion D and wedge
absorbers with height w from the beam to the wedge apex, the
transverse partition function becomes gT ¼ 1 −D=w:
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partition numbers in synchrotron radiation dumping, D is
the dispersion at the absorber and, w is the height from the
beam position to the wedge apex (see Fig. 6). Note that in
the case of a disk absorber, there is no dispersion
and gT ¼ 1.
Neuffer [9,30,35] has given the differential equation for

longitudinal cooling in units of energy and phase as
follows:

dεL
ds

¼ − gL
β2E

dE
ds

εL þ βL
2

dhΔE2i
ds

; ð2Þ

in which the second term is due energy straggling and βL is
the longitudinal amplitude function in a dimension of
reciprocal energy and is defined as [35]

βL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2παp
β3γeV 0 sinφsλRFmμc2

s

; ð3Þ

where λRF is the rf wavelength, V 0 is the average accel-
eration gradient, φs is the rf phase, and αp is the momentum
compaction which can be approximated by 1=γ2 where γ is
the Lorentz factor. The energy loss can be estimated by the
Bethe-Bloch equation [36]:

dE
ds

¼ 4πNAr2emec2ρ
Z
A

�

1

β2
lnðKγ2β2Þ − 1 − δ

2β2

�

: ð4Þ

Here re is the classical electron radius, NA is the
Avogadro’s number, ρ is the density, A is the atomic
weight, K ¼ 2mec2=I, and me is the electron mass. The
ionization potential is I ≈ 16Z0.9 eV where Z is the atomic
number, and δ is the density effect factor which is small for
low-energy muons and assumed to be zero in this study.
In the long path length Gaussian-distribution limit, the

second term in Eq. (2) is given approximately by [37]

dhΔE2i
ds

¼ 4πðreγmec2Þ2ne
�

1 − β2

2

�

: ð5Þ

Here ne ¼ ρNAZ=A is the electron density in the material.
This expression increases rapidly with higher energy,
opposing the cooling process.
The longitudinal partition number, gL, consists of two

parts, the first is due to the variation of dE=ds with βγ and
the second term is due to the wedge absorbers [35]:

gL ¼ 2γ2 − 2 ln½Kðγ2 − 1Þ�
γ2 ln½Kðγ2 − 1Þ� − ðγ2 − 1Þ þ

D
w
: ð6Þ

Cooling stops at the equilibrium emittance that we find by
putting dε=ds ¼ 0 in the cooling equations and solving for
the emittance. For the transverse emittance we get

εeqT ¼
�

dE
ds

�−1 βTE2
s

2βgTmμc2LR
: ð7Þ

Similarly, an expression for the longitudinal emittance can
be obtained:

εeqL ¼
�

dE
ds

�−1 β2EβL
2gL

dhΔE2i
ds

: ð8Þ

By averaging the s-dependent quantities in Eqs. (1) and (2),
we turn them into first-order differential equations
with constant coefficients that we can solve in closed
form for both transverse and longitudinal emittances with
the appropriate expressions for initial and equilibrium
emittances, i.e.,

εcalcðsÞ ¼ εeq þ ðε0 − εeqÞ exp
�

− s
scalc

�

: ð9Þ

Here ε0 is the initial normalized emittance (transverse or
longitudinal) at s ¼ 0 and ε → εeq for s → ∞ as expected.
The quantities scalcT and scalcL are the transverse and
longitudinal cooling lengths given by the expressions

scalcT ¼ β2E
gT

�

dE
ds

�−1
; ð10Þ

scalcL ¼ β2E
gL

�

dE
ds

�−1
; ð11Þ

where the energy loss is averaged over the full transport
length. That means dE=ds should be multiplied by the
filling factor, i.e., the fraction of the total absorber length
over the cooling channel length. Hence, it is enclosed in
angular brackets in Eqs. (10) and (11).

V. RECTILINEAR CHANNEL:
NUMERICAL STUDY

The performance of the cooling channel was simulated
using the ICOOL code [15]. The code includes all relevant
physical processes (e.g., energy loss, straggling, multiple
scattering) and muon decay. For each stage we generated
3D cylindrical field maps by superimposing the fields from
all solenoids in the cell and its neighbor cells. The rf
cavities were modeled using cylindrical pillboxes running
in the TM010 mode and a reference particle was used to
determine each cavity’s relative phase. The absorber
material was either LH or LiH. The LH absorber was
enclosed within 100 μm-thick aluminum safety windows.
For simplicity, we assumed that the windows are planar and
located axially on both sides of the wedge. Furthermore,
their diameter was equal to the pipe aperture.
Figure 7 shows the overall cooling performance as

simulated by ICOOL. As noted earlier the new born muon
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beam is first bunched and phase rotated (step #1) so that the
initial single bunch with very large energy spread is
converted into a train of bunches with much reduced
energy spread of which we use 21. Here it is worth
mentioning that the muon beam is the result of the impact
of 106, 8 GeV protons on a liquid mercury target [16]. The
post-phase-rotation beam (Fig. 3) contains 272,000 muons
and 65% are within the 21 bunches [Figs. 8(a) and 9(a)].
The beam has a normalized transverse emittance of
17.0 mm and a normalized longitudinal emittance of
46.0 mm. The emittances have been obtained using
ECALC9 [38], an emittance calculation program custom-
arily employed by the muon accelerator program.
After phase rotation, the beam enters a multistage

cooling channel (step #2). We found that the four-stage
rectilinear channel described in Sec. III A reduces the
transverse emittance by a factor of ∼11.5 and the longi-
tudinal emittance by a factor ∼19.5. The transmission is
52% including muon decays. More details on the simulated
emittance evolution can be found in Table II. Note that at
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FIG. 7. End-to-end simulation plot of 6D cooling for a muon
collider showing the evolution of the longitudinal emittance
versus transverse emittance from the capture target to the end of
6D cooling.

FIG. 8. Snapshots of a sample of the longitudinal phase space at various positions along our proposed 6D rectilinear cooling channel:
(a) at the entrance of the cooling channel before recombination; (b) at the entrance of the bunch merger; (c) at the exit of the bunch
merger [26]; (d) at the end of the 6D cooling channel.
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the end of the premerge channel the transverse emittance is
1.48 mm while the longitudinal emittance is 2.35 mm,
which are within the desired values of the bunch merging
system [26]. The corresponding longitudinal and transverse
phase spaces at that location are shown in Figs. 8(b)
and 9(b), respectively. Note from Table II that the average
momentum does not remain constant along the channel,
but drops progressively from 255 to 215 MeV=c. This
will reduce the transverse beta function and thus enhance
the cooling performance without the need for excessive
focusing.
After the bunch merging (step #3), 15% of the beam is

lost while the longitudinal and transverse emittance was
found to increase to 10.0 and 5.1 mm, respectively [26].
The now single bunch [Figs. 8(c) and 9(c)] is sent into
another multistage channel for further cooling (step #4). We
found that the eight-stage rectilinear channel described in
Sec. III B reduced the transverse emittance to 0.28 mm and
the longitudinal emittance to 1.57 mm [Figs. 8(d) and 9(d)].
At the end of the channel, the transmission was 40%
including decays and the average momentum has dropped
to 200 MeV=c. Here, it important to recall findings from
earlier simulations [39] which revealed severe particle loss

and emittance growth due to space charge if the longi-
tudinal emittance drops below 1.50 mm. Thus, to assure
satisfactory cooling with minimum losses we choose to
cool longitudinally above that limit.
Based on our simulations, 12 cooling stages are suffi-

cient to reduce the transverse and longitudinal emittances
by a factor of ≈102 and factor of ≈10, respectively. As a
result the 6D emittance has fallen by a factor of 105 with a
net transmission of ∼20.8% while the overall distance
needed to achieve this was ∼0.96 km. Here, it is worth
emphasizing the following important points: First, a nor-
malized transverse emittance ≤0.30 mm is the baseline
requirement [40] for a muon collider after the final 6D
cooling sequence. The results in Fig. 7 suggest that our
rectilinear channel has the potential to achieve this goal.
Moreover, based on the published parameters of Ref. [41],
a muon collider with a luminosity of 1 × 1034 cm−2 s−1 at
1.5 TeV will require bunches with 2 × 1012 muons on the
collider or 4.7 × 1012 muons at the end of 6D cooling for an
initial 8 GeV, 4 MW proton driver with 2.1 × 1014 protons
per bunch at the target. Using a simple scaling we estimate
that the number of muons at the end of 6D cooling for our

FIG. 9. Snapshots of the transverse phase space at various positions along our proposed 6D rectilinear cooling channel: (a) at the
entrance of the cooling channel before recombination; (b) at the entrance of the bunch merger; (c) at the exit of the bunch merger [26];
(d) at the end of the 6D cooling channel.
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case is 5.9 × 1012. While several parameters of the afore-
mentioned scheme such as the rf gradient, window thick-
ness, focusing field still need to be evaluated for practicality
and cost the aforementioned facts suggest that the recti-
linear channel has the potential to be a promising solution.
In Fig. 10 we plot the transverse and longitudinal

emittances as a function of distance along the channel
for the section after the bunch recombination. The solid
lines depict the estimated emittances from ICOOL while
the black squares depict the theoretical results from Eq. (9).

The theoretical values of the emittances at the exit of each
stage are also shown in Table III. A comparison between
theory and simulation is a key step since a well-designed
channel must accurately follow the predictions. Deviations
are usually associated with poor dynamic acceptance,
chromatic effects, or poor matching into the channel
[35]. A glance at Fig. 10 indicates that the linear theory
presented in Sec. IV predicts relatively well the cooling
performance of our rectilinear channel. Quantitatively, the
error between the theoretical values and numerical results is
less than 18%. The most likely source of discrepancy at
263.5 m is mismatch caused by the rf frequency shift from
325 MHz to 650 MHz at that point.

VI. SUMMARY

For a muon collider, the six-dimensional phase space
volume of the initial muon beam must be reduced by
several orders of magnitude in order to be able to further
accelerate it. Ionization cooling is the only feasible option
for cooling within the short muon lifetime (τ0 ¼ 2.2 μs). In
this study, we have described a novel rectilinear lattice that
in view of its simple geometry may offer several techno-
logical advantages for beam cooling over previously
considered schemes [13]. Unlike previous studies where
an a priori assumption of the initial beam distribution was
made [27] and/or a modest cooling was achieved, in this
paper we have presented a detailed end-to-end simulation
by using the actual post-phase-rotation beam and showed
that our channel has the potential to cool towards micron-
scale transverse emittances as desired for a muon collider.
We showed that relatively modest magnetic fields
(B ≤ 13.6 T, peak on axis) and a small number of different
frequencies, namely 325 and 650 MHz, are enough to
achieve a notable reduction of the 6D emittance by more
than 5 orders of magnitude. Finally, we have reviewed the
key theoretical framework to evaluate the performance of
ionization cooling channels and discussed its application to
our present rectilinear scheme. Key theoretical findings,

TABLE II. Simulation results of the normalized emittance and
momentum at the exit of each stage of our proposed rectilinear
channel. The last column shows the transmission, T, of
each stage.

Stage εsimT [mm] εsimL [mm] Psim
z [MeV=c] T [%]

Begin 17.00 46.00 255
A1 6.28 14.48 238 70.6
A2 3.40 4.64 229 87.5
A3 2.07 2.60 220 88.8
A4 1.48 2.35 215 94.6
Begin 5.10 10.04 209
B1 3.76 7.76 210 89.7
B2 2.40 6.10 208 90.6
B3 1.55 4.28 207 89.2
B4 1.10 3.40 207 89.7
B5 0.68 2.97 204 87.5
B6 0.50 2.16 202 88.0
B7 0.38 1.93 200 89.6
B8 0.28 1.57 200 89.0
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FIG. 10. Simulation results and theoretical predictions of the
performance of a rectilinear 6D cooling channel for a muon
collider. The plot shows the evolution of the normalized rms
emittances as a function of distance along the channel after
recombination. At z ¼ 488 m the transmission is 40% with muon
decays, while the final simulated emittances are εsimT ¼ 0.28 mm
and εsimL ¼ 1.57 mm. The squares are theoretical calculations
from Eq. (9). The agreement between theory and simulation is
within 18%.

TABLE III. Performance of a 6D rectilinear channel after bunch
recombination based on theory. Emittances are calculated from
Eq. (9) while the cooling lengths scalc are calculated from
Eqs. (10) and (11). The error between theory and simulation
(from Table II) is less than 18%. The theoretical numbers are
based on using the initial values in each stage that were obtained
from the simulation of the previous stage.

Stage scalcT [m] scalcL [m] εcalcT [mm] εcalcL [mm]

B1 67.9 200.4 3.52 8.06
B2 53.6 168.1 2.16 5.87
B3 49.7 137.8 1.35 4.07
B4 45.3 99.3 0.98 2.89
B5 28.5 164.4 0.71 2.80
B6 26.2 78.6 0.53 1.91
B7 30.5 84.2 0.40 1.74
B8 32.1 86.6 0.30 1.55
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such as the cooled transverse and longitudinal emittances,
were found to agree closely with the results from numerical
simulations. We conclude that while several parameters
of the aforementioned scheme such as the rf gradient,
absorber type, window thickness and focusing field still
need to be evaluated for practicality and cost the present
study indicates that a Balbekov-based rectilinear scheme
[20] is a promising 6D cooling solution for a muon collider.
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